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PREFACE 

Thirty  years  ago,  in  the  summer  of  1913,  the  author  gave  for  the  first 
time  a  university  course  on  the  mechanics  of  airplane  flight.  On  the 
basis  of  these  lectures  and  similar  ones  in  the  following  years  there 
developed  a  small  elementary  textbook  "Fluglehre,''  which  was  pub- 
lished  up  to  1936  in  five  Germán  editions  and  translated  into  severa! 
languages.  When  asked,  about  three  years  ago,  to  prepare  an  EngUsh 
edition  the  author  found  that  a  book  of  somewhat  different  type  would 
be  more  useful  under  the  present  conditions.  There  already  exist  in  this 
country  several  introductory  texts  on  the  mechanics  of  flight  suitable  for 
beginners.  On  the  other  hand,  a  mature  student  or  an  engineer  well 
versed  in  the  advanced  stages  of  higher  mathematics  can  readily  work  his 
way  through  the  currently  pubhshed  research  papers.  An  actual  demand 
does,  however,  seem  to  exist  for  a  book  at  an  intermedíate  level,  say, 
on  the  borderline  between  the  last  year  of  college  and  the  first  year  of 
gradúate  work.  It  is  assumed  that  the  reader  of  the  present  text  knows 
the  principies  of  calculus  and  has  some  training  in  general  mechanics  inso- 
far  as  the  standard  college  education  provides  for  these  things.  Only 
such  parts  of  the  theory  of  flight  as  are  understandable  at  this  level  are 
presented  in  the  book,  the  mathematical  theory  of  fluid  mechanics  thus 
being  excluded.^  In  order  to  keep  the  book  within  reasonable  limits 
peripheral  questions  and  many  details  in  all  topics  ha  ve  had  to  be  omitted. 

Although  the  book  is  meant  as  a  text  for  students  and  engineers,  it 
was  not  the  author's  purpose  to  supply  the  reader  with  ready-made 
formulas  in  which  to  substitute  design  data.  Ñor  was  it  his  intention 
to  give  a  collection  of  results  that  the  candidate  for  a  degree  should 
memorize.  The  book  aims,  as  did  the  "Fluglehre,"  to  develop  interest 
in  and  understanding  of  the  fundamental  ideas  that  underlie  the  design 
and  the  operation  of  modern  aircraft.  The  problems  inserted  at  the  ends 
of  the  sections,  particularly  those  marked  by  an  asterisk,  are  intended  to 
give  some  direction  to  the  efforts  of  any  reader  who  would  apply  himself 
toward  a  better  comprehension  of  the  diversified  questions  involved  in 
the  theory  of  airplane  flight. 

Whoever  ventures  to  write  a  textbook  on  a  subject  like  the  present 
one  finds  himself  confronted  with  the  dilemma  of  not  knowing  to  what 

1  Mimeographed  notes  of  Lectures  on  Advanced  Fluid  Mechanics  by  R.  von  Mises, 
K.  O.  Friedrichs,  and  S.  Bergman  are  available  through  the  Gradúate  School,  Brown 
University,  Providence,  R.I. 

vü 


viii  P  REFACE 

extent  he  ia  expected  to  give  an  account  of  the  commonly  accepted  ideas 
and  how  far  he  may  be  allowed  to  advance  his  own  points  of  view.  The 
expert  reader  wiH  find  that  in  many  places,  even  where  well-known 
arguments  are  discussed,  the  text  deviates  more  or  less  from  what  is 
usually  presented  in  conventional  papers  and  books,  This  is  mentioned 
here,  not  because  the  author  wishes  to  claim  the  credit  for  novelty,  but 
rather  to  state  his  responsibihty.  He  is  well  aware  of  the  sentenee 
that  the  Marquis  de  Vauvenargues  set  at  the  head  of  his  "Réflexions  et 
máximes":  "It  is  easier  to  say  original  things  than  to  reconcile  with  one 
another  things  already  said." 

Sincere  apologies  must  be  offered  with  respect  to  evident  imperfections 
in  English  style  and  diction.  As  this  is  the  fourth  language  in  which  the 
author  has  had  to  teach,  it  was  no  easy  task  to  write  the  book  in  English. 
In  these  busy  times  a  competent  expert  who  would  go  through  the  entire 
text  remodeling  and  correcting  it  was  not  available.  It  goes  without 
saying  that  kind  advice  offered  by  friends  was  gladly  accepted,  but  the 
suggestions  did  not  always  agree  with  each  other. 

The  work  on  this  book  was  begun  under  a  coauthorship  agreement 
with  Professor  W.  Prager  of  Brown  University.  According  to  the 
original  agreement  the  two  authors  were  to  share  equally  in  the  work  and 
in  the  credit  for  it.  Unfortunately,  during  the  work  on  Chaps.  IX  to  XII 
it  turned  out  that  the  burden  of  other  duties  made  it  impossible  for 
Professor  Prager  to  continué  to  coUaborate  on  these  lines,  Since  he 
had  to  drop  out  before  the  definitive  text  was  established  even  for  the 
first  chapters,  he  has  no  responsibihty  for  the  text  as  it  now  stands. 
The  author  deeply  regrets  losing  his  valuable  collaboration  for  the  second 
part  of  the  book.  His  place  was  taken  by  Dr.  Gustav  Kuerti,  who  also 
revised  the  whole  manuscript  and  shared  in  the  proofreading.  The 
author  is  greatly  indebted  to  Dr.  Kuerti,  whose  devoted  cooperation 
made  it  possible  to  publish  the  book  without  too  much  delay. 

Thanks  are  also  extended  to  many  friends  who  in  one  way  or  another 
gave  valuable  help. 

The  author  is  glad,  on  this  occasion,  to  express  his  fullest  gratitude 
to  the  Gradúate  School  of  Engineering,  Harvard  University,  which 
generously  offered  him  the  opportunity  to  continué  his  scientific  work  in 
this  country  and  thus  enabled  him  to  publish  the  text  presented  here. 

R.  V.  Mises. 
Harvard  University, 
Cambridge,  Mass., 
November,  1944. 
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Part  One 

EQUILIBRIUM  AND  STEADY  FLOW  IN  THE 
ATMOSPHERE 

CHAPTER  I 
THE  ATMOSPHERE  AT  REST 

1.  Density.  Pressure.  Equation  of  State.  In  kinetic  theory  a  gas 
is  considered  as  composed  of  discrete  molecules  in  vigorous,  irregular 
motion,  continually  colliding  with  one  another.  In  fluid  dynamics  one 
substitutes  for  this  picture  the  simpler  one  of  continuously  distributed 
matter  moving  without  sudden  changes  of  velocity. 

At  any  point  P  of  a  región  in  space  occupied  by  such  a  continuous 
médium,  or  continuum,  the  density  can  be  defined  in  the  following  way: 
Consider  the  mass  and  the  vohime  of  the  substance  that  is  contained 
in  a  small  región  R  surrounding  the  point  P.  The  density  at  P  then  is 
the  limiting  vakie  of  the  ratio  of  the  mass  to  the  volume  as  the  Hnear 
dimensions  of  R  tend  simultaneously  to  zero. 

In  this  book  the  density  will  be  denoted  by  p.  In  the  engineering 
system  the  unit  of  density  is  one  slug  per  cubie  foot.  At  59°F.  and 
standard  atmospheric  pressure  (29.921  in.  Hg)  the  density  of  dry  air  is 
0.002378  slug/ft.3 

The  specific  weight  y,  defined  as  the  weight  per  unit  of  volume,  is  the 
product  of  the  density  and  the  acceleration  g  of  f ree  f all :  y  =  gp.  In  the 
engineering  system  the  unit  of  specific  weight  is  the  pound  per  cubic  foot. 
With  g  =  32.174  ft./sec-,  the  specific  weight  of  dry  air  at  59°F.  and 
standard  pressure  is  seen  to  be  0.07651  Ib./ft.' 

Consider  two  portions  Ci  and  C2  of  the  continuum  touching  each 
other  at  the  point  P.  Around  P  mark  off  an  infinitesimal  área  dS 
(Fig.  1).  Across  dS  the  portion  C2  exerts  an  infinitesimal  forcé  on  the 
portion  Ci.  Denote  the  magnitude  of  this  forcé  by  dF.  The  stress 
that  d  exerts  at  P  across  the  surface  S  on  the  portion  Ci  of  the  continuum 
then  is  defined  as  the  vector  whose  magnitude  is  dF/dS  and  whose  direc- 
tion  is  that  of  the  infinitesimal  forcé  dF.  It  follows  from  Newton's 
third  law  of  motion  that  the  stress  which  Ci  exerts  at  P  across  the  surface 
S  on  the  portion  C2  is  given  by  a  vector  of  the  same  magnitude  and  the 
opposite  direction. 
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as  those  of  liquids. 
gases  and  liquids. 


It  is  a  fundamental  assumption  of  the  mechanics  of  continua  that 
the  stress  transmitted  at  P  across  dS  will  not  depend  on  the  shape  of  the 
surfaces  Si  and  So  as  long  as  the  tangential  plañe  of  both  surfaces  at  P 
remains  the  same.  We  thus  can  speak  of  the  stress  transmitted  across  a 
surface  element  without  defining  the  surfaces  to  which  this  element 
belongs  and  the  portions  Ci  and  C2  which  they  confine. 

The  stress  transmitted  across  a  surface  element  is  in  general  oblique 

to  it.  The  stress  components  perpendicular 
and  parallel  to  the  surface  element  are  called 
normal  stress  and  shearing  stress,  respec- 
tively.  The  normal  stress  can  be  a  thrust 
or  a  tensión. 

In  this  book  the  continuum  to  be  con- 
sidered  is  the  atmospheric  air.  Its  me- 
chanical  properties  are  essentially  the  same 
as  those  of  other  gases  and  partly  the  same 
The  word  "fluid"  will  be  used  to  desígnate  both 
It  is  assumed  as  the  characteristic  property  of  fluids 
that  in  a  state  of  rest  no  shearing  stresscs  are  transmitted  and  that  the  normal 
stress  on  any  surface  element  is  a  thrust.  Moreover,  this  assumption  is 
maintained  in  most  problems  of  fluid  in  motion.  If  we  do  this  we  cali 
the  fluid  a  perfect  fluid  (see  Sec.  II. 2). 

By  considering  a  small  portion  of  fluid  enclosing  a  point  P  we  can  prove 
that  the  normal  stress  has  the  same 
N'alue  for  any  surface  element  through 
P  if  no  shearing  stress  exists.  Take  a 
small  tetrahedron  PQxQyQz,  three  edges 
of  which  are  parallel  to  the  axes  of  a 
system  of  rectangular  coordinates  (Fig. 
2).  liCt  dS  be  the  área  of  the  face 
QxQyQz  oblique  to  these  edges  and  a 
its  angle  with  the  y-z-p\a,ne.  Then 
dSx  =  dS  eos  a  is  the  área  of  the  face 
parallel  to  the  y-z-plane.  Denote  the 
normal  stresses  transmitted  across  the 
faces  dSx  and  dS  by  px  and  p,  respec- 
tively.  The  forcé  exerted  by  the  fluid  outside  the  tetrahedron  on  the  face 
dSx  has  the  direction  of  the  x-axis  and  the  intensity  px  dS^.  The  forcé 
p  dS  acting  on  the  face  dS  is  perpendicular  to  this  face  and  thus  makes 
the  angle  a  with  the  x-axis.  The  forces  acting  on  the  two  remaining  faces 
are  perpendicular  to  the  a:-axis.  Thus  the  sum  of  the  x-components  of 
the  forces  acting  on  the  portion  of  fluid  under  consideration  is 

Px  dSx  —  p  dS  eos  a  =  {px  —  p)  dSx 


dS 
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because  dSx  =  dS  eos  a.  According  to  Newton's  second  law  this  sum 
must  equal  the  product  of  mass  times  acceleration  component  a^  in  the 
a;-direction.  The  mass  is  the  product  of  the  density  p  and  the  volume, 
which  is  i  dSx  PQx-     Therefore, 

iVx  —  v)  dSx  =  ipcix  dSx  PQx        or         üx  =  -     . 

To  secure  a  finite  valué  of  o^  we  have  to  assume  that  Px  —  p  tends  toward 
zero  if  PQx  becomes  smaller  and  smaller,  i.e.,  if  the  tetrahedron  reduces 
to  the  point  P.  Thus  the  two  stresses  px  and  p  on  the  two  surface  ele- 
ments  in  P  must  be  equal.  Since  the  direction  of  the  a:-axis  can  be  chosen 
arbitrarily,  there  exists  only  one  stress  valué  in  P,  or  the  state  of  stress 
at  any  point  P  of  a  perfect  fluid,  or  of  any  fluid  in  eguilibrium,  is  completely 
specified  by  the  pressure  p  acting  on  any  surface  element  through  P.  This 
is  still  true  if  the  fluid  is  subjected  to  so-called  "body  forces/'  which, 
like  gravity,  vary  as  the  volumes  of  the  fluid  elements  on  which  they  are 
acting.  Indeed,  this  would  add  on  the  right-hand  side  of  the  foregoing 
equation  for  ax  only  a  term  equal  to  the  quotient  body  forcé  by  mass, 
which  is  supposed  to  be  a  ñnite  quantity,  e.g.,  equal  to  g  in  the  case  of 
gravity. 

If  the  foot  and  pound  are  used  as  the  units  of  length  and  forcé,  the 
unit  of  pressure  is  one  pound  per  square  foot.  The  atmospheric  pres- 
sure, however,  is  usually  expressed  in  inches  of  mercury.  The  standard 
speciñc  weight  of  mercury  is  848.71  Ib./ft.^;  the  standard  pressure  of 
29.921  in.  Hg  corresponds  therefore  to  2116.2  Ib./ft.^  or  14.696  Ib./in.^ 

It  is  known  from  physics  that  the  density  p  (or  the  specific  weight  7), 
the  pressure  p,  and  the  absolute  temperature  T  of  a  gas  are  connected 
by  an  equation  called  the  equation  of  state.  For  a  so-called  "perfect  gas" 
this  equation  has  the  form^ 

p  =  RyT  =  RgpT  (1) 

Atmospheric  air  follows  this  law  with  suíRcient  approximation.  In 
Eq.  (1)  fí  is  a  constant  and  T  the  absolute  temperature,  which  is  con- 
nected with  the  temperature  9  on  the  Fahrenheit  scale  by 

7^  =  9  +  459.4  (2) 

It  follows  from  the  dimensions  of  all  other  terms  in  Eq.  (1)  that  the 
gas  constant  R  has  the  dimensión  length/temperature.  For  dry  air  the 
valué  generally  used  is  72  =  53.33  ft./°F. 

Problem  1.  At  32°F.  and  standard  pressure,  1  ft.*  of  helium  weighs  0.01113  ib. 
Determine  the  valué  of  the  gas  constant  R. 

1  In  physics  the  specific  vohime  v  is  generally  used  instead  of  the  specific  weight  y. 
These  variables  are  connected  by  the  relation  yv  =  \. 


4  THE  ATMOSPHERE  AT  REST  [Sec.  1.2 

Problem  2.  Using  the  standard  valúes  given  in  this  section  find  the  specific  weight 
of  dry  air  under  a  pressure  of  41.0  in.  Hg  at  41°F. 

Problem  3.  Determine  the  volume  that  2.5  Ib.  of  dry  air  will  occupy  under  a 
pressure  of  100.0  in.  Hg  at  80°F. 

2.  Equilibrium  of  a  Perfect  Gas  under  the  Influence  of  Gravity. 

Consider  a  horizontal  cylinder  of  gas  of  small  cross-sectional  área,  whose 
plañe  faces  are  perpendicular  to  its  generatrices  (Fig.  3).  Since  gravity 
and  the  thrusts  on  the  cylindrical  surface  are  perpendicular  to  the  gen- 
eratrices, the  only  forces  in  the  direction 
p=p      of  the  generatrices  are  the  thrusts  on  the 


7^ 


[  "*y  bases.     The  equilibrium  of  the  cylinder 

^-^  then  requires  these  thrusts  to  be  equal. 


(O^ 


p' 


dh 


Since  the  áreas  on  which  these  thrusts  act 
are  equal,  the  pressure  must  have  the  same  valué  at  the  two  ends  of  the 
cyHnder.  As  this  is  true  whatever  the  length  of  the  cylinder  or  the 
direction  of  its  horizontal  generatrices  may  be,  the  following  result  is 
established:  In  a  bulk  of  gas  at  rest,  under  the  influence  of  gravity,  the 
pressure  has  the  same  valué  at  any  two  points  of  the  same  horizontal 
plañe. 

In  order  to  determine  how  the  pressure  depends  on  the  altitude  h 
above  some  horizontal  plañe  of  reference  (for  example,  the  altitude  above 
sea  level),  consider  a  vertical  cylindrical 
column  of  gas  whose  ends  are  at  the  neigh- 
boring  levéis  Ifi  and  Irt  +  dh  (Fig.  4).  The 
forces  acting  on  this  column  are  gravity, 
the  vertical  thrusts  on  the  horizontal  bases, 
and  the  horizontal  thrusts  on  the  cylindrical 
surface.     Denoting  the  cross-sectional  área  '^ — í^ 

of  the  column  by  d&  and  the  pressure  at  the  ^P 

top  and  bottom  of  the  cylinder  by  p'  and  p,  • 

respectively,  we  have  the  thrust  p'  dS)  act-  y  T 

ing  downward  on  the  top  and  the  thrust       >^  * 

7?d»S  acting  upward  on  the  bottom.  The 
resultant  of  these  thrusts  is  a  vertical  forcé 
of  the  magnitude  (p  —  p')  d&  acting  upward.  The  weight  of  the  cylinder 
is  obtained  as  the  product  7  dh  dS  of  the  specific  weight  7  of  the  gas  and 
the  volume  dh  dS  oí  the  cylinder.  The  equilibrium  of  the  cjdinder  requires 
the  sum  of  the  vertical  forces  acting  on  the  cylinder  to  be  zero.     Thus, 

p  —  p'  =  y  dh 

The  pressure  p  is  supposed  to  be  a  continuously  varying  function  of  the 
altitude  h.  As  this  altitude  increases,  the  pressure  p  varíes  at  the  rate 
expressed  by  the  derivative  dp/dh  of  p  with  respect  to  h.     Accordingly, 
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the  difference  p'  —  p  can  be  written  as  the  product  of  the  derivative 
dp/dh  times  the  small  distance  dh  between  the  two  points  where  the 
pressures  p  and  p'  act.  Introducing  this  into  the  condition  of  equiUbrium 
already  obtained,  we  find 

P  ~  'P'  =  ~  -£¡,^^  ="  ^^^^         ^^         Wi  ^  ~"^  ^^^ 

Since,  by  its  nature,  y  is  positive,  Eq.  (3)  shows  that  the  pressure  decreases 
at  the  rate  y  with  increasing  altitude.  Furthermore,  the  pressure  p 
having  the  same  valué  at  all  points  of  the  same  horizontal  plañe,  the 
derivative  dp/dh  also  has  a  constant  valué  in  each  horizontal  plañe. 
Equation  (3)  then  shows  the  specific  weight  y  and,  consequently,  the 
density  p  =  y/g  to  be  constant  in  each  horizontal  plañe.  We  thus  have 
the  following  result:  In  a  gas  that  is  in  equiUbrium  under  the  influence 
of  gravity,  the  pressure  p  as  well  as  the  density  p  have  constant  valúes  in  each 
horizontal  plañe;  vñth  increasing  altitude  h  the  pressure  p  decreases  at  the 
rate  y  or  gp. 

The  equation  of  state  (1)  and  the  condition  of  equilibrium  (3)  enable 
US  to  determine  p  and  y  (or  p)  as  functions  of  h,  if  we  know  how  the 
temperature  T  varies  with  the  altitude  h. 

If  only  a  small  range  of  altitudes  has  to  be  considered,  we  may  assume 
the  temperature  to  be  constant  within  this  range.  In  this  so-called 
"isothermal  case"  the  product  RT  in  (1)  is  constant.  We  find,  by 
substituting  from  (I)  into  (3), 

dp  _         p  dp  _        dh 

dh  ~  ~  Rf         °*'         ~^  ~  ~  Rf 

where  the  factor  of  dh  is  a  constant.  This  equation  can  easily  be  inte- 
grated  since  the  left-hand  term  is  the  differential  of  log  p*  and  the  right- 
hand  term  the  differential  of  h/RT.     Thus, 

log  p  =  -  ^7ji  +  const. 

Here  h  is  the  altitude  above  an  arbitrarily  chosen  level  of  reference. 
Denote  by  po  the  pressure  at  this  level  of  reference,  i.e.,  the  pressure 
corresponding  to  h  =  0.  The  constant  of  integration  in  the  expression 
for  log  p  is  then  seen  to  have  the  valué  log  po.     Accordingly, 

^og^=-^         «^         h=-RT\og^  (4) 

Po  til  Po 

This  is  called  the  (logarithmic)  barometric  formula.  It  can  be  used 
for  estimating  comparatively  small  differences  in  altitude  (up  to  a  few 

*  Throughout  this  book  the  logarithms  indicated  by  "log"  are  natural  logarithms 
(with  base  e). 


6  THE  ATMOSPHERE  AT  REST  [Sec.  1.2 

thousand  feet),  when  the  mean  temperature  and  the  valúes  of  the  pres- 
sure  at  the  top  and  at  the  bottom  level  are  known.  The  equation  of 
state  (1)  shows  that,  for  constant  temperature,  p  and  p  are  proportional. 
It  follows,  therefore,  from  Eq.  (4),  that  under  isothermal  conditions 

•  2.  =  P.  =  e-^/RT  (5) 

Po       Po 

In  aeronautical  problems,  however,  the  assumption  of  constant 
temperature  is  not  sufficiently  accurate.  In  deaUng  with  altitudes  rang- 
ing  up  to  40,000  ft.  or  more,  we  must  take  into  aceount  the  fact  that 
within  this  range  the  temperature  varíes  considerably.  In  general,  the 
temperature  will  first  decrease  with  increasing  altitude,  and  then,  beyond 
a  certain  altitude,  it  will  rise  again.  This  rise  of  temperature  is  known 
as  the  inversión  of  temperature;  it  is  not  taken  into  aceount  in  the  usual 
aeronautical  computations  (see  also  page  19). 

From  the  mathematical  point  of  view  the  simplest  assumption, 
next  to  that  of  constant  temperature,  is  that  the  temperature  T  decreases 
at  a  constant  rate  with  increasing  altitude  A, 

dT  _      - 
'dh-  ~^ 

where  X  is  a  positive  constant,  called  the  temperature  gradient.  Integrat- 
ing  this  relation  and  denoting  by  T'n  the  temperature  at  the  level  of  refer- 
ence  h  =  O,  we  obtain 

(6) 


T  =  7\  -  \h 

Substituting  (1)  and  (G)  in  (3),  we  find 

dP                     P                  ^,.         dp  _ 

dh 

dh            R{To-U)                     p 

R{To  -  Xh) 

In  the  last  equation  the  left-hand  term  is  the  difieren  tial  of  log  p  and 
the  right-hand  term  the  differential  of  log  (To  —  Xh)/XR.  Integration  of 
this  relation  therefore  furnishes 

log  p  =  r-^  log  {To  —  X/i)  +  const. 

Denote  by  po  the  pressure  at  the  level  of  reference  h  =  0.  The  constant 
of  integration  is  then  seen  to  have  the  valué  log  po  —  (l/XR)  log  To. 
Thus, 
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From  this  formula  the  pressure  p  at  any  altitude  h  can  be  found  if  the 
pressure  po  and  the  temperature  To  at  some  level  of  reference  h  =  O 
are  given  and  if  the  temperature  gradient  X  has  a  given  constant  valué. 
We  may  note  that,  as  the  valué  of  the  temperature  gradient  tends  to 
zero,  this  formula  tends  toward  Eq.  (4).  Indeed,  as  log  {1  -\-  x)  for  small 
X  can  be  replaced  by  x,  Eq.  (7)  supplies  for  small  X 


^"s£  =  )^^"H^"^0^~>^ 


\h  ^ h_ 

To  RTq 


Returning  to  the  general  case  of  a  nonvanishing  temperature  gradient, 
consider  now  the  variation  of  the  density  p  with  the  altitude  h.  With 
T  =  To  —  \h,  the  equation  of  state  (1)  furnishes 

p  =^  Rgp{To  —  Xh)         and         po  =  RgpoTo  (8) 

where  po  i«  tlie  density  at  the  level  of  reference  h  =  0.     Substitute  these 
expressions  in  (7),  and  divide  both  sides  by  Rg{To  —  X/t).     Thus, 

p  =  po  1 1  -  Y)  (^) 

Equations  (7)  and  (9)  may  be  solved  with  respect  to  h,  thus  giving 

1  _  M'"l  ^I^fi  _/p.y ''"'"' 


To 


^        X 


(10) 


In  the  case  of  a  constant,  nonvanishing  temperature  gradient  this  relation 
takes  the  place  of  (4),  which  is  valid  under  isothermal  conditions  only. 
Comparison  of  the  two  expressions  for  h  given  by  (10)  shows  that 


^ -©■'""*"     -     ^-^ 


l-Xñ) 

Po        \Po/  p*        Po 


where 

1 


1  -  \R 


(12) 


(In  the  isothermal  case  X  =  O,  one  has  k.  —  \  and  therefore  p/p  =  po/po, 
which  also  foUows  immediately  from  the  equation  of  state  with  T  =  const.) 
Any  change  of  state  of  a  gas  during  which  Eq.  (11)  is  satisfied  is 
called  polytropic.  It  is  shown  in  thermodynamics  that  the  so-called 
"adiabatic"  change  of  state,  i.e.,  a  change  of  state  without  loss  or  gain 
of  heat,  is  also  represented  by  Eq.  (11)  and  that  the  constant  k  then 
equals  theratio  of  the  specific  heat  at  constant  pressure  to  the  specific 
heat  at  constant  volume.  For  dry  air  this  ratio  has  the  valué  k  =  1.405. 
The  corresponding  valué  of  X  is  then  found  from  Eq.  (12)  to  equal 
0.00535°F./ft. 
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Problem  4.     The  atmospheric  pressure  at  the  peak  of  a  mountain  is  found  to  be 

9  per  cent  less  than  in  the  vallej\  The  mean  temperature  is  45°F.  Determine  the 
height  of  the  mountain. 

Problem  5.  Assuming  isothermal  conditions,  determine  the  atmospheric  pressure 
and  the  density  at  altitudes  of  5000  and  10,000  ft.,  if  at  sea  level  the  atmospheric 
pressure  is  30.5  in.  Hg  and  the  temperature  64°F.  Compute  also  the  valúes  of  the 
pressure  gradient  (  —  dp/dh)  at  these  altitudes. 

Problem  6.  How  will  the  assumption  of  a  constant  temperature  gradient  of 
0.003°F./ft.  affect  the  answers  of  Prob.  5? 

Problem  7.  Assuming  polytropic  conditions,  investígate  how  the  valúes  of  pres- 
sure and  density  at  5000  and  10,000  ft.  are  affected  by  a  5  per  cent  increase  of  (a)  the 
absolute  temperature  at  sea  level  To,  (b)  the  temperature  gradient  X,  if  originally 

To  =  519°F.,         X  =  0.0036°F./ft. 

*Problem  8.  Equation  (10)  is  used  to  determine  the  altitude  of  a  plañe  from  the 
observed  valúes  of  po  =  29.9  in.  Hg,  To  =  519°F.,  X  =  0.00357°F./ft.,  and 

p  =  18.3  in.  Hg. 

If  the  observed  valúes  of  po  and  p  are  accurate  to  within  1  per  cent  each,  determine 
the  accuracy  with  which  h  is  obtained  from  Eq.  (10). 

*Problem  9.  At  two  points  of  unknown  altitudes  the  barometer  shows  28^  in.  Hg 
and  31 5  in.  Hg,  respectively.  What  can  be  concluded  from  this  concerning  the  alti- 
tudes of  the  two  points,  if  it  is  known  that  the  temperature  varies  between  43  and 
52°F.? 

*Problem  10.  How  are  the  equilibrium  conditions  changed  if  account  is  taken  of 
the  fact  that  the  earth  is  a  sphere  and  gravity  a  forcé  directed  toward  the  center  of 
this  sphere? 

3.  The  Standard  Atmosphere.  The  performance  of  an  airplane 
depends  on  the  density  of  the  air  in  which  it  is  flying.  Since  the  density 
varies  with  the  atmospheric  conditions,  observations  concerning  the 
performance  of  an  aircraft  can  be  compared  with  one  another  only  after 
having  been  reduced  to  certain  standard  conditions.  For  this  purpose 
the  standard  atmosphere  has  been  adopted.  It  is  based  on  the  following 
assumptions,  generally  accepted  in  the  United  States: 

1.  The  air  is  a  perfect  gas  with  the  gas  constant  R  =  53.33089  ft./°F. 

2.  The  pressure  at  sea  level  is  po  =  29.921  in.  Hg. 

3.  The  temperature  at  sea  level  is  00  =  59°F.  (To  -=  518.4°F.). 

4.  Within  the  lower  part  of  the  atmosphere  the  temperature  gradient 
has  the  constant  valué  X  =  0.0035G6°F./ft. 

5.  Above  the  level  at  which  the  temperature  Gi  =  —  67°F.  is  reached 
the  temperature  remains  constant. 

The  numerical  valúes  in  these  assumptions  correspond  to  average 
atmospheric  conditions  (see  Fig.  10).  Slightly  different  basic  valúes 
are  used  in  other  countries.     Assumptions  (3)  and  (4)  yield  the  tempera- 

*  Problems  whose  solution  requires  more  than  a  simple  application  of  the  formulas 
given  in  the  text  are  marked,  here  and  later,  by  *. 
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ture  distribution  9  =  59  -  0.003566/¿.  Solving  with  respect  to  h  we  see 
that  the  temperature  Oi  =  -67°F.  will  be  reached  at  the  altitude 
hí  =  35,332  ft.  This  level  is  sometimes  referred  to  as  the  isothermal 
level.     Above  it  the  temperature  is  supposed  to  remain  constant. 
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FiG.  5. — The  .standard  atmosphere. 


With  the  numerical  valúes  given  in  assumptions  1  to  4,  Eqs.  (7)  and 
(9)  furnish  the  following  relations  valid  below  the  isothermal  level: 


^  =  (1  -  0.00000688/1)^-^^ 


^  =  (1 

Po 


(13) 


0.00000688/0' 
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Above  the  isothermal  level  we  obtain  from  Eq.  (5) 

V_    _     P^    _    ^-0.0000478(A-fti) 

V\       Pi 
where  pi  =  6.925  in.  Hg  and  pi  =  0.000727  slug/ft.'  are  the  pressure 
and  the  densitj'  at  the  isothermal  level  /ii.     In  all  these  relations  the 
altitude  h  must  be  expressed  in  feet.     Figure  5  shows  how  pressure  and 
density  in  the  standard  atmosphere  vary  with  the  altitude. 

In  performance  calculations  the  ratio  p/po  of  the  density  p  at  the  level 
h  to  the  density  po  at  sea  level  plays  an  important  role.  This  so-called 
"density  ratio "  is  denoted  by  o-.  Valúes  of  o-  and  \^(t  are  given  in  Table  1, 
together  with  other  numerical  valúes  concerning  the  standard  atmos- 
phere. In  Fig.  5  the  graph  of  y/a  is  also  plotted.  An  inspection  of  this 
graph  shows  that  up  to  50,000  ft.  approximate  valúes  of  the  square  root 
of  the  density  ratio  can  be  obtained  from  the  linear  relation 


V<r  =  1  - 


h 


(14) 


with  c  =  81,000  ft.  The  formula  gives  the  correct  valúes  -s/a  =  1  and 
0.5,  respectively,  for  /?  =  O  and  h  =  40,500  and  less  than  2  to  3  per  cent 
deviation  within  the  range  /;  =  O  to  h  =  50,000  ft. 


Table  1. — Standard 

Atmosphere 

h 
ft. 

e 

V 

in. 
Hg 

P 

slug/ 

ft.3 

7 
lb./ft.3 

Po 

a 

V^ 

ft.Vsec. 

a 

ft./ 
sec. 

0 

59.0 

29.92 

0.002378 

0.07651 

1.0000 

1.0000 

1.0000 

0.000157 

1116 

2,500 

50.1 

27.31 

0.002209  0.071070.9129 

0.9288,0.9637 

5,000 

41.2  24.89 

0.002049  0.06592'o.  8320 

0.8616  0.9282|0. 000177 

1097 

7,500 

32.322.65 

0.001898 

0.06107,0.7571 

0.7982  0.8934 

10,000 

23.320.58 

0.001756 

0.05649  0.6876 

0.7384 

0.8593 

0.000200 

1077 

12,500 

14.4 

18.65 

0.001622 

0.05219  0.6234 

0.6821 

0.8259 

15,000 

5.5 

16.88 

0.001496  0.04814  0.5642 

0.6291 

0.7932 

0.000228 

1057 

17,500 

-  3.4 

15.25 

0.001378 

0.04433  0.5097 

0.5793 

0.7611 

20,000 

-12.3 

13.75 

0.001267 

0.04075  0.4594 

0.5327 

0.7299 

0.000261 

1037 

25,000 

-30.2 

11.10 

0.001065 

0.03427j0.3709 

0.4480 

0.6693 

30,000 

-48.0 

8.880  0.000889 

0.028610.2968 

0.3740 

0.6116 

0.000346 

995 

35,000 

-65.8 

7  036'o. 000736 

0.02369 

0.2352 

0.3098 

0.5566 

40,000 

-67.0 

5.5410.000582 

0.01872 

0.1852  0.2447 

0.4947 

0.000508 

972 

45,000 

-67.0 

4.364  0.000459 

0.01474  0.1458  0.1926 

0.4389 

60,000 

-67.0 

3.436  0.000361 

0.011610.11490.1517 

0.3895 

0.000819 

972 

_1 I I 

>  For  the  meauing  of  v  aad  a  see  Secs.  IV.  1  and  X.  4. 
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The  altimeters  used  on  aircraft  are  aneroid  barometers ;  they  measure 
the  actual  pressure  of  the  surrounding  air.  Such  an  instrument  is 
calibrated  by  exposing  it  to  various  pressures  and  marking  on  the  dial 
the  altitudes  that,  in  the  standard  atmosphere,  correspond  to  these 
pressures.  If  the  atmospheric  conditions  are  different  from  those  of  the 
standard  atmosphere,  the  altimeter  reading  furnishes,  not  the  real 
altitude  //,  but  a  fictitious  altitude  hp,  called  the  "pressure  altitude." 
Independently  of  the  process  of  ealibration,  the  pressure  altitude  can  be 
defined  as  the  altitude  at  which  a  given  pressure  p  is  found  in  the  standard 
atmosphere.     By  solving  Eq.  (13)  for  h  we  find  the  pressure  altitude 


hp  =  145,300 


(\o.ia 


(130 


We  shall  see  in  the  foUowing  section  how  the  correct  altitude  of  a  climb- 
ing  plañe  can  be  obtained  from  continued  observations  of  pressure 
altitude  and  temperature. 

For  performance  tests  of  airplanes  a  second  fictitious  altitude,  the 
so-called  "density  altitude"  hp,  is  important.  It  is  defined  as  the 
altitude  at  which  a  given  density  is  found  in  the  standard  atmosphere. 
From  the  second  equation  (13)  it  follows  that 


hp  =  145,300 


1   -  [^ 


(\  0.2350 


(13") 


The  altimeter  reading  gives  the  pressure  altitude.  If,  in  addition, 
the  actual  temperature  is  known,  the  density  altitude  can  be  determined. 
Indeed,  Eq.  (13)  or  Table  1  or  Fig.  5  will  give  the  pressure  p  that,  in  the 
standard  atmosphere,  is  found  at  the  altitude  hp.  The  equation  of  state 
(1)  then  furnishes  the  density  p  that  corresponds  to  this  pressure  and 
to  the  observed  temperature  T.  The  density  altitude  hp  finally  is 
obtained  from  Eq.  (13")  or  Table  1  or  Fig.  5  as  the  altitude  at  which  the 
density  p  is  found  in  the  standard  atmosphere. 

Figure  6  shows  the  relation  between  hp,  hp,  and  T,  given  by  the  equa- 
tion of  state  in  which  hp  and  hp  are  introduced  from  (13).  The  relation 
then  reads 

(1  -  0.00000688M^-^^«  ^     t?tB1  =  L 
(1  -  0.00000688M4"«       ^^^  po       To 

Abscissas  and  ordinates  in  this  density  and  pressure  altitude  conversión 
chart  represent  the  density  altitude  hp  and  the  temperature  6  on  the 
Fahrenheit  scale,  respectively.  Accordingly,  any  state  of  the  air, 
defined  by  density  and  temperature,  is  represented  by  the  point  whose 
coordinates  correspond  to  this  density  and  temperature.     Points  repre- 
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senting  states  of  equal  pressure  are  joined  by  curves  labeled  according 
to  the  corresponding  pressure  altitude.  By  means  of  this  chart,  pressure 
altitude  can  be  converted  into  density  altitude,  and  vice  versa,  when 
the  temperature  is  known.  For  example,  take  the  density  altitude 
corresponding  to  the  pressure  altitude  hp  =  10,000  ft.  and  the  tempera- 
ture  9  =  40°F.  On  the  line  hp  =  10,000  ft.  we  lócate  the  point  whose 
ordinate  represents  6  =  40°F.  The  abscissa  of  this  point  corresponds 
to  hp  =  11,000  ft.,  which  is  the  required  density  altitude. 
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FiG.  6. — Density  and  pressure  altitude  conversión  chart. 


0.60 


In  Fig.  6  the  points  for  which  hy>  =  h^  lie  on  a  straight  line  that  repre- 
sents the  temperature  distribution  in  the  standard  atmosphere  below 
the  level  of  35,300  ft. 


Problem  11.  Determine  the  altitudes  at  which  the  pressure  in  the  standard 
atmosphere  is  75,  .50  and  25  per  eent,  respectively,  of  the  pressure  at  sea  level. 

Problem  12.  Determine  the  errors  made  in  computing  the  square  root  of  the 
density  ratio  a  by  means  of  the  approximate  formula  (14)  for  h  =  10,000  ft.  and 
h  =  20,000  ft. 

Problem  13.  In  the  standard  atmosphere  the  polytropic  relation  p/p*  =  const. 
is  valid  helow  the  isothermal  level.     Find  the  valué  of  k. 

Problem  14.     The  Germán  standard  atmosphere  is  based  on  the  valúes 

Po  =  10,363  kg./m.2 

7n  =  ffpo  =  1.25  kg./m.',  0  =  10°C,  X  =  0.005°C./m.  Compare  the  valúes  of  p/po 
and  p/pn  at  the  altitudes  of  10,000,  20,000,  and  30,000  ft.  with  those  of  the  American 
standard  atmosphere. 
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Problem  15.     The  following  máximum  velocities  in  level  flight  V  and  tempera- 
tures  O  have  been  observed  at  various  altitudes  hp  indicated  by  the  altimeter: 


hp=      0 

3,000 

6,000 

9,000 

12,000 

15,000 

18,000  ft. 

e  =  49 

40 

32 

23 

13 

4 

-4°F. 

V   =  305 

314 

324 

330 

312 

297 

260  ft./sec 

RT 


Draw  a  diagram  representing  V  as  a  function  of  the  altitude  hp  in  the  standard  atmos- 
phere. 

4.  Determination  of  True  Altitude.  Reduction  of  a  Climb  to  Stand- 
ard Atmosphere.  In  a  climbing  test  the  pressure  p  (or  the  pressure  alti- 
tude hp)  and  the  temperatura  are  either 
observed  at  regular  intervals  or  con- 
tinually  recorded  by  self-registering 
instruments.  In  connection  with  the 
evaluation  of  such  records  two  problems 
occur.  The  first  is  to  determine  the 
corred  altitude  above  the  ground  that  cor- 
responds  to  a  certain  altimeter  reading,  a 
question  that  arises,  for  example,  in  the 
evaluation  of  meteorológica!  ascents. 
If  the  pressure  p  and  the  absolute  tem- 
perature  T  have  been  recorded,  the 
equation  of  state  (1)  and  the  condition 
of  equilibrium  (3)  enable  us  to  solve 
this    problem.     Substituting    from    (1)    in    (3),    we   find 


FiG.  7. — Determination  of  true  altitude. 


dp 
dh 


V 
RT 


or 


dh 


-RT 


dp 
V 


Take  the  ground  as  the  level  of  reference  A  =  O,  and  denote  the  pressure 
there  by  p*.  Since  p*  is  a  constant,  the  expression  —dp/p,  which  occurs 
on  the  right  side  of  the  last  equation,  can  be  wñtten  as  c?[log  {p*/p)].^ 
Now  plot  the  products  RT,  which  have  the  dimensión  of  a  length  and 
are  computed  from  the  observed  valúes  of  T,  against  the  valúes  of 
log  ip*/p),  as  taken  from  the  pressure  observation.  Thus,  each  point 
of  the  curve  AD  in  Fig.  7  has  as  coordinates  a  pair  of  simultaneously 
observed  valúes  oí  RT  and  log  (p*/p),  respectively.     Since 


H) 


dh  =  RT  dilogía 

the  (infinitesimal)  difference  in  level  between  two  successive  observations, 
represented  by  the  neighboring  points  B  and  C  oí  the  graph,  is  given  by 

*  The  introduction  of  the  constant  p*  is  helpful  in  order  to  render  dimensionless 
the  expression  after  the  log  sign. 
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the  shadowed  área.  If,  therefore,  A  is  the  point  correspondírig  to  the 
ground  valúes  of  p  and  T  and  if  D  is  the  point  representing  the  observa- 
tions  at  altitude  h,  this  /i-value  is  given  b}^  the  área  O  A  DE  of  the  graph. 
For  example,  let  10  in.  be  chosen  as  the  imit  for  plotting  log  (p*/p)  and 
1  in.  as  representing  the  valué  RT  =  10,000  ft.  Then,  the  área  of  1  sq.  in. 
will  correspond  to  the  altitude  h  =  (10,000/10)  X  1  =  1000  ft.;  and,  in 
Fig.  7,  the  área  OAED  will  correspond  to  4250  ft.  If  during  the  climb 
the  pressure  altitude  has  been  observed  instead  of  the  pressure,  the  cor- 
responding  pressure  vahies  must  be  obtained  first  from  Eq.  (13'),  Table  1, 
or  Fig.  5. 

The  second  problem  is  the  redudion  of  a  climb  diagram  to  standard 
atmospheric  conditions.  When  the  climbing  ability  of  a  new  type  of 
airplane  is  tested,  we  are  interested,  not  so  much  in  the  performance 
under  the  actual  atmospheric  conditions,  but  rather  in  the  performance 
under  the  standard  atmospheric  conditions.  This  reduction  of  the  actu- 
ally  observed  performance  to  standard  atmosphere  is  essential  when 
tests  made  under  different  conditions  are  to  be  compared.  Assume  again 
that  during  the  climb  the  pressure  p  and  the  absolute  temperature  T  are 
recorded  as  functions  of  the  time  t.  Moreover,  the  pilot  is  supposed  to 
have  used  at  any  instant  the  máximum  climbing  rate  of  which  the  plañe 
is  capable  under  the  conditions  prevailing  at  that  instant.  We  anticipate 
the  fact  (see  Chap.  XIV)  that  at  any  time  the  máximum  climbing  rate 
for  a  given  plañe  depends  on  the  actual  density  p  only.  From  the  records 
of  p  and  T  we  wish  to  determine  the  time  that  the  plañe  would  need 
in  the  standard  atmosphere  to  climb  to  a  given  altitude,  if  again  the  máxi- 
mum climbing  rate  is  used  at  any  instant. 

The  condition  of  equihbrium  (3)  gives 

dh  = dp 

7 

Dividing  both  sides  by  the  interval  of  time  dt,  during  which  the  plañe 
cHmbs  through  dh,  the  actual  rate  of  climb  is  found  to  be 

dh  1  dp  ,,  _. 

where  the  specific  weight  can  be  determined  from  the  observed  valúes 
of  p  and  T  according  to  the  cquation  of  state  7  =  p/RT.  As  the  depend- 
ence  of  p  and  T  upon  the  time  t  is  known  from  the  records  of  the  climb, 
the  right-hand  sido  of  (15)  can  be  evahiated.  For  each  instant  t  and 
the  corresponding  valúes  of  p  and  T,  the  actual  rate  of  climb  w  is  thus 
obtained.  According  to  our  assumptions  this  w  is  the  máximum  climbing 
rate  compatible  with  the  actual  valué  of  7  =  p/RT.     In  the  standaid 
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atmosphere  the  same  valué  of  w  would  be  the  climbing  rate  at  the  density 
altitude  hp,  which  corresponds  to  the  p-value  p/gRT  with  the  observed 
valúes  of  p  and  T.  The  diagram  we  want  to  find,  representing  the  climb 
reduced  to  the  standard  atmospheric  conditions,  must  therefore  show  the 
slope  10  at  the  point  with  ordinate  hp.  If  we  cali  tp  the  abscissa  of  this 
point  with  the  ordinate  ho  in  the  reduced  climb  curve,  this  curve  is  deter- 
mined  by  the  condition  that  dhp/dtp  =  w,  with  ic  a  known  function  of  hp. 
The  reduced  diagram  can  now  be  obtained  by  the  following  graphical 
procedure:'  Tn  the  right  half  of  Fig.  8  the  observed  valúes  of  7)  and  RT 

7,  Ib./ft.^ 
0.05 


min.       20  15  10  5  O  5  10  15  20 

FiG.  8. — Graphical  reduction  of  a  climb  to  standard  conditions. 

are  plotted  against  the  time  t.  In  the  left  half  the  density  altitude  hp  is 
plotted  vs.  the  specific  weight  y  =  gp  that,  in  the  standard  atmosphere, 
is  found  at  the  altitude  hp.  This  curve  represents  Eq.  (13")  and  thus  is 
independent  of  the  actual  observations.  For  RT,  which  has  the  dimen- 
sión of  a  length,  the  same  scale  is  used  as  for  hp.  It  will  be  convenient 
to  take  the  scale  for  p  such  as  to  have  1000  Ib./ft.^  represented  by  the 
same  ordinate  as  the  altitude  hp  =  10,000  ft.  Then,  on  the  axis  of 
abscissas,  the  point  C  is  marked  that  represents  OC  =  0.1  Ib./ft.^  in 
the  7-scale. 

The  valúes  of  temperature  and  pressure  observed  at  a  certain  instant  í 
are  represented  by  the  points  A  and  B.     In  order  to  find  the  correspond- 

1  Mises,    R.   v.,    Zeitschrifí  für  Fiugtechnik   und  Motor iuftschiffahrt,   8,    173-177 
(1917). 
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ing  specific  weight  7  =  p/RT,  project  these  points  iipon  the  ordinate 
axis,  thus  obtaining  A'  and  B',  and  make  B'D  parallel  to  A'C,  Then 
OD  =  OC  X  (OB'/OA')  represen ts  the  specific  weight  7  =  p/RT  that 
prevailed  in  the  actual  atmosphere  at  the  time  /.  Through  D  draw  a 
parallel  to  the  ordinate  axis  intersecting  the  hp  vs.  7-line  in  E.  Then 
DE  represents  the  density  altitude  hp  that  corresponds  to  the  observed 
valúes  p  =  GB  and  RT  =  GA.  In  order  to  determine  the  rate  of  climb 
at  this  altitude  hp,  draw  the  tangent  of  the  p-line  at  B.  From  A  draw 
the  perpendicular  to  this  tangent  intersecting  the  axis  of  abscissas  at  F, 
and  draw  FB.  The  slope  of  a  straight  line  normal  to  FB  is  then  RT /p 
times  the  slope  of  the  tangent  in  B,  thus  representing  the  absolute  valué 
of  the  climbing  velocity  w  according  to  (15).  In  this  way  one  small 
element  MN  of  the  hp  vs.  tp  curve  (with  the  abscissas  pointing  to  the  left) 
can  be  found.  If  we  start  at  the  origin  with  the  element  corresponding 
to  the  points  Ao,  5o  at  í  =  O  and  proceed  in  this  way,  we  obtain  step  by 
step  the  complete  hp  vs.  tp  curve.  This  solves  the  problem  of  reducing 
the  climb  to  standard  atmospheric  conditions. 

Instead  of  this  graphical  method  the  following  numerical  way  of 
reducing  a  climb  may  be  used:'  Pressure  and  temperature  are  observed 
in  short  intervals  of  time  Ai.  The  specific  weight  corresponding  to  these 
valúes  is  computed  by  means  of  the  equation  of  state  7  =  p/RT.  From 
the  arithmetic  mean  7^  of  two  consecutive  valúes  of  7  and  the  difference 
Ap  of  the  corresponding  valúes  of  p  the  actual  climb  A/i  between  con- 
secutive observations  is  then  computed  in  accordance  with  the  condition 
of  equilibrium  A/i  =  —Lp/y^.  The  density  altitude  corresponding  to 
the  valúes  of  p  and  T  is  obtained  from  Table  1  or  Fig.  5.  If  Lhp 
denotes  the  difference  of  two  consecutive  valúes  of  hp,  the  assumption 
that  the  rate  of  climb  depends  only  on  the  density  p  (or  the  specific 
weight  7)  leads  to  A/i/A¿  =  Ahp/Atp.  From  this  relation  the  valúes  Atp 
are  computed.  Since  for  t  =  O  the  density  altitude  generally  has  a  non- 
vanishing  valué  ho,  we  compute  the  time  Ato  necessary  to  climb  from 
sea  level  to  ho  by  assuming  that  the  rate  of  chmb  has  the  same  valué  as 
during  the  interval  between  the  first  two  observations.  The  time  tp 
necessary  in  standard  atmosphere  to  climb  to  an  altitude  hp  is  finally 
obtained  by  summing  the  intervals  Atp  previous  to  the  instant  at  which 
hp  is  reached.  Plotting  hp  vs.  tp  we  obtain  the  diagram  of  the  reduced 
climb. 

The  following  table  shows  for  the  first  three  steps  the  arrangement 
of  the  computation  outlined  in  the  foregoing.  The  observed  data  are  the 
same  as  those  in  Fig.  8. 

1  See  NACA  Tech.  Rept.  216  (1925). 
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min. 

Al 
min. 

P 
in.  Hg 

Ap 
in.  Hg 

e 

°F. 

T 

°F. 
abs. 

7 
lb./ft.3 

7m 
lb./ft.3 

Ah 
ft. 

ft. 

Ahp 
ft. 

Atp 
min. 

min. 

0 

2 

29.42 

-2.46 

52.0 

511 

.0763 

.0736 

2360 

90 

2490 

2.11 

0.08 

2 

2 

26.96 

-2.12 

44.5 

504 

.0709 

.0685 

2190 

2580 

2330 

2.13 

2.19 

4 

2 

24.84 

-1.54 

39.0 

498 

.0661 

.0641 

1700 

4910 

1990 

2.34 

4.32 

G 

23.30 

37.5 

497 

.0622 

6900 

6.66 

The  results  do  not  differ  noticeably  from  those  obtained  by  the 
graphical  method.     They  are  shown  in  Fig.  9,  which  inchides  both  the 
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t,  tp,m\n. 

FiQ.  9. — Reduction  of  a  climb  to  standard  condition.s. 
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observed  barograph  hp  vs.  t  and  the  plot  hp  vs.  tp  as  reduced  to  standard 
conditions. 
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Problem  16.  During  a  meteorological  ascent  the  follovving  observations  of  pres- 
sure  and  temperature  have  been  made: 

p  =  29.34         27.86         26.40         24.85         23.40         22.00         20.55  in.Hg 
e  =  60.5  68.0  64.5  57.0  50.0  43.0  36.5°F. 

The  airport  is  570  ft.  above  sea  level.  Determine  the  \e\e\  at  whioh  the  temperature 
is  40°F. 

Problem  17.  Reduce  the  following  elimb  recurd  to  standard  atniospherio  eondi- 
tions: 

t  =    O  1.5  3.0  4.5  6.0  7.5    min. 

p  =  30.82         28.17         25.96         24.03         22.75         21.53in.Hg 
9  =  84.0  69.5  57.5  50.5  45.0  41.5°F. 

/  =     9.0  10.5  12.0  13.5  15.0    min. 

p  =  20.58         19.92         19.28         18.54         18.03 in.Hg 
e  =  37.0  30.5  25.0  23.6  21.0°F. 

*Problem  18.  The  contract  for  a  new  type  of  plañe  stipulates  that  the  plañe  shall 
be  able  to  climb  in  standard  atmosphere  from  sea  level  to  5000  ft.  within  2  min.  If 
the  atmospheric  conditions  are  different  from  those  in  the  standard  atmosphere,  the 
range  of  O  to  5000  ft.  may  be  replaced  by  another  range  of  5000  ft.  (from  hto  h  +  5000) 
in  such  a  way  that  the  arithmetic  mean  of  the  densities  at  the  ends  of  this  range  equals 
the  arithmetic  mean  of  the  densities  which  in  the  standard  atmosphere  are  found  at 
sea  level  and  at  5000  ft.  Draw  a  t-hart  furnishing  this  "equivalent  range"  for  given 
N'alues  of  pressure  and  temperature  at  the  ground. 

*Problem  19.  To  take  account  of  the  deviation  of  the  actual  atmospheric  condi- 
tions from  those  in  the  standard  atmosphere  the  altimeter  dial  is  set  so  that  the  needle 
indicates  the  correct  altitude  /i  =  O  at  the  start  from  sea  level.  If  the  angular  dis- 
placement  of  the  needle  is  proportional  to  the  change  in  pressure,  find  the  relation 
between  the  true  altitude  h  and  the  altitude  hi  indicated  by  the  altimeter.  Assume 
that  the  temperature  distribution  is  that  of  the  standard  atmosphere,  while  the  valué 
of  the  pressure  at  sea  level  differs  slightly  from  that  in  the  standard  atmosphere. 

5.  Troposphere    and    Stratosphere.     Influence    of    Humidity.     The 

assumptions  iinderlying  the  arguments  in  the  preceding  sections  must  be 
modified  if  very  large  altitudes  are  involved  or  if  the  humidity  of  the  air 
is  considerable.  Some  data  about  the  physical  conditions  of  the  atmos- 
phere follow: 

The  atmosphere  is  composed  of  nitrogen,  oxygen,  argón,  carbón  dioxide, 
and  traces  of  other  gases  such  as  hydrogen,  neón,  and  helium.  For  dry 
air  at  sea  level  the  percentage  by  volume  of  the  main  constituents  is 

Nitrogen 78.03 

Oxygen 20.99 

Argón 0.94 

Carbón  dioxide 0 .  03 

On  the  basis  of  weight  or  mass  the  per  cent  composition  is 

75.5:23.2:1.33:0.045 
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Within  the  lower  part  of  the  atmosphere,  the  troposphere,  this  compo- 
sition  is  kept  practically  constant  by  winds  and  vertical  currents.  The 
troposphere  extends  to  about  4  miles  altitude  at  the  poles  and  about 
9  miles  at  the  equator.  Above  the  troposphere  is  the  stratosphere,  where 
the  percentage  of  the  heavier  gases  diminishes  with  increasing  altitude. 

The  mean  temperature  at  about  40°N.  latitude  in  the  United  States 
is  represented  in  Fig.  10.'     It  is  seen  from  this  figure  that  the  assumption 
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FiQ.  10. — Temperature  distribution  in  the  atmosphere. 

of  a  constant  temperature  gradient  is  justified  within  a  large  central 
portion  of  the  troposphere.  In  the  layers  above  and  below  this  portion 
the  temperature  gradient  has  a  smaller  valué  than  within  the  central 
portion.  In  summer  the  zone  of  practically  constant  temperature 
gradient  is  larger  and  the  variation  of  the  temperature  gradient  is  smaller 
than  in  winter.  In  the  lower  regions  of  the  stratosphere  the  temperature 
has  a  constant  valué  of  —  67°F.  This  región  of  constant  temperature 
extends  to  about  70,000  ft.     Above  this  level  the  temperature  increases 


1  NACA  Tech.  Rept.  147  (1922). 


20 


THE  ATMOSPHERE  AT  REST 


[Sec.  1.5 


again  so  that  it  reaches  the  valué  of  —  40°F.  at  about  100,000  ft.  This 
phenomenon,  as  mentioned  above,  is  known  as  the  inversión  of  temperature. 
In  addition  to  its  constant  constituents,  atmospheric  air  contains 
water  vapor  in  varying  proportion.  At  59°F.  and  standard  pressure,  air 
saturated  with  water  vapor  is  0.65  per  cent  lighter  than  dry  air.  In  the 
evaluation  of  wind-tunnel  tests  the  humidity  therefore  must  be  taken 
into  account  whenever  results  of  high  accuracy  are  required.  In  order 
to  determine  humidity,  the  wet-and-dry-bulh  hygrometer  is  used.  This 
instrument  consists  of  two  thermometers.  The  bulb  of  one  is  kept  wet 
by  a  strip  of  musUn  which  is  tied  round  the  bulb  and  the  ends  of  which 


40       50      "60       70      80 
FbM:  Dry  bulb  temperature  0,T  \ 

Forp':  Dew  poínt  6d ,  T. 

Fio.  11. — Glaisher's  factor  and  dew  point. 

hang  into  a  vessel  containing  water.  The  wet  bulb  is  cooled  by  the 
evaporation  from  its  surface,  so  that  the  two  thermometers  show  different 
readings.  The  less  saturated  with  water  vapor  the  air,  the  stronger  the 
evaporation  from  the  surface  of  the  wet  bulb,  and  consequently  the  bigger 
the  difference  between  the  two  thermometer  readings.  From  a  great 
number  of  simultaneous  observations  of  the  dry-  and  wet-bulb  tempera- 
tures  and  of  a  Daniel  hygrometer,  Glaisher  derived  an  empirical  formula 
for  the  dew  point,  i.e.,  the  temperature  to  which  the  air  must  be  cooled,  at 
constant  pressure,  in  order  to  become  saturated.  Denoting  the  tempera- 
ture  of  the  dew  point  by  9d  and  the  dry-  and  wet-bulb  thermometer 
readings  by  9  and  6',  respectively,  one  can  write  Glaisher's  formula  in 
the  form 

e¿  =  e  -  ^(9  -  G') 

where  the  empirical  factor  A  (Glaisher's  factor)  depends  on  the  dry-bulb 
temperature  9.     Figure  1 1  shows  ^  as  a  function  of  9. 
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Moist  air  being  lighter  than  dry  air,  the  density  of  moist  air  at  the 
temperature  G  and  the  pressure  p  equals  the  density  of  dry  air  at  the 
temperature  0  and  a  certain  reduced  pressure  pr.  We  set  Pr  =  p  —  p', 
where  the  pressure  correction  p'  depends  on  the  dew  point  6^  of  the  moist 
air.  Figure  11  includes  a  curve  that  gives  empirical  valúes  for  p'  as  a 
function  of  G^.  According  to  the  definition  of  the  reduced  pressure  the 
specific  weight  of  moist  air  at  the  absolute  temperature  T  and  for  the 
reduced  pressure  pr  is 

=  -^ 
^       RT 

where  the  gas  constant  R  is  again  that  of  dry  air.  In  the  evaluation  of  a 
climb  the  influence  of  humidity  can  therefore  be  taken  into  account 
by  using  the  reduced  pressure  pr  instead  of  the  observed  pressure  p  in  the 
determination  of  p. 

Problem  20.  What  is  the  specific  weight  of  air  when  the  dry-bulb  temperature  is 
70.5°F.,  the  wet-bulb  temperature  64.0°F.,  and  the  barometer  reading  30.5  in.  Hg? 

Problem  21.  Evalúate  the  cUmb  of  Prob.  17  under  the  assumption  that  the  air  is 
everywhere  saturated  with  water  vapor. 

*Problem  22.  The  simultaneous  observations  of  temperature  and  pressure  made 
during  a  climb  are  in  perfect  agreement  with  the  valúes  to  be  expected  in  the  standard 
atmosphere.  For  various  altitudes  h  in  the  standard  atmosphere,  find  by  how  much, 
at  most,  the  true  altitude  of  the  plañe  may  differ  from  h  because  of  the  humidity. 


CHAPTER  II 
BERNOULLI'S  EQUATION.     ROTATION  AND  CIRCULATION 

1.  Steady  Motion.  Motions  of  fluids  show  an  amazing  variety  of 
character.  Throughout  this  book,  which  attempts  to  give  only  a  fir-st 
introduction  to  the  problems  of  fluid  mechanics  coiinected  with  airplane 
design,  one  restriction  will  be  maintained:  The  types  of  motion  to  be 
discussed  will  belong  to  the  class  of  so-called  "  permanent"  or  "stead}^ 
flow."  This  kind  of  flow  can  be  defined  by  postulating  that  the  state 
of  motion  remain  unehanged  at  any  place  within  the  fluid.  This  implies 
that  all  quantities  necessary  for  a  complete  description  of  the  flow  shall 
have  constant  valúes  at  any  fixed  point  in  the  región  occupied  b}^  the 
fluid.  That  is,  in  a  steady  flow,  pressure,  density,  magnitude  and  direc- 
tion  of  velocity,  etc.,  are  functions  of  the  position  in  space  bui  are 
independent  of  time.  We  thus  have  an  unchanging  pattern  of  motion 
carried  by  ever-changing  particles. 

At  this  point  the  reader  should  be  cautioned  against  a  possible  mis- 
understanding  regarding  the  deñnition  of  a  steady  flow.  Although  the 
velocity  at  any  given  spot  is  constant,  the  motion  of  a  given  fluid  particle 
need  not  be  uniform.  Indeed,  proceeding  along  its  path,  the  particle 
continually  adapts  its  velocity  to  that  pertaining  to  its  instantaneous 
position. 

The  theory  of  steady  motion  applies  to  most  problems  that  are  of 
importance  in  the  theory  of  flight.  At  first  glance  this  statement  seems 
to  be  at  variance  with  the  fact  that  the  flow  produced  by  a  rigid  body 
(airplane)  moving  through  a  bulk  of  air  at  rest  is  by  no  means  steady. 
For  example,  let  us  consider  a  point  that  is  in  the  path  of  the  moving 
body.  As  the  body  approaches,  a  certain  velocity  will  develop  at  this 
point;  but  after  the  body  has  passed,  the  air  at  this  spot  will  return  more 
or  less  to  its  original  state  of  rest.  Thus  we  are  far  from  having  an 
unchanging  state  of  motion  at  any  fixed  point.  However,  in  the  most 
important  case  of  a  body  engagcd  in  a  uniform  rectilinear  translation 
through  a  fluid  at  rest,  an  obsei-ver  moving  with  the  body  will  have  the 
impression  of  a  steady  flow  of  fluid  around  a  body  at  i-est.  This  apparent 
flow  is  called  the  relative  mulion  of  the  fluid  with  respect  to  the  moving 
body.  Let  us  introduce  a  system  of  coordinates  that  is  rigidly  connected 
with  the  body  and,  consequently,  partakes  in  its  motion.  At  any  point 
with  constant  coordinates  with  respect  to  this  system,  pressure,  density, 
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apparent  (relative)  velocity,  etc.,  remain  constant.  The  relative  Jiow  oj 
the  fluid  with  résped  to  the  body  is  a  steady  flow.  We  may  obtain  this 
relative  motion  by  superposing  on  the  original  motion  a  unif  orm  rectilinear 
translation  whose  velocity  is  equal  and  opposite  to  that  of  the  rigid  body. 
This  brings  the  body  to  rest  while,  at  a  great  distance  from  it  (mathe- 
matically  speaking,  at  infinity),  the  fluid  is  given  a  velocity  equal  and 
opposite  to  the  original  velocity  of  the  body.  On  the  other  hand,  the 
superposition  of  such  a  motion  without  acceleration  cannot  influence  the 
forces  that  the  fluid  exerts  on  the  body.  These  forces  are  the  same, 
whether  the  fluid  is  at  rest  and  the  body  moves  through  it  with  a  certain 
constant  velocity  or  whether  the  body  is  at  rest  and  the  fluid  streams 


'Small  closed  curve 
,Sfream  /ine 


Fio.  12.- 


•  -  Normal 
cross  secf/ons 

-Streamlines  generating  a  stream  tube. 


toward  it  with  an  equal  and  opposite  velocity.  The  latter  flow,  i.e.,  the 
relative  motion  of  the  fluid  with  respect  to  the  body,  is  sometimes  referred 
to  as  the  inverse  flow. 

The  conception  of  the  streamlines  is  of  the  greatest  valué  in  the  discus- 
sion  of  patterns  of  steady  flow.  In  a  steady  motion  the  conditions  at  any 
given  point  remain  constant.  Henee  the  fluid  particles  that  one  after 
another  reach  a  certain  point  move  in  the  same  manner  along  the  same 
path.  In  this  kind  of  flow  the  paths  of  the  fluid  particles  are  therefore 
permanent  curves.  At  each  point  of  such  a  curve  the  tangent  has  the 
direction  of  the  velocity.  These  curves  are  called  streamlines.  In  the 
case  of  an  unsteady  flow  the  streamlines,  i.e.,  the  curves  whose  tangents 
have  the  velocity  direction  are,  in  general,  not  the  pathways  of  the 
particles. 

The  streamlines  of  a  steady  flow  furnish,  moreover,  some  Information 
concerning  the  magnitude  of  the  velocity.  In  order  to  explain  this  let 
US  consider  a  small  closed  curve  and  draw  the  streamlines  passing  through 
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its  points  (Fig.  12).  These  lines  form  a  so-called  "stream  tube."  By 
the  definition  of  the  streamlines  no  fluid  partióle  can  enter  or  leave  the 
tube  through  its  walls.  Accordingly,  the  mass  of  the  fluid  flowing 
through  a  cross  section  of  the  tube  per  unit  of  time  must  have  a  constant 
valué  along  the  tube.  This  constant  is  called  the  flux.  If  dS  denotes 
the  área  of  a  normal  section  of  the  tube,  p  the  density,  and  V  the  velocity 
of  the  fluid  at  this  section,  the  flux  equals  pV  dS.  We  therefore  have  the 
foUowing  theorem:  Along  each  stream  tube  the  product  of  density,  velocity, 
and  cross-sectional  área  is  constant. 

PiVi  dSi  =  P2V2  dSi  (1) 

This  relation  is  sometimes  called  the  condition  of  continuity. 

In  many  cases  the  density  of  the  fluid  changes  but  little  within  the 
field  of  flow  under  consideration.  If  we  neglect  completely  such  density 
changes,  we  say  that  the  fluid  is  considered  as  incompressihle.  In  this 
case  the  foregoing  theorem  takes  the  foUowing  form:  Along  each  stream 
tube  the  product  of  velocity  and  cross-sectional  área  is  constant.  In  other 
words,  along  each  stream  tube  the  velocity  varies  inversely  to  the  cross- 
sectional  área. 

A  still  simpler  form  of  the  theorem  is  obtained  in  the  case  of  the 
so-called  " two-dimensional  flow."  In  this  case  all  streamlines  are 
parallel  to  one  plañe,  which  may  be  chosen  as  the  x-y-plane  of  a  system 
of  rectangular  coordinates  x,  y,  z.  Moreover,  the  streamlines  are  sup- 
posed  to  be  the  same  in  each  plañe  z  =  const.,  the  velocity  distribution 
as  well  as  the  density,  pressure,  etc.,  depending  on  x  and  y  only.  We 
then  can  restrict  our  considerations  to  the  flow  in  the  x-y-p\a,ne,  with  the 
understanding  that  we  are  dealing  with  a  fluid  layer  of  unit  thickness 
perpendicular  to  that  plañe.  Accordingly,  any  stream  tube  that  we  shall 
consider  will  have  rectangular  cross-sections,  one  pair  of  sides  being 
formed  by  the  unit  thickness,  the  other  appearing  in  the  x-2/-plane  as  the 
distance  of  two  neighboring  streamlines  (Fig.  13).  The  stream  tube 
thus  will  be  completely  defined  by  the  two  neighboring  streamlines  in 
the  x-y-plane.  We  cali  stream  filament  the  strip  of  the  rr-?/-plane  lying 
between  two  such  streamlines  and  width  of  the  filament  the  normal  dis- 
tance dn  between  these  streamlines  (Fig.  14).  The  stream  tube  cor- 
responding  to  the  filament  then  has  a  rectangular  cross-sectional  área 
whose  numerical  valué  is  dn.  The  foregoing  theorems  consequently 
can  be  modified  as  follows:  Along  each  stream  filament  in  a  two-dimensional 
steady  flow  the  product  pV  dn  of  density,  velocity,  and  width  is  constant. 
In  the  case  of  an  incompressible  fluid  the  velocity  varies  inversely  to  the  width 
of  the  filament. 

In  a  two-dimensional  flow  we  can  select  streamlines  in  such  a  way 
that  for  all  stream  tubes  determined  by  two  consecutive  streamlines  the 
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flux,  i.e.,  the  mass  dQ  of  the  ñuid  flowing  through  a  cross-section  per  unit 
of  time,  has  the  same  valué.  The  pattern  formed  by  these  selected 
streamhnes  gives,  then,  an  approximate  picture  of  the  distribution  of  the 
valúes  pV.  In  the  case  of  an  incompressible  fluid,  these  streamlines 
immediately  picture  the  velocity  distribution.  At  any  point  P  the 
velocity  has  the  magnitude  V  =  dQ/p  dn,  where  p  is  the  constant  density 
of  the  fluid  and  dn  the  width,  at  P,  of  the  stream  filament  containing  the 
point  P. 

Let  /  denote  some  quantity,  such  as  density  or  pressure,  connected 
with  the  streaming  fluid.  At  any  given  point  in  a  steady  flow  this 
quantity  will  have  a  constant  valué.  We  may,  however,  consider  a  fluid 
partióle  and  ask  how  the  valué  of  /  changes  for  this  particle  as  it  moves 
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13.  -  Stream  tube  in  two-dimensional 
flow. 


Fio.  14. — Stream  filament. 


along.  Let  s  denote  the  distance  that  the  particle  has  covered,  traveling 
along  its  path  from  some  conveniently  chosen  initial  position  to  its 
position  at  the  instant  t.  The  motion  of  the  particle  along  its  path 
can  then  be  described  by  stating  how  s  depends  on  t.  On  the  other  hand, 
for  each  position  of  the  particle  given  by  the  corresponding  valué  of  s 
there  exists  a  certain  valué  of  /,  that  is,  /  can  be  considered  as  a  function 
of  the  distance  s,  which  itself  is  a  function  of  the  time  t.  Accordingly,  we 
have 

df  _  dfds 

di       ds  dt 


But  ds/dt  equals  V,  the  velocity  of  the  particle;  henee, 

df^        ydf 

dt  ds 


(2) 


In  a  steady  flow  the  time  rate  of  change  of  any  quantity  f  connected  with  a 
fluid  particle  equals  the  product  of  the  velocity  V  of  this  particle  and  the  space 
rate  of  change  of  f  in  the  direction  of  V.  This  theorem  states  one  pf  the 
most  important  features  of  the  steady  motion.  We  shall  see  later  (Sec. 
III. 3)  how  it  must  be  modified  in  the  case  of  unsteady  flow.     Relation  (2) 
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and  the  ¡statement  expressing  it  will  be  referred  to  as  Euler's  rule  of 
differentiation. 

As  an  example  assume  the  quantity  /  to  be  the  magnitude  V  of  the 
velocity  of  the  particle.  It  is  known  from  kinematics  that  the  aecelera- 
tion  of  a  particle  in  curviHnear  motion  consists  of  a  tangential  component 
of  magnitude  dV/dt  and  of  a  normal  component  of  magnitude  V^/R, 
where  R  is  the  radius  of  curvature  of  the  path.  From  (2)  the  tangential 
component  is  found  to  be 

^  =  y^  =  l('r'l  (2') 

dt  ds       ds\2/  '•^' 

Problem  1.  Show  that  along  a  conical  pipe  the  acceleration  of  an  incompressible 
fluid  in  steady  flow  varies  inversely  to  the  fifth  power  of  the  diameter. 

*Problem  2.  Show  that  in  the  steady  two-dimensional  flow  of  an  incompressible 
fluid  the  continuity  condition  (1)  can  be  written  as 

ds  an 

where  6  is  the  angle  of  the  velocity  vector  with  any  fixed  direction  and  dn  is  the 
differentiation  in  the  direction  normal  to  the  streamline. 

*Problem  3.     Establish  the  analogous  formula  for  a  compressible  fluid. 

2.  BernouUi's  Equation.  It  has  been  stated  in  Sec.  I.l  that  no  shear- 
ing  stresses  are  transmitted  in  a  fluid  at  rest.  In  a  fluid  in  motion, 
however,  shearing  stresses  may  occur.  Consider,  for  example,  two 
neighboring  stream  ñlaments  in  a  two-diniensional  flow  (Fig.  15).  If  the 
filament  B  moves  at  a  greater  speed  than  A ,  we  may  expect  it  to  exert  a 
shearing  stress  on  A  that  would  accelerate  A.  The  filament  A  then 
would  exert  on  B  an  equal  and  opposite  shearing  stress,  which  M'ould 
retard  B.  In  sticky  fluids  the  presence  of  such  shearing  stresses  influences 
the  flow  pattern  considerably.  In  air,  however,  the  influence  of  the 
shearing  stresses  is  often  neghgible,  at  least  for  the  purpose  of  obtaining  a 
first  approximation  to  the  solution  of  a  problem  of  flow.  The  stress 
transmitted  across  any  surface  element  may  then  still  be  assumed  to  be  a 
pressure  perpendicular  to  this  element  and  of  equal  valué  for  all  elements 
through  the  same  point.  The  hydrodynamic  theory  based  on  this 
assumption  is  called  the  theory  of  the  ideal  or  perfect  fluid.  Within 
the  framework  of  this  theory  numerous  problems  of  the  theory  of  flight 
can  be  adequately  dealt  with.  However,  care  should  be  taken  to  check 
in  each  particular  case  how  far  the  results  furnished  by  the  theory  of  the 
perfect  fluid  may  be  modified  by  the  presence  of  shearing  stresses.  The 
discussion  of  this  question  will  be  left  to  Chap.  IV.  Let  us  now  estabhsh 
an  important  theorem  valid  for  perfect  fluids  in  steady  flow. 

Consider  an  element  of  the  fluid  having  the  shape  of  a  small  cyUnder 
whose  axis  is  forraed  by  a  short  segment  of  a  streamline  (Fig.  16).     When 
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ds  denotes  the  length  and  dS  the  cross-sectional  área  of  this  cylinder,  the 
mass  of  the  cylindrical  element  of  the  fluid  is  p  dS  ds.  According  to 
Newton's  second  law  of  motion  the  product  of  the  mass  and  the  com- 
ponent  of  the  acceleration  of  the  element  in  any  direction  equals  the 
sum  of  the  forces  acting  on  this  element  in  this  direction.  The  pressure 
on  the  cjdindrical  surface  of  the  element,  being  perpendicular  to  the  axis 
of  the  cylinder,  has  no  component  in  the  direction  ds.  According  to 
Eq.  (2')  the  acceleration  component  in  question  is  V  dV /ds.  The  projec- 
tion,  on  the  axis  of  the  element,  of  the  weight  gp  dS  ds  is  —gp  dS  ds  eos  13, 
where  /3  is  the  angle  between  the  axis  of  the  element  and  the  upward 
vertical.     Denoting  by   h  the   elevation   of  the   element   above   some 


Referen  ce  le  ve  I i 


(p^f^Os),iS 


FiG.  15. — Shearing 
stress  between  neigh- 
boring  stream  filaments. 


FiG.  16.— Forces  upon  a  cylindrical  fluid  ele- 
ment in  direction  of  flow. 


horizontal  plañe  of  reference,  we  have  eos  /3  =  dh/ds  as  is  seen  from 
Fig.  16.  Writing  the  thrusts  on  the  bottom  and  the  top  of  the  element 
as  p  d&  and  (p  +  dji/ds  ■  ds)  dS,  respectively,  we  obtain  from  Newton's 
law 


pdSdsV—  =  pdS 
ds 


p  -{-  -~  ds\  dS  —  gp  dS^ds 


dp 
ds 


dh 
ds 


Here  p  dS  and  —pdS  cancel  out  and  the  common  factor  dS  ds  of  all 
remaining  terms  can  be  omitted.     Dividing  by  gp  and  using 


we  have,  finally, 


rf(72)  _  2VdV 


ds  \2g  /       gp  ds 


(3) 


Let  US  first  discuss  this  equation  in  the  case  of  an  incompressible 
fluid.     Since,  there,  the  density  is  constant,  (3)  can  be  written  as 
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ds\2g 


+  h  +  ^)  =  0 


where  7  =  g^p  is  the  constant  specific  weight  of  the  fluid.  Along  each 
streamline  the  expression  in  the  parentheses  has  therefore  a  constant 
valué,  which  we  shall  denote  by  H: 

V'  p 

-^ — \-  h  -{-  ~  =  H  =  constant  along  each  streamline  (4) 

2g  7 

This  result  is  called  Bernoulli's  equation  for  an  incompressible  fluid.  AU 
terms  of  (4)  have  the  dimensión  of  a  length;  the  first,  V'^/2g,  is  called 
the  velocity  head;  it  can  be  described  as  the  height  from  Avhich  a  body 
must  fall  freely  to  acquire  the  speed  V.  The  quantity  7)/7  is  called  the 
pressure  head;  it  represents  the  height  of  a  vertical  column  of  fluid  the 
pressure  at  the  bottom  of  which  exceeds  by  p  the  pressure  at  its  top. 
Using  these  concepts  we  can  express  Bernoulli's  equation  as  follows: 
Along  each  streamline  the  sum  of  velocity  head,  pressure  head,  and  elevation 
above  some  horizontal  plañe  of  reference  is  constant. 

This  statement  remains  true  for  a  compressible  fluid,  if  the  density 
can  be  assumed  to  be  a  single-valued  function  of  the  pressure,  i.e.,  if  the 
density  has  the  same  valué  at  any  two  points  where  the  pressure  is  the 
same.^  But  the  definition  of  the  pressure  head  must  then  be  modified 
in  an  appropriate  way.     Let  us  define  the  pressure  head  as 

K=   ¡  ^.  (5) 


gpiv) 


This  means  that  the  derivative  of  hp  with  respect  to  p  is  1/grp.     As  an 
indefinite  integral,  hp  is  determined  except  for  an  additive  constant. 
This  latter  is  also  true  for  the  geometrical  height  h  where  the  level  of 
reference  can  be  chosen  arbitrarily. 
According  to  (5)  we  have 

dhp  _  dhp  dp  _    I  dp 
ds        dp  ds      gp  ds 

and  therefore  (3)  can  be  written  as 

S  S  +  "  +  ")  =  o  P' 

^  Since  the  density  gcnerally  depcnds  on  pressure  and  tcmpcraturo,  this  assump- 
tion  restricts  the  admissible  types  of  change  of  state.  In  meteorológica!  questions, 
where  vast  regions  are  considered,  this  assumption  is  rarely  justified.  ^*'lthin 
restricted  regions,  however,  the  change  of  state  can  be  assumed  as  either  isothermal 
or  polytropic.  The  density  then  becomes  a  single-valued  function  of  the  pressure: 
P  =  p(p). 
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This  shows  that  the  expression  in  the  parentheses  has  a  constant  valué 
along  each  streamUne.     Thus  the  general  form  of  BernouUi's  equation  is 

— — \-  h  -\-  hp  =  H  =  constant  along  each  streamline  (8) 

The  statement  expressing  this  relation  in  words  is  the  same  as  that 
already  given  in  connection  with  Eq.  (4). 

Equation  (5)  includes  in  particular  the  following  important  cases: 

a.  The  Fluid  Is  Incompressible.  The  density  p  is  then  constant; 
consequently,  Eq.  (5)  gives  the  pressure  head 

hp=    I  ^  =  1  f  dp  =  ^-\-  const.  =  ^  +  const.  (9) 

J  9P      9P  J  gp  y 

We  are  free  to  choose  the  integration  limits  such  as  to  have  the  constant 
of  integration  equal  to  zero.  With  the  expression  thus  obtained  for  hp, 
Eq.  (8)  reduces  to  (4). 

b.  The  Change  of  State  Is  Isothermal.  If  the  pressures  po  and  p 
correspond  to  the  densities  po  and  p,  respectively,  the  equation  of  state, 
Eq.  (1),  Chap.  I,  for  constant  temperature,  gives  p/po  —  p/po.  Equa- 
tion (5)  accordingly  furnishes  the  pressure  head 

dp       Po     ídp       Po  1  ,  , 

-^  —  -¡—   ¡  s-  —  í—  log  p  +  const. 
gp       gpo  J   p        To 

Choose  the  constant  of  integration  in  such  a  way  that  hp  —  O  for  a  point 
where  p  =  po.     Then  the  pressure  head  in  the  isothermal  case  becomes 

Ap  =  ^  log  ^  (10) 

7o  Po 

c.  The  Change  of  State  Is  Polytropic.  Here  we  have  p/po  =  (p/po)" 
in  accordance  with  Eq.  (11),  Sec.  1.2.  Equation  (5),  therefore,  gives 
the  pressure  head  as 

[dv^pJ^fd^^_KWl    u-t).  +  eonst. 

./  gp      gpo  J  v^      K  -  1  To 

Again,  choosing  the  constant  of  integration  so  that  hp  =  Q  for  p  =  po, 
we  obtain 


hp  =  _i_^^  (pU-l)A  _  p,i^-w^)   =  -JL-^'P^ 
K  —  Ito  k  —  ITo 


0> 


(11) 


as  the  pressure  head  in  the  polytropic  case. 

Appiying  Eq.  (8)  to  a  fluid  in  equilibrium  (F  =  0),  it  is  seen  that, 
with  the  choice  of  the  constant  of  integration  made  under  (b)  and  (c),  the 
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pressure  head  hp  is  the  difference  in  level  between  two  points  at  which 
the  pressure  has  the  valúes  po  and  p,  respectively.  The  pressure  altitude 
hp  introduced  in  Sec.  1.3  was  defined  in  the  same  way,  po  being  the  pres- 
sure at  sea  level. 

In  the  raajority  of  applications  of  fluid  dynamics  to  the  theory  of 
flight  it  is  permissible  to  neglect,  not  only  the  influence  of  the  compressi- 
bilit}^  of  the  air,  but  also  the  effect  of  its  weight.  In  this  case  the  term  h, 
Avhich  represents  the  effect  of  gravity  in  (4),  must  be  omitted.  Along 
each  streamline  we  thus  have 

II  j^2  =  H  =  const.  (12) 

Bernoulli's  equation  in  this  simple  form  will  be  used  in  most  of  olu- 
problems. 

Problem  4.  Water  flows  steadily  downhill  in  a  pipe  of  varying  cross  section.  At 
a  place  where  the  pressure  is  20.5  in.  Hg,  the  speed  is  5.6  ft./sec;  4  ft.  below  this  level 
the  diameter  of  the  pipe  is  40  per  cent  greater.  Neglecting  the  friction  in  the  pipe, 
determine  the  pressure  at  this  level. 

Problem  6.  An  incompressible  fluid  is  engaged  in  a  steady  two-dimensional  flow 
parallel  to  a  vertical  plañe.  It  is  observad  that  along  a  certain  stream  filament  the 
pressure  is  constant.  If  drio,  dn,  dn\  denote  the  width  of  this  stream  filament  at  the 
levéis  O,  h,  h\,  respectively,  expross  z  =  dn/dui  as  a  function  of  x  =  h/h\  and  oi  y  = 
dno/dn\. 

Problem  6.  Show  that  for  the  steady  flow  of  a  gas  under  polytropic  change  of 
state  the  e.xpression 

K    —     l    p 

is  constant  along  each  streamline,  if  the  influence  of  gravity  is  neglected. 

Problem  7.     Following  the  adiabatic  law  (k  =  1.4)  air  flows  out  of  a  large  con- 

j  2  tainer  in  which  the  pressure  is  3000  Ib./ft.'^     If 

the  atmospheric  pressure  is  2120  Ib./ft.^  find  the 

velocity  of  efflux.     Container  temperature  is  85°F. 

*Problem  8.     Study  the  flow  of  a  gas  in  a  con- 

vorgiiig  pipe  and,  using  the  result  of  Prob.  6,  show 

that  the  speed  will  increase  in   the  direction   in 

which  the  pipe  converges  whenever  the  velocity 

V  is  smaller  than  the  "local  velocity  of  sound" 
Fio.  17. — Venturi  meter.  / — j- 

*Problem  9.  The  Venturi  meter,  the  arrangement  of  which  is  shown  in  Fig.  17, 
is  used  for  measuring  the  amount  of  fluid  discharged  through  a  pipe.  From  the 
pressures  p\  and  p2  observed  at  the  sections  1  and  2  of  cross-sectional  áreas  Si  and  (Sj, 
respectively,  determine  the  volume  of  fluid  discharged  per  unit  of  time,  assuming  that 
(a)  the  fluid  is  inconiprcssibl(!  and  has  the  density  p;  (b)  the  fluid  is  a  perfect  gas  in 
adiabatic  flow  («  =  1.4),  the  density  at  the  pressure  pi  being  pi. 

*Problem  10.  In  the  two-dimensional  case,  derive  Bernoulli's  equation  by  con- 
sidering  a  short  segment  of  a  stream  filament  instead  of  a  cylindrical  fluid  etement. 
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Point  out  how  the  proof  given  in  the.  foregoing  has  to  be  modiñed  on  account  of  the 
variable  width  of  the  stream  filament. 

3.  Dynamic  Pressure.  The  constant  H  in  Bernoulli's  equation  is 
called  the  total  head.  Though  a  constant  for  each  streamUne,  it  may 
vary  from  one  streamhne  to  the  next.  However,  in  most  cases  that 
are  of  interest  in  aeronautics,  the  streamhnes  originate  from  a  región  of 
constant  pressure  and  velocity.  Within  this  región  the  total  head  has 
the  same  valué  for  all  streamhnes,  if  the  effect  of  gravity  can  be  neglected. 
Since  the  total  head  remains  constant  along  each  streamline,  it  is  seen 
that  under  this  assumption  the  total  head  will  be  constant  throughout 
the  field  of  flow. 

As  an  example  take  the  main  problem  of  applied  aerodynamics,  the 
uniform  rectilinear  motion  of  a  body  (airplane)  through  a  bulk  of  air  at 
rest.     As  has  already  been  pointed  out,  the  flow  of  air  produced  by  the 


FiG.  18. — Stagnation  point. 

motion  of  the  body  is  not  steady.  Bernoulli's  equation  therefore  cannot 
be  applied  to  this  flow.  However,  it  has  been  shown  in  the  foregoing  that 
the  inverse  flow,  in  which  the  air  exerts  the  same  forces  on  the  body, 
is  a  steadj^  flow  to  which,  therefore,  Bernoulli's  equation  can  be  appHed. 
On  the  other  hand,  at  a  great  distance  from  the  body  the  velocity  of  the 
air  in  the  inverse  flow  is  constant  and  so  is  the  pressure,  if  the  effect  of 
gravity  can  be  neglected.  The  air  flow  may  be  considered  as  an  incom- 
pressible  fluid  motion.  If,  then,  the  constant  valúes  of  velocity  and 
pressure  at  a  great  distance  from  the  body  are  denoted  by  Vo  and  po, 
the  total  head  will  have  the  constant  valué  Vl/2g  +  Po/y  at  any  point 
in  the  inverse  flow. 

Let  US  now  study  a  little  more  closely  the  inverse  flow  under  the 
assumption  that  it  is  two-dimensional.  Some  streamhnes  of  this  inverse 
flow  will  then  pass  above  the  body,  and  some  below  it  (Fig.  18).  These 
two  groups  of  streamhnes  are  separated  from  one  another  by  a  streamline 
that  meets  the  surface  of  the  body  at  some  point  S  and  splits  there  into 
two  lines,  one  following  the  upper  part  of  the  contour  of  the  body,  the 
other  the  lower  part.  At  the  point  S  the  direction  of  the  velocity  is 
indeterminate,  which  indicates  that  the  magnitude  of  the  velocity  is 
zero.  The  point  S  is  therefore  called  a  stop  point  or  stagnation  point. 
It  is  seen  that  in  the  two-dimensional  case  at  least  one  such  stagnation 
point  must  exist.  It  is  easily  understood  that  this  result  holds  good  in 
the  three-dimensional  case,  also. 
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We  now  denote  the  pressure  and  the  velocity  of  the  undisturbed  flow 
(at  a  great  distance  from  the  body)  by  V  and  V ,  respectively,  and  the 
pressure  at  the  stagnation  point  by  ps-  Since  the  velocity  at  the  stagna- 
tion  point  vanishes,  we  get  from  the  form  (12)  of  Bernoulh's  equation, 
assuming  that  the  air  can  be  considered  as  nearly  incompressible, 


V^ 


=  V  +  '^V^ 


or 


V'  =  Vs-V 


In  the  preceding  section  the  so-called  "velocity  head/'  which  measures 
a  velocity  in  terms  of  altitude,  was  introduced.  In  the  present  context  it 
is  useful  to  introduce  another  concept  expressing  a  velocity  in  terms  of 
pressure.  The  expression  q  =  pV^/2,  which  has  the  dimensión  of  a 
pressure,  is  called  the  stagnation  pressure  or  dynamic  pressure.  As  is 
seen  from  the  relation  already  obtained,  the  dynamic  pressure  q  equals 
the  difference  between  the  pressures  ps  and  p  at  two  points  of  a  streamline 
where  the  velocity  is  equal  to  zero  and  V,  respectively: 


q  =  p,  -  p  =  ^V 


(13) 


As  will  be  seen  in  Chap.  IV,  the  dynamic  efíect  of  a  moving  fluid  is 
in  most  cases  expressible  in  terms  of  the  dynamic  pressure.  This  means 
that,  under  otherwise  unchanged  circumstances,  the  expression  q  =  pV^/2 
determines  the  magnitude  of  the  forcé  which  a  fluid  exerts  upon  a  body 
submerged  in  the  flow. 

Table  2  gives  the  stagnation  pressures  q  correspondí ng  to  various 
velocities  V  and  to  the  densities  that,  in  the  standard  atmosphere,  are 
found  at  sea  level  and  at  the  altitudes  of  20,000  and  40,000  ft.  Since, 
with  increasing  altitude,  the  density  of  the  air  decreases,  the  stagnation 

Table  2. — Dynamic  Pressure  q,  According  to  (13) 


h  =Oít. 

h  =  20,000  ft. 

h  =  40,000  ft. 

P  =  0.002378  slug/ft.  3 

p  =  0.001267  slug/ft.3 

P  =  0.000582  slug/ft.  3 

V 

ft./sec. 

V  =  2116.2  Ib. /ft.2 

V  =  972.2  lb./ft.2 

p  =  391.9  lb./ft.2 

lb./ft.2 

%of  p 

lb./ft.2 

%of  p 

lb./ft.2 

%of  p 

100 

11.9 

0.563 

6.33 

0.651 

2.91 

0  743 

200 

47.6 

2.25 

25.3 

2.60 

11.6 

2.96 

300 

107.0 

5.06 

57.0 

5.86 

26.2 

6.69 

400 

190.2 

9.00 

101.4 

10.43 

46.6 

11.89 

500 

297.2 

14.05 

158.4 

16.30 

72.8 

18.57 

600 

428.0 

20.22 

228.1 

23.47 

104.8 

26.75 

700 

582.6 

27.52 

310.6 

31.95 

142.7 

30.45 

Sec.  II.3] 


DYNAMIC  PRESSURE 


33 


pressure  corresponding  to  a  certain  velocity  will  diminish  with  increasing 
altitude. 

From  Table  2  we  learn  that  at  sea  level  the  change  in  pressure 


Ps 


p  =  q 


occurring  when  a  stream  with  a  velocity  of  200  ft./sec.  (136.3  m.p.h.) 
strikes  a  body  at  rest,  is  slightly  less  than  2.5  per  cent  of  the  atmospheric 
pressure.  Since  the  change  in  density  accompanying  such  a  small 
change  in  pressure  is  also  small,  we  are  justified  in  treating  the  air  as  an 
incompressible  fluid  as  long  as  no  higher  velocities  are  involved.  Even 
for  speeds  of  about  400  ft./sec.  the  theory  based  on  the  assumption  of 
incompressibility  can  be  expected  to  give  a  reasonably  good  approxima- 
tion,  since  for  such  speeds  the  dynamic  pressure  equals  only  about  10  per 
cent  of  the  pressure  in  the  undisturbed 
air.  However,  with  the  speed  of  modern 
planes  approaching  more  and  more  the 
velocity  of  the  propagation  of  sound  (1000 
ft./sec),  the  efíects  of  the  compressibility 
of  the  air  become  increasingly  important. 

The  so-called  "Pitot  tube/'  used  for 
measuring  the  velocity  of  an  air  stream, 
is  based  on  the  relation  expressed  in  Eq. 
(13).  A  slender,  hollow  body  B  of  the 
form  indicated  in  Fig.  19  is  placed  with 
its  axis  parallel  to  the  stream  and  its 
open  end  upstream.  The  narrow  tube  a, 
which  communicates  with  the  outside  flow  at  the  stagnation  point  *S 
of  the  body,  is  filled  with  air  at  rest.  If  the  influence  of  the  gravity  of 
the  air  is  neglected,  the  pressure  within  the  tube  a  equals  the  pressure  Ps 
at  the  stagnation  point.  A  second  tube  h  communicates  with  the 
interior  of  the  hollow  body  B  and  is  also  filled  with  air  at  rest.  Owing 
to  a  hole  C  in  the  side  of  B  this  still  air  is  under  the  same  pressure  Pc 
as  the  air  that,  at  C,  streams  along  the  surface  of  B.  The  tubes  a  and  b 
are  connected  with  the  two  ends  of  a  U-tuhe  which  is  filled  with  some 
manometric  liquid  of  the  specific  weight  yt. 

Applying  Bernoulli's  equation  to  the  flow  around  the  body  B,  we 
obtain,  by  comparing  the  conditions  at  S  and  C, 


^b-^a 


Fig.  19. — Pitot  tube. 


P« 


+  O  =  p.  + 1 72 


Now,  for  a  properly  designed  slender  body  B  the  point  C  can  be  chosen 
so  that  the  velocity  Ye  and  the  pressure  pc  at  C  will  not  differ  perceptibly 
from  the  velocity  Y  and  the  pressure  p  in  the  undisturbed  stream.     We 
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may  therefore  write 


Ps    =    P+^V' 


(14) 


Thus  the  pressure  difference  ps  —  p,  which  is  indicated  by  the  difference 
of  the  levéis  ht  and  ha  of  the  differential  manometer,  equals  the  dynamic 
pressure  corresponding  to  the  velocity  V  of  the  undisturbed  stream 


^72 
2 


Ps 


P  =  yL{hb  -  ha) 


(15) 


This  formula  is  correct  under  the  assumption  that  the  air  can  be  con- 
sidered  as  incompressible.  If,  however,  the  Pitot  tube  is  used  for 
measuring  higher  velocities,  it  may  be  more  accurate  to  apply  Bernoulli's 
equation  in  the  form  (8)  with  the  valué  of  /?,„  as  given  in  (11)  for  adiabatic 
conditions.  In  this  case  V^/2g  equals  the  difference  of  the  /ip-values  that 
occur  at  the  stagnation  point  and  in  the  undisturbed  flow.  As  we  have 
to  introduce  in  (11)  ps  for  p  and  p  for  po,  we  find 

2g        K  -  I  tLVp/ 
This  gives,  when  solved  for  ps, 

The  corrected  stagnation  pressures,  i.e.,  the  valúes  Ps  —  p  according  to 
(15'),  are  given  in  Table  3.  The  deviations  from  the  valúes  of  Table  2 
become  marked  at  higher  velocities. 

Table  3. — Stagnation  Overpressure  (p,  —  p)  Corrected  for  Adiabatic  Flow 


A  =  0  ft. 

h  =  20,000  ft. 

h  =  40,000  ft. 

P  =  0.002378  slug/ft.  3 

p  =  0.001267  slug/ft.3 

P  =  0.000582  slug/ft.' 

V  ft./sec. 

p  =  2116.2  lb./ft.2 

p  =  972.18  Ib./ft.'' 

p  =  391.92  lb./ft.2 

lb./ft.2 

%ofp 

lb./ft.2 

%of  p 

Ib./ft.í 

%of  p 

100 

11.92 

0.564 

6.34 

0.651 

2.92 

0.746 

200 

48.0 

2.27 

25.53 

2.63 

11.7 

2.99 

300 

108.9 

5.15 

58.2 

5.98 

26.8 

6.84 

400 

196.3 

9.28 

105.2 

10.82 

48.6 

12.40 

500 

312.1 

14.75 

167.6 

17.25 

77.6 

19.80 

600 

458.9 

21.70 

247.2 

25.42 

114.8 

29.30 

700 

639.8 

30.22 

346.0 

35.60 

161.2 

41.15 

Problem  11.     ABsuming  standard  atmosphere,  compare  the  dynamic  pressures 
corresponding  to  the  velocity  V  =  250  m.p.h.  at  sea  level  and  at  10,000  ft.  altitude. 
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Problem  12.  If  the  barometric  pressure  pn  =  2120  Ib./ft.^  and  tlie  pressure  at  the 
stagnation  point  p  =  2300  Ih./ii.^,  determine  the  speed  Fo  of  the  undisturbed  air 
stream  under  the  assumption  that  the  air  is  (rt)  an  incompressible  fluid  of  the  density 
Po  =  0.0024  slug/ft.^;  (6)  a  perfect  gas  in  adiabatic  flow  (k  =  1.4),  the  density  under 
the  pressure  po  being  po  =  0.0024  slug/ft.* 

Problem  13.  By  how  much  is  the  density  of  the  air  increased  at  the  stagnation 
point  in  Prob.  12(&)? 

4.  Variation  of  Total  Head  across  the  Streamlines.     Rotation.     It. 

has  been  stated  in  the  preceding  section  that  for  the  most  important 
group  of  fluid  motions  the  total  head  H  is  constant  not  only  along  each 
streamline  but  throughout  the  field  of  flow.  In  order  to  discuss  these 
motions  more  completely,  it  will  be  useful  to  study  first  the  more  general 
type  of  fluid  motions  for  which  the  total  head  varies  from  one  streamline 
to  the  next. 

Bernoulli's  equation  was  derived  in  Sec.  II. 2  by  applying  Newton's 
second  law  of  motion  to  a  cylindrical  element  of  fluid  the  axis  of  which 
is  formed  by  a  short  segment  of  a  streamline.  However,  Bernoulli's 
equation  is  not  a  complete  expression  of  Newton's  law.  Indeed,  in 
deriving  this  equation  the  law  of  motion  was  applied  to  the  forcé  com- 
ponents  in  the  direction  of  the  axis  of  the  cylindrical  fluid  element  only, 
i.e.,  to  the  direction  of  the  velocity  of  the  fluid.  The  next  step  will  be 
to  write  doAvn  Newton's  law  for  a  direction  that  is  perpendicular  to  the 
velocity  of  the  fluid  element.  To  simplify  our  discussion,  we  consider 
liere  only  the  case  of  a  two-dimensioiial  flow. 

The  infinitesimal  fluid  element  has  in  this  (;ase  the  shape  of  a  rec- 
tangular parallelepiped  (see  Fig.  13).  It  is  assumed  to  be  of  unit  thick- 
ness  perpendicular  to  the  plañe  of  the  flow  and  to  have  the  small 
dimensions  ds  and  dn  in  the  direction  of  the  tangent  and  normal  of  tlie 
streamline  along  which  its  center  is  moving  (Fig.  20).  As  the  positive 
direction  of  the  normal  of  this  streamline  take  that  obtained  by  rotating 
the  direction  of  the  velocity  counterclockwise  through  a  right  angle. 
According  to  whether  the  center  of  curvature  of  the  streamline  is  on  the 
side  to  which  the  positive  normal  points  or  on  the  opposite  side,  the 
radius  of  curvature  R  of  the  sti-eamline  will  be  regarded  as  positive  or 
negative.  With  this  convention  the  normal  acceleration  of  the  fluid 
element  can  be  written  as  V'^/R,  the  sign  of  this  expression  indicating  the 
direction  of  the  acceleration.  According  to  Newton's  second  law,  the 
product  of  V~/R  and  the  mass  of  the  fluid  element  equals  the  sum 
of  the  forces  acting  on  the  element  in  the  direction  of  the  normal  of  the 
streamline. 

In  Fig.  20  the  plañe  of  flow  is  assumed  to  be  vertical.  (Almost  the 
same  reasoning,  however,  could  be  applied  to  the  flow  in  any  inclined 
plañe.)     Denoting  by  a  the  angle  between  the  positive  normal  of  the 
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streamline  and  the  upward  vertical,  we  obtain  —gpdnds  eos  a  as  the 
projection  of  the  weight  of  the  fluid  element  on  the  normal.  If  h  denotes 
as  before  the  elevation  of  the  element  above  some  horizontal  plañe  of 
reference,  eos  a  can  be  replaeed^  by  dh/dn.     The  thrusts  on  the  sides 


Reference  le  ve  I i 


i_JL 


FiG.  20. — Forces  upon  a  fluid  element  normal  to  the  direction  of  flow. 

of  the  element  are  p  ds  and  (p  +  dy/dn-  dn)  ds.     Since  p  dn  ds  is  the  mass 
of  the  element,  Newton's  second  law  furnishes 


72 

p  dn  ds  ^  =  p  ds 
ti 


Y'^'A  "^y  '^'^  ~  ^p^^^ 


dn 


(16) 


Here  the  terms  p  ds  —  p  ds  cancel  out ;  dividing  the  remaining  terms  by 
gp  dn  ds  we  obtain 

Z!  =  _  ^  _  J_^ 
gR  dn       gp  dn 

For  the  general  case  the  total  head  has  been  defined  in  (4)  as 

72 
H  =  ^  -^h  +  hp 

The  differenee  of  the  valúes  of  H  at  two  neighboring  points  accordingly 

will  be 

V  dV 
dH  =  --^  +dh-\-  dhj, 

g 

^  Where  no  confusión  is  to  be  feared,  the  ordinary  d  will  be  used  in  the  sign  of 
dififerentiation  throughout  this  book,  even  if  the  function  depends  on  more  than  one 
variable. 
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thus  furnishing 


d(h  +  hp) 
dn 


dH  _  VdY 
dn        g  dn 


On  the  other  hand,  Eq.  (5)  gives  dhp/dp  =  í/gp.     Consequently, 


l^dp 
gp  dn 


dhp  dp 
dp  dn 


dhp 
dn 


(17) 


(18) 


Henee  (16)  takes  the  form 


gR 


dh 
dn 


dhp 
dn 


Multiplying  by  g/V,  we  find 

I    Y. 


d(h  +  hp)  _ 

dn 

dV 

dn 

gdH 

V  dn 

dH       VdV 
dn        g  dn 


(19) 


We  conclude  from  this  important  relation  that  fluid  motions  with 
the  same  total  head  valué  on  all  streamlines  are  characterized  by  the  fad 
that  the  expression   V/R  —  dV /dn   van- 
ishes  everywhere. 

In  order  to  arrive  at  a  first  physical       '\ 
interpretation  of  this  expression,  we  con-  \ 

sider  the  motion  of  the  infinitesimal  fluid  \ 

element  to  which  Newton's  second  law 
was  appHed  above.  In  Fig.  21,  A  B  de- 
notes the  Une  joining  the  centers  of  the 
front  and  back  surfaces  of  this  element 
and  CD  the  line  joining  the  centers  of 
its  sides.  As  the  element  moves,  the 
segmentylB  will  glide  with  the  velocity 
V  along  a  streamline  of  curvature  l/R 
and  will  therefore  rotate  with  the  angular 
velocity  V/R.     According  to  the  conven- 

tion  already  adopted  regarding  the  sign  of  R,  the  radius  of  cur- 
vature R  must  be  considered  as  positive  in  the  case  of  Fig.  21.  A 
positive  sign  of  the  quotient  V/R,  consequently,  indicates  counter- 
clockwise  rotation.  The  segment  CD  will  rotate,  in  general,  with  a 
different  angular  velocity,  which  can  be  obtained  in  the  following  way: 
If  both  C  and  D  had  the  same  velocity  V  parallel  to  AB,  the  angular 
velocity  of  CD  would  be  zero.  In  general,  the  velocities  of  C  and  D 
differ  by  dV /dn  times  CD.  If  this  expression  is  positive,  the  point  D, 
after  an  interval  of  time  dt,  will  be  ahead  of  C  by  dV /dn  times  CD  dt. 
Thus,  the  infinitesimal  angle  between  CD  and  CD'  will  be  dV /dn  times 


Fig.  21. — Illustrating  the  concept  of 
rotation. 
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dt,  and  the  time  rate  of  change  of  this  angle  is  dV /dn.  The  figure  shows 
that  for  a  positive  valué  of  dV/dn  the  rotation  of  CD  is  clockwise.  We 
have  therefore  —dV/dn  as  the  angular  velocity  of  CD.  Consequently, 
the  expression 

represents  the  arithmetic  mean  of  the  angular  velocities  oí  AB  and  CD; 
it  is  called  the  mean  rotation  or,  simply,  the  rotation  of  the  fluid  element 
under  consideration.  If  this  element  were  moving  as  a  rigid  body, 
AB  and  CD  would  have  the  same  angular  velocity  and  the  rotation  co 
Avould  equal  this  common  valué. 

It  has  already  been  seen  that  for  fluid  motions  with  constant  total 
head  the  expression  V /R  —  dV /dn  vanishes.  This  result  can  now  be 
expressed  as  f ollows :  When  the  total  head  has  the  same  valué  for  all  stream- 
lines  of  a  steady  two-dimensional  flow,  the  rotation  of  all  fluid  elements 
vanishes.  Such  motions  are  therefore  called  irrotational  motions.  They 
are  characterized  by  the  equation 

dV       V 

If  the  fluid  is  an  incompressible  one,  Eq.  (19)  can  be  easily  inter- 
preted,  even  in  the  case  of  a  flow  with  varying  total  head.  Consider  two 
neighboring  streamlines  deñning  a  stream  filament.  On  each  stream- 
line  H  is  constant;  henee  the  difference  dH  is  constant  anywhere  along 
the  stream  ñlament;  and,  along  the  stream  filament,  V  dn  has  a  constant 
valué  equal  to  the  volume  of  fluid  flowing  per  unit  of  time  through  any 
section  of  the  stream  tube  that  is  defined  by  the  stream  filament.  The 
right  side  of  (19)  therefore  is  constant  along  any  stream  filament.  The 
left  side  of  (19),  which  equals  2ío,  thus  being  constant,  we  have  the  follow- 
ing  theorem :  In  a  steady  two-dimensional  flow  of  an  incompressible  fluid 
the  rotation  of  any  fluid  element  maintains  its  valué  as  this  element  moves 
along. 

This  result  covers  a  very  particular  case  of  a  famous  theorem,  due  to 
H.  V.  Helmholtz  (1858) .  In  f act,  a  similar,  more  general  statement  involv- 
ing  a  quantity  connected  with  the  rotation,  rather  than  the  rotation  itself , 
can  be  estabhshed  if  the  flow  is  neither  two-dimensional  ñor  steady  and 
even  in  the  case  of  compressible  fluids. 

*Problem  14.  A  bulk  of  fluid  rotates  like  a  rigid  body  with  constant  angular 
velocity  w  about  a  fixed  axis.  Neglecting  gravity  and  treating  the  fluid  as  incom- 
pressible, show  that  the  pressure  at  the  distance  r  from  the  axis  will  have  the  valué 
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where  po  denotes  the  pressure  at  the  axis.     If  the  axis  of  rotation  is  vertical  and  gravity 
is  not  neglected,  what  will  be  the  shape  of  the  free  surface  of  the  liquid? 

*Problem  15.  Prove  that  in  a  steady  two-dimensional  flow  of  a  compressible 
fluid  the  product  of  the  rotation  and  the  volume  of  a  fluid  element  maintains  its  valué 
as  the  element  moves  along. 


5.  Circulation  and  Rotation.  Preliminary  to  giving  another  inter- 
pretation  of  the  left  side  of  (19),  i.e.,  of  the  expression  V/R  —  dV/dn,  we 
consider  an  incompressible  fluid  flowing  steadily  in  an  annular  channel 
bounded  by  two  concentric  circles  (Fig.  22).  We  may  assume  in  this 
case  that  the  streamHnes  are  circles  with  the  same  center.  Since  any 
stream  filament  then  has  a  constant  width,  the  velocity  V  has  a  constant 
magnitude  along  each  streamline.  Neglecting  gravity,  we  see  from 
Bernoulli's  equation  (12)  that  the  pressure,  too,  is  constant  along  each 
streamline.  Information  about  the  manner 
in  which  the  velocity  V  and  the  pressure  p 
vary  across  the  streamlines  can  be  obtained 
from  Eq.  (19).  If  the  flow  is  counterclock- 
wise,  the  center  of  curvature  of  any  circular 
streamline  lies  on  the  side  to  which  the  pos- 
itive  normal  points.  If  r  then  denotes  the 
radius  vector  of  a  point  P,  with  respect  to 
the  common  center  of  the  streamlines,  r 
equals  the  radius  of  curvature  R  of  the 
streamline  through  P.  On  the  other  hand, 
the  positive  normal  of  the  streamline  points 
toward  the  side  of  decreasing  r,  so  that  we  have  to  write  dn  =  —dr  and 
consequently  obtain  from  (19) 


Fig.     22. — Circulating    motion. 


V 


dV 

dn 


V      dV  ^ 
r        dr 


idH 
V  dr 


(21) 


If  the  velocity  F  is  a  known  function  of  r,  this  equation  enables  us  to 
determine  H  and  henee  the  pressure  p  as  functions  of  r. 

In  the  particular  case  where  the  total  head  H  is  constant  throughout 
the  field  of  flow,  we  have 


r        dr 


or 


Vdr  +  rdV  =  0 


(22) 


Since  the  left  side  of  the  second  equation  is  the  differential  of  rV,  this 
product  is  seen  to  have  a  constant  valué:  rV  =  const.  For  reasons  that 
will  appear  later  we  denote  this  constant  valué  by  T/2t.  Since  a  flow 
with  constant  total  head  is  an  irrotational  flow,  we  can  state  our  result 
as  follows.     In  a  two-dimensional  steady  irrotational  flow  in  concentric 
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circles  the  velocity  V  is  inversely  proportional  to  the  radius  r  of  the  circular 
streamlines: 

T_ 
2vr 


V  = 


(23) 


This  pattern  of  motion  is  called  a  circulating  motion  and  the  constant  V 
the  intensity  of  the  circulation  or  simply  the  circulation. 

It  shoiild  be  emphasized  once  more  that  a  circulating  motion  is  irro- 
tational  although  each  particle  describes  a  full  circle.  Irrotationality 
means  that  the  fluid  elements,  though  moving  along  circles,  do  not  have 
any  mean  rotation  but,  in  a  certain  way,  perform  a  translation  along 
circular  path\vays. 

For  a  circulating  motion  the  constant  circulation  V  is  seen  from  (23) 
to  equal  the  product  of  the  perimeter  27rr  of  a  circular  streamline  and  the 

magnitude  of  V,  the  velocity  of  this  line. 
The  definition  of  circulation  can  be  gener- 
alized  for  an  arbitrary  motion  in  the  follow- 
ing  way:  Let  L  be  a  circuit,  i.e.,  a  closed 
curve,  which  is  situated  entirely  in  the  fluid 
and  on  which  a  certain  sense  of  progression 
has  been  defined  (see  Fig.  23,  where  the  sense 
of  progression  is  marked  by  an  arrow). 
From  an  arbitrary  point  P  on  the  circuit 
we  proceed  according  to  the  sense  of  progres- 
sion to  a  neighboring  point  P' .  Denoting  the  inñnitesimal  length 
PP'  by  di,  multiply  it  by  the  projection  Vi  of  the  velocity  at  P  on  the  line 
PP'.  Forming  the  analogous  product  at  P'  and  continuing  in  this  way 
all  round  the  circuit  L,  we  define  as  circulation  around  L  the  sum  (or  the 
integral)  of  all  the  expressions  Vi  di.  The  usual  notation  for  this  integral 
is 


Fig. 


23. — Illustrating    the   con- 
cept  of  circulation. 


T  =  j)Vidl 

L 


(24) 


Here  the  sense  of  progression  along  the  circuit  is  indicated  by  the  arrow 
on  the  circle  which  is  drawn  across  the  integral  sign.  In  the  case  of  the 
circulating  motion  already  considered,  the  circulation  along  a  circular 
streamline  can  be  found  as  follows:  The  velocity  Vi  is  at  each  point 
equal  to  V  and  constant  along  any  one  of  the  streamlines.  The  general 
definition  applied  to  a  circular  streamline  taken  as  the  circuit  L  accord- 
ingly  yields 

Y  =  v£dl  =  V  -lirr 

Suppose  a  circuit  L  is  given.     We  may  divide  the  área  bounded  by  L 
into  two  parts  by  drawing  a  line  AB  across  it  (Fig.  24).     The  sense  of 
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progression  on  L  defines  a  sense  of  progression  along  each  of  the  bound- 
aries  Li  and  L2  of  these  two  áreas.  There  exists  a  simple  relation  between 
the  circulation  T  for  the  circiiit  L  and  the  two  circulations  Ti  and  Y 2 
for  the  circuits  Li  and  L2.  The  sense  of  progression  along  the  line  AB 
as  part  of  Li  is  opposite  to  the  sense  of  progression  along  this  same  line 
as  part  of  L2.     Henee,  on  AB,  the  velocity  component  Vi  computed  foi- 


FiG.  24. 


Fi(i.  25. 


AB  as  SL  part  of  Li  will  be  just  the  opposite  of  the  valué  as  computed  for 
AB  as  a  part  of  L2.  Thus  the  contributions  of  the  segment  AB  to  the 
circulations  Fi  and  r2  will  be  equal  in  magnitude  and  opposite  in  sign. 
If  we  add  the  circulations  around  Li  and  L^,  these  contributions  therefore 
cancel  out  and,  as  the  sum  of  the  remaining  parts  of  Li  and  L2  coincides 
with  L,  the  sum  of  the  integráis  Fi 
and  F2  equals  the  circulation  F 
around  L.  Applying  the  same  prin- 
cipie to  each  of  the  áreas  bounded 
by  Li  and  L2,  respectively,  we  may 
subdivide  these  áreas  by  a  line  CD 
drawn  across  both  of  them.  Con- 
tinuing  in  this  manner  we  can 
finally  cover  the  área  of  L  by  a 
network  formed  by  two  families  of 
curves  (Fig.  25).  The  circulation 
around  a  circuit  L  can  he  expressed 
as  the  sum  of  the  circulations  around 
the  individual  meshes  of  a  network 
that  covers  the  área  bounded  by  L. 

This  is  also  true  in  the  limit  when  the  meshes  are  infinitesimal,  each 
individual  circulation  becoming  a  differential  and  the  sum  an  integral. 

Thus,  in  order  to  compute  the  circulation  around  L  we  may,  for 
example,  use  the  network  formed  by  the  streamlines  and  the  lines  that 
intersect  them  at  right  angles.  Let  ABCD,  in  Fig.  26,  be  a  mesh  of  this 
network,  AB  and  CD  being  segments  of  neighboring  streamlines.  At 
any  point  on  AC  (or  BD)  the  velocity  is_  perpendicular  to  di.     This 


A  A, 


Fig.  26. — Circulation  around   an   infini- 
tesimal me.sh. 
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segment  accordingly  does  iiot  furnish  anj-  contributioii  to  the  circulation 
around  the  mesh  ABCD  since  here  the  projection  Vi  of  the  velocity  V 
on  the  element  di  is  zero.  Denoting  the  infinitesimal  length  of  AB  by 
ds  and  the  velocity  along  ABhy  V,  we  see  that  this  segment  furnishes  the 
contribution  V  ds  to  the  circulation  around  the  mesh  ABCD,  since  here 
Vi  equals  V  and  ds  stands  for  the  line  element  di.  Along  CD  the  velocity 
has  the  magnitude  V  +  dV/dn  •  AC,  ^vhere  AC  =  dn  is  the  infinitesimal 
distance  between  AB  and  CD.  If  R  is  the  radius  of  curvature  of  the 
streamline  AB,  the  segment  CD  has  the  length  ds(l  —  dn/R)  as  can 
easily  be  seen  frora  Fig.  26,  where  CAi  is  parallel  to  DB  so  as  to  yield 
CD  =  JTB  =  ~AB  -  AAi  and  lAii'AB  =  dn:R.  Since  along  DC  the 
sense  of  progression  is  opposite  to  the  velocity,  the  contribution  of  DC 
to  the  circulation  is  the  negative  product  of  (F  +  dV/dn  •  dn)  and 
(1  —  dn/R)  ds.  We  thus  find  the  circulation  around  the  mesh  ABCD 
to  be 


or 


(-f^ i \-  -p,  -r-  dn  ]  ds  dn 
K       dn        R  dn       / 


Neglecting  the  last  term  in  the  parentheses  which  is  small  of  higher  order 
compared  with  the  two  preceding  ones,  we  obtain 


(V  _dV\ 
\R       dn ) 


ds  dn 


as  the  circulation  around  the  mesh  ABCD.  In  this  expression  the 
product  ds  dn  represents  the  área  dA  of  the  mesh  ABCD,  and  the  factor 
V/R  —  dV /dn  is  twice  the  rotation  co  within  this  mesh.  According  to 
the  foregoing  statement  about  the  summation  of  the  circulations  for 
individual  meshes,  the  circulation  around  the  circuit  L  can  therefore 
be  written  as 

■'=//(s-9''^*'  =  2/.d4  (25) 

where  the  integration  has  to  be  extended  over  the  área  enclosed  by  L. 

If,  in  particular,  the  motion  is  irrotational  in  the  entire  área  bounded 
by  L,  it  is  seon  from  (25)  that  the  circulation  around  L  must  vanish.  At 
first  glancc  this  statement  seems  to  be  at  variance  with  a  formcr  result 
obtained  in  the  case  of  the  circulating  motion  of  an  incompressible  fluid 
moving  in  an  annular  channel  bounded  by  two  concentric  circles.  There 
we  found  that  the  circulation  V  along  each  circular  streamline  was 
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different  from  zero  although  the  motion  was  irrotational.     This  apparent 
contradiction  is  eliminated  by  the  foUowing  argument: 

In  deriving  the  formula  (25)  it  was  tacitly  assumed  that  the  entire 
área  enclosed  by  the  circuit  L  can  be  covered  by  a  network  consisting 
of  streamUnes  and  their  orthogonal  trajectories  and  that  we  have  a 
continuous  velocity  distribution  in  this  área.  If  the  first  of  these  assump- 
tions  is  not  fulfilled,  oiir  reasoning  evidently  fails;  if  the  second  assump- 
tion  is  not  satisfied,  the  velocity  along  CD  cannot  be  written  as 

V  +  ^dn 
dn 

Formula  (25)  therefore  will  be  valid  only  if 

1.  The  área  enclosed  by  the  circuit  L  is  entirely  covered  by  the  fluid; 

2.  The  velocity  distribution  in  this  fluid  mass  is  continuous. 

In  this  case  the  área  enclosed  by  the  circuit  L  is  covered  by  a  regular 
network  of  streamlines  and  their  orthogonal  trajectories  in  such  a  manner 
that  through  any  given  point  within  this  área  there  passes  only  one  line 
of  each  of  these  two  families  of  lines. 

Now,  if  the  circulating  motion  is  performed  in  a  channel  bounded  by 
two  concentric  circles  C\  and  C2,  formula  (25)  is  not  applicable  to  any 
one  of  the  circular  streamlines  (because  of  1),  since  there  is  no  fluid  inside 
Cx.  If,  on  the  other  hand,  the  entire  interior  of  a  circular  streamline 
were  fiUed  by  the  fluid,  the  velocity  would  be  infinite  at  the  center  and  the 
orthogonal  trajectories  would  intersect  each  other.  Thus  formula  (25) 
is  again  unapplicable,  because  of  2. 

The  complete  statement  that  can  be  inferred  from  formula  (25) 
in  the  case  of  an  irrotational  motion  is  thus  as  f oUows :  7/  the  entire  área 
enclosed  by  a  circuit  L  is  covered  by  a  regular  irrotational  stream  pattern,  the 
circulation  around  L  is  zero.  There  is  no  reason  to  assume  that  this 
is  the  case  when  L  endoses  a  rigid  body  or  any  kind  of  discontinuity 
of  the  velocity  distribution,  e.g.,  points  through  which  pass  more  than 
one  streamline  or  more  than  one  of  the  orthogonal  trajectories  of  the 
streamlines. 

As  an  illustration  consider  the  steady  two-dimensional  flow  around  an 
airfoil  (Fig.  27).  Here  all  streamlines  origínate  from  a  región  far  in 
front  of  the  airfoil  where  pressure  and  velocity  can  be  assumed  constant. 
The  total  head  H  therefore  is  constant  throughout  the  ñeld  of  flow;  i.e., 
the  motion  is  irrotational.  For  any  circuit  like  Li,  L2,  .  .  .  ,  which  does 
not  endose  the  airfoil,  the  circulation  must  vanish.  But  the  circulation 
around  the  circuit  U,  which  endoses  the  airfoil,  may  be  different  from 
zero,  and  there  is  no  need  of  any  special  explanation  of  why  this  circula- 
tion does  not  vanish  in  an  actual  case.  However,  our  theorem  furnishes 
some   Information   concerning   the   valúes   of   the   circulations   around 
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two  circuits  U  and  U',  which  both  endose  the  airfoil.  Introducing  a 
"bridge"  or  "barrier"  AB  we  can form one circuit  L  consisting  of  L',  L", 
and  the  two  sides  of  the  barrier  as  indicated  in  Fig.  28.  The  shaded 
área  enclosed  by  this  circuit  being  entirely  covered  by  an  irrotational 
stream,  the  circulation  around  this  circuit  is  zero.  Now,  if  along  the 
part  L'  we  choose  the  counterclockwise  sense  of  progression,  the  sense  of 
progression  along  the  part  L"  will  be  clockwise.  Furthermore,  the 
contributions  that  the  two  sides  of  the  barrier  make  to  the  circulation 


Fig.  27. 

around  L  cancel  out.  The  circulations  around  U  and  L"  therefore 
have  the  sum  zero,  if  these  circuits  are  taken  with  opposite  senses  of 
progression  as  already  explained.  If  the  same  sense  of  progression  is 
used  for  both  these  circuits,  the  circulations  around  U  and  L"  are  seen 
to  be  equal.  We  thus  have  the  following  result:  The  circulation  has  the 
same  valué  for  any  two  circuits  hounding  an  annular  área,  if  this  entire  área 


Fig.  28. 

is  covered  hy  a  regular  irrotational  stream  pattern.  In  the  particular  case 
of  the  circulating  motion  we  found,  indeed,  the  same  circulation  F  for  any 
circular  streamline. 

In  a  more  general  way,  one  can  easily  show  that  in  an  irrotational 
flow  the  circulation  is  the  same  for  any  two  circuits  which  can  be  con- 
tinuously  converted  into  each  other  in  such  a  way  that  no  fluid  boundary 
is  passed  over  in  the  transformation  (see  Prob.  18). 
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For  the  steady  irrotational  two-dimensional  flow  around  an  airfoil, 
the  following  results  can  be  formulated:  For  each  circuit  that  does  not 
endose  the  airfoil  the  circulation  is  zero  if  the  velocity  distribution  outside 
the  airfoil  is  assumed  to  be  continuous.  For  any  two  circuits  that  both 
endose  the  airfoil  the  circulation  has  the  same  valué  if  there  is  no  dis- 
continuity  of  the  velocity  distribution  between  the  two  circuits. 

Problem  16.  The  streamlines  of  a  steady  two-dimensional  flow  are  parallel  to  the 
x-axis  of  a  system  of  rectangular  coordinates  x,  y.  The  magnitude  of  the  velocity  is 
proportional  to  y  and  has  the  valué  F  =  15  ft./sec.  at  a  distance  of  3  ft.  from  the 
x-axis.     Show  that  the  rotation  is  constant,  and  determine  its  valué. 

Problem  17.  In  a  steady  two-dimensional  flow  the  magnitude  of  the  velocity  is 
everywhere  the  same.  Prove  that  the  streamlines  must  be  straight  if  the  flow  is  to  be 
irrotational  and  that  they  must  be  circles  if  rotational  flow  is  admitted. 

I*roblem  18.  Two  circuits  Li  and  Li,  which  both  surround  the  airfoil  section  in 
Fig.  28,  intersect  each  other  at  four  points  A,  B,  C,  D.  Show  that  the  two  circulations 
have  the  same  valué  if  the  flow  is  irrotational  and  continuous. 

*Problem  19.  (a)  Prove  that  in  a  steady  two-dimensional  flow  of  an  incompressi- 
ble  fluid  the  circulation  around  any  circuit  moving  with  the  fluid  remains  constant. 
(6)  Using  the  result  of  Prob.  15  show  that  in  a  steady  two-dimensional  flow  of  a  com- 
pressible  fluid  the  circulation  around  any  circuit  moving  with  the  fluid  remains 
constant. 

6.  The  Bicirculating  Motion.  For  the  circulating  motion  studied  in 
the  preceding  section  the  velocity  V  at  any  point  P  is  inversely  propor- 
tional to  the  distance  r  oí  P  from  a  fixed  point  O  (the  common  center 
of  the  circular  streamlines).  There  exists  another  two-dimensional 
irrotational  stream  pattern  with  the  same  property.  The  streamlines 
being  straight  lines  through  O,  this  flow  is  described  as  radial  flow  with 
center  O.     If  this  flow  is  to  be  irrotational,  the  rotation 


1 (V      dV\ 


must  vanish.  Here  R  denotes  the  radius  of  curvature  of  the  streamlines 
and  dV/dn  the  derivativo  of  V  in  the  direction  normal  to  the  streamlines. 
Now,  for  the  radial  flow  the  streamlines  are  straight  lines,  and  conse- 
quently  R  =  <x> .  The  condition  that  the  flow  shall  be  irrotational  there- 
fore  leads  to  dV/dn  =  0;  i.e.,  along  every  Une  intersecting  the  streamlines 
at  right  angles  V  is  constant.  That  is,  the  velocity  has  a  constant 
magnitude  along  any  circle  with  center  at  O,  or  the  velocity  F  at  a  point  P 
depends  only  on  the  distance  r  oí  P  from  O.  In  a  layer  of  unit  thickness 
the  quantity  Q  oí  fluid  that  crosses  per  unit  of  time  a  cylindrical  surface 
intersecting  the  plañe  of  flow  in  a  circle  of  center  O  and  radius  r  is 

Q  =  27rry 

For  an  incompressible  fluid  the  valué  Q  oí  the  flux  must  be  independent 
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of  r.  We  therefore  have  V  =  Q/2Tr.  This  velocity,  inversely  propor- 
tional  to  r,  is  everywhere  directed  either  away  from  O  or  toward  O. 
In  the  first  case  we  must  assume  that,  at  O,  fluid  is  continually  infusad 
into  the  flow  and  in  the  second  that  fluid  is  continually  withdrawn  from 
the  flow  at  O.  In  the  first  case  we  speak  of  a  source  at  O,  in  the  second 
of  a  sink. 

Since  for  a  circulating  motion  around  O  as  well  as  for  a  radial  flow 
with  the  center  O  the  velocity  F  at  a  point  P  is  inversely  proportional 
to  the  distance  r  oí  P  from  O,  the  same  will  be  true  for  any  flow  obtained 
by  superimposing  a  circulating  flow  around  O  on  a  radial  flow  with  the 
center  O.     As  can  be  seen  from  Fig.  29,  the  resultant  velocity  V  forms 


O* 

Fig.     29. — Superimposing     i 
and  circulating  flows. 


idial 


9-^=0 


Bicirculating  motion. 


with  the  radius  vector  OP  an  angle  a,  whose  tangent  equals  T/Q  and 
thus  is  independent  of  r.  The  streamlines  of  the  flow  under  consider- 
ation,  intersecting  the  radii  through  O  at  this  constant  angle  a,  are 
logarühmic  spirals  winding  around  O.  In  this  case  as  well  as  in  the  case 
of  a  simple  radial  flow  with  the  center  at  O  the  flux  across  a  closed  line  C 
surrounding  O  is  different  from  zero,  thus  indicating  the  presence  of  a 
yource  or  sink  within  C.  It  can  be  proved  that,  if  we  exelude  sources 
and  sinks,  the  circulating  motion  around  O  is  the  only  two-dimensional 
irrotational  flow  for  which  the  velocity  V  is  inversely  proportional  to  r. 

With  a  view  to  later  application  in  airfoil  theory  we  shall  now  study 
a  flow  for  which  the  velocity  V  is  inversely  proportional  to  the  square  of  r, 
Let  us  consider  a  flow  pattern  the  streamlines  of  which  are  circles  with  a 
common  tangent  at  O.  We  introduce  a  system  of  polar  coordinates  r, 
(f,  the  origin  r  =  O  coinciding  with  O  and  the  ray  (p  =  O  falling  on  the 
common  tangent  of  the  circular  streamlines   (Fig.   30).     Consider,   in 


Sec.  II.6] 


THE  BICIRCULATING  MOTION 


47 


particular,  the  streamline  of  radius  R  and  center  C,  and  take,  on  this 
circle,  a  point  P  with  the  polar  coordínate  r,  <p.  Then  the  distance  OP,  as 
seen  from  the  figure,  has  the  valué 


r  =  2R  sin  (p 


(26) 


This  is  the  equation  of  the  circular  streamlines  in  our  system  of  polar 
coordinates.  Since  the  angles  that  a  chord  of  the  circle  forms  with  the 
two  tangents  at  its  end  points  are  equal,  the  angle  between  the  line  OP 
and  the  tangent  of  the  circle  at  P  equals  <p.  Accordingly,  all  circular 
streamlines  cut  the  ray  OP  under  the  same  angle. 
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FiG.  31. — A  stream  filament  of  the  bicirculating  motion. 

In  Fig.  31,  two  neighboring  circular  streamlines  of  the  radii  R  and 
R  -\-  dR  and  the  centers  C  and  d,  respectively,  are  shown.  On  the  first 
circle  take  a  point  P  with  the  polar  coordinates  r,  tp,  and  denote  by  Pi 
the  point  of  intersection  of  CP  and  the  second  circle.  Pi  thus  lies  on  the 
normal  of  the  circular  streamline  through  P.  According  to  our  conven- 
tion,  the  positive  direction  of  the  normal  of  this  streamline  is  obtained 
from  the  direction  of  the  velocity  by  a  counterclockwise  rotation  through 
a  right  angle.  For  the  direction  of  flow  indicated  in  Fig.  31  the  positive 
normal  of  the  streamline  through  P  is  therefore  directed  toward  C. 
The  distance  PP\  consequently  must  be  denoted  by  —dn.  If  OP  is 
prolonged  up  to  the  point  Po  on  the  circle  of  radius  R  +  dR,  the  distance 
PP-i  is  the  increase  of  r  for  constant  <p  and  varying  R.  According  to  (26) 
we  therefore  have  PP-i  =  2  dR  sin  <^.  Neglecting  ternis  of  higher  order 
one  can  state  that  the  infinitesimal  triangle  PP1P2  has  a  right  angle  at  Pi 
and  the  angle  v?  at  P¿  (Fig.  31);  consequently, 


-dn  =  PPi  =  PPi  sin  ^  =  2dR  sin^ 
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Now,  from  (26)  it  foUows  that  sin  <p  =  r/2R.  Substituting  this  in  the 
expression  just  obtained  for  dn,  we  find  that 

dn=  -2dR^,=  -^,r^ 

Thus,  along  each  circular  stream  filament  determined  by  fixed  valúes 
of  R  and  dR  the  width  dn  is  proportional  to  r^.  Since  for  an  incompres- 
¡sible  fluid  V  dn  =  const.  along  each  stream  filament,  the  velocity  varies 
inversely  proportional  to  r^  along  each  stream  filament.     We  may  write 

V  =  f,  (27) 

where  B,  so  far,  may  vary  from  one  circular  streamline  to  the  next. 

By  assuming  the  form  of  the  streamlines,  the  direction  of  the  velocity 
at  any  point  and  the  variation  of  the  magnitude  of  the  velocity  along 
any  streamline  have  been  fixed.  We  are  still  free  to  assume  the  velocity 
distribution  across  the  streamlines  and  may  choose  it  in  such  a  way  that 
B  in  (27)  has  the  same  valué  for  all  streamlines.  In  this  case  the 
velocity  V  will  be  inversely  proportional  to  r^  throughout  the  plañe  of 
ñow. 

Now,  it  can  easily  be  shown  that  for  constant  B  the  ñow  is  irrotational. 
According  to  (20),  the  condition  for  irrotational  flow  is 

í:-^  =  o 

R       dn         ' 

where  R  is  the  radius  of  curvature  of  the  streamlines  under  consider- 
ation,  i.e.,  in  our  case,  the  radius  R  of  the  circular  streamline.  When  B 
has  the  same  valué  for  all  streamlines,  the  velocity  V  =  B/r"^  depends 
on  r  only,  and  consequently 


dV 
dn 


dr  dn  dr  \r^/  dn  r'  dn 


Here  dr  indicates  the  difference  in  length  of  the  segments  üPi  and  ÜP 
in  Fig.  31.  Drawing  PQ  perpendicular  to  OP,  we  see  that  dr  =  QPi, 
if  terms  of  higher  order  are  neglected.  PQ  being  parallel  to  the  bisectrix 
of  the  angle  OCP,  the  angle  QPPi  equals  (p.     We  thus  have 

dr  =  QPi  =  PPx  sin  ^ 

or  dr  =  —dn  sin  tp.  Introducing  dr/dn  =  —  sin  ^  into  the  relation  for 
dV/dn  we  obtain 

dV  ^2B   . 

dn        r^ 
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On  the  other  hand,  from  (26)  and  (27)  we  find 

V        B        2B   . 
R       r^R        r' 

The  difference  dV/dn  —  V/R  therefore  vanishes,  and  the  flow  is  clearly 
irrotational. 


FiG.  32. — General  case  oí  bicirculating  motion. 


Summing  up,  one  can  state :  There  exists  a  two-dimensional  irrotational 
ñow  of  an  incompressible  fluid  such  that  the  velociíy  V  at  any  point  P  is 
inversely  proportional  to  the  square  of  the  distance  r  ofPfrom  afixed  point  O: ; 
V  =  B/r"^.  The  streamlines  of  this  flow  are  circles  with  a  common  tangent 
at  O.  The  direction  of  the  velocity  at  P  forras  with  OP  the  same  angle  as  OP 
does  with  the  common  tangent  of  the  streamlines  at  O. 

To  simplify  the  computation  it  has  been  assumed  so  far  that  the 
common  tangent  of  the  streamHnes  at  O  coincides  with  the  ray  (p  =  0. 
The  general  case  is  obtained  by  rotating  the  entire  stream  pattern  through 
an  arbitrary  angle  ^  (Fig.  32).  The  stream  pattern  thus  obtained  is 
completely  determined  by  the  parameters  B  and  /3.     At  the  point  P 
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with  the  polar  coordinates  r,  <p  the  velocity  V  equals  B/r"^  and  forms  with 
the  radius  vector  OP  the  angle  <p  —  ^.  Introducing  rectangular  coordi- 
nates with  the  X-  and  y-axis  directed  along  the  rays  (p  =  O  and  (p  =  90°, 
respectively,  the  x-  and  y-components  of  the  velocity  are 

7.  =  ^  eos  {2^  -  ^),         Vy  =  I  sin  (2^  -  /í)  (28) 

For  j8  =  O  we  have  the  case  studied  above;  for  /3  =  90°  the  y-axis  is 
the  common  tangent  of  the  streamlines  at  O.  A  flow  represented  by  (28) 
with  arbitrary  valúes  of  B  and  ¡3  will  be  called  a  hicirculating  motion. 
Each  particular  case  being  determined  by  the  valúes  of  B  and  j8,  we  cali 
the  vector  of  magnitude  B  and  direction  /3  the  hicirculation  vector  oí  the 
hicirculating  motion. 

Let  US  break  down  the  bicirculation  vector  into  the  components 
Bi  =  B  eos  /3  and  By  =  B  sin  (8.  According  to  (28),  the  hicirculating 
motion  with  the  bicirculation  vector  B  eos  /3  directed  along  the  .r-axis 
has  the  velocity  components 

Tr,       B  eos  ^        „  T.,       B  eos  fi   .    „  ,-^. 

K  =       ^2       eos  2^,         y^  =  —y^ —  sm  2<p      _ (29) 

Similarly,  the  hicirculating  motion  with  the  bicirculation  vector  B  sin  /3 
directed  along  the  ?/-axis  has  the  velocity  components 


(30) 


,.„       B  sin  /?         .^         „„0N            -S  sin  ¡3   . 
VJ  =  ^  eos  (2(^  -  90  )  =       ^ —  sm  2^? 

,,„       5  sin  /3    .     .^         „„0N  B  sin  ^ 

K  =       ^2       sin  (2<^  -  90  )  = ^:^—  eos  2^ 

Superimposing  the  two  motions  we  obtain  the  velocity  components 

V,=  V',+  rj  =  -  icos  2<^cosi3  +  sin  2<p  sin  /3)  =  ^  eos  (2<p  -  /S) 

Fy  =  y;  +  V'J  =  ^  (sin  2<^  eos  /3  -  eos  2v'SÍn/3)  =  ^  sin  (2,^  -  |8)     ^'"^^^ 

as  in  (28).  Thus  it  is  proved  that  the  motion  obtained  by  superimposing 
two  bicirculating  motions  with  the  same  center  O  is  a  hicirculating  motion 
whose  bicirculation  vector  is  the  sum  of  the  respective  vectors  of  the 
original  motions. 

Consider  again  the  case  of  a  bicirculating  motion  whose  bicirculation 
vector  is  directed  along  the  a:-axis  (13  =  0).  Since  the  stream  pattern  is 
symmetrical  with  respect  to  the  a:-axis,  the  circulation  T  for  a  circle  with 
the  center  in  O  is  zero.  Furthermore,  since  the  stream  pattern  is  anti- 
symmetrical  with  respect  to  the  y-axis,  the  flux  through  any  such  circle 
vanishes.     As  the  fluid  is  incompressible  and  the  flow  is  irrotational  with  a 
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velocity  distribiition  continuous  everywhere  except  at  the  point  O,  it 
füllovvs  that  the  circulation  along  any  closed  line  surroimding  O  and 
the  flux  across  any  such  line  are  both  zero. 

So  far,  the  bicirculating  motions  defined  by  (28)  have  been  studied  as 
examples  üf  an  irrotational  flow  for  which  the  magnitude  of  the  velocity 
is  inversely  proportional  to  r-.  It  can  be  shown,  by  reversing  the  argu- 
ment,  that  there  exists  no  other  two-dimensional  irrotational  stream 
pattern  of  this  type.  One  can  state  that  the  bicirculating  motions  dis- 
cussed  in  this  section  are  the  only  two-dimensional  irrotational  motions  of  an 
incompressible  fluid  for  which  the  velocity  at  any  point  P  is  inversely  pro- 
portional to  the  square  of  the  distance  ofPfrom  afixed  point  O  (see  Prob.  20). 

AU  these  statements  about  the  circulating  and  bicirculating  motions 
play  an  important  part  in  the  theory  of  airfoils  to  be  developed  in  a  later 
chapter. 

*Problem  20.  In  order  to  show  that  the  bicirculating  motion  is  the  only  irro- 
tational flow  with  V  =  B/r'  one  has  to  prove  that  under  the  latter  condition  (a)  the 
velocity  direction  is  constant  along  each  radius  vector;  (fc)  the  chango  di}  when  one 
passes  from  one  radius  vector  to  the  next  is  twice  the  change  d>p  of  the  polar  angle. 
Derive  these  two  facts,  using  the  continuity  equation  in  the  form  given  in  Prob.  2 
and  the  condition  of  irrotationality  in  the  form  (20')  with  1/R  =  dú/ds. 

*Problem  21.  Prove  the  analogous  statement  for  motions  characterized  by  the 
condition  V  =  const./r. 


CHAPTER  III 
MOMENTUM  AND  ENERGY  EQUATIONS 

1.  Flux  of  Momentum  in  Steady  Flow.  The  two  basic  equations  of 
Chap.  II,  Bernoulli's  equation  and  Eq.  (19),  have  been  obtained  by  apply- 
ing  Newton's  second  law  of  motion  to  an  infinitesimal  element  of  a  fluid 
in  a  state  of  steady  flow.  In  the  present  chapter  Newton's  law  will  be 
applied  to  a  finite  portion  of  such  a  fluid.  The  fact  that  the  flow  under 
consideration  is  steady  will  again  play  a  decisive  role. 

In  a  steady  field  of  flow  consider  a  closed  surface  S.  Assume  that  the 
región  enclosed  by  this  surface  is  entirely  occupied  by  fluid  and  that  the 
velocity  distribution  within  S  is  continuous.  The  surface  S  will  be  called 
control  surface.  In  order  to  apply  Newton's  second  law  to  the  fluid 
within  the  surface  S,  an  expression  is  needed  for  the  mass  times  accelera- 
tion  product  for  this  portion  of  the  fluid.  To  find  it,  divide  the  fluid 
within  S  into  (infinitesimal)  elements,  multiply  the  acceleration  vector 
of  each  element  by  its  mass,  and  finally  form  the  sum  (integral)  of  the 
vectors  thus  obtained. 

If  Vx  denotes  the  x-component  of  the  velocity  of  a  fluid  element, 
the  a:-component  of  its  acceleration  a^  is  dVx/dt.  As  the  motion  is  steady, 
we  may  write  according  to  Euler's  rule  of  differentiation,  Eq.  (2),  Chap.  II, 

dt  ds 

where  V  is  the  magnitude  of  the  velocity  and  ds  an  element  of  the  stream- 
line  described  by  the  fluid  element  under  consideration. 

We  now  consider  a  stream  tube  of  variable  infinitesimal  cross  section 
dA,  piercing  the  control  surface  S  at  the  points  marked  by  1  and  2  in 
Fig.  33.  The  mass  of  the  fluid  contained  in  an  element  of  length  ds 
of  this  stream  tube  is  p  ds  dA.  The  product  of  this  mass  and  the  a:-com- 
ponent  of  its  acceleration  has  therefore  the  valué 

dV  dV 

p  ds  dA     V^-'  =  (pV  dA)  ^  ds 
ds  ds 

The  sum  (integral)  of  such  expressions  extended  over  the  entire  región 
enclosed  by  the  surface  S  has  to  be  computed.  To  do  this  consider  first 
the  contributions  furnished  by  the  elements  of  the  stream  tube  1-2. 
As  has  been  seen  in  Eq.  (1),  Chap.  II,  the  expression  dQ  =  pV  dA  has  a 
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constant  valué  along  each  stream  tube,  representing  the  mass  of  the  fluid 
that  flows  per  unit  of  time  through  any  cross  section  of  the  stream  tube. 
The  sum  of  the  products  mass  times  .r-component  of  acceleration, 
extended  over  all  fluid  elements  within  the  stream  tube  under  considera- 
tion,  has  therefore  the  valué 

(2)  (2) 

I  dQ  ^  ds  ^dQ   í^ds  =  dQ[Vi'^  -  Vi'']  (1) 

(1)  (1) 

where  F^^'  and  V^^'  denote  the  x-components  of  the  velocities  at  1  and  2, 
respectively. 


FiG.  33. — Stream  tube  piercing  the  control  surface  S. 

Denote  by  V^^'  the  velocity  with  which  the  fluid  enters  at  1  the  región 
enclosed  by  S,  by  V^^^  the  velocity  with  which  the  fluid  leaves  this  región 
at  2,  and  by  «i  and  «2  the  angles  between  the  outward  normáis  of  S  at 
the  points  1  and  2  and  the  velocities  F^^^  and  y^^\  respectively.  If 
dSi  and  dS-¿  are  the  áreas  of  the  elements  that  the  stream  tube  cuts  out 
of  S,  the  flux  dQ  can  be  expressed  as 

clQ  =  pVdA  =  p.V^^'  dSo  eos  a.  =  -piV^'^  dS^  eos  «i 

The  negative  sign  must  be  given  to  the  last  term  because  the  angle  «i 
between  the  outward  normal  of  iS  at  1  and  the  velocity  of  inflow  y^'^ 
is  obtuse.  Thus  eos  «i  is  negative  while  the  flux  dQ  is  positive  by  defini- 
tion.     Substituting  these  valúes  oí  dQ  in  (1),  we  obtain 

P2F^2)  ¿s^^  eos  a^V'V  +  PiFC'  dS,  eos  aiVi'' 

as  the  contribution  of  the  flow  elements  within  one  stream  tube  to  the 
sum  of  the  products  mass  times  a;-component  of  acceleration.  This 
sum  has  to  be  extended  over  all  fluid  elements  within  S;  i.e.,  the  contribu- 
tions  of  all  stream  tubes  piercing  S  have  to  be  added.     Tf  this  is  carried 
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out,  each  surface  element  of  *S  will  appear  either  as  a  dSi,  through  which 
the  fluid  enters  the  volume  enclosed  by  S,  or  as  a  dS2,  through  which  the 
fluid  leaves  this  volume.  In  the  foregoing  expression,  however,  both 
kinds  of  elements  dSi  and  dS^  appear  in  the  same  form,  each  multiphed 
by  the  valúes  of  p,  V,  Vx,  and  eos  a  taken  at  the  position  of  the  respective 
element.  Accordingly,  there  is  no  need  to  distinguish  between  surface 
elements  through  which  fluid  enters  and  surface  elements  through  which 
fluid  leaves  the  volume  within  the  control  surface.  The  required  sum 
of  the  products  mass  times  x-component  of  acceleration,  extended  over 
the  total  mass  within  S,  can  be  written  as 

/  /  pttx  dA  ds  =   I  pVVx  eos  a  dS 

Here  a  is  the  angle  between  the  direction  of  the  velocity  F  at  a  point 
of  S  and  the  outward  normal  of  S  at  the  same  point. 

The  product  V  eos  a  represents  the  projection  F„  of  the  velocity  V 
on  the  outward  normal  of  S  and  is  called  the  normal  velocity.  It  is  posi- 
tive  at  points  where  the  fluid  leaves  the  volume  enclosed  by  S  and  nega- 
tive  at  points  where  the  fluids  enters  this  volume.  Thus  the  following 
statement  has  been  proved:  The  sum  of  the  products  mass  times  x-com- 
-ponent  of  acceleration,  extended  over  all  fluid  elements  within  S,  equals  the 
surface  integral,  extended  over  S,  of  the  product  pVnVx: 

f  f  pax  dA  ds  -  f  pVnVx  dS  (2) 
(5) 

It  must  be  kept  in  mind  that  this  result  was  derived  under  the  assump- 
tions  that  (1)  the  flow  is  steady  and  (2)  the  entire  región  within  S  is 
occupied  by  fluid  possessing  a  continuous  velocity  distribution.  On 
the  other  hand,  it  should  be  noted  that  no  particular  assumption  was 
made  about  the  nature  of  the  fluid  (whether  or  not  it  is  a  perfect  fluid, 
etc.). 

If  one  wishes  to  obtain  the  sum  of  the  products  mass  times  y-covn- 
ponent  (or  z-component)  of  acceleration,  one  has  to  replace  Vx  in  (2) 
by  Vy  (or  Vz).  Actually,  as  the  direction  of  the  a;-axis  can  be  chosen 
arbitrarily,  the  result  obtained  in  the  foregoing  is  valid  for  any  direction. 

The  right  side  of  (2)  is  called  the  flux  of  x-momentum  across  the  surface 
S.  In  fact,  pVn  dS  is  the  mass  that  per  unit  of  time  leaves  or,  in  the  case 
of  negative  F„,  enters  the  volume  inside  S  through  the  surface  element 
dS.  The  product  of  this  mass  and  the  velocity  component  Vx  is  the 
x-momentum  of  this  mass.  The  integral  (2)  accordingly  represents  the 
excess  of  leaving  momentum  over  entering  momentum  per  unit  of  time. 

It  is  often  convenient  to  let  the  control  surface  S  consist  of  a  tubular 
part,  formcil  by  tho  streamlines  through  the  points  of  a  closed  curve, 
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and  two  cross  sections  of  this  tube  (Fig.  34).  Denoting  by  F^^'  and 
F^^'  the  x-components  of  the  velocities  at  the  entrance  section  1  and  the 
exit  section  2,  we  obtain  from  Eq.  (1),  since  Vn  —  ^  along  the  tubular 
part  of  S,  the  following  alternative  expression  of  the  flux  of  a:-momentum 
across  S\ 

^Vf  dQ  -  ÍV^,'^  dQ  (2') 

The  first  integral  is  extended  over  the  exit  section  and  the  second  over 
the  entrance  section. 

The  result  expressed  by  (2)  is  valid  also  in  the  case  where  the  control 
surface,  i.e.,  the  boundary  of  the  región  under  consideration,  consists 
of  more  than  one  closed  surface.  In  the  case  of  Fig.  35,  the  flow  of 
a;-momentum  across  the  boundaries  of  the  región  between  S'  and  S"  is 


Fig.  34. — Flow  in  a  tube. 


Fig. 


35. — Control  surface  consisting 
of  two  portions  S'  and  S". 


given  by  the  integral  (2)  extended  over  both  surfaces  S'  and  S".  In 
evaluating  this  integral  one  must  keep  in  mind  that  positive  valúes  of  V„ 
indícate  that  the  fluid  is  leaving  the  región  under  consideration.  Under 
all  circumstances  the  región  bounded  by  the  control  surface  must  be 
completely  filled  by  fluid  with  a  continuous  velocity  distribution. 

2.  Momentum  Equation  for  Steady  Flow.  Let  us  now  apply  New- 
ton's  second  law  of  motion  to  the  fluid  occupying  the  región  enclosed  by  a 
control  surface  S.  The  thrusts  that  the  fluid  outside  S  exerts  across 
the  elements  of  S  on  the  fluid  within  S  is  statically  equivalent  to  a 
resultant  forcé  plus  a  resultant  couple.  Let  Px  be  the  a:-component  of 
this  resultant  forcé.  The  a:-component  of  the  weight  of  the  fluid  within 
S  will  be  called  Wx-  The  sum  of  all  forces  must  equal  the  sum  of  all 
products  mass  times  acceleration.  Thus,  taking  into  account  Eq.  (2),  we 
obtain 


Px+Wx^  f  pVnV.dS 

(S) 


(3) 


As  is  seen  from  this  equation,  the  sum  of  the  x-components  of  the  external 
forces  {thrusts,  weight)  acting  on  the  fluid  enclosed  in  a  control  surface  S 
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equals  the  flux  of  x-momentum  across  this  surface.  The  same  relation 
exists,  of  course,  between  the  y-  (or  z-)  components  of  the  forces  and  the 
flux  of  y-  (or  z-)  momentum.  The  theorem  expressed  by  (3)  is  called  the 
momentum  theorem  of  fluid  dynamics. 

It  should  be  emphasized  again  that  in  deriving  (3)  the  flow  was 
assumed  to  be  steady  and  the  entire  región  within  S  to  be  occupied  by 
a  fluid  with  a  continuous  velocity  distribution.  On  the  other  hand, 
the  momentum  theorem  is  vahd  for  nonperfect  fluids  as  well  as  for  perfect 
fluids.  In  the  first  case  Px  must  include  the  shearing  stresses  acting  on  S 
as  well  as  the  normal  stresses. 

Let  US  discuss  two  ty pical  applications  of  the  momentum  theorem. 
Consider  a  fluid  flowing  steadily  through  a  tube  (Fig.  36).  In  order 
to  find  an  expression  for  the  forcé  that  the  moving  fluid  exerts  on  the 


y 


J!C 


Fig.  36. — The  control  surlacc  consista  of  the  wetted  tubo  surface  and  the  cross  sections 

1  and  2. 

walls  of  the  tube  between  the  points  1  and  2,  let  the  control  surface  S 
consist  of  the  interior  surface  of  the  respective  part  of  the  tube  and  the 
two  cross  sections  1  and  2.  Denote  by  X  the  x-component  of  the  forcé 
exerted  by  the  fluid  on  the  walls  of  the  tube.  The  x-components  of  the 
forcé  that  the  tube  exerts  on  the  fluid  is  then  —X.  Further  denote  by 
P^x^  and  P^x^  the  a:-components  of  the  thrusts  that  the  fluid  outside  the 
portion  1-2  of  the  tube  exerts  on  the  fluid  mass  under  consideration 
across  the  sections  1  and  2,  respectively.  Note  that  the  exterior  surface 
of  the  tube  wall  is  subjected  to  the  atmospheric  pressure  po-  If  X  is  to 
represent  the  a;-component  of  the  resultant  of  the  pressure  exerted  on 
both  the  exterior  and  the  interior  surfaces  of  the  tube  walls,  one  must 
define  P^^''  and  P^^'>  as  the  thrusts  due  to  the  overpressure  p  —  po.  If 
P^^'  and  P'j?'  werc  taken  as  the  total  pressure  forces,  X  would  mean  the 
forcé  exerted  by  the  fluid  inside  the  walls  only.  In  both  cases  the  thrust 
Px  appearing  in  Eq.  (2')  consists  of  P^^',  P<,2>,  and  —X,  the  latter  being  the 
reaction  of  the  wall  on  the  fluid. 

Upon  using  the  expression  (2')  for  the  flux  of  a:-momentum,  the 
momentum  equation  takes  the  form 
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Solving  with  respect  to  X  we  find 


X  =  Pi''  +  Pi^'  +  Tf .  +  I  Vi''  dQ  -  f  Vi^'  dQ 

(1)  (2) 


(4) 


If  the  distribution  of  pressure  and  velocity  over  the  cross  sections  1 
and  2  is  known,  the  forcé  that  the  fluid  exerts  on  the  tube  can  be  deter- 
mined  from  this  formula  and  the  two  corresponding  formulas  for  the 
y-  and  2;-directions.  Consider,  for  example,  the  case  where  the  cross- 
sectional  área  is  so  small  that  a  uniform  distribution  of  pressure  and 
velocity  over  the  cross  section  can  be 
assumed.  Let  pi  and  p^  denote  the 
valúes  of  the  pressure  and  Vi  and  V2  the 
magnitudes  of  the  velocity  at  1  and  2, 
respectively.  Denote  further  by  «i  and 
«2  the  angles  between  the  a;-axis  and  the 
directions  of  the  velocity  at  1  and  2, 
respectively,  and  by  Q  the  mass  of  the 
fluid  that  per  unit  of  time  flows  through 
a  cross  section  of  the  tube.  If  >Síi  and  *S2 
are  the  cross-sectional  áreas  at  1  and  2,  formula  (4)  can  be  written  as 


FiG.   37. — The   control   surface   con- 
sists  of  S"  and  the  surface  S'  of  B. 


X  =  (piSi  +  QVi)  eos  «1  -  (p->S2  +  QV2)  eos  «2  +  Fx 

Denoting  the  density  at  1  and  2  by  pi  and  p-i,  respectively,  one  has 

Q  =  PiFi*Si  =  P2F2»S2,  and  therefore 


X  ^  (pi  +  PiVDSi  eos  «1  —  (p2  +  p2Vl)S2  eos  «2  +  W^ 


(5) 


If  pi  and  P2  denote  the  overpressures  at  the  sections  1  and  2,  this  expres- 
sion  for  X  takes  care  of  the  atmospheric  pressure  acting  on  the  exterior 
surface  of  the  tube  as  well.  In  some  cases  the  overpressures  at  the 
sections  1  and  2  are  negligibly  small.  Setting  pi  =  P2  =  O,  we  then  obtain, 
if  the  weight  influence  is  also  neglected. 


X  =  Q[7^i)  -  7^2)] 


(6) 


Another  important  appHcation  of  the  momentum  theorem  leads  to 
an  expression  for  the  forcé  exerted  by  a  moving  fluid  on  a  body  B  that 
is  immersed  in  the  fluid  and  kept  at  rest  by  suitable  f orces  (Fig.  37). 
Let  US  apply  the  momentum  theorem  to  the  fluid  between  the  surfaces 
*S'  of  B  and  an  outer  surface  S"  that  surrounds  B.  The  control  surface 
>S,  that  is,  the  boundary  of  the  portion  of  the  fluid  under  consideration, 
thus  consists  of  the  surfaces  S'  and  S".     As  there  is  no  flow  across  the 
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rigid  surface  S'  of  B,  the  flux  of  momentum  across  S  is  given  by  the 
integral  (2)  extended  over  the  surface  S" .  Denote  by  X  the  a;-component 
of  the  forcé  that  the  fluid  exerts  on  B,  by  Px  the  a;-component  of  the  forcé 
that  the  fluid  outside  S"  exerts  on  the  fluid  within  S" ,  and  by  Wx  the 
x-component  of  the  weight  of  the  fluid  included  between  >S'  and  S" . 
The  momentum  theorem  then  furnishes 


X  =Px  +  Wx-   f  pVnVxdS 


(7) 


(S") 


If  for  S"  another  surface  surrounding  the  body  B  is  substituted,  all 
right-hand  terms  will  change  in  such  a  manner  as  to  give  the  same  sum  X. 

Problem  1.     Aii  incompressible  perfect  fluid  of  density  p  flows  through  a  semi- 
circular pipe  of  constant  small  cross  section  (Fig.  38).     If  the  pressure  is  p  and  the 


i 


B 


Fig.  38. — Semicircular  tube. 


FiQ.  38a. — Borda's  orífice. 


velocity  V,  find  the  forcé  that  the  fluid  exerts  on  the  walls  of  the  tube.  (Neglect  the 
influence  of  gravity.) 

Problem  2.  How  is  the  answer  to  Prob.  1  modified  if  the  cross-sectional  área  at 
the  exit  is  twice  that  at  the  entrance?  (Denote  by  p,  V,  S  the  valúes  correspondiiig 
to  the  entrance  section.) 

Problem  3.  What  will  be  the  answer  to  Prob.  2  in  the  case  of  a  compressible  fluid 
flowing  under  adiabatic  conditions? 

*Problem  4.  The  incompressible  fluid  within  the  large  tube  AA  in  Fig.  38a,  is 
forced  by  a  pistón  to  the  lef t  to  flow  out  into  the  opon  air  through  the  smaller  tube  BBj 
introduced  in  the  interior  of  AA.  The  cross-sectional  arcas  are  A  and  B,  rcspectively. 
The  free  jet  inside  BB  has  the  cross-section  ipB.  Use  the  momentum  equation  (in 
connection  with  the  Bernoulli  equation  and  continuity  equation)  to  ñnd  the  ratio  <p 
as  a  function  of  the  ratio  A/B.  Show  that  (p  becomes  |  when  A/B  tends  to  infinity 
(Borda's  mouthpiece). 

3.  Moment  of  Momentum.  Consider,  as  in  the  preceding  section, 
a  body  that  is  kept  at  rest  in  a  fluid  in  steady  flow.  The  thrusts  that 
the  fluid  exerts  on  the  surface  elements  of  this  body  form  a  system  of 
forces  in  space.  It  is  shown  in  statics  of  rigid  bodies  that  such  a  system 
is  equivalent  to  a  resultant  forcé  and  a  resultant  couple.  In  the  preceding 
section  it  was  seen  that  the  momentum  theorem  furnishes  certain  informa- 
tion  concerning  this  resultant  forcé.  Tn  the  present  section  an  analogous 
theorem  concerning  the  resulting  couple  will  be  established. 
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Let  <S  be  a  control  surface  enclosing  a  región  that  is  entirely  filled 
by  a  fluid  possessing  a  continuous  velocity  distribution.  Consider 
again  a  stream  tube  of  variable  infinitesimal  cross  section  dA,  piercing 
the  control  surface  *S  at  the  points  1  and  2  (Fig.  33).  The  fluid  in  an 
element  of  length  ds  of  this  stream  tube  has  the  mass  p  ds  dA.  The 
products  of  this  mass  and  the  components  of  its  acceleration  with  respect 
to  the  axes  of  a  system  of  rectangular  coordinates  x,  y,  z  therefore  have 
the  valúes 


p  ds  dA 


dV^ 
di 


{pVdA)^ds; 


{pVdA)^ds; 


ÍpVdA)^ds     (8) 


These  three  expressions  are  the  components  dJi,  dJy,  dJz  of  the  vector 

dJ,  which  is  obtained  by  multiplying  the  acceleration  vector  of  the  fluid 

element  with  the  mass  of  this  element.  Consider  the  vector  dJ  as 
attached  to  the  instantaneous  posi- 
tion  X,  y,  z  of  the  element,  and  deter- 
mine the  moment  of  this  vector  with 
respect  to  the  2-axis.  This  moment, 
which  depends  only  on  the  x-  and 


Projecfion  ofdJ 


Fio.  39. 


^/-components  of  the  vector  dJ,  equals 
X  dJy  —  y  dJx,  as  is  easily  seen  f rom 
Fig.  39.     Introducing  from   (8)   the 

expressions  for  the  components  of  dJ,  we  obtain 

X  dJy  —  y  dJx  =  pV  dA  i  x  —~  —  y  -^  j  ds 


>JC 


But 


5  (-''«  -  í/^')  = 


(■ 


dVy 

ds 


V 


dj^ 
ds 


■)  +  (^'S-^'l) 


Here  the  last  parenthesis  vanishes  as  is  seen  by  multiplying  each  of  its 
two  terms  by  V  and  replacing  V  dx/ds  =  dx/dt  by  Vx  and  V  dy/ds  by 
Vy.     Consequently, 


X  dJy  —  y  dJx  =  pV  dA  -r-  (xVy  —  yVx)  ds 


(9) 


In  order  to  obtain  a  formula  for  the  sum  (integral)  of  these  expressions 
extended  over  all  fluid  elements  within  S,  the  same  procedure  can  be 
followed  as  in  the  preceding  section.  First  sum  up  the  contributions 
furnished  by  the  elements  of  the  stream  tube  1-2.  Denoting  the  constant 
valué  of  pF  dA  by  dQ  and  distinguishing  the  valúes  oí  xVy  —  yVx  Sí,t  1 
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and  2  by  the  superscripts  (1)  and  (2),  respectively,  we  obtain 

(2) 

I  dQ^^ixVy  -  yV.)  ds  =  dQKxVy  -  yV.Y'^  -  (xV,  -  yV.Y'->] 
(1) 
As  has  been  pointed  out  in  the  preceding  section, 

dQ  =  pV  dA  =  p2F(2>  dS2  eos  «2  =  -pxV^^^  dSi  eos  «i 

where  F^^^  is  the  velocity  with  which  the  fluid  enters  at  1  the  región 
within  S  and  F^-'  the  veloeity  with  whieh  the  fluid  leaves  this  región  at  2; 
dSi,  dS2  denote  again  the  áreas  of  the  surfaee  elements  that  the  stream 
tube  1-2  euts  out  of  S,  and  «i,  «2  the  angles  between  the  veloeities  V^^\ 
V'--^  and  the  outward  normáis  of  *SÍ  at  the  points  1  and  2,  respectively. 
Upon  using  these  expressions  f  or  dQ,  our  previous  equation  takes  the  f  orm 

(2) 

I  dQ^  (xV,  -  yV.)  ds  =  p2F(2)  dS^  eos  a^ixVy  -  í/F.)<2) 
¿)  +  PiF(i)  dS,  eos  a,(xVy  -  yV.y^^ 

Summing  the  analogous  eontributions  from  all  the  stream  tubes  which 
pierce  S  and  observing  again  that  there  is  no  need  to  distinguish  between 
surfaee  elements  dSi  through  whieh  fluid  enters  the  región  within  S  and 
surfaee  elements  dS2  through  which  fluid  leaves  this  región,  one  obtains 

f  pV  eos  oc{xVy  -  yV.)  dS         or         j  pVn(xVy  -  t/F,)  dS       (10) 

(S)  (S) 

as  the  sum  of  the  expressions  x  dJy  —  y  dJx,  extended  over  all  fluid 
elements  within  S.  Here  Vn  =  V  eos  a  is  again  the  normal  veloeity 
with  whieh  fluid  leaves  (or  enters)  the  región  bounded  by  S. 

The  expression  (10)  is  the  flux  of  z-moment  of  momentum  across  S. 
In  faet,  pVn  dS  is  the  mass  of  fluid  that,  per  unit  of  time,  leaves  the  región 
enclosed  by  S  through  the  surfaee  element  dS.  The  produet  of  this  mass 
and  Fx  (or  Vy)  is  the  a:-component  (or  ?/-component)  of  its  momentum. 
Multiplying  the  ?/-component  of  the  momentum  with  the  abseissa  x 
oí  the  surfaee  element  dS  and  subtraeting  from  this  produet  the  produet 
of  the  a;-eomponent  of  the  momentum  and  y,  we  obtain  the  moment  of 
momentum  with  respect  to  the  z-axis.  This  quantity  of  moment  of 
momentum  leaves  per  unit  of  time  the  región  within  S  through  the 
surfaee  element  dS.  The  expression  (10)  therefore  gives  the  exeess  of 
leaving  over  entering  0-moment  of  momentum  for  the  región  enclosed 
hyS. 

The  momentum  theorem  of  the  preceding  section  consists  in  equating 

the  vector  sum  of  the  dJ  to  the  sum  of  forces  acting  on  the  fluid  mass 
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within  the  control  surface.     Analogously,  the  sum  of  the  moments  of  the 

dJ  has  to  be  equated  to  the  sum  of  the  moments  of  these  forces.  The 
forces  present  are  the  weight  of  the  fluid  enclosed  by  S  and  the  thrusts 
that  the  fluid  outside  S  exerts  on  the  fluid  within  S.  If  xo,  í/o,  2o  denote 
the  coordinates  of  the  center  of  gravity  of  the  fluid  within  S  and  Wx,  Wy. 
Wz  the  components  of  the  total  weight  of  this  portion  of  fluid,  the  sum 
of  the  s-moments  of  the  forces  of  gravity  equals  XoWy  —  yoWx-  Denoting 
by  Mx,  My,  71/ 2  the  moments  with  respect  to  the  axes  of  coordinates  of  the 
thrusts  acting  on  the  surface  S,  we  therefore  obtain 

M,  +  x,Wy  -  yoWx  =  f  pVnixVy  -  yVx)  dS  (11) 

(S) 

Thus,  the  sum  of  the  z-momeiits  of  the  forces  {thrust,  weight)  acting  on  the 
fluid  within  a  closed  control  surface  S  equals  the  flux  of  z-moment  of  momen- 
tum  across  this  surface.  Corresponding  relations  hold  for  x-  (or  y-) 
moments  and  the  flux  of  x-  (or  y-)  momentum.  The  theorem  expressed 
by  (11)  is  called  the  moment  of  momentum  theorem  of  fluid  dynamics. 

In  the  case  where  the  system  of  forces  acting  on  the  fluid  within  the 
control  surface  is  equivalent  to  a  single  forcé,  its  Une  of  action  is  deter- 
mined  in  a  well  known  way  by  the  resultant  forcé  as  found  in  (3)  and  the 
moment  given  by  (11).  This  will  be  used  later  for  the  flow  around  a 
wing  that  moves  parallel  to  its  symmetry  plañe  (Chap.  VIII). 

A  simple  example  presents  itself  in  the  case  shown  in  Fig.  36.  From 
Eq.  (5)  and  the  analogous  relations  for  the  other  axes  one  concludes 
that,  except  for  the  weight  influence,  the  forcé  exerted  on  the  wall  of  the 
narrow  tube  equals  in  magnitude  and  direction  the  resultant  of  the  two 
forces  of  magnitude  /Si(j9i  +  pV\)  and  —S2ÍP2  +  pVl)  respectively,  act- 
ing in  the  direction  of  Vi  and  V2,  respectively.  If  the  moment  of 
momentum  equation  (11)  is  applied,  this  result  is  supplemented  in  the 
following  way:  Let  M'^  be  the  2;-moment  of  the  forcé  on  the  wall  and  M'^ 
the  moment  of  the  forces  acting  on  the  fluid  on  the  remainder  of  the  con- 
trol surface.     Then  Mz  =  —M'^  +  M'^  and  (11)  can  be  written  as 

M'z  =  M':  +  S,pV,{xVy  -  yVxY''  -  S2pV2{xVy  -  yV^Y'' 

+  xoWy  -  yoWx     (12) 

This,  in  connection  with  (5),  shows  that  the  forcé  on  the  wall  is  statically 
equivalent  to  the  resultant  of  the  forces  Si{pi  +  pVl)  and  —S2{p2  +  pVl) 
if  each  is  considered  acting  along  the  tangent  of  the  tube  at  the  points 
1  or  2,  respectively.  That  is,  in  a  two-dimensional  case  the  Une  of  action 
of  the  forcé  on  the  wall  passes  through  the  intersection  of  the  two  tan- 
gents.  This  is  true,  of  course,  only  if  the  weight  influence  is  disregarded. 
If  pi  and  P2,  and  thus  M'J,  are  also  negligible,  so  that  Eq.  (6)  can  be  used, 
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the  reaction  of  the  moving  fluid  on  the  wall  is  statically  equivalent  to  the 
sum  of  the  f orces  QVi  and  —QV2  acting  along  the  two  tangents  of  the 
stream  filament  at  the  beginning  and  at  the  end  of  the  tube  segment 
under  consideration.  This  often  leads  to  the  popular,  but  incorrect,  idea 
that  the  moving  fluid  exerts  an  "action"  (forward  push)  at  the  entrance 
and  a  "reaction"  (backward  push)  at  its  exit.  In  reahty,  the  sum  of 
the  f orces  QVi  and  —QV2  is  only  a  mathematical  expression  for  the 
resultant  of  all  pressure  forces  acting  along  the  convex  surface  of  the 
tube. 

As  another  example  consider  the  body  B  submerged  in  an  axially 
symmetrical  tube  with  horizontal  z-axis  (Fig.  40).     It  is  required  to  find 


FiG.  40. — Body  in  a  channel  of  axial  symmetry. 

the  moment  M^  with  respect  to  this  axis  of  the  forcé  acting  on  B.  Assume 
the  control  surface  S  to  consist  of  the  inner  wall  of  the  tube  between 
1  and  2,  of  two  planes  perpendicular  to  the  axis  at  1  and  2,  and  of  the 
surface  of  B.  The  moment  of  the  weight  will  be  zero  if  the  body  B  has 
its  center  of  gravity  on  the  axis.  The  lines  of  action  of  all  pressure  forces 
on  the  wall  intersect  the  axis,  those  of  the  pressure  forces  on  the  two  plañe 
surfaces  are  parallel  to  the  axis,  and  henee  the  moment  of  both  is  zero. 
Consequently, 


M.  =  -ÍpV.(xVy-yV:.)dS 


(13) 


The  contributions  to  this  integral  due  to  the  walls  of  the  tube  and 
to  the  surface  of  the  body  are  zero  since  Vn  vanishes  there.  In  the 
planes  1,  2  we  can  use  polar  coordinates  and  resolve  the  velocity  into  an 
axial,  a  radial,  and  a  tangential  component:  Va,  Vr,  Vt.  Then  F„  =  —Va 
in  1  and  7„  =  7„  in  2,  while  xVy  -  yV:,  =  rVt.     Thus, 
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M^=  j  prVaVt  dS  -  ¡  prVaVt  dS  (14) 

(1)  (2) 

This  is  the  form  of  the  moment  of  momentum  equation  as  used  in  the 
theory  of  turbines  and  of  propellers.  It  holds  true  for  perfect  as  well 
as  for  imperfect  fluids.^  It  also  follows  from  (14)  that  for  two  normal 
planes,  both  on  the  same  side  of  the  body  B,  such  as  2  and  3  in  the  figure, 
the  integral  jprVaVt  dS  has  the  same  valué. 

Problem  5.  An  incompressible  perfect  fluid  of  density  p  flows  through  a  pipe  of 
constant  cross  section  S.  The  longitudinal  section  through  the  pipe  forms  a  quadrant 
of  a  circle  (rectangular  pipe  bend).  Neglecting  the  influence  of  gravity,  find  the 
magnitude  and  the  Une  of  action  of  the  forcé  that  the  fluid  exerts  on  the  pipe,  if  the 
pressure  is  p  and  the  velocity  V. 

Problem  6.  How  is  the  answer  to  Prob.  5  modified  if  the  fluid  is  compressible 
and  the  pressure  at  the  exit  section  equals  80  per  cent  of  that  at  the  entrance  section? 
Assume  adiabatic  conditions.     Determine  Vi  and  Vi  for  given  Tu 

4.  Quasi-steady  Flow.  Relative  FIow.  The  theorems  of  momentum 
and  moment  of  momentum  derived  in  the  preceding  sections  presuppose 
a  steady  flow.  The  assumption  of  steady  flow  has  been  used  twice. 
First,  the  a;-component  of  the  acceleration  dVx/dt  has  been  written  as 
V  dVx/ds.  This  is  possible  only  when  Euler's  rule  of  differentiation 
holds  in  the  form  given  in  Eq.  (2),  Chap.  II,  i.e.,  when  the  flow  is  steady. 
Second,  summing  the  contributions  from  the  elements  of  a  stream  tube 
we  have  assumed  the  flux  dQ  =  pV  dA  to  be  constant  along  the  stream 
tube.  This  also  is  true  only  in  the  case  of  a  steady  flow,  where  the  paths 
described  by  the  fluid  partióles  coincide  with  the  streamlines. 

In  a  steady  flow  the  state  of  motion  remains  unchanged  at  any  fixed 
point  within  the  fluid.  This  means  that  pressure,  density,  magnitude 
and  direction  of  velocity,  etc.,  are  functions  of  the  position  in  space 
independent  of  time.  In  the  case  of  an  unsteady  flow  these  quantities 
depend  explicitly  on  the  time  t  as  well  as  on  the  position  in  space,  which 
may  be  given  by  the  rectangular  coordinates  x,  y,  z  of  the  point  under 
consideration,  Let  /  be  a  quantity  connected  with  a  particle  of  the 
moving  fluid.  In  the  general  case,  /  is  a  function  of  x,  y,  z,  and  t,  to  be 
written  as  f{x,y,z,t).  For  the  derivatives  we  had  now  better  use  the 
notations  df/dx,  etc.  The  partial  derivative  df/dt  then  denotes  the 
time  rate  at  which  the  quantity  /  changes  at  the  fixed  point  x,  y,  z;  it  is 
called  the  local  time  rate  of  change  of  f.  In  most  mechanical  problems, 
however,  another  time  derivative  of /is  of  interest,  viz.,  the  time  rate  at 
which  the  quantity  /,  connected  with  a  definite  fluid  particle,  changes  as 
this  particle  moves  along.     This  rate  is  called  the  material  time  rate  of 

'■  Except  for  the  (practically  unimportant)  momekat  of  the  shearing  stresses  along 
the  wall  and  the  two  plañe  cross  sections. 
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change  off,  since  it  refers  to  a  distinct  material  point,  and  will  be  denoted 
by  df/dt.  This  derivative  has  been  used  in  the  f oregoing  in  the  definition 
of  the  acceleration. 

Euler's  rule  of  differentiation  as  established  in  Chap.  II  states  that, 
in  the  case  of  a  steady  flow,  one  has  df/dt  =  V  df/ds,  where  V  is  the 
magnitude  of  the  velocity  of  the  fluid  partióle  under  consideration  and 
df/ds  the  space  rate  of  change  of  /  in  the  direction  of  the  velocity  V. 
This  expression  for  the  material  time  rate  of  change  in  a  steady  flow 
corresponds  to  the  fact  that  the  moving  particle  continually  adapts 
itself  to  the  valué  prevailing  at  its  instantaneous  position.  In  a  steady 
flow  the  material  time  rate  of  change  of  /  will  vanish  whenever  the 
particle  under  consideration  has  the  velocity  zero.  This  is  no  longer 
true  in  an  unsteady  flow.  There  the  material  time  rate  of  change  of  / 
for  a  particle  at  rest  is  given  by  df/dt,  and  for  a  particle  with  a  velocity  V 
it  is  the  sum  of  the  local  part  df/dt  and  the  convective  part  V  df/ds. 

^  =  ^+F^  (15) 

dt       dt^  ^  ds  ^^^^ 

This  is  the  form  of  Euler's  rule  of  differentiation  in  the  general  case. 
In  (15),  /  may  be  any  quantity  connected  with  a  particle  of  the  moving 
fluid,  for  example,  the  velocity  V,  or  the  x-component  Vx  of  the  velocity, 
or  the  density  p. 

According  to  (15)  the  a:-component  of  the  acceleration  of  a  fluid 
particle  in  an  unsteady  flow  is  given  by 

dV:.  _dVx,^dV. 

Applying  Newton's  second  law  of  motion  to  the  fluid  enclosed  by  the 
control  surface  S,  one  has  to  multiply  the  volume  dv  of  each  fluid  element 
within  S  by  its  density  p  and  the  a:-component  dVx/dt  oí  its  acceleration 
and  form  the  sum  (integral)  of  all  these  products  p  dv  dVx/dt.  In  the 
case  of  a  steady  flow,  dVx/dt  =  V  dVx/ds,  and  the  integral  in  question 

has  the  valué    /  pVnVx  dS,  as  has  been  shown  in  Sec.  2.     In  the  case 

(-S) 

of  an  unsteady  flow  the  additional  term  dVx/dt  in  the  expression  (16) 
for  the  a:-component  of  the  acceleration  leads  to  a  corresponding  supple- 
mentary  term  in  the  momentum  theorem.  It  can  easily  be  shown  that 
in  the  case  of  an  incompressible  fluid  this  term  is 

'  J   ~dt^' 

(«) 

where  the  integration  has  to  be  extended  over  the  entire  región  K  enclosed 
by  *SÍ.     Thus  the  momentum  theorem  (3)  actually  takes  the  form 
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P.+  W.  =  pJ   VnV.dS  -hp  I  -Qfdv  (17) 

where  W^  is  the  a:-component  of  the  weight  of  the  fluid  wíthin  S  and  Px 
the  a:-component  of  the  resultant  of  the  thrusts  that  the  surrounding  fluid 
exerts  on  S. 

Let  US  now  consider  a  particular  type  of  an  unsteady  flow  of  an 
incompressible  fluid.  Assume  that  at  any  ñxed  point  all  characteristic 
quantities  (pressure,  magnitude  and  direction  of  velocity)  reassume  the 
same  vaUíes  at  certain  instants  ^i,  ¿2,  ¿3,  .  .  .  .  Such  a  flow  is  called 
quasi-steady.  A  particular  case  of  a  quasi-steady  flow  is  the  periodic 
flow  where  all  quantities  are  periodic  functions  of  the  time.  The  study 
of  quasi-steady  flow  is  important,  since  in  many  cases  careful  observation 
of  an  apparently  steady  flow  will  reveal  small  and  rapid  fluctuations  of 
pressure,  magnitude  and  direction  of  velocity,  etc.  (see  Sec.  IV.4).  Such 
a  turhulent  flow  may  be  considered  as  a  quasi-steady  flow  for  which  the 
above-mentioned  intervals  of  time  ¿2  —  ¿1,  ¿3  —  ¿2,  •  .  .  are  very  short. 
In  fact,  they  are  so  short,  i.e.,  the  fluctuations  are  so  rapid,  that  crude 
observation  will  not  show  that  the  flow  is  not  strictly  steady.  The 
reading  of  routine  instruments  then  gives  time  mean  valúes  rather  than 
instantaneous  valúes  of  the  quantities  under  consideration. 

Let  US  apply  the  momentum  theorem  to  a  quasi-steady  flow  of  an 
incompressible  fluid.  Equation  (17)  is  valid  at  any  instant.  However, 
with  a  view  to  the  situation  already  explained  one  may  be  interested  to 
obtain  a  relation  valid  for  the  mean  valúes  rather  than  for  the  instan- 
taneous valúes  of  the  quantities  appearing  in  (17).  The  time  mean  valué 
(or  time  average)   of  a  quantity  /  during  the  time  interval  ¿2  —  ^1  is 

h 

obtained  by  dividing  the  integral  /  f  dt  hy  {h  —  ti).     Consequently  the 

íi 
mean  valué  of  df/dt  is  zero,  since  the  integral  of  df/dt  equals  /(<2)  —  f{ti) 
and  thus  vanishes  because  /(Í2)  =  /(¿i)-  Taking  mean  valúes  on  both 
sides  of  (17),  we  therefore  see  that  the  term  containing  dVx/dt  will  dis- 
appear.  The  resulting  equation  has  again  the  form  of  Eq.  (3),  but  all 
quantities  now  denote  mean  valúes  instead  of  instantaneous  valúes. 
Similar  reasoning  can  be  applied  to  Eq.  (11),  which  expresses  the  theorem 
of  moment  of  momentum.  We  obtain  the  following  result:  Equations  (3) 
and  (11)  are  valid  in  the  case  of  a  quasi-steady  flow  of  an  incompressible 
fluid,  if  all  quantities  appearing  there  are  understood  to  be  time  mean  valúes.  * 

*  It  should  be  clearly  understood  that  on  the  right  side  of  (3)  the  mean  valué  of  the 
product  VnVx  has  to  be  taken  and  not  the  product  of  the  mean  valúes  of  F„  and  V^, 
which  may  have  a  different  valué.  An  analogous  remark  appUes  to  the  right  side  of 
Eq.  (11).  " 
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The  following  is  an  important  application  of  this  result:  The  flow  pro- 
duced  by  an  airplane  moving  with  constant  speed  through  a  bulk  of  air  at 
rest  is  not  steady.  In  Sec.  II.  1,  however,  it  was  noted  that  the  relative 
flow  of  the  air  with  respect  to  the  airplane  is  steady  and  that  consequently 
the  theorems  concerning  a  steady  flow  can  be  appHed  to  this  relative  flow. 
Now,  this  is  triie  only  if  one  disregards  the  fact  that  the  "air  at  rest" 
through  which  the  airplane  is  moving  is  aetually  in  a  state  of  turbiilent 
motion  with  fluctuating  velocities  but  vanishing  mean  valúes  of  the 
velocities  (see  Chap.  IV).  In  the  in  verse  flow,  the  air  streaming  toward 
the  airplane  is  therefore  in  a  fluctuating  rather  than  in  a  steady  state  of 
motion.  Moreover,  the  entire  airplane  cannot  be  considered  as  a  rigid 
body  in  a  uniform  rectilinear  translation.  If  one  thinks  of  the  turning 
propeller,  one  realizes  that  the  relative  flow  of  the  air  with  respect  to  the 
airplane  is  not  strictly  steady — even  if  the  turbulence  is  disregarded — 
but  rather  quasi-steady,  all  characteristic  quantities  reassuming  the  same 
valúes  after  each  complete  turn  of  the  propeller.  If  applied  to  this 
relative  flow,  the  theorems  of  momentum  and  moment  of  momentum 
therefore  must  be  used  in  the  form  given  in  the  present  section. 

Let  US  now,  instead  of  the  aggregate  consisting  of  the  flying  airplane 
and  its  propeller,  consider  an  airscrew  rotating  at  constant  velocity  on 
the  ground  without  any  forward  speed.  Then  the  relative  flow  with 
respect  to  the  airscrew  can  be  expected  to  be  steady.  However,  our 
theorems  concerning  momentum  and  moment  of  momentum  do  not 
apply  to  the  relative  flow  with  respect  to  a  rotating  system  of  reference, 
even  if  this  flow  happens  to  be  steady,  since  these  theorems  have  been 
derived  from  Newton's  second  law  of  motion,  which  is  not  valid  for  the 
motion  relative  to  a  rotating  system  of  reference.  There  is,  however,  an 
easy  way  to  adapt  our  theorems  to  the  type  of  problem  under  considera- 
tion.  Let  US  assume  that  the  control  surface  consists,  for  example,  of  a 
circular  cylinder  whose  axis  coincides  with  the  propeller  axis  and  of  two 
parallel  planes  normal  to  it.  If  ds'  denotes  an  element  of  the  path  that  a 
fluid  particle  describes  with  respect  to  the  rotating  system  of  reference 
and  V  its  relative  velocity,  Euler's  rule  of  differentiation  for  any  /  that 
stays  constant  at  each  point  of  the  moving  system  can  be  written  as 

If  Vx  is  the  component  of  the  absoluto  velocity  of  a  particle  with  respect 
to  a  fixed  a;-axis,  then,  under  the  conditions  of  our  problem,  Vx  is  at  each 
point  of  the  moving  system  either  constant  or  periodical  with  respect  to 
time.  For  example,  if  the  a:-axis  is  parallel  to  the  propeller  axis,  Vx 
will  be  constant  with  respect  to  time  and  (18)  can  be  applied  immediately 
to  /  ==  Vx.     Since  the  a:-component  of  acceleration  is  dVx/dt,  this  can 
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now  be  replaced  by  F'  dVx/ds'  instead  of  by  V  dVx/ds  as  was  done  in  the 
beginning  of  this  chapter.  In  the  same  way  as  Eq.  (3)  was  found,  one 
can  therefore  now  derive 

P.+  Wx  =  p  f  V:VxdS  (19) 

The  analogous  modification  of  (11)  leads  to 

71/.  +  xoW,  -  yoWx  =  p  f  7,:(.rF,  -  yV.)  dS  (20) 

In  the  case  of  a  forcé  or  moment  component  that  is  not  constant 
but  periodic  with  respect  to  time,  Eqs.  (19)  and  (20)  still  hold  if  the 
quantities  occurring  therein  are  understood  to  denote  time  mean  valúes. 
Note  that  in  these  equations  Vx  and  Vy  are  the  components  of  the  absolute 
velocity  with  respect  to  fixed  x-  and  ?/-directions,  whereas  V'^  denotes 
the  component  of  the  relative  velocity  normal  to  the  control  surface  *S. 

Problem  7.  A  horizontal  jet  of  water  hits  a  vertical  píate  that  moves  in  the  direc- 
tion  of  the  jet  at  the  velocity  u  =  10  ft./sec.  The  diameter  of  the  jet  is  2.4  in.,  and 
its  velocity  is  F  =  30  ft./sec.  Compute  the  forcé  exerted  on  the  píate  and  the  power 
P  of  the  forcé.  If  V  is  considered  as  constant  and  w  as  variable,  for  which  u  is  the 
power  a  máximum  and  how  great  is  Pmax? 

*Problem  8.  A  rocket  moves  in  a  horizontal  direction  at  a  constant  velocity  u 
under  the  influence  of  gas  masses  discharging  into  the  atmosphere  through  an  opening 
of  área  A  in  the  rear.  The  overpressure  inside  the  rocket  is  p,  and  the  flow  may  be 
considered  as  adiabatic.  Compute  the  forcé  and  the  power,  and  discuss  the  possible 
valúes  of  u. 

5.  Energy  Equation.  Consider  a  perfect  incompressible  fluid  in  a 
ñow  that  may  be  steady  or  unsteady.  If  p  denotes  the  density  and  F 
the  magnitude  of  the  velocity  of  a  fluid  element  of  the  volume  dv,  the 
expression  pV^  dv/2,  that  is,  the  product  of  half  the  mass  and  the 
square  of  the  velocity,  is  the  kinetic  energy  of  the  fluid  element.  Further- 
more,  if  besides  the  thrusts  exerted  by  neighboring  particles  gravity 
is  the  only  forcé  acting  on  the  fluid  element  under  consideration,  the 
product  gph  dv  of  the  weight  gp  dv  times  the  elevation  h  above  some  level 
of  reference  is  known  as  the  potential  energy  of  the  element. 

Consider  now  a  finite  portion  of  the  fluid.  Let  S  denote  the  surface 
of  this  portion  at  a  certain  instant  t  (Fig.  41).  The  total  energy  E  of  the 
fluid  within  S  at  the  instant  t  is  defined  as  the  sum  (integral)  of  the  kinetic 
and  potential  energies  of  all  fluid  elements  within  ;S. 


/(!-%..) 


E  -  P  \    \-^  +  gh]dv  (21) 
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In  the  same  way  as  in  the  dynamics  of  a  partióle  the  time  rate  of 
change  of  this  energy  must  equal  the  rate  at  which  work  is  done  by  the 
forces,  other  than  gravity,  which  act  on  the  portion  of  fluid  under  con- 
sideration,  i.e.,  the  power  P  imparted  to  the  fluid  by  those  forces.  In  the 
case  of  a  perfect  incompressible  fluid,  P  is  nothing  else  than  the  rate 
at  which  work  is  done  by  the  normal  thrusts  which  the  fluid  outside  S 
exerts  on  the  fluid  within  S.  If  p  denotes  the  pressure,  the  thrust 
exerted  on  the  surface  element  dS  is  p  dS.  During  the  interval  of  time 
dt,  the  point  of  application  of  this  thrust  is  displaced  by  V  di  in  the 
direction  of  the  velocity  V.  In  order  to  obtain  the  work  done  by  the 
thrust  during  this  displacement,  the  thrust  is  multiplied  by  the  projec- 


± 
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tion  of  the  displacement  on  the  line  of  action  of  the  thrust.  With  respect 
to  the  sign  of  this  product,  it  should  be  remembered  that  the  thrust 
has  the  direction  of  the  inward  normal  of  the  surface  element  dS.  Since 
Vn  is  by  definition  the  velocity  component  in  the  direction  of  the  outward 
normal,  the  work  is  —pVndSdt.  The  total  work  done  by  the  thrusts 
acting  on  the  surface  S  is  accordingly  —dtjpVndS.  The  rate  at  which 
these  thrusts  work  is  obtained  by  dividing  this  expression  by  dt.  We 
therefore  have  the  following  equation: 


í  0^  +  ghj  dv=  -  j  pV.  dS  =  P 


^  =  P-^   I   [■^-^9h]dv=  -    ¡   pV^dS  =  P  (22) 


This  so-called  "energy  equation"  is  valid  for  an  incompressible  perfect 
fluid,  no  matter  whether  the  flow  is  steady  or  not.  It  does  not  include 
any  independent  statement  but  can  be  derivcd  by  formal  transformations 
from  Newton's  second  law  under  the  two  assumptions  that  the  inner  stress 
at  each  point  is  a  normal  pressure  p,  equal  for  all  directions,  and  that  the 
volume  of  each  fluid  partióle  remains  constant. 

Let  US  now  consider  the  particular  case  of  a  steady  flow.  Applying 
Euler's  rule  of  differentiation,  Eq.  (2),  Chap.  II,  to  /  =  V'^/2  +  gh,  we 
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find 


fi  +  ^^)  =  -¿ff  +  ^^) 


Henee, 


/(^...) 


dv  =  p 


/I(t  +  ^0^^  =  ^/ 


^¿(t  +  í^^)^^ 


cCS, 


cCSs 


In  Sec.  1  of  this  chapter  we  considered  the  volume  integral  of  pF  dVx/ds 

extended  over  the  región  enclosed  by  a  siirface  S.     Dividing  this  región 

into  stream  tubes  and  summing  the  contributions  of  these  stream  tubes 

it  was  proved  that  this  sum  has  the  valué 

ÍpVnVx  dS.     At  present  we  have  to  deal  with 

the  integral  of  a  similar  expression  in  which 

F^/2  +  gh  takes  the  place  of  Vx.     By  the  same 

reasoning,  it  can  be  shown  that  this  integral 

has  the  valué  p/F„(FV2  +  gh)  dS.     The  con- 

stant  density  p  has  been  written  in  front  of  the 

integral  since  we  are  at  present  dealing  with 

an  incompressible  fluid.     Applying  the  energy 

equation   (22)  to  a  steady  ñow,   we  obtain,   therefore, 


Stream  tube. 


P  í  Vn(^  +  ghj  dS  =  -   I  pVn  dS  =  P  (23) 

or,  collecting  all  terms  under  the  same  integral  sign  and  dividing  by  p, 


/F„g  +  ,/.  +  ^) 


+  gh-\-^]dS  =  O 


(23') 


The  expression  in  the  parentheses  in  (23')  is  the  same  as  that  occurring 
in  BernouUi's  equation.  In  fact,  let  us  apply  Eq.  (23')  to  a  stream  tube, 
allowing  the  surface  S  to  consist  of  two  cross  sections  dSi,  dS2  and  of  the 
tubular  surface  *S'  (Fig.  42).  As  on  *S'  the  normal  velocity  F„  is  zero,  the 
integral  of  (23')  reduces  to  the  two  terms  corresponding  to  dSi  and  dS2. 
We  thus  obtain  from  (23') 


^  (t + ^^^ + -T + ^"  ^^^  & + ^' + 'T 


o 


where  the  signs  (1)  and  (2)  refer  to  the  elements  dSi  and  dSi,  respectively. 
The  normal  velocity  V-^^  at  the  entrance  section  is  negative  and  F^^' 
at  the  exit  positive.  As  the  flux  pV  dS  is  constant  along  the  stream 
tube,  we  have  —pV^^^  dSi  =  pV^^  dSi.  The  foregoing  equation  there- 
fore yields 
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(24) 


which  is  identical  with  Bernoulli's  equation. 

In  the  case  of  a  quasi-steady  flow,  Eq.  (23)  is  still  valid  if  all  quanti- 
ties  VnV',  Vngh,  and  pVn  occurring  there  are  considered  to  be  mean 
valúes  instead  of  instantaneous  valúes.  This  can  be  proved  in  the 
same  way  as  the  corresponding  extensión  was  proved  in  the  preceding 
section  for  the  forces  and  moments.  Furthermore,  if  the  flow  under 
consideration  is  steady  or  quasi-steady  with  respect  to  a  moving  system  of 


FiG.  43. — Arrangement  of  control  surfaces  in  computation  of  propeller  power. 

reference,  the  use  of  Euler's  equation  in  the  form  (18)  leads  to  the  foUow- 
ing  form  of  the  energy  equation  equivalent  to  (23) : 


/n(^  +  í7A) 


dS  = 


VnV  dS  =  P 


(25) 


where  V'^  denotes  the  relative  normal  velocity  and  where  in  the  case  of  a 
quasi-steady  flow  mean  valúes  of  all  terms  must  be  used. 

The  foUowing  is  an  important  application  of  these  results.  Consider 
a  propeller  that  turns  with  constant  speed  in  a  tunnel  of  arbitrary  shape. 
In  order  to  obtain  an  expression  for  the  propeller  power  P,  that  is,  the 
rate  at  which  the  propeller  imparts  work  to  the  fluid,  choose  two  cross 
sections  1  and  2  of  the  tunnel,  thus  delimiting  a  section  1-2  of  the  tunnel 
that  contains  the  propeller  (Fig.  43).  The  curved  surface  of  this  part 
of  the  tunnel  will  be  denoted  by  3.  Consider  further  a  small  circular 
cylinder  4,  which  surrounds  the  propeller,  and  finally  cali  the  propeller 
surface  5.  Supposing  that  botli  the  flow  with  respect  to  the  tunnel  and 
the  relative  flow  with  respect  to  the  turning  propeller  are  quasi-steady,  we 
apply,  first,  the  energy  equation  (23)  to  the  (shadowed)  región  bounded 
by  the  surfaces  1,  2,  3,  4  and,  second,  Eq.  (25)  to  the  región  between 
the  cylinder  4  and  the  surface  5  of  the  propeller.     Summing  these  two 
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equations  and  dividing  by  p  we  find 

/  ^" (r + ^^' + p) '^'^ + /  ^" (t + ^^0 "^^^ ~\ ¡ ^"^"^^ 

(1,2,3,4)  (4,5)  (4,5) 

The  surface  4  appears  in  all  these  integráis.  But  the  outward  normal 
of  4  as  a  part  of  the  boundary  of  (1,2,3,4)  is  the  inward  normal  of  4  if 
considered  as  part  of  (4,5).  Therefore,  the  term  V„p/p  in  the  first  and 
—  Vnp/p  in  the  integral  to  the  right  cancel  each  other  as  far  as  surface  4  is 
concerned.     What  is  left  reads  in  rearranged  form 

/    yn(^^9h  +  ^^dS+  I  (7„  +  n)  (^  +  gh^  dS 

(4) 

/  ^«  (t  +  ^^0  dS  =  --Í  Vnp  dS     (26) 


(1,2,3)  (4) 

+ 


(5)  (5) 

The  expression  on  the  right-hand  side  of  (26)  is,  except  for  the  factor 
1/p,  the  propeller  power  P. 

Since  along  the  surface  3  the  normal  velocity  F„  is  zero,  this  surface 
does  not  furnish  any  contribution  to  the  first  integral  in  (26).  Similarly, 
the  relative  normal  velocity  V'^  being  zero  along  the  propeller  surface  5, 
the  last  left-hand  integral  is  zero.  Furthermore,  for  any  point  A  on  the 
surface  of  the  cylinder  4  the  absolute  velocity  can  be  obtained  by 
superposition  of  the  relative  velocity  at  A  and  the  velocity  that  A  would 
have  if  it  were  rigidly  connected  with  the  turning  propeller.  Clearly,  the 
latter  velocity  is  at  each  point  of  4  tangential  to  the  surface  of  the  cylinder 
4.  Along  this  surface  the  relative  and  absolute  normal  velocities  are 
therefore  equal  in  magnitude.  Since  for  the  two  regions  of  integration 
(1,2,3,4)  and  (4,5)  the  outward  normáis  of  the  cylinder  4  are  defined 
with  opposite  directions,  it  follows  that  Vn  -\-  V'^  —  O,  and  therefore  the 
second  integral  to  the  left  in  (26)  vanishes,  also.  What  remains  on 
the  left-hand  side  is  the  first  integral  extended  over  1  and  2  only. 
The  integral  to  the  right  is,  except  for  the  sign,  what  we  cali  P,  namely, 
the  power  imparted  to  the  fluid  by  the  propeller.  Denoting  by  (1)  and 
(2)  the  valúes  in  the  points  of  the  cross-sections  1  and  2,  we  thus  find 


/  [v. {^  +  gh-^  l)Y  dS.  ^I]^v.[^  +  gh  +  n^Y 


dS2  =  - 
P 


Multiplying  by  p  and  introducing  dQ  for  the  flux  through  a  surface 
element,  i.e.,  for  the  expression  —pV-^^  dSi  along  the  section  1  and 
pV[^^  dS-i  for  the  section  2,  we  finally  obtain 
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P=  j  (^  +  Sh+  p)  "'  dQ-  j  {^  +  gh  +  ^y ''  dQ       (27) 


or 


P  =  ¡{H,  -  Hy)g  dQ  (28) 


where  Hx  and  H^  are  the  valúes  of  the  total  head  (sum  of  velocity  head, 
elevation,  and  pressure  head)  at  the  entrance  and  the  exit,  respectively. 
0\ving  to  the  quasi-steady  character  of  the  motion,  the  time  mean  valúes 
of  the  integráis  and  of  P  are  meant  in  Eqs.  (27)  and  (28). 

These  equations  supply  a  remarkable  addition  to  BernoulH's  equation, 
which  states  that  in  a  steady  motion  H  does  not  change.  In  fact,  if  the 
flow  around  the  propeller  were  steady,  no  power  exchange  between  the 
fluid  and  the  propeller  would  be  possible.  The  quasi-steady  character 
of  the  motion  is  essential  in  producing  an  exchange  of  power.  In  a 
general  f orm  the  result  (27)  can  be  stated  as  f oUows :  If  a  perfect  fluid  in 
a  state  of  quasi-steady  flow  interferes  with  rigid  bodies  each  of  which  has  a 
steady  or  quasi-steady  motion,  then  the  time  average  of  the  power  exchanged 
between  the  fluid  and  the  rigid  bodies  equals  the  mean  valué  of  the  difference 
of  the  total  heads,  upstream  and  downstream,  integrated  over  the  ñuid  weight 
passing  per  unit  of  time  through  a  cross  section. 

This  result  is  often  derived  in  an  incorrect  way.  The  correct  proof 
requires  the  introduction  of  the  notion  of  quasi-steady  flow  and  the  use 
of  the  auxiliary  surface  4  in  Fig.  43. 

It  should  be  added  that  the  theorem  has  been  established  here  for 
incompressible  fluids  only.  In  fact,  in  the  form  given  the  energy  equa- 
tion is  valid  only  for  constant  p.  For  compressible  fluids  some  modi- 
fications  are  necessary,  an  indication  of  which  may  be  given  here,  without 
attempting  a  complete  proof.  In  the  expression  for  the  total  energy  E  a 
supplementary  term,  the  so-called  "inner  energy"  (or  expansión  energy) 
pe  dv  must  be  introduced  besides  the  kinetic  energy  pV- dv/2  and  the 
gravitation  energy  gph  dv  of  the  fluid  element.  Here  the  inner  energy  e 
per  unit  of  mass  is  defined  by  de  =  —pd{l/p).  The  rate  at  which 
work  is  done  by  the  thrusts  acting  on  a  portion  of  the  fluid  then  equals 
the  time  rate  of  change  of  the  expression  /p(F-/2  +  gh  +  e)  dv.  We  thus 
have 

^   í  P  í  ^'  +  ^/i  +  eVy  =  -  j   pVn  dS  (29) 

instead  of  (22).     Proceeding  as  in  the  foregoing,  we  find 

/  pVn  (j  +gh-^^dS=  -  j  pVn  dS 
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or 

/  P^"^  yj  +gh  +  e-hndS  =  0  (30) 

In   Sec.    II. 2   the   pressure  head  hp  was  defined  by  g  dhp  =  dp/p. 
Accordingly, 


or 


e  +  -  =  ghp  +  const. 
P 

By  substituting  this  in  (30)  it  is  seen  that  the  valué  of  the  constant  is 
unessential  since  /pF„  dS  —  0.     We  thus  find 


pVr, 


y  +  g{h  +  /ip) 


í¿5  =  O  (31) 


as  the  equation  replacing  (23)  in  the  case  of  a  compressible  fluid.  Since 
in  this  case  gH  is  defined  just  hke  the  expression  in  the  brackets  in  (31), 
a  way  similar  to  the  one  followed  above  would  lead  to  statement  (28) 
in  the  case  of  compressibility,  also.  It  may  be  added  that  the  energy 
equation  (29)  is  again  a  mathematical  consequence  of  the  equations  of 
motion  (Newton's  second  law)  under  the  assumption  of  puré  normal 
stresses  in  the  fluid. 

If  shearing  stresses  are  admitted,  an  additional  term  representing  a 
loss  of  total  head  appears  in  the  energy  equation  in  the  cases  of  compressible 
as  well  as  of  incompressible  fluids. 

Problem  9.  In  the  buckets  of  a  free  jet  wheel  a  jet  of  water,  coming  from  an 
altitude  H,  is  deflected  through  an  angle  /?.  The  wheel  has  a  circumferential  velocity  u 
smaller  than  the  jet  velocity.  Using  the  momentum  equation,  compute  the  forcé 
exerted  on  the  wheel  and  its  power.  Compute  also  the  velocity  of  the  water  that 
leaves  the  buckets,  and  prove  in  this  way  that  the  energy  equation  for  quasi-steady 
flow  is  fulfilled  in  this  case,  whatever  the  valúes  of  /3  and  u. 

*Problem  10.  Using  the  hints  given  at  the  end  of  Sec.  III. 5,  try  to  complete  the 
derivation  of  the  quasi-steady-flow  energy  equation  for  the  case  of  a  compressible  fluid. 


CHAPTER  IV 
PERFECT  AND  VISCOUS  FLUIDS.     TYPES  OF  FLOW 

1.  Viscosity.  So  far  we  have  dealt  almost  exclusively  with  perfect 
fluids  in  Avhich  the  stress  transmitted  across  any  surface  element  is  normal 
to  this  element.  The  next  step  in  the  approach  to  reality  will  be  the 
y  admission    of   shearing  stresses   of  a  certain 

. ^         nature.     As  has  been  pointed  out  in  Sec.  II. 2, 


_/ such  shearing  stresses  can  be  expected  when- 


-V-*/  ever  different  velocities  occur  in  two  neighbor- 


/  ing  stream  filaments,  the  stresses  tending  to 


~7^  *■         diminish  the  difference. 


v////y^//////////////////////  ^  As  the  simplest  example,  consider  a  two- 

FiQ.  44. — Viscous  flow  in  paral-    dimensional  incompressible  flow  with  parallel 
leí  straight  Unes.  gtraight  streamlines  (Fig.  44) .     In  the  plañe  of 

flow  assume  a  system  of  rectangular  coordinates  a:,  y  with  the  x-axis  parallel 
to  the  streamlines.  Since  the  stream  filaments  have  constant  width,  the 
velocity  Y  is  constant  along  each  streamline  and  thus  depends  on  y  only. 
The  derivative  dV /dy  constitutes  a  measure  for  the  rate  of  change  of  V, 
in  passing  from  one  filament  to  the  neighboring  filament.  With  respect 
to  the  shearing  stress  t  transmitted  between  neighboring  stream  fila- 
ments, the  simplest  assumption,  consistent  with  the  idea  jiist  outUned,  is 
that  of  proportionality  between  t  and  dV/dy,  that  is, 

dV 
'  =  ^dí  (1) 

Here  the  so-called  "coeíRcient  of  viscosity"  ju  is  a  physical  constant  of 
the  fluid  under  consideration.  As  the  quotient  of  this  coefficient  and 
the  density  p  occurs  frequently  in  the  formulas,  it  will  be  denoted  by  a 
sepárate  letter; 

v  =  f^  (2) 

p 

This  quotient  v  is  known  as  the  coefficient  of  kinematic  viscosity  or 
simply  the  kinematic  viscosity  of  the  fluid.  Since  the  shearing  stress 
has  the  dimensión  of  force/area  or  (mass  X  acceleration)/area  and  dV /dy 
that  of  velocity /length  or  1/time,  it  is  seen  that  the  coefficient  of  viscosity 
n  must  have  the  dimensión  of  mass/(length  X  time):  [/x]  =  ML~^T~K 
The  dimensión  of  the  kinematic  viscosity  v  is  obtained  by  dividing  that 
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of  fi  by  the  dimensión  of  the  density  p,  which  is  mass/volume.  Henee, 
[y]  =  L^T"^;  that  is,  v  has  the  dimensión  of  the  product  velocity  times 
length. 

For  diy  air  at  standard  pressure  and  59°F.  the  valué  of  p.  is  3.72  X  10~^ 
slug/ft.-sec.  With  the  exception  of  extremely  high  and  extremely  low 
pressures,  such  as  are  never  found  in  the  free  atmosphere,  the  coefiicient 
of  viscosity  of  air  /í  can  be  considered  as  independent  of  the  pressure. 
It  varies,  however,  with  the  temperature.  According  to  an  earher  for- 
mula by  Lord  Rayleigh  the  ratio  of  the  valúes  n'  and  ¡i"  at  the  absolute 
temperatures  T'  and  T",  respectively,  follows  the  law 


m 


(3) 


Consequently,  the  kinematic  viscosity  v  =  \ij p  can  be  found,  since  the 
equation  of  state  supplies  p' I p"  =  p'T" /p"T''. 


v"       p."  p'       \T")       \v') 


(30 


The  standard  valué  of  the  kinematic  viscosity  of  dry  air  is 

V  ^  1.57  X  10-"  ft.Vsec. 

A  more  recent  investigation  gives  for  p  in  slugs  per  foot-second  the 
empirical  expression^ 

(4) 


(ej:_459^^ 


where  0  is  the  temperature  in  degrees  Fahrenheit.  From  this  formula 
the  valúes  in  the  last  column  of  Table  1  have  been  computed.  Table  4 
and  Fig.  44a  show  how  v  decreases  at  higher  pressures. 

Table  4. — Kinematic  Viscosity  v  in  Ft.^/Sec. 
79o  =  2116.2  Ib. /ft.2  =  29.92  in.  Hg 
Valúes  of  »/  X  10^ 


^^^^e,  deg.  F. 

^"---...^^^ 

1-1 

32 

50 

68 

86 

104 

122 

P/Po^""\ 

1 

1.328 

1.422 

1.517 

1.615 

1.715 

1.818 

1.923 

10 

0.133 

0.142 

0.152 

0.162 

0.172 

0.182 

0.192 

20 

0.066 

0.071 

0.076 

0.081 

0.086 

0.091 

0.096 

It  is  worth  noting  that  the  kinematic  viscosity  of  water  is  lower 
than  that  of  air.  At  standard  pressure  and  temperature,  v  for  water  is 
about  10~^  ft.^/sec,  that  is,  only  about  one-sixteenth  the  valué  for 
dry  air.     With  increasing  temperature  the  viscosity  of  water  decreases 

1  MiLLiKAN,  R.  A.,  Ann.  der  Phys.,  41,  759  (1913). 
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rapidly.     Near  the  boiling  point  it  is  not  more  than  one-sixtieth  the  v  for 

air  at  the  same  temperature  and  pressure. 

Clearly,  Eq.   (1)  must  be  modified  in  case  of  more  general  types 

of  flow.     A  discussion  of  the  general  theory  of  viscous  fluids  is  beyond 

the  scope  of  this  book;  sufñce  it  to  say  that,  in  the  same  way  as  in  the 

simplest  case  airead}^  studied,  the  state  of  stress  at  any  given  point 

can  be  considered  as  produced  by  the 

superposition  of  pressures  p,  equal 

for  all  directions,  and  viscous  stresses. 

It  can  be  shown  that  for  general  tj^pes 

of  flow  the  viscous  stresses  cannot 

consist  of  shearing  stresses  only  but 

must  include  normal  stresses  as  well, 

this,  however,  in  such  a  way  that  the 

sum  of  these  normal  stresses  for  any 

three  orthogonal  directions  will  van- 

ish.     In  analogy  to  (1)  all  viscosity 

stresses  are  supposed  to  depend  line- 

arly  on  the  space  derivatives  of  the 

velocity  components,  and  no  physi- 

cal  constant  other  than  the  coefñcient 

of  viscosity  n  appears  in  these  rela- 

tions.     This  imphes,  first,  that  the 

shearing  stresses  are  given  as  theprod- 

ucts  of  M  and  certain  linear  expres- 

sions  in  the  space  derivatives  of  the 

10  20  30  40  50  60  70  80  90  100  lio  120   velocity    components    and,    second, 
Tempercifure,°r. 
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FiG.  44a. — Viscosity  of  the  air. 


that  the  normal  stresses  are  the  sum 
of  the  pressure  p  and  the  products 
of  \i  and  other  linear  expressions  in  those  derivatives.  In  the^  case  of  the 
flow  already  considered,  the  only  nonvanishing  derivativo  is  dV/dy.  We 
then  have  the  shearing  stress  t  =  ¡idV/dy  and  no  viscous  normal  stress  in 
the  X-  and  y-direction. 

The  main  fact  to  be  used  in  the  following  section  can  be  summarized 
in  the  statement:  The  f orces  due  to  viscosity  appear  as  products  of  ¡i  and 
expressions  that  have  the  dimensión  área  X  (velocity /length)  (derivatives 
of  the  velocity  components  with  respect  to  the  coordinates).  The 
complete  mathematical  analysis  of  these  principies  leads  to  a  system 
of  partial  differential  equations,  the  so-called  "  Navier-Stokes  equations," 
which  determine  the  distribution  of  velocity  and  pressure  in  a  viscous 
fluid  when  suitable  boundary  conditions  are  given. 

It  should  be  kept  in  mind  that  the  "viscous  fluid"  as  well  as  the 
"perfect  fluid"  are  idealizations.     In  introducing  the  viscous  fluid  the 
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presence  of  shearing  stresses  is  admitted,  and  thus  a  broader  hypothesis 
is  used,  which  can  be  expected  to  give  a  better  approximation  of  reality. 
However,  we  are  not  entitled  to  cali  "real  fluid"  what  is  still  only  an 
idealization.  In  this  book  the  term  will  be  used  only  when  reference  is 
made  to  observed  facts. 

Problem  1..  Compute  the  valúes  of  the  kinematic  viscosity  v  in  standard  atmos- 
phere  at  5,000,  10,000,  and  15,000  ft. 

Problem  2.  Between  two  parallel  plañe  plates  there  is  a  layer  of  lubricant  x^^j  in. 
thick.  The  viscosity  of  the  lubricant  is  /x  =  0.004  slug/ft.-sec.  If  one  píate  slides 
over  the  other  with  a  velocity  of  120  ft./sec.  and  if  the  lubricant  adheres  to  both 
plates,  find  the  shearing  stress  that  the  lubricant  exerts  on  the  plates.    {See  also  Prob.  7.) 

*Problem  3.  Find  the  law  according  to  which  the  temperature  in  the  atmosphere 
should  vary  with  the  altitude  in  order  to  render  the  kinematic  viscosity  of  the  air 
constant.     Use  Eq.  (3')  for  the  changa  of  p. 

2.  Law  of  Similitude.  Reynolds  Number.  The  theory  of  the 
Navier-Stokes  equations  which  control  the  motion  of  a  viscous  fluid  is 
beyond  the  scope  of  this  book.  However,  the  concepts  introduced  in  the 
preceding  section  make  it  possible  to  arrive  at  some  general  conclusions 
about  viscous  fluids  without  explicitly  using  these  equations. 

Consider  a  rigid  body  in  a  state  of  uniform  rectilinear  motion  through 
an  incompressible  viscous  fluid  at  rest.  In  order  to  obtain  some  Informa- 
tion about  the  forces  that  the  fluid  exerts  on  the  body,  the  inverso  flow 
may  be  studied  in  which  the  body  is  kept  at  rest  and  the  fluid  streams 
toward  it  with  a  velocity  V  equal  and  opposite  to  the  absoluto  velocity 
of  the  body.  Suppose  that  the  body  has  a  giren  shape  and  a  given  orienta- 
iion  with  résped  to  the  undisturhed  inverse  flow,  i.e.,  with  respect  to  the 
velocity  vector  as  observed  at  a  great  distance  in  front  of  the  body.  If, 
for  example,  the  body  has  the  form  of  a  circular  cylinder,  its  shape  can 
be  described  by  stating  the  ratio  of  radius  and  length  of  the  cylinder 
and  the  orientation  by  giving  the  angle  that  the  axis  of  the  cylinder  forms 
with  the  direction  of  the  velocity  V  of  the  undisturbed  flow.  Let  us 
neglect  the  influence  of  gravity  and  assume  that  any  forcé  which  the  fluid 
exerts  on  the  body  (of  given  shape  and  orientation)  depends  (1)  on  the 
nature  of  the  fluid  as  described  by  its  coefficient  of  viscosity  n  and  its 
density  p,  (2)  on  the  velocity  V  oí  the  undisturbed  flow,  and  (3)  on  the 
size  of  the  body.  In  speaking  of  a  forcé  exerted  by  the  fluid,  any  well- 
defined  component  F  of  the  resultant  of  the  stresses  that  the  fluid  exerts 
on  the  surface  of  the  body  will  be  meant;  for  example,  the  projection  of 
this  resultant  on  the  axis  of  the  cylinder. 

Since  the  shape  of  the  body  is  given,  its  size  can  be  stated  by  giving 
some  conveniently  chosen  linear  dimensión  I  oí  the  body.  In  the  case  of  a 
circular  cylinder,  possible  cholees  for  I  are  the  length,  the  diameter, 
the  radius,   the  perimeter  of  the  circular  cross  section,   etc.     As  the 
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fluid  is  supposed  to  be  incompressible,  th'e  density  p  is  constant.  The^ 
coeíficient  of  viscosity  ¡j,  is  always  considered  constant  tliroughout 
the  fluid. 

Using  as  the  fundamental  dimensions  those  of  mass  (M),  length  (L), 
and  time  (T),  the  dimensión  of  a  forcé  F  is  [F]  =  MLT~-.  We  now  ask 
for  combinations  of  ju,  P,  V,  í  having  the  same  dimensión  as  F.  The 
product  yL^pWH'^  has  the  dimensión 

To  make  this  the  dimensión  of  a  forcé,  one  must  have 

a  +  6  =  1,         —a  —  36  +  c  +  (¿  =  1,         —a  —  c  =  —2 

From  these  three  equations  the  exponents  h,  c,  d  can  be  expressed  as 
functions  of  a.  We  find  h=\—  a,  c  =  2  —  a,  d  =  2  —  a.  Thus  the 
expression 

A-a 


M"P' 


-ay2-al2-a    =    py2¡2  \Pjl\ 


has  the  dimensión  of  a  forcé,  no  matter  what  valué  is  given  to  the  expo- 
nent  a.  The  implication  is  that  any  expression  for  a  forcé  F  must  consist 
of  the  factor  pVW^  and  another  factor  which  is  a  combination  of  terms, 
each  being  the  product  of  a  constant  and  a  power  of  pVl/n.  Such  a 
combination  is  practically  an  arbitrary  function  of  pVl/p,  or  of  Vl/v. 
Instead  of  the  factor  l^  in  the  expression  pV-P  any  área  can  be  used  to 
characterize  the  size  of  the  body.  Let  us  cali  this  área  A,  and  let  us  cali 
2Cf  the  function  of  Vl/v.     Then 


F  =  ^  VUC,  0^\  =  qACi. 


(5) 


where  q  is  the  dynamic  pressure  corresponding  to  the  velocity  V.  The 
magnitude 

íl'  =  ^'  =  Re  (6) 

V  H 

is  knovvn  as  Reynolds  number.  The  function  Cf  in  (5)  is  called  the  forcé 
coefficient;  it  depends  on  the  Reynolds  number.  Both  Re  and  Cf  are 
dimensionless  quantities.  Note  that  Re  is  infinite  for  a  perfect  fluid 
motion  since  v  has  here  the  valué  zero. 

Equation  (5)  can  be  given  the  following  interpretation :  Assume  that 
we  are  experimenting  with  a  sct  of  circular  cylinders  of  a  given  shape 
(cylinders  with  the  same  valué  of  the  ratio  l/r).  The  cylinders  are  sup- 
posed to  have  the  same  orientation,  i.e.,  their  axes  are  supposed  to  form 
the  same  angle  a  with  the  direction  of  the  undisturbod  flow.     As  the 
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characteristic  área  of  a  cylinder  we  may  choose  its  cross-sectional  área  A ; 
as  the  characteristic  length,  its  length  /.  Experimenting  with  various 
velocities  V  and  with  fliiids  of  various  viscosities  /x  and  densities  p  {e.g., 
air  and  water,  or  air  at  diíTerent  temperatures  or  under  different  pres- 
sures),  each  time  the  valué  of  the  forcé  F,  which  the  fluid  exerts  on  the 
cylinder,  may  be  observed.     Equation  (5)  then  shows  that  the  quotient 

F  2F 

will  remain  constant  as  long  as  Re  =  Vl/v  keeps  its  valué.  In  other 
words :  In  order  to  ohtain  the  valué  of  the  forcé  F  for  any  combination  of  n, 
p,  V,  I  it  is  sufficient  to  perform  a  single  series  of  ezperiments,  keeping,  for 
cxample,  the  valúes  of  ¡x,  p,  and  I  constant  and  varying  only  V.  The  task 
of  coUecting  experimental  Information  concerning  F  thus  is  reduced  to  a 
single  sequence  of  experiments.  This  reduction  is  considerable  since, 
without  the  use  of  (5),  one  would  ha  ve  to  carry  out  a  four-dimensional 
manifold  of  experiments,  varying  /x,  p.  I,  and  V  independently. 

The  content  of  Eq.  (5)  can  be  stated  in  the  f ollowing  way :  //  a.  body 
of  givcn  shape  and  given  orientation  is  exposed  to  a  uniform  flow  of  an 
incomprcssihle  jiuid  {or  moves  with  constant  velocity  through  an  incompres-\ 
sihle  fluid  at  rest),  each  component  of  the  forcé  which  the  fluid  exerts  on  the 
body  can  be  cxpressed  as  the  product  of  the  dynamic  pressure,  a  certain  área 
of  reference,  and  a  coefficient  the  valué  of  which  depends  exclusively  on  the 
Reynolds  number  Re.  This  is  equivalent  to  the  statement  that  the  forcé 
coefficient,  i.e.,  the  quotient  F/qA,  in  any  case  depends  on  the  Reynolds 
number  and  on  the  shape  and  orientation  of  the  body.  Note  that 
numerical  valúes  of  the  Reynolds  number  and  of  the  forcé  coefficient 
have  no  precise  meaning  unless  it  is  stated  which  length  and  área  have 
been  chosen  as  reference  length  and  reference  área. 

The  argument  leading  to  Eq.  (5)  can  be  extended  in  the  following 
way,  to  give  important  information  about  the  stream  pattern  around  the 
body:  Let  P  be  a  point  whose  coordinates  x,  y,  z  with  respect  to  the  rigid 
body  are  given  in  terms  of  the  reference  length  / :  x  =  ^l,  y  =  r]l,  z  =  ^l 
where  ^,  rj,  f  have  given  valúes.  Consider  a  certain  component  v  oí  the 
velocity  at  P,  for  example,  its  a;-component.  Again  neglecting  the 
influence  of  gravity,  one  has  to  assume  that  this  velocity  component 
will  depend  on  p.,  p,  V,  I  only.  The  product  p'^pWH'^  will  have  the  dimen- 
sión of  a  velocity  if 

Accordingly, 

a  +  6  =  O,         —a  —  Zb  -\-  c  -\-  d  —  1,  —a  —  c  =  —i 
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or 

h  =  —a,         c  =  1  —  a,         d  =  —a 
The  expression 

lj,apayi-al-a    =    y  (p  —  j         =    V (Rc)-- 

therefore  has  the  dimensión  of  a  velocity  independently  of  the  valué  of  a. 
The  velocity  component  v  under  consideration  accordingly  equals  the 
product  of  V  and  a  function  of  the  Reynolds  number.  Since  the  stream 
pattern  (shape  and  arrangement  of  the  streamlines)  remains  the  same 
as  long  as  for  any  given  point  and  direction  the  ratio  v/V  is  constant,  we 
see  that  the  slream  pattern  dependa  exclusively  on  the  valué  of  the  Reynolds 
number. 

The  same  method  can  be  used  with  respect  to  quantities  other  than 
forcé  or  velocity  components.     Applying  it,  for  example,  to  the  moment 

of  the  forcé  with  respect  to  a  given  point  of 
the  body,  we  find  that  this  moment  must 
have  the  form  of  a  product  of  pVH^  and  a 
function  of  Re.  This  function  usually  is 
written  as  2C.v(7íe).  The  moment  then  ap- 
pears  as  the  product  of  the  moment  coefficient 
Cm  and  gA^-  or  qAli,  where  h  is  a  reference 
length  that  may  be  different  from  the  refer- 
ence length  used  in  forming  Re. 

Pressures  appear  in  our  problem  only 
as  differences  (for  example,  the  forcé  F  con- 
sidered  above  depends,  not  on  the  actual 
valúes  of  the  pressure  on  both  sides  of  the 
body,  but  rather  on  the  difference  of  these  valúes).  Denoting  the  pres- 
sure in  the  undisturbed  stream  by  po,  we  therefore  apply  our  method 
to  the  difference  p  —  po  oí  the  pressure  p  at  P  minus  the  pressure  po. 
Proceeding  as  bef ore  we  find  that  this  difference  can  be  written  as  the  prod- 
uct of  the  dynamic  pressure  q  and  a  function  of  Re. 

Introducing  the  concept  of  boundary  conditions  we  arrive  at  a  suitably 
general  statement  of  the  preceding  results.  According  to  this  concept 
a  particular  steady  flow  of  a  viscous  fluid,  i.e.,  a  particular  solution  of  the 
Navier-Stokes  equations,  is  determined  by  certain  boundary  conditions, 
viz.,  the  form  of  the  walls  A,  B,  C,  .  .  .  ,  which  the  flow  cannot  traverse, 
and  by  the  velocity  distributions  at  an  entrance  surface  1  and  at  an  exit 
surface  2.  (Fig.  45.)  The  velocity  valué  at  a  suitably  chosen  point 
of  the  entrance  and  a  particular  linear  dimensión  of  the  wall  are  used  as 
reference  valúes  for  determining  the  Reynolds  number  of  the  problem. 
From  the  boundary  conditions  of  the  flow  under  consideration,  boundary 
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conditions  of  a  second  flow  may  be  derived  by  multiplying  all  coordinates 
by  a  certain  factor  and  all  velocities  by  another  factor,  Boundary 
conditions  that  can  be  derived  from  one  another  in  this  way  are  said 
to  be  similar  conditions.  They  may  however,  have  different  Reynolds 
numbers. 

If,  for  two  stream  patterns,  the  similarity  relation  holds  not  onlj^ 
for  the  velocities  at  corresponding  points  of  the  boundaries  but  also  for 
the  velocities  at  corresponding  points  in  the  interior,  the  two  flows  are 
said  to  be  similar  flows.  The  result  of  the  f oregoing  argument  can  then 
be  expressed  in  the  following  way:  //  in  two  cases  of  steady  motion  of  a 
viscous  fluid  the  boundary  conditions  are  similar  and  if,  moreover,  the 
Reynolds  numher  has  the  same  valué  in  the  two  cases,  the  two  flows  will  he 
similar;  each  forcé  component  will  be  proportional  to  qA,  each  moment 
proportional  to  qAl,  etc.  If,  on  the  other  hand,  the  Reynolds  number  is 
different  in  the  two  cases,  we  may  have  different  stream  patterns  (and 
different  valúes  of  forcé  and  moment  coeíficients)  in  spite  of  the  fact  that 
the  boundary  conditions  are  similar. 

In  view  of  the  importance  of  this  theorem,  the  assumptions  under 
which  it  has  been  established  may  be  stated  once  more:  The  fluid  is 
incompressible;  the  coeíñcient  of  viscosity  fx,  is  constant  throughout  the 
fluid;  the  effects  of  gravity  are  negligible. 

An  important  restriction  of  the  range  covered  by  the  theorem  is 
indicated  by  the  following:  As  mentioned  before,  the  pressure  differences 
p  —  po  in  two  similar  flows  are  proportional  to  q.  Henee,  if  at  one  pair 
of  corresponding  points  of  the  two  flows  (e.g.,  at  infinity)  the  pressure 
has  equal  valúes,  it  may  happen  that  though  the  pressure  is  everywhere 
positive  in  one  flow  the  theory  leads  to  negative  valúes  at  some  points 
of  the  similar  flow.  Since  negative  pressure  valúes  are  physically  impos- 
sible,  the  similar  flow  cannot  be  realized  and  one  may  have  to  look  for 
another  solution  of  the  Navier-Stokes  equations. 

Problem  4.  A  sphere  of  4  in.  diameter  is  exposed  to  a  uniform  air  stream  of  the 
velocity  V  =  150  ft./sec.  Using  the  diameter  as  the  characteristic  length,  determine 
the  Reynolds  numbers  at  sea  level  and  at  an  altitude  of  20,000  ft.  in  the  standard 
atmosphere. 

Problem  5.  The  model  of  an  airplane  used  in  a  wind-tunnel  test  is  made  one- 
fifteenth  the  size  of  the  real  airplane.  Why  is  it  impossible  to  fulfiU  rigorously  the 
similitude  conditions  in  the  test  if  the  real  airplane  is  supposed  to  fiy  at  a  speed  of 
200  m.p.h.  and  if  the  testing  is  done  with  air  under  normal  pressure?  What  pressure 
in  the  wind  tunnel  should  be  used  if  the  highest  available  speed  is  180  m.p.h.? 

3.  Laminar  and  Turbulent  Motion.  From  the  mathematical  point 
of  view  any  particular  steady  flow  of  a  viscous  fluid  appears  as  a  par- 
ticular solution  of  the  Navier-Stokes  equations  for  steady  flow,  char- 
acterized  by  a  certain  set  of  boundary  conditions.     Only  in  a  very 
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restricted  number  of  cases  is  it  possible  to  overeóme  the  mathematical 
difficulties  of  determining  solutions  corresponding  to  given  boundary 
conditions.  One  of  these  cases  is  the  uniform  flow  in  a  cylindrical  tube 
of  circular  cross  section.  Denoting  the  average  velocity  by  V  and  the 
diameter  of  the  tube  by  d,  one  may  use  as  Reynolds  number  Re  —  Vd/v. 
Integration  of  the  Navier-Stokes  equations  then  furnishes  the  foilowing 
results:  (1)  The  velocity  is  everywhere  parallel  to  the  axis,  and  its  dis- 
tribution  over  the  diameter  of  the  tube  follows  a  parabolic  law  such 
that  the  máximum  velocity  occurring  in  the  axis  of  the  tube  equals 
tmce  the  average  velocity  V  (curve  a,  Fig.  46).  (2)  The  pressure  head 
is  constant  along  each  cross  section  and  decreases  at  the  rate 


V^  64 
2gdRe 


■?:-         or         -H 


7_  64 
jd  Re 


per  unit  of  length  of  the  tube.     In  these  expressions  the  factor  64/ñe  ia 
called  the  friciion  factor. 

Experiments  show  that  these  laws  for  the  motion  in  a  tube,  known  as 
Poiseuille's  laws,  are  in  accordance  with  the  observed  facts  as  long  as 
Re  does  not  exceed  a  certain  critical  valué  of  about  2000.     For  air 


Fio.  46. — Velocity  distrihution  over  tlie  cross  soctiotí  of  !i  pipe  iu  visnoiis  flow;  a,  laminar; 

h,  turhulciit. 


{y  =  1.57  X  10~^  ft.-/sec.)  and  a  tube  of  1  in.  diameter,  this  means  that 
the  average  velocity  should  not  exceed  3.77  ft./sec.  Beyond  the  limit 
set  by  this  critical  valué  of  the  Reynolds  number  the  behavior  of  a  real 
fluid  changes  radically.  (1)  The  velocities  are  much  more  uniformly 
distributed  over  the  cross  section,  the  máximum  velocity  being  only  a 
few  per  cent  greater  than  the  average  velocity.  Near  the  wall  of  the 
tube  the  velocity  decreases  very  rapidly,  assuming  the  valué  O  at  the 
wall  (curve  6,  Fig.  46).  (2)  The  friction  factor  computed  from  the  actual 
pressure  drop  {i.e.,  the  observed  decrease  in  pressure  head  per  unit 
length  of  the  tube  multiplied  by  2gd/V'^)  is  no  longer  inversely  propor- 
tional  to  Re  but  almost  constant,  or  rather  very  slowly  decreasing,  so  as 
to  become  about  200  times  as  great  as  Poiseuille's  valué  for  Re  =  500,000. 
(3)  The  motion  is  no  longer  strictly  steady  but  rather  quasi-steady 
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in  the  sense  defined  in  Sec.  III. 3.  The  velocity  disti'ibution  shown  by 
curve  h  of  Fig.  46  corresponds  to  time  averages  of  continually  fluctuating 
velocity  valiies.  Furthermore,  there  exist  small  fluctuating  velocity 
components  perpendicular  to  the  axis  of  the  tube.  The  flow  has  a 
turhulent  character,  thus  differing  entirely  from  the  steady  flow  along 
parallel  straight  streamlines  for  which  Poiseuille's  laws  can  be  derived 
as  a  consequence  of  the  Navier-Stokes  equations. 

The  latter  fact  indicates  that  the  theory  of  viscous  fluids  leading 
to  the  Navier-Stokes  equations  need  not  be  considered  incompatible  with 
observations  (1)  and  (2)  as  described  for  the  turbulent  flow.  It  is 
possible  that  the  mathematical  problem  defined  by  the  Navier-Stokes 
equations  together  with  the  given  set  of  boundary  conditions  admits 
of  a  second  solution,  distinct  from  the  strictly  steady  flow  studied  by 
Poiseuille  and  corresponding  to  a  quasi-steady  flow  which  is  in  agree- 
ment  with  the  experimentally  observed  distribution  of  the  time  averages 
of  velocity  and  pressure.  The  question  whether  this  is  the  case  or  not 
is  as  yet  undecided.  All  solutions  of  the  Navier-Stokes  equations  known 
to  date  correspond  to  so-called  ''laminar"  flows.  This  term  designates 
regular  and  smooth  steady  motions  which  do  not  show  the  irregular 
fluctuations  characteristic  of  turbulent  flows  and  of  which  the  Poiseuille 
flow  is  the  simplest  example. 

Let  US  now  consider  the  flow  of  a  perfect  fluid  in  a  cylindrical  tube 
of  circular  cross  section.  Assuming  that  the  fluid  entering  the  tube 
comes  from  some  región  (reservoir)  where  the  BernouUi  constant  H  has 
the  same  valué  throughout,  a  flow  with  the  same  H  at  all  points,  i.e., 
an  irrotational  flow,  must  be  expected.  In  the  case  of  parallel  straight 
streamlines  this  means  that  the  velocity  will  have  the  same  valué  at  all 
points  of  the  cross  section.  This  uniform  velocity  distribution  of  the 
perfect  fluid  flow  agrees  much  better  with  observations  under  turbulent 
conditions  than  the  velocity  distribution  of  a  laminar  viscous  flow.  To 
a  certain  extent  this  may  be  explained  by  the  fact  that  the  perfect  fluid 
can  be  considered  as  a  viscous  fluid  with  the  kinematic  viscosity  v  —  Q, 
thus  rendering  Re  =  <x) .  It  is  not  surprising  that  for  large  valúes  of  the 
Reynolds  number  the  actual  flow  pattern  approaches  in  a  certain  sense  the 
pattern  corresponding  to  a  perfect  fluid;  on  the  contrary,  it  would  be 
rather  surprising  if  the  parabolic  velocity  distribution  of  the  laminar 
flow  with  Fmax  =  2F  were  valid  for  no  matter  how  large  Reynolds 
numbers,  but  suddenly  changed  to  the  uniform  velocity  distribution  of 
the  perfect  fluid  for  Re  =  oo . 

If  these  results  are  extended  to  more  general  types  of  flow  (curved 
channels,  varying  cross  section,  etc.),  the  following  experimentally  con- 
firmed  facts  can  be  stated :  For  small  valúes  of  Re  (small  diameter,  small 
velocity,  or  high  viscosity)  the  flow  actually  is  steady;  the  streamlines  are 
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smooth,  nearly  parallel  to  the  walls,  and  the  velocity  increases  slowl}- 
from  its  zero  valué  at  the  walls  to  much  higher  valúes  in  the  interior;  the 
velocity  distribution  corresponds  more  or  less  to  Poiseuille's  parabolic 
law.  Most  practical  cases  of  flow  are  beyond  this  domain  of  laminar 
motion.  For  higher  valúes  of  Re  the  apparently  steady  flow  is,  in  fact, 
continually  changing  in  detall;  at  any  given  point  the  velocity  compo- 
nents  are  fluctuating  about  certain  mean  valúes  and  the  fluid  partióles 
move  along  wavy  paths.  If  the  small  fluctuations  are  disregarded  and 
attention  is  given  only  to  the  average  valúes  at  each  point,  there  appears 
a  marked  resemblance  to  the  irrotational  flow  pattern  of  a  pei-fect  fluid. 
The  mean  valúes  of  the  velocity  are  distributed  very  much  like  the 
instantaneous  velocities  in  a  perfect  fluid;  they  are  slowly  varying  up 
to  the  closest  neighborhood  of  the  walls  and  then  drop  to  zero  across  a 
very  thin  layer  (boundary  layer;  see  next  section).  This  turbulent  kind 
of  motion  is  encountered  in  practically  all  aeronautical  problems. 

There  exists  so  far  no  mathematical  theory  that  would  account  satis- 
factorily  for  the  actually  observed  types  of  fluid  motion.  Serious  dis- 
crepancies  between  the  facts  and  the  theory  of  both  perfect  and  viscous 
fluids  appear  in  almost  all  cases.  However,  in  accordance  with  what  has 
just  been  said,  there  is  a  way  out  of  these  difíiculties  that  enables  us  to 
handle  with  a  certain  degree  of  approximation  most  problems  that  are  of 
interest  in  aeronautics.  A  hypothesis  that  has  proved  to  be  sufficiently 
applicable  in  a  great  number  of  cases  is  that  the  fluid  motion  at  large, 
i.e.,  everywhere  except  in  the  immediate  neighborhood  of  rigid  bodies,  may 
he  considered  approximately  as  a  perfect  fluid  motion,  at  least  as  far  as 
the  velocity  distribution  is  concerned.  That  is,  the  virtually  steady 
mean  valúes  of  the  velocity  may  be  assumed  to  fulfill  the  mathematical 
relations  of  a  steady  perfect  fluid  motion.  Although  not  always  formu- 
lated  explicitly,  this  hydraulic  hypothesis  is  adopted  more  or  less  tacitly 
in  almost  every  analysis  of  a  real  fluid  motion.  For  example,  the  flow 
around  an  airfoil  in  a  wind  tunnel  is  doubtless  a  turbulent  flow  of  a 
viscous  fluid.  But  if  the  small  oscillations  are  disregarded,  the  remain- 
ing  steady  velocity  valúes  agree  very  well  with  those  computed  from  the 
theory  of  perfect  fluids  (Chaps.  VIII  and  IX). 

The  hydraulic  hypothesis  does  not  contend  that  the  viscosity  effects 
are  negligible.  On  the  contrary,  the  influence  of  viscosity  is  considered 
as  twofold.  In  the  neighborhood  of  the  walls  the  viscosity  is  supposed 
to  be  essential  in  producing  a  thin  boundary  layer  across  which  the 
velocity  increases  rapidly  from  the  valué  zero  at  the  wall  to  the  valué 
prevailing  in  the  free  stream.  There,  in  turn,  the  viscosity  is  rcsponsible 
for  the  continual  fluctuations  or  for  the  turbulent  character  of  the  motion. 
It  is  left  undecided  whether  the  instantaneous  (fluctuating)  velocities  of 
the  real  fluid  foUow  the  Navier-Stokes  equations  or  not.     The  hydraulic 
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hypothesis  states  only  that  the  mean  velocity  valiies  satisfy,  to  a  certain 
extent,  the  perfect-fluid  equations. 

In  most  cases  the  perfect  fluid  motion  that  is  considered  as  repre- 
senting  the  average  valúes  of  the  actual  velocities  is  irrotational.  It 
may  be  noted  in  this  connection  that,  in  the  case  of  an  incompressible 
fluid,  any  irrotational  velocity  distribution  is  in  agreement  with  the 
Navier-Stokes  equations.  Only  the  boundary  condition  of  vanishing 
velocity  at  the  walls  is  not  fulfilled  by  this  solution.  But  the  combina- 
tion  of  a  boundary  layer,  in  which  the  magnitude  of  the  velocity  drops 
rapidly  to  the  valué  zero  at  the  wall,  with  an  irrotational  steady  flow  in 
the  stream  could  supply  a  solution  of  the  Navier-Stokes  equations. 
However,  such  a  solution  would  still  not  account  for  the  turbulent 
fluctuations  of  the  velocity  in  the  free  stream,  ñor  would  it  cover  the 
case  of  a  compressible  fluid.  This  remark  shows  again  how  far  we  are 
from  a  complete  understanding  of  the  phenomena  involved. 

The  hydraulic  hypothesis  is  primarily  concerned  with  the  velocity 
distribution,  but  the  pressure  obtained  from  the  theory  of  perfect  fluids 
according  to  Bernoulli's  equation  agrees  in  general  also  with  the  observa- 
tions.  This  will  be  seen  in  more  detall  when  particular  problems  are 
studied. 

Problem  6.  In  the  steady  motion  of  a  fluid,  either  laminar  or  turbulent,  through 
a  long  cylindrical  pipe  line  there  will  be  a  drop  of  total  head  H  proportional  to  the 
axial  length.  If  J  is  the  drop  per  unit  of  length,  prove,  using  the  result  of  Sec.  2,  that 
the  factor 

2gJd 
J  yz 

can  depend  on  the  Reynolds  number  Vd/i>  only. 

Problem  7.  Two  parallel  plates  at  a  distance  h  move  in  the  same  direction,  parallel 
to  their  plañe,  with  the  velocities  Vi  and  V2.  Show  that,  under  the  assumption  of 
Eq.  (1),  the  velocity  distribution  for  a  viscous  fluid  between  the  two  plates  is  linear 
and  that  the  shearing  stress  acting  on  each  píate  equals  ±n{V2  —  Vi)/h. 

*Problem  8.  In  the  case  of  the  two-dimensional  motion  of  a  viscous  fluid  the 
shearing  stress  on  the  faces  of  an  element  ds  dn  is  given  by  the  equation 


which  replaces  Eq.  (1).     In  addition,  there  are  tensile  stresses  due  to  the  viscosity 

2/x— -         and         2fiV -^ 
ds  dn 

in  directions  ds  and  dn,  respectively  (for  the  notation  see  Sec.  II. 5).  Explain  these 
formulas,  and  apply  them  to  discuss  the  motion  in  concentric  circles  between  two 
cylinders  that  rotate  at  velocities  Vi  and  F2. 

4.  Continuous  and  Discontinuous  Motion.     The  hydraulic  hypothesis 
becomes  particularly  significant  in  cases  where  continuous  and  discon- 
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tinuous  flow  patterns  are  in  competition.  Of  course,  in  a  real  fluid  no 
actual  discontinuit}^,  in  the  strict  mathematical  sense  of  the  word,  will 
ever  exist.  Observing,  however,  the  flow  pattern  behind  a  cylinder 
immersed  in  water  one  often  sees  a  región  of  progressing  flow  distinctly 
separated  from  a  región  of  "dead  water"  where  the  fluid  essentially 
moves  "  on  the  spot."  To  a  certain  extent,  this  phenomenon  is  predicted 
by  the  theory  of  perfect  fluids,  as  may  be  seen  from  the  following  example. 
The  problem  of  the  two-dimensional  steady  irrotational  flow  of  a 
perfect  fluid  around  a  cylinder  of  elHptical  cross  section  can  be  solved 
under  the  assumption  that  the  ellipse  representing  the  cross  section  is 
one  of  the  streamhnes.  The  solution  yields  a  stream  pattern  as  indicated 
approximately  in  Fig.  47a  and  h.  There  are  two  stagnation  points 
C,  D  at  the  ends  of  the  axis  that  has  the  direction  of  the  undisturbed 
stream  and  two  points  A,  B  oí  máximum  velocity  at  the  ends  of  the  other 
axis.  Since  the  flow  is  irrotational,  the  Bernoulli  constant  H  has  the 
same  valué  for  all  streamlines.  We  therefore  have  mínimum  valúes 
of  the  pressure  at  the  points  of  máximum  velocity  (the  effect  of  gravity 
being  neglected).  If  pressure  and  velocity  in  the  undisturbed  stream 
are  denoted  by  po  and  Vo,  respectively,  the  pressure  corresponding  to  the 
máximum  velocity  Fmax  is  given  by 

Pmin    =    PO    -    I   (FLx    -     VI) 

Now,  in  an  irrotational  flow  V/R  —  dV/dn  =  O  as  shown  in  Sec.  II.4. 
Henee,  for  a  velocity  of  a  given  magnitude  V,  the  smaller  the  radius  of 
curvature  R  of  the  streamlines,  the  greater  the  space  rate  of  change  of 
velocity  in  a  dú'ection  perpendicular  to  the  streamlines.  Accordingly, 
in  the  case  of  Fig.  476  a  higher  valué  of  Fmax  is  to  be  expected  than  in  the 
case  of  Fig.  47a.  If  the  ratio  AB/CD  increases  more  and  more,  it  may 
happen  that  pmin  as  computed  from  the  foregoing  equation  drops  to  zero 
or  even  below  zero;  but  negative  pressures  cannot  occur  in  a  real  fluid. 
H.  V.  Helmholtz  showed  in  1868  that  in  such  cases  another  solution  of  the 
perfect  fluid  equations  exists,  viz.,  the  discontinuous  flow  shown  in  Fig. 
47c.  In  this  solution  only  a  part  of  the  elliptic  boundary  coincides  with  a 
streamline.  Then  a  región  of  still  water  called  wake  is  formed  behind 
the  obstacle.  As  the  boundary  of  the  wake  is  crossed,  the  magnitude 
of  the  velocity  jumps  from  the  valué  zero  prevailing  within  the  wake  to  a 
finite  valué  outside  the  wake.  Thus  the  velocity  distribution  is  discon- 
tinuous. A  fluid  motion  of  this  type,  very  often  observed  in  actual  flow, 
is  called  a  discontinuous  flow  or  Helmholtz  flow.  The  points  A  and  B 
where  the  boundaries  of  the  wake  detach  themselves  fiom  the  boundary 
of  the  body  are  known  as  scparation  points. 
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If  the  elliptical  cross  section  of  the  cylindrical  obstacle  degenerates 
into  a  portion  of  a  straight  Une,  that  is  the  cylinder  into  a  píate  set 
at  right  angles  to  the  stream  (Fig.  47c?),  the  continuous  flow  would 
have  infinite  velocities  at  the  edges  of  the  píate  independently  of  the 
magnitude  of  the  velocity  Vq  in  the  undisturbed  stream.  In  this  case 
a  discontinuous  flow  is  to  be  expected  and  actually  observed  under  all 
circumstances.  The  exact  nature  of  the  conditions,  however,  under 
which  the  discontinuous  ñow  pattern  takes  place  in  the  case  of  elliptical 


(a) 


(O  (d) 

Fig.  47. — Continuous  and  discontinuous  flow  patterns. 

cylinders  or  of  obstacles  of  a  more  general  form  has  not  yet  been  suffi- 
ciently  explored.  Some  aspects  of  this  question  will  be  discussed  in  the 
following  section.  A  general  result  of  the  observations  is  that  there  exists 
a  certain  tendency  toward  separation:  a  discontinuous  flow  is  already 
established  before  the  conditions  would  lead  to  negative  pressure  valúes 
in  the  continuous  flow.  For  example,  a  wake  develops  in  general  behind 
a  circular  cylinder  although  a  continuous  symmetrical  flow  with  positive 
pressure  everywhere  would  be  possible. 

It  has  been  observed  in  experiments  that  the  wake  behjnd  a  circular 
cylinder  extends  over  a  smaller  or  greater  portion  of  the  rear  of  the 
cylinder,  depending  on  the  valué  of  the  Reynolds  number.  This  is  not 
in  contradiction  to  the  hydraulic  hypothesis  since  the  theory  of  perfect 
fluids  furnishes  a  series  of  discontinuous  solutions  with  the  wake  extend- 
ing  over  an  are  of  the  circular  cross  section,  from  about  120°  up  to  250* 
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FiQ.    48. 


— Discontinuous 


flow. 


(see  Sec.  V.3  and  Fig.  58).  From  the  point  of  view  of  the  theory  of 
perfect  fluids,  the  problem  then  appears  as  a  stabüity  question.  This 
means  that  of  all  the  different  flows  compatible  with  the  conditions  of  the 

problem   the  most  stable  one  or  the  only 
stable  one  will  materialize. 

The  wake,  as  it  is  described  by  the  theory 
of  perfect  fluids,  consists  of  a  fluid  at  rest 
under  a  pressure  equal  to  the  undisturbed 
pressure  po  that  prevails  in  the  fluid  at  an 
infinite  distance  from  the  obstacle.  The  real 
fluid,  instead,  shows  a  región  where  the  fluid 
moves  vigorously  "on  the  spot"  without  pro- 
gressing  (Fig.  48)  and  where  the  pressure  is 
considerably  smaller  than  po-  This  pressure 
drop  increases  the  forcé  that  the  fluid  exerts 
on  the  body  (see  Sec.  V.3).  If  we  consider 
the  motion  in  the  wake  as  a  kind  of  oscillation 
Huperimposed  on  a  state  of  rest,  the  entire  stream  pattern  observed  around 
the  obstacle  corresponds,  in  the  sense  of  the  hydraulic  hypothesis,  to  the 
Helmholtz  motion  of  a  perfect  fluid. 

This  discontinuous  perfect  fluid  motion  is  irrotational.  Neither  the 
progressing  fluid  particles  ñor,  of  course,  those  at  rest  have  any  rotation. 
For  any  circuit  lying  entirely  in  the  wake  or  entirely  in  the  región  occupied 
by  progressing  fluid,  the  circulation  is  zero.  However,  for  a  curve  cutting 
across  the  boundary  of  the  wake  the  circulation  will  not  be  zero.  Con- 
sider, for  example,  the  circuit  indicated  in  Fig.  48.  The  part  ABC  within 
the  wake  does  not  give  any  contribution  to  the  circulation  since,  for  a 
perfect  fluid,  the  velocity  is  zero  here,  and  the  contribution  furnished  by 
the  part  CDA  is  mainly  negative.  The  circulation  along  this  circuit, 
therefore,  is  different  from  zero.  If  the  velocity  distribution  within  the 
circuit  were  continuous,  the  conclusión  would  be  that  the  fluid  within 
the  circuit  must  possess  rotation.  But,  in  Sec.  II. 5,  the  relation  between 
rotation  and  circulation  was  derived  in  a  way  that  does  not  hold  when 
the  velocity  distribution  within  the  circuit  is  discontinuous.  One  can, 
however,  formally  maintain  this  relation  by  attributing  a  finite  vorticity 
to  the  (mathematical)  points  at  the  boundary  between  wake  and  stream. 
The  boundary  is  then  considered  as  a  vortex  sheet,  i.e.,  an  infinitesimally 
thin  layer  of  fluid  consisting  of  particles  with  infinite  valúes  of  rotation. 
It  will  be  seen  in  Chap.  IX  how  this  concept  can  be  usefully  applied  to 
certain  problems. 

Resides  the  continuous  and  discontinuous  flows  past  a  cylinder  con- 
siderad so  far,  the  theory  of  perfect  fluids  furnishes  still  another  flow 
pattern  which  is  not  strictly  steady  but  can  be  described  as  a  periodic 
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motion  closely  connected  with  the  discontinuous  steady  flow.  In 
certain  cases  a  motion  can  be  observed  in  real  fluids  that,  though  not 
conforming  exactly  to  this  third  type  of  perfect  fluid  motion,  yet  cor- 
responds  to  it  in  the  sense  of  the  hydrauUc  hypothesis.  As  in  the  cases 
of  the  continuous  and  discontinuous  steady  motions  this  third  type  also 
shows  smooth  streamlines  in  front  of  the  obstacle.  In  the  rear,  however, 
one  finds  so-called  "single  vórtices"  (Fig.  49)  which  alternately  lea  ve 
the  obstacle  at  two  points  of  separation,  in  such  a  manner  that  a  definite 
period  of  time  elapses  between  the  formation  of  successive  vórtices. 
Here  the  term  vortex  is  misleading  insofar  as  this  type  of  motion  again 
is  irrotational.  There  exist,  however,  singular  points  of  the  velocity 
field  such  that  the  circulation  along  a  circuit  surrounding  one  of  these 
singular  points  is  distinct  from  zero.     In  the  neighborhood  of  such  a 


Fig.  49. — Vortex  street. 


singular  point  the  fluid  motion  is  of  the  circulating  type  discussed  in 
Sec.  II.5  and  therefore  irrotational.  However,  with  a  certain  modifica- 
tion  of  the  meaning  of  the  term  vortex  such  a  point  may  be  called  a 
vortex  point  and  a  line  that  passes  through  such  a  point  perpendicular 
to  the  plañe  of  flow,  a  vortex  line.  This  concept  will  be  discussed  in 
Sec.  VIII. 5.  As  the  vórtices  alternately  leave  the  obstacle,  they  move 
downstream,  forming  two  parallel  rows  of  equally  spaced  vórtices  of 
equal  and  opposite  valúes  of  circulation.  This  vortex  street  was  first 
observed  in  1908  by  H.  Bénard,  and  its  theory  was  given  in  1910  by 
Th.  V.  Kármán.  Kármán  not  only  showed  that  a  vortex  street  is  com- 
patible with  the  theory  of  perfect  fluids;  he  also  succeeded  in  carrying  out 
a  stability  investigation  with  the  result  that  the  arrangement  described 
in  the  foregoing  is  stable  only  if  the  ratio  between  the  distance  h  oí  the 
two  rows  and  the  distance  I  oí  two  consecutive  vórtices  of  the  same  row 
has  the  valué  0.281  (at  least,  at  a  certain  distance  from  the  obstacle). 
Experiments  are  in  good  agreement  with  this  theoretical  result. 
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To  sum  up,  it  may  be  stated  that  the  theory  of  perfect  fluids  supplies 
a  variety  of  solutions  for  the  flow  around  an  obstacle:  continuous  flow, 
discontinuous  flow  patterns  with  various  breadths  of  the  wake,  vortex 
street.  In  accordance  with  the  hydraulic  hypothesis,  each  of  these  solutions 
gives  an  approximate  picture  of  a  flow  pattern  that  can  be  ohserved  in  a  real 
fluid.  Which  of  these  patterns  takes  place  in  a  particular  case  is  a  ques- 
tion  that  has  not  yet  been  sufíiciently  cleared  up.  From  the  standpoint 
of  the  theory  of  perfect  ñuids  this  question  appears  to  be  one  of  stability. 
However,  the  viscosity  seems  to  play  a  certain  role,  and  it  may  be  that  in 
each  case,  i.e.,  for  each  valué  of  Reynolds  number,  only  one  definite  flow 
pattern  conforms  to  the  theory  of  viscous  fluids.  An  essential  concept 
of  this  theory  is  the  previously  mentioned  boundary  layer. 

Problem  9.  Show  that  if  in  the  case  of  a  Helmholtz  flow  of  a  perfect  fluid  (Fig. 
47c  or  d)  the  pressure  in  the  wake  equals  the  undisturbed  pressure  po,  the  coefficient 
of  the  forcé  acting  on  the  body,  referred  to  the  frontal  área,  cannot  be  greater  than  1. 
\Vhat  limit  is  set  to  this  coefficient  if  the  pressure  in  the  wake  is  known  to  be  not 
smaHer  than  po  —  tiq,  with  77  >  O? 

5.  Boundary  Layer.  In  a  perfect  fluid  motion  the  velocity  would 
keep  a  finite  valué  up  to  the  solid  walls  that  border  the  stream.  In  the 
laminar  motion  of  a  viscous  fluid,  both  the  theory  and  the  experimental 
evidence  show  that  the  velocity  drops  to  zero  at  the  walls  at  a  finite 
rate  which,  in  a  certain  way,  is  independent  of  the  valué  of  the  viscosity 
coefficient  v.  For  example,  in  the  case  of  the  Poiseuille  motion  in  a 
circular  tube  of  diameter  d  with  an  average  velocity  V,  the  rate  is  f  ound 
to  equal  SV/d.  If  the  Reynolds  number  of  the  flow  increases  more  and 
more  beyond  the  limit  that  is  set  to  a  laminar  flow,  the  velocity  distribu- 
tion  across  the  stream  must  approach  the  flow  pattern  of  a  perfect  fluid 
which  is  characterized  by  the  valué  00  for  Re.  This  means  that  at  high 
valúes  of  Re  the  velocity  will  rise  rapidly,  i.e.,  within  a  very  narrow  space, 
from  the  valué  zero  at  the  wall  up  to  the  valué  V  prevailing  in  the  free 
stream.  The  thin  fluid  layer  within  which  this  rapid  increase  takes 
place  is  called  the  boundary  layer.  Its  thickness  must  be  expected  to 
diminish  with  increasing  Re,  other  things  being  equal.  The  presencc 
of  a  boundary  layer  is  thus  connected  with  the  fact  that  the  motion 
in  the  free  stream  is  turbulent.  This  does  not  exelude  the  assumption 
that  the  motion  within  the  layer  follows  the  laws  of  laminar  flow. 

L.  Prandtl  was  the  first  to  recognize  the  great  importance  of  the 
boundary  layer  in  hydrodynamic  theory.  In  1905  he  started  the  investi- 
gation  of  the  following  problem:  The  free  stream  velocity  V  along  the 
border  line  of  the  stream,  not  necessarily  constant,  is  supposed  to  be 
given.  Furthermore,  this  velocity  V  is  assumed  to  be  connected  with 
the  pressure  p  by  Bernoulli's  equation  in  the  form  p  +  pV^/2  =  const. 
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so  that  the  pressure  valúes  along  the  wall  can  be  considerad  as  being 
known,  too.  Finally,  certain  initial  conditions  at  some  upstream  point 
of  the  wall  are  prescribed.  Consider,  for  example,  a  plañe  píate  immersed 
parallel  to  the  streamlines  of  a  uniform  flow  (Fig.  50) .  Here  the  stream 
velocity  V  and  therefore  the  pres- 
sure p  are  constant  along  the  bound- 
ary,  and  at  the  leading  edge  A  the 
initial  condition  is  that  the  velocity 
has  the  same  valué  right  up  to  the 
píate,  i.e.,  that  the  thickness  of  the 
boundary  layer  here  is  zero.  From 
these  data  the  theory  of  viscous 
fluids,  applied  to  the  fluid  in  the 
boundary  layer,  furnishes  the  veloc- 
ity profiles  (Fig.  50),  i.e.,  the  distri- 
bution  of  the  velocity  valúes  v 
across  the  boundary  layer,  rising  in 
each  cross  section  from  zero  at  the 
wall  to  V  in  the  free  stream.  In 
this  example  we  see  that  the  veloc- 
ity profile  is  flattened  out  as  we 
proceed  along  the  píate  in  the  direc- 
tion  of  the  stream;  i.e.,  the  bound- 
ary layer  increases  in  thickness  from  the  initial  point  toward  the  trailing 
end. 

In  order  to  give  a  definite  meaning  to  the  term  "thickness  of  the 
boundary  layer,"  one  may  choose  to  define  as  thickness  the  distance  8 
from  the  wall  to  a  point  where  the  velocity  v  =  0.94F  (the  results  would 
not  be  changed  considerably  if  a  slightly  different  factor  were  chosen 
instead  of  0.94).  It  is  then  found  that,  in  the  case  of  the  píate  immersed 
in  a  uniform  flow, 


Fig. 


50. — Velocity  profiles  of  the  boundary 
layer  along  a  flat  píate. 


3.65 


where  x  denotes  the  distance  from  the  leading  edge.  Thus  at  the  trailing 
edge  of  the  píate,  x  =  I,  the  máximum  thickness  of  the  boundary  layer 
has  the  valué 

~        3.65Z 


8i  =  3.65 


\7" 


\/Re 


(8) 


where  Re  =  Vl/v  is  the  Reynolds  number  referring  to  the  stream  velocity 
V  and  the  píate  length  1.  As  an  example,  consider  a  píate  1  ft.  long 
in  an  air  stream  of  F  =  30  ft./sec.  With  v  =  0.00015  ft.^/sec,  we  have 
Re  =  200,000  and  consequently  8i  =  0.0082  ft.  =  0.098  in. 
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The  velocity  distribution  having  been  found,  the  drag  can  be  com- 
puted  since,  according  to  (1),  the  shearing  stress  is  determined  by  the 
valué  of  dV/dy  taken  for  y  =  0.  The  formula  for  the  drag  will  be  given 
in  Sec.  V.5.  The  results  are  in  good  agreement  with  the  observations 
up  to  Reynolds  numbers  of  250,000  to  300,000. 

For  greater  valúes  of  the  Reynolds  number  Prandtl's  theory,  which 
leads  to  formula  (8)  for  8i,  fails  to  agree  with  the  observations.  In  this 
theory  it  is  assumed  that  the  free  stream  is  turbulent  so  as  to  follow, 
according  to  the  hydraulic  hypothesis,  approximately  the  laws  of  perfect 
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FiG.  51. — Velocity  profiles  of  the  boundary  layer  on  a  circular  cylinder. 

fluid  motion,  but  the  boundary  layer  is  supposed  to  be  laminar,  t.e.,  to 
correspond  to  a  regular  steady  solution  of  the  Navier-Stokes  equations. 
These  assumptions  seem  to  be  correct  only  up  to  a  critical  valué  of 
Re  '^  250,000.  Beyond  this  limit  the  flow  in  the  boundary  layer,  too, 
becomes  turbulent,  as  can  be  verified  by  careful  observation.  In  1921, 
Kármán  gave  a  half-theoretical,  half-empirical  solution  of  the  problem 
of  the  plañe  píate  in  a  uniform  stream  under  the  assumption  that  the 
boundary  layer  is  turbulent.  He  showed  that  in  this  case  the  thickness 
of  the  boundary  layer  increases  with  the  f  power  of  x  instead  of  the 
\  power  in  the  laminar  case;  the  drag  has  accordingly  to  be  computed 
by  a  diííercnt  formula  (which  will  also  be  given  in  Sec.  V.5).  This 
theory  is  in  accordance  with  observations  for  valúes  of  the  Reynolds 
number  greater  than  300,000  to  400,000.  Between  the  two  cases  there 
is  a  certain  región  of  transition  under  intermedíate  conditions. 

The  flat  píate  furnishes  the  simplest  example  in  the  theory  of  the 
boundary  layer.  Greater  difficulties  arise  in  less  simple  cases,  for 
example,  in  the  jiow  around  a  circular  cylinder  (Fig.  51).  Here,  which- 
ever  solution  may  be  considered  among  those  offered  by  the  theory  of 
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FiG.  52. — Stream  patteiu 
in  the  neighborhood  of  a 
separation  point. 


perfect  fluids,  the  stream  velocity  V  in  the  neighborhood  of  the  body 
is  not  constant.  In  the  case  of  the  symmetric  continuous  flow  around 
the  circle  one  has  F  =  O  at  the  stagnation  point  A ;  then  follow  increasing 
valúes  of  F  up  to  a  máximum,  reached  halfway,  and  finally  decreasing 
valúes  of  V  toward  the  rear.  According  to  Bernoulli's  equation  the  pres- 
sure  decreases  while  the  velocity  is  increasing  and,  conversely,  increases 
again  toward  the  rear  where  the  velocity  is  de- 
creasing. The  velocity  profiles  corresponding  to 
the  points  B  to  H  oí  Fig.  51,  computed  on  the 
basis  of  this  pressure  distribution  according  to 
Prandtl's  laminar  boundary-layer  theory,  show 
that  the  fluid  in  the  boundary  layer  gradually 
slows  down  between  E  and  H  until,  at  H,  negative 
velocities  are  obtained  in  the  proximity  of  the 
wall.  This  means  that  somew^here  in  front  of  H 
the  stream  mil  detach  itself  from  the  surface  of 
the  cylinder.  The  point  at  which  this  happens 
is  the  separation  point  G.  Beyond  this  separation 
point  the  velocity  in  the  immediate  neighborhood  of  the  wall  is  negative, 
as  in  the  flow  shown  in  Fig.  52. 

Thus  it  might  seem  as  if  the  boundary-layer  theory  might  furnish  a 
solution  of  the  separation  problem,  i.e.,  answer  the  question  under  what 
conditions  and,  in  a  given  case,  at  what  point  separation  sets  in.  But, 
so  far,  the  expectations  in  this  respect  have  not  been  fulfilled.  Whether 
a  laminar  or  a  turbulent  boundary  layer  is  assumed,  in  both  cases  the 
location  of  a  separation  point  can  be  found  only  when  the  pressure  distri- 
bution along  the  body,  at  least  up  to  the  critical  point,  is  known.  But 
how  can  one  determine  this  pressure  distribution?  It  was  seen  in  the 
preceding  section  that  the  perfect-fluid  theory  supplies  various  stream 
patterns  for  the  flow  around  a  circular  cylinder,  a  continuous  one  and 
discontinuous  patterns  with  various  separation  points,  etc.  In  the 
original  boundary-layer  theory  of  Prandtl  the  pressure  valúes  correspond- 
ing to  the  irrotational  continuous  flow  were  used.  But  the  result 
obtained  in  this  way  for  the  location  of  the  separation  point  did  not  agree 
with  the  experimental  evidence.  A  satisfactory  agreement  can  be 
reached  only  if  the  pressure  valúes  that  enter  into  the  boundary  layer 
computation  as  given  quantities  are  taken  from  actual  measurements. 
Although  this  is  certainly  a  confirmation  of  the  underlying  differential 
equations,  it  cannot  be  considered  as  an  answer  to  the  real  question. 

If  the  hydraulic  hypothesis  is  applied  to  this  problem,  one  may  per- 
haps  expect  a  solution  on  the  following  lines:  The  perfect  fluid  flow 
with  separation  at  a  certain  point  S  has  a  pressure  distribution  that. 
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when  introduced  in  the  boundary-layer  theory,  will  in  general  lead  to  a 
boundary  layer  that  separates  from  the  body  at  a  different  point  S' .  It 
maj^  happen  that  for  one  definite  choice  of  S  the  point  S'  computed  in  this 
Avay  will  coincide  with  S.  This  would  then  be  the  theoretically  deter- 
mined  location  of  the  separation  point.  It  may  even  be  that  two  differ- 
ent Solutions  of  this  kind  present  themselves  according  to  whether  the 
laminar  or  the  turbulent  boundary-layer  theory  is  used.  The  actual 
observations  on  circular  ejdinders  suggest  such  a  duplicity  (see  Sec.  V.3). 
The  present  situation  is  such  that  the  theoretical  determination  of  a 
separation  point  on  the  basis  of  the  boundary-layer  theory  has  not  yet 
been  carried  out.  The  only  cases  in  which  the  point  of  separation  can  be 
exactly  predicted  are  those  in  which  the  perfect-fluid  theory  leads  to  a 
unique  solution  (Helmholtz  flow)  as  in  the  case  of  a  sharp  or  nearly 
sharp  córner.  For  further  remarks  on  this  subject,  see  Secs.  V.3  and 
X.l. 

*Problem  10.  A  píate  extending  from  x  =  O  to  x  =  /  is  submerged  in  a  flow  that 
comes  from  the  left  with  the  velocity  F  at  a;  =  O  for  all  y.  Cali  v  the  x-component 
of  the  velocity  at  any  point  O  ^  x  ^  /,  ?/  ^  0.  Then,  using  the  momentum  equation 
and  relation  (1),  show  that  the  shearing  stress  at  any  point  of  the  píate  equals 


^'iM).^r'T.¡''^^-'^''y 


If  V  is  assumed  in  the  form  j;  —  F  X  /(t?)  where  j?  =  y/h  and  h  depends  on  x  only 
{i.e.,  all  velocity  profiles  equal  except  for  the  scale  of  y),  prove  that  the  valué  of  h  is 
determined  by 
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For  example,  with/  =  77  for»;  ^  land/  =  1  for  r;  ^  1,  the  boundary-layer  thickness /i 
would  become 

h  =  Vl2f  =  3.46  Vf 

almost  coinciding  with  Eq.  (7). 


CHAPTER  V 
AIR  RESISTANCE  OR  PARASITE  DRAG 

1.  Definitions.  Consider  a  body  with  two  planes  of  symmetry  ortho- 
gonal  to  each  other.  The  line  of  intersection  of  these  planes  is  called  an 
axis  of  symmetry.  If  the  body  moves  in  the  direction  of  this  axis 
through  a  fluid  at  rest,  the  normal  and  shearing  stresses  which  the  fluid 
exerts  on  its  surface  will  combine  to  a  resultant  forcé  of  which  the  line 
of  action  coincides  with  the  axis  of  symmetry.  This  forcé,  the  direction 
of  which  will  be  opposite  to  that  of  the  velocity  of  the  body,  is  called  air 
resistance  or  parasite  drag;  we  shall  denote  it  by  Dp.  In  Sec.  6  of  this 
chapter  the  notion  of  the  parasite  drag  will  be  extended  in  a  certain  way. 

According  to  Eq.  (5),  Chap.  IV,  the  parasite  drag  can  be  written  as 

Dp  =  Cp^V''A  (1) 

where  the  coefficient  of  'parasite  drag  Cp  depends  on  the  Reynolds  number 
and  on  the  shape  of  the  body  but  is  independent  of  its  size.  Unless 
explicitly  stated  otherwise,  we  use  as  the  área  of  reference  A  the  área 
of  the  projection  of  the  body  on  a  plañe  perpendicular  to  the  axis  of 
symmetry.  This  área  is  called  the  frontal  área  of  the  body;  in  most 
cases  it  coincides  with  its  greatest  cross-sectional  área.  The  reference 
length  used  in  forming  Re  will  be  indicated  in  each  particular  case. 

In  presenting  the  results  of  drag  measurements  it  is  often  useful 
to  compare  the  valúes  of  drag  found  for  bodies  of  various  shapes  with 
the  drag  of  a  body  of  some  standard  shape,  e.g.,  a  circular  disk.  Let 
Cp  be  the  drag  coefficient  corresponding  to  this  standard  shape  and  to  a 
specified  valué  of  Re.  The  parasite  drag  for  some  other  body  then  can 
be  written  as 

Dp  =  Cp^  FM  =  C¡,^V'^,A=  C'p^V'A'  (2) 

where  A'  =  ACp/C'p  is  called  the  equivalent  frontal  área.  It  equals  the 
frontal  área  of  a  body  of  the  chosen  standard  shape  that  has  the  same 
resistance  as  the  body  under  consideration. 

In  order  to  simplify  the  formula  for  Dp,  we  may  think  of  an  unspecified 
standard  shape  for  which  C^  would  have  the  valué  1.  Formula  (2) 
then  becomes 

Dp  =  ^^  V^A^  (3) 
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where  Ap  =  CpA  is  called  the  par  asile  área  of  the  body  whose  frontal  área 
is  A.  For  a  circular  disk  moving  perpendicular  to  its  plañe  the  parasite- 
drag  coefficient  does  not  differ  appreciably  from  1;  the  parasite  área 
therefore  is  approximately  the  área  of  an  equivalent  circular  disk. 

The  coefficient  of  parasite  drag  Cp  can  be  given  the  following  physical 
interpretation :  Introducing  the  dynamic  pressure  q  =  ipF-,  we  write 
(1)  as  Z>p  =  qCpA.     Henee 

C,  =  ^  (4) 

Now,  for  a  disk  moving  in  a  direction  perpendicular  to  its  plañe,  the 
parasite  drag  is  due  to  the  fact  that  the  pressure  on  the  front  side  is 
higher  than  the  pressure  on  the  rear  side.  The  ratio  y'  =  Dp/A  gives 
the  average  overpressure  on  the  front  side.  Accordingly,  the  coefficient 
Cp  =  Dp/qA  =  p'/q  is  the  ratio  of  the  average  overpressure  p'  to  the 
dynamic  pressure  q.  The  same  interpretation  applies  to  all  bluff  bodies, 
where  the  drag  is  largely  due  to  the  excess  of  pressure  on  the  front  side. 
For  slender  streamlined  bodies,  however,  the  shearing  stresses  transmitted 
by  the  fluid  are  largely  responsible  for  the  drag;  here  the  interpretation 
loses  its  physical  significance. 

In  the  following  sections  experimental  results  concerning  the  para- 
site drag  of  various  types  of  body  will  be  discussed.  The  Information 
regarding  the  valúes  of  Cp  in  dependence  of  the  valué  of  Re  and  the 
shape  of  the  body  will  be  useful  in  the  computation  of  airplane  per- 
formance (Chaps.  XIV  and  XVI).  Moreover,  a  comprehensivo  knowl- 
edge  of  the  aerodynamic  phenomena  connected  with  air  resistance  is 
fundamental  in  all  branches  of  flight  theory. 

2.  Bluff  Bodies.  The  term  bluff  body  will  be  used  to  denote  sharp- 
edged  bodies  opposing  a  plañe  or  flat  surface  to  the  stream.  A  typical 
representation  of  this  group  is  the  circular  disk  put  at  a  right  angle 
to  the  stream.  Here  the  discontinuous  flow  pattern  of  the  type  discussed 
in  Sec.  IV.4  will  take  place.  Behind  the  disk  a  broad  wake  is  observed 
(Fig.  48).  The  coefficient  of  parasite  drag  is  found  to  he  almost  inde- 
pendent  of  the  Reynolds  number,  at  least  within  the  range  covered  by 
experiments,  i.e.,  up  to  Re  =  5,000,000,  referring  to  the  diameter.  The 
first  significant  measurements  were  made  by  G.  Eiffel  at  the  beginning 
of  this  century.  Experimenting  with  disks  of  various  diameters  he  found 
an  average  valué  of  Cp  =  1.07.  More  recent  experiments  give  the 
average  valué  Cp  =  1.11,  which  is  widely  adopted  today. 

In  the  case  of  a  plañe  píate  of  any  form  the  drag  is  entirely  due 
to  the  excess  of  pressure  on  the  front  side.  The  physical  interpretation 
of  Cp  as  the  ratio  of  the  average  overpressure  on  the  front  side  to  the 
dynamic  pressure  is  therefore  applicable.     Now,  at  the  stagnation  point 
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on  the  front  side,  the  pressure  is  Ps  =  />o  +  Q,  where  po  denotes  the  pres- 
sure  in  the  undisturbed  stream  at  a  great  distance  in  front  of  the  píate, 
influence  of  gravity  being  neglected.  According  to  Bernoulh's  equation, 
the  pressure  will  be  smaller  than  ps  at  any  other  point  on  the  front  side. 
If  the  fluid  in  the  wake  were  entirely  at  rest,  a  condition  that  would 
correspond  to  the  behavior  of  a  perfect  fluid,  there  would  be  a  constant 
pressure  throughout  the  wake.  Behind  the  body  the  fluid  outside  the 
wake  reassumes  the  velocity  of  the  undisturbed  stream  and  therefore 
the  pressure  the  valué  po-  Consequently,  if  the  pressure  in  the  wake  is 
supposed  to  be  constant,  it  can  have  only  the  valué  po-  The  excess 
of  pressure  on  the  front  side  of  the  píate  would  have  the  máximum  valué 
Ps  —  Po  =  q  at  the  stagnation  point  and  smaller  valúes  at  all  other 
points.  It  follows  that  for  the  dis- 
continuous  flow  of  a  perfect  fluid 
around  a  plañe  píate  the  average  over- 
pressure  must  be  smaller  than  q  and 
the  coefñcient  of  parasite  drag  accord- 
ingly  smaller  than  1 .  The  exact  theo- 
retical  valué  of  Cp  for  a  circular  disk 
has  not  yet  been  determined ;  it  would 
probably  lie  between  0 . 8  and  0.9.  The 
difference  between  this  and  the  ob- 
served  valué  is  due  to  the  fact  that 
in  a  real  fluid  the  pressure  in  the  wake 
is  smaller  than  po,  equaling  about 
Po  —  O.Sq.  This  difference  in  pressure  is  due  to  the  fact  that  the  fluid  in 
the  wake  is  not  at  rest  but  in  a  vigorous  eddying  motion.  On  the  front 
side  of  the  disk  the  observed  pressure  distribution  is  in  good  agreement 
with  that  supplied  by  the  theory  of  a  perfect  fluid. 

For  a  rectangular  píate  the  valué  of  Cp  will  depend  on  the  ratio  of  the 
longer  side  a  to  the  shorter  side  b  oí  the  rectangle.  For  the  square 
(a/6  =  1)  the  drag  coefíicient  Cp  is  about  the  same  as  for  a  circle,  viz., 
Cp  =  1.05  for  Re  =  100,000  to  Cp  =  1.27  for  Re  =  700,000  (according 
to  the  results  of  G.  Eiffel).  For  a  very  slender  rectangle  (a/b —>  oo) 
the  drag  coefücient  tends  toward  2.  Results  obtained  by  K.  Wiesels- 
bergerO  are  represented  in  Fig.  53,  where  Cp  is  plotted  vs.  b/a.  In 
those  experiments  the  Reynolds  number  referred  to  a  was  about  50,000 
to  150,000. 

Eiffel  also  performed  experiments  with  two  parallel  circular  disks 
of  equal  diameter,  put  perpendicular  to  the  line  joining  their  centers 
(Fig.  54).     If  the  distance  /  of  the  disks  is  small,  the  total  drag  is  found 
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1  Gottinger  Ergebnisse,  2,  33  (1923). 
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to  be  smaller  than  that  of  a  single  disk  of  the  same  diameter  d.  It 
seems  that  the  presence  of  the  second  disk  reduces  the  amount  of  eddies 
formed  in  the  wake  and  thus  decreases  the  resistance.  For  l/d  =  O 
the  pair  acts  as  a  single  circular  disk,  giving  Cp  =  1.11.  With  increasing 
l/d  the  coefiicient  Cp  first  decreases.  For  l/d  =  1,  Cp  is  about  0.93. 
The  minimum  valué  Cp  =  0.78  is  reached  for  l/d  =  1.5,  Upon  increasing 
l/d  further,  higher  valúes  of  Cp,  for  example,  Cp  =  1.04  for  l/d  —  2 
and  Cp  =  1.52  for  l/d  =  3,  are  found.  For  l/d  ^^  oo  the  drag  of  the 
pair  of  disks  must  tend  toward  twice  the  drag  of  a  single  disk,  thus 
the  drag  coefiicient  toward  Cp  =  2.22. 
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FiG.  54. — Pair  of  disks.  Fig.  55. — Cup  anemometer. 

A  closed  hemisphere  with  the  plañe  side  opposed  to  the  stream  has 
a  drag  coeíficient  of  about  1.2,  not  much  different  from  that  of  a  disk. 
An  open  hemispherical  cup  turned  toward  the  wind  with  the  concave  side 
has  a  drag  coefiicient  of  about  1.35  to  1.40.  The  slightly  smaller  valué 
of  Cp  =  1.33  is  used  for  parachutes.  A  hemispherical  cup  with  the 
concave  side  at  the  rear  behaves  similar  to  a  sphere  (see  the  foUowing 
section),  the  drag  coeíficient  being  about  Cp  =  0.30  to  0.40.  NACA  tests 
with  anemometer  cups^  (Fig.  55)  gave  Cp  =  1.39  in  the  first  case  and 
Cp  —  0.28  in  the  second. 

For  a  circular  cylinder  moving  in  the  direction  of  its  axis  the  drag 
coeíficient  depends  on  the  ratio  of  length  I  and  diameter  d.  For  l/d  =  O 
it  has  the  same  valué  as  the  circular  disk,  Cp  =  1.11.  With  increasing 
l/d  the  valúes  of  Cp  first  decrease,  for  example,  Cp  =  0.91  for  l/d  =  1. 
The  minimum  valué  Cp  =  0.82  is  reached  for  about  l/d  =  2.5.  A 
further  increase  of  l/d  brings  an  increase  in  Cp,  probably  due  to  the  shear- 
ing  stresses  on  the  surface  of  the  cylinder.  For  l/d  =  7,  Eiífel  found 
Cp  =  0.97. 

Problem  1.  Assume  that  a  parachute  reaches  its  terminal  velocity,  where  the  air 
resistance  is  balanccd  by  the  weight,  near  sea  level.  If  the  gross  weight  (parachute 
+  load)  equals  250  Ib.,  how  large  must  be  the  frontal  área  if  the  terminal  velocity  is 
supposed  to  correspond  to  the  velocity  of  free  fall  from  10  ft.  altitude? 


1  NACA  Tech.  Rept.  513  (1935). 
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Problem  2.  What  influence  has  a  temperature  change  of  10°F.  on  the  limiting 
velocity  of  a  parachute  at  sea  level? 

*Problem  3.  How  can  the  rotational  velocity  u  of  an  anemometer  be  computed 
for  a  given  stream  velocity  V,  if  it  is  assumed  that  the  two  forces  acting  on  two  oppo- 
site  cups,  one  at  the  convex  and  the  other  at  the  concave  side,  are  in  equilibrium 
(see  Fig.  55)? 

3.  Round  Bodies.  The  term  round  body  is  used  to  denote  cylinders, 
spheres,  ellipsoids,  and  similar  bodies.  For  bluff  bodies  the  drag  coeffi- 
cient  Cp  was  seen  to  be  almost  independent  of  Re.  The  early  experiments 
of  G.  Eiffel  and  others  seemed  to  indícate  that  this  was  true  for  round 


■-Small  Re 


Región  ofiransifion 


Modérate  Re- 


Hi'ghRe 


R^ 


Fig.  56. — Drag  of  round  bodies. 


bodies,  also.  Later  experiments  apparently  confirmed  this  independence 
of  Cp  but  furnished  much  higher  numerical  valúes.  The  reason  for  this 
discrepancy  was  understood  when  Prandtl  extended  his  experiments 
over  a  larger  range  of  Reynolds  numbers.  It  was  then  seen  that  there 
exists  a  comparatively  narrow  range  of  Reynolds  numbers,  within  which 
Cp  drops  from  a  higher  valué  valid  for  modérate  Reynolds  numbers  to  a 
smaller  valué  valid  for  high  Reynolds  numbers.  We  thus  have,  for  all 
round  bodies,  two  regions  of  almost  constant  Cp,  separated  by  a  narrow 
región  of  transition  as  indicated  schematically  in  Fig.  56.  (For  rather 
small  valúes  of  Re  that  are  not  encountered  in  aeronautical  problems 
but  are  important  in  certain  problems  of  physics,  Cp  increases  rapidly 
with  decreasing  Re.  In  the  foUowing  this  región  of  small  Reynolds 
numbers  will  be  disregarded.)  The  behavior  of  the  drag  coeíficient 
suggests  that  two  different  stream  patterns  exist  which  occur  below 
and  above  the  región  of  transition,  and  probably  some  intermedíate 
patterns  in  the  región  of  transition.  As  the  location  of  this  región  is 
determined  by  the  valué  of  Re,  the  viscosity  of  the  fluid  must  play  a 
decisive  role  in  the  phenomenon.  According  to  recent  investigations 
the  flow  in  the  boundary  layer  is  laminar  for  modérate  valúes  of  Re 
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and  turbulent  for  high  valúes  of  Re.     The  wake  is  broader  in  the  first 
case  than  in  the  second,  thus  giving  rise  to  a  greater  drag. 

In  the  case  of  a  sphere,  if  the  diameter  is  used  as  the  reference  length, 
the  range  of  modérate  Reynolds  numbers  extends  from  Re  '^  20,000  to 
Re  '-^  200,000,  the  corresponding  valué  of  the  coefficient  of  parasite 
drag  being  Cp  '-^  0.5.  The  range  of  high  Reynolds  numbers  begins  with 
Re  '^  300,000.  The  corresponding  smaller  valué  of  Cp  was  determined 
as  0.2  by  earlier  investigators.  Today  a  valué  of  about  Cp  =  0.1  is 
believed  to  be  more  correct.  The  reason  for  this  great  difference  was 
found  in  the  fact  that  very  small,  apparently  insignificant  modifications 
of  the  suspensión  of  the  sphere  have  a  decisive  influence.  It  may  still  be 
0.8 


FiG.  57. — Drag  of  sphere  and  ellipsoid. 

advisable  not  to  rely  too  much  on  the  smaller  valué,  since  practical 
conditions  may  correspond  rather  to  the  conditions  under  which  Cp  =  0.2 
has  been  found.  Eiffel's  figures  as  well  as  those  of  the  NACA  are  cióse 
to  this  valué. 

Experimental  results  for  the  drag  coefficient  of  a  sphere  and  two 
types  of  ellipsoid  with  axial  symmetry  are  shown  in  Fig.  57.  The 
Reynolds  number  used  as  abscissa  refers  to  the  diameter  and  the  drag 
coefficient  to  the  área  of  the  máximum  circular  cross  section.  The 
almost  sudden  change  of  the  regime  is  seen  in  all  three  cases. 

Similar  conditions  prevalí  in  the  case  of  a  circular  cylinder  moving 
perpendicular  to  its  axis.  Here  the  Cp  vs.  7?e-curve  depends  on  the  ratio 
of  the  length  I  to  the  diameter  d.  For  valúes  of  l/d  between  5  and  30 
the  coefficient  Cp,  referred  to  the  diameter,  was  found  to  be  about  0.8 
to  1.2  for  modérate  Reynolds  numbers  below  about  500,000  and  between 
0.36  and  0.42  for  high  Reynolds  numbers.  With  increasing  l/d  the 
región  of  transition  moves  in  the  direction  of  increasing  Reynolds  num- 


Sec.  V.3] 


ROUND  BODIES 


101 


bers.  According  to  an  investigation  of  F.  Eisner,^  for  l/d  =  2.25  this 
región  extends  approximately  from  Re  =  100,000  to  Re  =  200,000;  for 
l/d  =  4.5,  from  Re  =  150,000  to  Re  =  300,000. 

It  has  been  mentioned  before  that  the  wake  is  broader  for  modérate 
Reynolds  numbers  than  for  high  Reynolds  numbers.  In  the  case  of  a 
circular  cylinder  it  has  been  observed 
that  the  separation  points  of  these  two 
stream  patterns  correspond  approxi- 
mately to  the  two  limiting  positions 
found  in  the  theory  of  perfect  fluids,  i.e., 
to  a  wake  extending  over  an  are  of  250° 
in  the  first  and  of  120°  in  the  second  case 
(see  Fig.  58).  In  the  región  of  transi- 
tion  between  these  two  flow  patterns 
intermedíate  positions  of  the  separation 
points  may  occur.  In  front  of  the  cyl- 
inder the  pressure  distribution  corre- 
sponds  largely  to  that  given  by  the 
theory  of  perfect  fluids.  In  the  rear  of 
the  cylinder  the  theoretical  pressure  in 
the  wake  equals  the  pressure  po  in  the 
undisturbed  stream.  Actually  the  pres- 
sure in  the  rear  is  smaller  than  po, 
because  of  the  violent  motion  in  the 

wake,  and  a  comparatively  large  part  of  the  drag  is  due  to  this 
underpressure.  As  in  the  flow  pattern  corresponding  to  modérate 
Reynolds  numbers  the  wake  is  broader,  it  is  understandable  that  here 
larger  Cp  valúes  occur  than  for  high  Reynolds  numbers,  where  a  flow 
pattern  with  a  narrower  wake  takes  place.  As  already  mentioned,  the 
transition  from  the  first  flow  pattern  to  the  second  has  been  brought 
in  relation  to  the  fact  that  the  boundary  layer  becomes  turbulent  at 
higher  Re.  Direct  observations  of  the  velocity  distribution  near  the 
cylinder  wall  seem  to  confirm  this  assumption. 


Fig.  58. — Wake  behind  a  circular 
cylinder  for  modérate  and  large  Rey- 
nolds numbers. 


Problem  4.  Two  spheres  of  diameters  3.8  and  7.8  in.,  respectively,  are  moving 
with  a  velocity  of  100  ft./sec.  under  standard  conditions  at  sea  level.  Assuming 
Cp  =  0.5  for  Re  =  200,000  and  Cp  =0.1  for  Re  =  400,000,  determine  which  of  the 
spheres  encounters  the  greater  air  resistance. 

Problem  5.  Determine  the  air  resistance  per  foot  of  length  of  a  taut  wire  of 
I  in.  diameter,  moving  perpendicularly  to  its  axis  with  a  velocity  of  250  m.p.h.  under 
standard  conditions,  at  sea  level  and  at  30,000  ft.  altitude. 


1  EisNER,  F.,  "  Widerstandsmessungen  an  umstromten  Zylindern,"  p.  13,  Berlin, 
1929. 
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4.  Streamlined  Bodies.  In  the  cases  of  bluff  and  round  bodies  the 
air  resistance  is  largely  due  to  the  underpressure  in  the  wake.  F.  W. 
Lanchester  was  the  first  to  draw  attention  to  this  fact  (1907).  He 
introduced  the  eoncept  of  the  streamlined  hody.  A  body  is  called  stream- 
lined if  the  flow  past  it  is  free  (or  practically  free)  of  discontinuity  surfaces 
separating  a  dead-air  región  from  the  stream.  Of  practical  importance 
are  mainly  two  types  of  streamlined  body,  cylinders  moving  perpendicular 
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FiG.  59.^ — Typical  streamlined  cross  sections. 

to  their  axis  and  bodies  of  revolution  proceeding  in  the  direction  of  the 
axis.  The  cylindrical  form  is  used  for  struts,  the  other  for  airships, 
airplane  fuselages,  and  sometimes  for  shells.  The  usual  sections  of 
both  forms  (normal  to  the  axis  in  the  case  of  the  cylinder  and  through 
the  axis  in  the  case  of  the  body  of  revolution)  are  of  a  very  similar  shape 
(see  Fig.  59).  The  sections  possess  one  axis  of  symmetry,  which  has 
the  direction  of  the  undisturbed  stream;  the  front  part  is  thicker  than 
the  rear  part,  which  is  more  or  less  pointed.  The  ratio  of  the  length  I 
to  the  greatest  thickness  t  is  called  the  fineness  ratio.  Usual  valúes 
of  this  ratio  vary  from  2  to  6.  For  well-designed  forms  the  drag  coeífi- 
cient  may  be  as  low  as  0.06  for  the  cylinder  and  0.04  for  the  body  of 
revolution. 

Table  5  gives  the  so-called  "offsets"  of  two  typical  forms  of  stream- 
lined bodies,  the  Navy  Strut  No.  1  and  the  C-Class  Airship  (Fig.  59). 

For  strut  sections,  fijieness  ratios  ranging  from  about  3.0  to  3.5  give 
the  smallest  valúes  of  the  coeíficient  of  parásito  drag.  For  bodies  of 
revolution,  the  corresponding  valué  of  the  fineness  is  about  2.1.  This 
means  that,  for  a  set  of  bodies  of  revolution  possessing  the  same  máximum 
thickness  t  and  the  same  offsets  2y/t,  the  body  with  l  =  2.lt  will  have 
the  least  resistance.  The  problem  of  determining  the  fineness  ratio 
of  a  streamlined  body  of  least  resistance  for  a  givcn  thickness  t  occui's 
in  the  design  of  nacelles,  wlierc  /  is  prescribed  by  the  dimensions  of  the 


Sec.  V.4] 


STREAMLINED  BODIES 


103 


engine  or  other  parts  to  be  accommodated  in  the  nacelle.  In  airship 
design,  however,  the  problem  is  rather  that  of  determining  the  fineness 
of  a  streamhned  body  of  least  resistance  for  a  given  volume  v.  Now,  for 
given  offsets,  the  volume  v  is  proportional  to  It^  or  to  t^f,  where  /  =  l/t 
denotes  the  fineness.     The  frontal  área  A  is  proportional  to  t^  or  to 

Table  5. — Offsets  for  Navy  Strut  No.  1  and  C-Class  Airship 
(For  notations  see  Fig.  59) 


2y/l 

2y/f 

x/l 

x/l 

Strut 

Airship 

Strut 

Airship 

0 

0 

0 

0.0125 

0.260 

0.200 

0.35 

1.000 

0.999 

0.0250 

0.371 

0.335 

0.40 

0.995 

0.990 

0.0.500 

0.525 

0.526 

0.50 

0.9.50 

0.950 

0.0750 

0.636 

0.658 

0.60 

0.861 

0.885 

0.100 

0.720 

0.758 

0.70 

0.732 

0.790 

0.125 

0.785 

0.835 

0.80 

0.562 

0.665 

0.150 

0.836 

0.887 

0.90 

0.338 

0.493 

0.200 

0.911 

0.947 

0.95 

0.190 

0.362 

0.250 

0.9.59 

0.982 

0.98 

0.078 

0.225 

0.300 

0.988 

0.998 

1.00 

0 

0 

v/P^.  For  given  dynamic  pressure  q  and  given  volume  v  the  drag 
D  =  Cp  qA  therefore  is  proportional  to  Cp/f^.  In  Fig,  60,  curve  A 
shows  the  dependence  of  average  Cp-values  on  the  fineness  /,  and  curve 
B  represents  the  expression  Cp/p^.     It  is  seen  that  for  the  curve  A  the 
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l'iG.  60. — Drag  of  airship  bodies. 

minimum  lies  at  about  /  =  2.1,  while  that  of  B  occurs  at  about  /  =  4.5 
and  is  less  pronounced  than  that  of  A .  This  means  that  the  streamlined 
body  of  a  given  volume  and  least  resistance  should  have  a  fineness  ratio 
of  about  4.5  and  that  even  considerably  more  fineness,  for  example, 
6  or  7,  will  not  appreciably  increase  the  resistance  per  unit  of  volume. 
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A  similar  problem  arises  in  the  determination  of  the  best  valué 
of  the  fineness  ratio  of  streamlined  wires.  Sinee  a  wire  of  circular 
cross  section  (circular  c^vllnder  of  great  length)  in  most  practical  cases 
would  still  be  within  the  range  of  modérate  Reynolds  numbers  and 
thus  would  encounter  the  high  resistance  corresponding  to  Cp  =  1.2, 
the  use  of  special  wire  with  streamlined  section  is  advisable.  Here 
the  problem  is  to  determine  the  fineness  ratio  of  a  wire  of  smallest 
resistance  for  a  prescribed  tensile  strength,  i.e.,  for  a  given  cross-sectional 
área.  For  given  offsets,  the  cross-sectional  área  A'  is  proportional 
to  It  or  to  t-f,  where  /  again  denotes  the  fineness.     The  frontal  área  A 
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FiG.  61. — Drag  of  streamlined  wire. 

of  a  definite  length  of  wire  is  proportional  to  t  or  to  A'/\/f.  For  a  given 
dynamic  pressure  q  and  given  cross-sectional  área  the  drag  D  =  CpqA 
is  therefore  proportional  to  Cp/-\/f.  In  Fig.  61  curve  A  represents 
valúes  of  Cp  and  curve  B  the  corresponding  valúes  of  Cp/-\/f.  It  is 
seen  that  the  mínimum  of  the  curve  B  is  situated  at  about  /  =  4.  This 
fineness  ratio  actually  is  adopted  for  streamlined  wires.  However,  the 
experimental  basis  for  this  computation  is  far  from  satisfactory.  The 
observed  valúes  scatter  considerably;  they  depend  on  surface  properties 
and  are  very  sensitive  to  the  exact  attitude  of  the  axis  of  the  cross  section, 

For  well-streamlined  strut  sections  of  a  fineness  3  to  4  the  coeíRcient 
of  parasite  drag  Cp  can  be  taken  as  about  0.08  at  a  Reynolds  number, 
based  on  thickness,  in  the  range  of  about  100,000  to  200,000.  Stream- 
lined wires,  of  much  less  perfect  form  and  working  under  smaller  Rey- 
nolds numbers,  practically  have  Cp  valúes  up  to  0.2  and  0.3  and  more. 

The  smallest  valúes  of  the  coefficient  of  parasite  drag  so  far  observed 
are  those  of  well-designed  bodies  of  revolution.  For  a  fineness  ratio  of 
2.0,  valúes  as  low  as  Cp  =  0.04  have  been  found.  This  means  that  the 
parasite  área  amounts  to  only  4  per  cent  of  the  greatest  cross-sectional 
área.  The  valué  0.04  applies  to  big  rigid  dirigibles  the  form  of  which 
can  be  made  to  correspond  perfectly  to  the  offset  valúes  of  the  design. 
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The  case  of  airplane  fuselages  wili  be  discussed  in  Sec.  6  of  this  chapter. 
While  the  drag  of  bluff  and  round  bodies  is  almost  entirely  due  to  the 
excess  of  pressure  on  the  front  side,  an  essential  part  of  the  drag  of  stream- 
Uned  bodies  originates  in  the  shearing  stresses  that  the  fluid  exerts  on 
the  surface  of  the  body.  The  consequence  is  that  the  drag  increases 
more  slowly  than  with  the  second  power  of  the  velocity.  In  other  words, 
the  drag  coefñcient  is  not  independent  of  the  Reynolds  number,  but 
slightly  decreasing.  A  usual  assumption,  based  on  various  experi- 
ments,  is  that  Cp  decreases  proportional  to  (Re)'"  with  n  =  0.1  to  0.15. 
This  means  a  drop  of  Cp  oí  20  to  30  per  cent  when  Re  is  increased  ten 
times. 

Problem  6.  A  straight  strut  of  12  ft.  length  moves  perpendicular  to  its  axis  at 
300  ft./sec.  near  sea  level.  If  a  circular  cross  section  of  4  in.  diameter  is  used  in  one 
case  and  a  streamlined  section  of  3.2  in.  máximum  thickness  in  another  case,  what  is 
the  difference  in  drag  and  in  the  amount  of  power  required? 

Problem  7.  Determine  the  best  dimensions  of  an  airship  body  of  150,000  ft.', 
and  compute  the  actual  valué  of  the  drag  and  the  power  required  for  a  cruising  velocity 
of  110  ft./sec.  at  an  altitude  of  8000  ft. 

*Problem  8.  A  small  bomb  of  6  Ib.  weight  and  6.8  in.^  cross  section  has  a  parasite- 
drag  coeííicient  Cp  =  0.38.  At  each  moment  the  difference  between  air  resistance 
and  drag  determines  the  vertical  acceleration.  Compute  the  velocity  of  the  bomb 
when  it  strikes  sea  level  after  being  released  at  the  altitude  hi  =  10,000  ft.  Assume 
that  the  relation  between  density  ratio  <t  and  altitude  h  can  be  approximated  by  the 
hyperbolic  law 

_  gi^i 

h{l  —  ai)  +  ffihi 

where  <ri  is  the  tr-value  at  h  =  hi. 

5.  Skin  Friction.  In  the  case  of  a  flat  píate  moving  in  its  own  plañe 
the  drag  is  entirely  due  to  the  shearing  stresses  that  the  fluid  exerts 
on  the  surface  of  the  píate.  A  drag  of  this  nature  is  called  skin  friction. 
The  amount  of  skin  friction  developed  on  both  sides  of  the  píate  can  be 
determined  by  means  of  the  boundary-layer  theory  discussed  in  Sec.  IV.5. 

Let  US  consider  a  rectangular  píate  of  length  I  (in  the  direction  of  the 
flow)  and  breadth  b  and  suppose  that  the  relative  motion  of  the  fluid 
with  respect  to  the  píate  is  two-dimensional,  the  plañe  of  flow  being 
perpendicular  to  the  píate.  According  to  Prandtl's  theory  of  the  laminar 
boundary  layer,  as  discussed  in  Sec.  IV.5,  the  velocity  distribution  in  the 
neighborhood  of  the  píate  can  be  computed  on  the  basis  of  the  Navier- 
Stokes  equations.  From  this  velocity  distribution  the  derivative  dV/dy 
of  the  velocity  V  in  the  direction  normal  to  the  píate  is  determined 
along  the  surface  of  the  píate,  and  the  shearing  stresses  r  that  the  fluid 
exerts  on  the  píate  are  then  found  from  t  =  n{dV/dy)y^o.  Finally,  the 
drag  of  the  píate  is  obtained  by  integrating  these  shearing  stresses.  The 
result  of  the  computation,  which  cannot  be  reproduced  here,  is 
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(5) 


In  this  formula  the  factor  2  in  front  of  the  integral  sign  is  necessary 
because  the  fluid  exerts  the  shearing  stresses  r  =  iJi(dV/dy)y=,o  on  both 
sides  of  the  píate.  For  a  suitable  definition  of  the  coefí^icient  of  parasite 
drag  Cp,  the  área  of  the  "wetted  surface"  of  the  píate,  A  =  2hl,  can 
be  used  as  reference  área.     The  drag  coefRcient  then  is  obtained  as 


C  T>      


2Z), 


=  1.33 


/  n    ^   1.33 
y¡pVl       WR-e 


(6) 


pV'A       —  MpVl       ^R-e 

This  result  is  found  to  agree  well  with  the  experimental  evidence  up  to 
valúes  of  the  Reynolds  number  of  about  250,000  to  300,000. 
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At  greater  valúes  of  the  Reynolds  number,  formula  (6)  fails  because 
the  boundary  layer  becomes  turbulent.  Kármán's  theory  mentioned  in 
Sec.  IV.5  furnishes  the  drag  coeíRcient 


C  7) 


2i)p 
pVA 


0.072 

5/75~ 

V/ce 


(7) 


In  a  more  recent  discussion  based  on  rather  general  laws  of  turbulence 
Kármán  proposed  a  more  exact  relation  between  Cp  and  Re^ 


0.242 

Vc'p 


logio  {CpRe) 


(8) 


For  Re  =  4,000,000,  formula  (7)  gives  Cp  =  0.00344;  formula  (8), 
Cp  =  0.00342.  These  valúes  are  in  cióse  agreement  with  experimental 
results  (Fig.  62).     The  phenomenon  is  further  complicated  by  the  fact 
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that  for  a  sufñciently  long  píate  the  boundary  layer  is  laminar  near 
the  leading  edge  and  only  at  some  distance  from  the  leading  edge  becomes 
turbulent.  With  increasing  velocity  of  the  free  stream  the  point  at 
which  this  transition  from  the  laminar  to  the  turbulent  boundary  layer 
takes  place  shifts  toward  the  leading  edge  of  the  píate. 

The  formulas  just  given  enable  us  to  estímate  the  order  of  magnitude 
of  the  skin-friction  coefficient  for  a  wetted  surface  that  behaves  approxi- 
mately  as  a  flat  píate,  for  example,  a  slender  symmetrical  profile  or  the 
cúter  surface  of  a  fuselage  (see  the  following  section). 

The  skin  friction  obviously  cannot  be  independent  of  the  roughness 
of  the  wetted  surface.  At  first  glance,  this  statement  seems  to  contradict 
the  fact  that  for  a  given  shape  the  drag  coefficient  depends  only  on  the 
Reynolds  number.  But  the  roughness  of  the  surface  of  a  body  has  to  be 
considered  as  a  part  of  its  shape.  The  law  of  similitude  as  developed  in 
Sec.  IV. 2  states  that,  independent  of  the  size  of  a  body,  the  drag  coefficient 
does  not  change  as  long  as  the  valué  of  the  Reynolds  number  and  the 
shape  of  the  body  remain  exactly  the  same.  This  means  that  the  relative 
roughness  counts,  i.e.,  the  ratio  of  the  dimensions  of  the  irregularities 
of  the  surface  to  the  characteristic  length  of  the  body.  The  Cp-values 
already  given  correspond  to  practically  smooth  surfaces,  where  the 
relative  roughness  is  negligible.  Experience  shows  that  in  the  case 
of  a  laminar  boundary  layer  the  drag  coefficient  is  almost  independent 
of  the  relative  roughness.  With  a  turbulent  boundary  layer  the  drag 
coefficient  increases  with  the  relative  roughness. 

Problem  9.  A  plañe  píate  of  length  I  and  of  5  ft.  width  across  the  stream  is  subject 
to  a  uniform  flow  at  a  speed  of  120  ft./sec.  in  the  direction  of  /.  Decide  to  what 
length  I  the  boundary  layer  can  be  considered  to  be  laminar.  Compute  the  drag  in 
this  case.     Assume  air  under  standard  conditions. 

Problem  10.  The  side  walls  of  an  airplane  fuselage  have  an  average  height  of 
8  ft.  and  a  length  of  40  ft.  Compute  the  skin  friction  and  the  amount  of  powor 
required  at  velocities  of  200  and  300  ft./sec,  respectively,  at  altitudes  of  10,000  and 
30,000  ft. 

*Problem  11.  Prove  that  under  the  assumptions  of  Prob.  10,  Chap.  IV,  the  drag 
coefficient  of  a  píate  immersed  in  uniform  stream  equals 


7,  =  2  V' 


2k-/'(0) 
Re 

Show  that  on  the  assumption  f  =  v  the  result  agrees  very  well  with  the  valué  observed 
in  laminar  flow  but  that  an  indefinitely  small  change  in/,  for  example, 

(O  QQ\™ 
^^^^  j     for  r,  >  0.99 

may  increase  Cp  up  to  oo. 

6.  Parasite  Drag  of  Major  Airplane  Components.     With  a  view  to 
practical  airplane  design  the  notion  of  parasite  drag  can  be  extended  in 
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the  following  way.  A  body  may  not  fulfiU  exactly  the  symmetry  con- 
ditions  stated  at  the  beginning  of  Sec.  1  of  this  chapter  but  still  may 
experience  an  air  reaction  similar  to  an  air  resistance,  or  drag,  when 
moving  with  uniform  velocity  in  a  rectilinear  path  throiigh  a  bulk  oí 
air  at  rest.  That  is,  the  normal  and  shearing  stresses  that  the  air  exerts 
on  the  surface  of  such  a  body  may  be  equivalent  to  a  resultant  forcé 
practically  parallel  to  the  velocity  vector.  This  forcé  is  then  called 
the  parasite  drag  of  the  body  under  consideration,  and  the  notions  of 
parasite-drag  coefficient  and  parasite  área  are  applied  in  the  way  explained 
in  Sec.  1.  The  designer  is  interested  in  getting  Information  that  enables 
him  to  estímate  the  parasite  drag  of  the  complete  airplane. 

The  most  conspicuous  part  of  an  airplane — except  for  wings  and 
propellers,  which  will  be  considered  separately — is  the  fuselage.     The 


FiG.  63. — Fuselage  models. 


FiG.  64. — Body  with  appendage. 


parasite-drag  coefficient  of  an  average  fuselage  moving  parallel  to  its 
longitudinal  axis  is  generally  greater  than  that  of  a  streamlined  body  of 
revolution  of  similar  shape  because  of  the  inevitable  deviations  from  the 
ideal  streamlined  form.  For  large  planes  this  discrepancy  is  less  sig- 
nificant  than  for  small  planes. 

Figure  63  shows  the  longitudinal  sections  of  two  ideal  airplane-body 
models,  one  mth  circular  and  one  with  square  cross  section.  Both  had 
the  same  frontal  área  A  of  about  21  sq.  in.  and  were  tested^  at  a  Reynolds 
number,  based  on  -y/A,  oí  about  150,000.  The  parasite-drag  coefficient 
was  found  to  lie  between  0.045  and  0.055,  the  larger  valúes  for  the  square 
section.  Since  the  drag  is  caused  to  a  high  extent  by  skin  friction,  a 
favorable  scale  effect  can  be  expected,  i.e.,  a  decrease  of  Cp  A\dth  increas- 
ing  Re.  Some  experimental  investigations  lead  to  the  conclusión-  that 
Cp  reduces  to  90,  80,  70  per  cent  of  the  model  valué  when  the  Reynolds 
number  increases  to  2.5,  10,  40  times  the  figure  just  given.  This  is 
about  the  same  as  to  say  that  Cp  is  proportional  to  the  —  ro  power  of  Re. 

The  actual  fuselage  of  an  airplane  will  have  a  much  higher  drag 
coefficient  because  of  its  less  favorable  form  and  various  added  elements, 
appendages,  and  protuberances.  If  to  a  well-streamlined  body  some 
appendage  is  added,  say,  a  small  cylinder  as  shown  in  Fig.  64,  the  resultant 

^Góttinger  Ergebnisse  2,  68  (1923). 
2  NACA  Tech.  Rept.  236  (1926). 
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drag  is  considerably  larger  than  the  sum  of  the  two  drag  forces  that  are 
found  when  each  part  is  tested  independently.  The  surplus  depends 
on  the  location  of  the  disturbing  part  and  reaches  its  máximum  when  the 
disturbance  is  cióse  aft  the  máximum  cross  section  of  the  main  body. 
The  drag  contribution  due  to  the  interference  is  on  the  average  about 
30  per  cent  and  in  the  most  unfavorable  position  more  than  50  per  cent 
of  the  drag  that  the  small  body  experiences  when  tested  separately. 
Thus,  with  Cp  =  0.04  for  the  streamhned  body  and  Cp  =  0.4  for  the 
cyhnder,  the  drag  of  the  fuselage  would  be  doubled  by  adding  a  cyhnder 
with  a  frontal  área  of  one-fifteenth  the  cross-sectional  área  of  the  fuselage. 

Instead  of  summing  up  the  contributions  of  all  protuberances,  etc., 
one  can  estimate  the  total  drag  acting  on  an  average  airplane  fuselage 
on  the  basis  of  general  experience.  For  a  carefully  streamlined  body, 
wdthout  windshield  or  uncovered  cockpit,  with  no  major  protruding 
parts,  a  Cp-value  between  0.09  and  0.12  seems  adequate.  The  coeíficient 
may  increase  to  0.15  to  0.18  for  smaller  planes  with  a  frontal  área  down 
to  15  sq.  ft.  Still  larger  valúes,  up  to  0.30,  result  if  one  departs  con- 
siderably from  the  streamlined  form  for  the  purpose  of  accommodating 
the  engine  or  of  improving  the  sight  for  the  pilot.  From  a  number  of 
statistical  data  compiled  by  the  California  Aeronautical  Laboratory  the 
following  indications  can  be  drawn:^  Cp  =  0.070  to  0.105  for  large 
transports  and  bombers,  no  nose  engine  or  turrets;  Cp  =  0.090  to  0.130 
for  small  planes,  including  nose  engine  and  closed  cockpit.  These  figures 
correspond  to  Reynolds  numbers  of  one  to  two  millions,  based  on  the 
chord  length  of  the  wing.  In  all  this  argument  it  is  supposed  that  the 
airplane  moves  parallel  to  its  longitudinal  axis.  The  forces  present 
when  the  direction  of  motion  deviates  from  this  axis  will  be  discussed  in 
Sec.  XVIII. 3  and  later,  in  connection  with  stability  problems. 

The  body  or  hull  of  flying  boats  must  be  adapted  to  certain  hydro- 
dynamic  conditions  which  restrict  the  possibility  of  streamlining.  The 
best  valúes  found  in  wind-tunnel  tests  with  boat  models  at  Teddington 
Laboratory  were  Cp  =  0.11  to  0.15. 

Well-shaped  engine  nacelles  when  tested  in  free  air  show  a  parasite- 
drag  coeíficient  of  about  0.10  to  0.15.  The  actual  drag  acting  on  a 
nacelle  mounted  on  a  wing  depends  to  a  great  extent  on  its  location. 
It  goes  up  to  twice  the  free-air  valué  in  the  case  of  a  nacelle  situated 
on  the  upper  side  of  the  wing  near  the  leading  edge  and  down  to  less  than 
half  that  valué  in  the  most  favorable  position  on  the  underside  of  the 
wing. 

The  skin  friction  of  the  taü  surfaces  (stabilizer,  rudder,  and  elevator) 
can  be  fairly  well  estimated  from  Eq.  (7).  Under  average  conditions 
the  Reynolds  number  will  be  found  within  the  limits  10^  to  10^;  this 

^  MiLLiKAN,  C.  B.,  "  Aerodynamics  of  the  Airplane,"  p.  98,  New  York,  1941. 
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gives,  according  to  (7),  a  parasite-drag  coefficient  (with  respect  to  the 
surface  área)  of  0.0046  to  0.0072.  However,  to  the  skin  friction  must  be 
added  the  air  resistance  due  to  the  thickness  of  the  actual  profile  and  the 
drag  exerted  on  the  levers,  struts,  wires,  etc.,  that  are  necessary  for  the 
operation.  Since  the  size  of  these  elements  increases  with  the  surface 
área,  one  may  refer  the  total  drag  of  the  tail  to  this  área.  Then  Cp-values 
of  0.011  to  0.022  may  correspond  to  normal  conditions. 


FiG.  65. — Landing  gear. 

A  considerable  contribution  to  the  total  parasite  drag  of  a  normal 
airplane  is  supplied  by  the  landing  gear.  The  drag  coefficient  for  a  wheel 
without  fairing  was  found  to  be  0.70,  with  the  usual  fairing  from  hub 
to  rim  0.43  and  complete  fairing  from  hub  to  edge  of  tread  0.23.  The 
axle,  struts,  wires,  shock  absorber,  and  all  joints  must  be  counted,  with 
their  total  projected  área,  i.e.,  corresponding  to  Cp  =  1.  This  would 
also  include  the  effect  of  the  mutual  interference  of  these  parts.     Figure 


FiG.  GO. — Modcl  of  a  seaplane  float. 

65  shows  a  landing  gear  with  low-pressure  wheels  and  faired  struts  and 
wires,  designed  for  an  airplane  of  3000  Ib.  weight.  This  undercarriage 
has  a  parasite  área  of  1.75  sq.  ft.  Under  average  conditions  the  total  drag 
of  the  landing  gear  may  amount  to  15  to  20  per  cent  of  the  total  drag 
of  the  complete  plañe  (except  the  wing  drag).^  This  is  the  reason  wh}^ 
modern  airplancs  designed  for  high  speed  use  retractable  landing  gear. 
The  drag  is  then  present  only  immediately  after  starting  and  during  the 

1  Cf.  WiESELSBERGER,  C,  in  W.  F.  Durantl,  "  Acrodynamic  Theory,"  Vol.  4,  p.  146. 
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landing  maneuver.  In  the  latter  instance  an  increase  of  air  resistance  is 
rather  desirable. 

In  the  case  of  seaplanes,  floats  take  the  place  of  the  landing  gear. 
The  usual  forms  of  float  show  a  drag  coefficient  of  0.16  to  0.20.  This 
figure  can  probably  be  improved  by  better  streamlining  (Fig.  66). 

All  valúes  given  in  this  section  must  be  considered  as  rough  estimates 
only  and  may  be  used  to  determine  the  order  of  magnitude  rather  than 
the  actual  amount  of  air  resistance.  In  practical  design  work  the  chief 
reliance  must  be  on  experimental  results  originating  either  in  wind- 
tunnel  tests  performed  on  models  of  the  body  shapes  actually  used  or, 
better,  in  fuU-scale  experiments  with  the  bodies  themselves. 

Many  problems  connected  with  parasite  drag  and  important  in 
aircraft  design  work  cannot  be  discussed  here.  One  of  them  concerns  the 
aerodynamics  of  cooling.  All  aircraft  engines  have  arrangements  for 
the  cooling  of  their  cylinders.  Whether  air  cooling  or  water  cooling  is 
applied,  in  either  case  the  forced  heat  transfer  from  the  engine  to  the 
surrounding  air  is  achieved  by  exposing  certain  body  surfaces  to  the 
air  stream.  That  means  that  a  certain  amount  of  drag  is  utilized  for  a 
useful  purpose  and  thus  must  not  be  considered  as  "parasite."  To  find 
the  right  balance  between  the  thermal  effect  and  the  drag  emploj^ed  is  a 
problem  that  could  be  solved  only  by  combining  aero-  and  thermo- 
dynamic  theories. 

Problem  12.  An  airplane  has  a  well-streamlined  fuselage  of  circular  cross  section 
of  diameter  d  =  7  ft.  Assume  that  the  fuselage  contributes  55  per  cent  to  the  total 
parasite  área.  What  is  the  amount  of  total  parasite  drag  and  power  it  requires  to  an 
altitude  of  25,000  ft.  and  speed  of  280  ft./sec? 


Part  Two 

THE  AIRPLANE  WING 

CHAPTER  VI 
FUNDAMENTAL  NOTIONS.     GEOMETRY  OF  WINGS 

1.  The  Three  Coefficients.  The  wing  of  an  airplane  can  roughly  be 
described  as  a  flat  or  slightly  cambered  píate,  symmetric  with  respect 
to  a  median  plañe.  As  is  indicated  by  the  term  "píate"  one  of  the 
dimensions  of  the  wing,  the  thickness  t,  is  much  smaller  than  the  others. 
Moreover,  in  the  wing  plañe,  the  dimensión  perpendicular  to  the  median 

P  r  o  f  í  I  e  s 
A  A  B-B 
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Fiü.  67. — Airplane  wing. 

plañe,  the  8'pan  B,  is  usually  considerably  greater  than  the  width  parallel 
to  the  median  plañe  (Fig.  67).  The  contour  of  the  píate  can  be  con- 
sidercd  as  a  plañe  curve,  called  the  plan-form  of  the  wing.  In  the  early 
days  of  flying,  forms  imitating  bird  wings  were  frequently  used.  Later,  a 
rectangular  plan-form  slightly  rounded  off  at  the  wing  tips  was  the  rule. 
Today  there  is  a  mai-ked  preference  for  taí)ered  plan-forms.  The  cross 
sections  of  th(;  wing  in  planes  parallel  to  the  median  plañe  are  called 
proftles.  The  profiles  of  the  wing  of  an  airplane  usually  vary  in  shape, 
size,  and  orientation  as  one  proceeds  from  the  median  plañe  toward 
tlie  wing  tips.  For  example,  for  a  tapered  wing  (Fig.  67)  the  chord 
Icngth  of  the  profile  decreases  toward  the  tips,  and  the  thickness  is 
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rediiced  at  the  same  time.  Furthermore,  compared  with  the  orientation 
of  the  central  profile,  a  profile  near  the  wing  ends  usually  has  its  "nose" 
tiirned  slightly  downward.  This  is  described  as  the  twist  of  the  wing. 
Tn  most  cases  a  certain  profile  shape  is  maintained  throughout  the  span 
or,  at  least,  throughout  the  major  part.  This  is  then  called  the  principal 
profile  of  the  wing.  If  the  wing  is  not  interrupted  by  the  fuselage,  the 
principal  profile  will  be  found  as  the  shape  of  the  cross  section  in  the 
median  plañe. 

As  is  clear  from  these  remarks,  the  geometry  of  the  wing  depends  on 
a  considerable  number  of  parameters,  the  influence  of  all  of  which  on  the 
aerodynamic  characteristics  of  the  wing  must  be  studied.  For  conven- 
tional  wing  forms  the  inñuence  of  the  shape  of  the  principal  profile  is  more 
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FiG.  68.— Aiifoil. 

important  than  that  of  most  other  parameters.  In  order  to  study  this 
influence  separately  from  that  of  the  plan-form,  twist,  etc.,  a  rectangular, 
untwisted  wing  with  invariable  profile  is  generally  used  in  experimental 
investigations.  Such  a  wing  is  a  prismatic  body  whose  shape  and  size 
are  completely  determined  by  the  shape  of  the  profile  and  the  two 
sides  of  the  rectangular  plan-form  (Fig.  68).  Throughout  this  book  the 
term  airfoü,  often  applied  to  any  kind  of  wing,  will  be  used  exclusively 
to  desígnate  this  prismatic  wing  of  rectangular  plan-form.  One  of 
the  sides  of  the  rectangle  is  the  span  B  of  the  wing;  the  other,  the  chord 
length  of  the  profile,  will  be  denoted  by  c.  The  ratio  B/c  is  called  the 
aspect  ratio.  If  S  =  Be  denotes  the  área  of  the  airfoil,  the  aspect  ratio 
can  be  written  in  any  one  of  the  folio  wing  forms: 


(1) 


Consider  an  airfoil  moving  through  a  bulk  of  air  at  rest  with  a  con- 
stant  velocity  V  parallel  to  the  median  plañe  of  the  airfoil.  According 
to  Sec.  IV. 2  the  f orces  exerted  by  the  air  on  the  airfoil  will  then  depend 
on  its  shape,  size,  and  orientation,  on  the  velocity  of  the  motion,  and  on 
the  density  and  viscosity  of  the  air.  The  shape  of  the  airfoil  can  be 
defined  by  giving  the  shape  of  the  profile  and  the  aspect  ratio  M.     The 
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size  can  be  defined  by  giving  the  chord  length  c.  Finally,  the  orientation 
can  be  determined  by  giving  the  so-called  "angle  of  attack,"  i.e.,  the 
angle  a  between  the  velocity  V  and  an  arbitrarily  chosen  direction  in  the 
median  plañe  of  the  airfoil. 

The  resiiltant  forcé  F  that  the  air  exerts  on  the  wing  will  have  its 
Hne  of  action  situated  in  the  median  plañe  (Fig.  69).  The  magnitiide, 
direction,  and  line  of  action  of  this  forcé  are  completely  determined 
when  its  componen ts  D  and  L,  parallel  and  perpendicular  to  the  velocity 
V,  and  its  moment  M  mth  respect  to  an  arbitrarily  chosen  point  O  in  the 
median  plañe  are  known.  The  component  L  perpendicular  to  V  is 
called  the  lift,  the  component  D  parallel  to  V  the  drag,  and  AI  the  pitching 
moment  of  the  wing. 

According  to  Sec.  IV. 2,  lift,  drag,  and  pitching  moment  of  a  wing 
of  any  form  can  be  written  as 

L  =  I  V'SCl 

D  =  ^  V^SCd 

M  =  ^  V'-cSCm 

where  the  área  S  of  the  plan-form  of  the  wing  is  taken  as  the  área  of 
reference  (in  the  case  of  an  airfoil,  S  =  Be)  and  Cl,  Cd,  Cm  are  dimen- 
sionless  coefRcients,  known  as  the  coefñcients  of  lift,  drag,  and  moment; 
the  chord  length  c  is  chosen  as  reference  length  f or  the  moment  coefficient. 
For  an  airfoil  of  given  profile  these  coefficients  can  depend  only  on  the 
Reynolds  number  Re,  the  aspect  ratio  /R,  and  the  angle  of  attack  a 
(Sec.  IV.2). 

In  wind-tunnel  experiments  airfoils  of  the  aspect  ratio  /R  =  6  are 
generally  used.  For  a  given  Reynolds  number  the  three  coefficients 
Cl,  Cu,  Cm  are  then  found  as  functions  of  the  angle  of  attaíík  a.  Experi- 
mental results  will  be  discussed  in  Chaps.  VII  and  X,  while  Chaps.  VIII 
and  IX  will  be  devoted  to  the  fundamentáis  of  the  aerodynamic  wing 
theory,  the  principal  aim  of  which  is  to  predict  the  valúes  of  the  three 
coefficients  for  a  wing  of  given  shape  flying  under  given  conditions. 

I*roblem  1.  The  foUowing  valúes  of  the  three  coefficients  were  found  for  an  airfoil 
with  (Hark  Y  section  and  aspect  ratio  6: 

a,  deg.  Cl  Cd  Cm 


0 

0.384 

0.0172 

-0.070 

3 

0.602 

0.0288 

-0.073 

6 

0.819 

0.04G4 

-0.079 

9 

1.034 

0.0700 

-0.054 
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The  angle  of  attack  refers  to  a  middle  line  (chord)  of  the  profile.  The  moment 
coefficient  refers  to  a  point  on  this  straight  hne  whose  distance  from  the  leading  end  is 
c/4  and  is  counted  positive  if  it  tends  to  increase  the  angle  of  attack.  The  chord 
length  was  5  in.,  the  air  speed  110  m.p.h.,  the  pressure  32  in.  Hg,  and  the  temperature 
76°F.  Compute  L,  D,  and  M,  and  find  the  line  of  action  of  the  resulting  forcé  for 
each  of  the  four  a-values. 

2.  Geometry  of  Airfoil  Profiles.  Sets  of  Profiles.  A  common  charac- 
teristic  of  all  airfoil  profiles  is  the  pointed  trailing  end  (B  in  Fig.  69). 
Some  profiles  have  a  cusp  at  the  trailing  end;  i.e.,  the  upper  and  lower 


O 


^V 


Fig.  69. 


part  of  the  contour  have  a  common  tangent  there.  As  this  means  that 
at  some  distance  from  the  trailing  end  the  profile  is  still  very  thin, 
profiles  with  a  comer  at  the  trailing  end  are  preferred  for  structural 
reasons.  In  this  case,  the  upper  and  lower  contour  meet  at  the  trailing 
end  under  a  certain  small  angle.  Whether  cusp  or  córner,  the  point  B 
is  a  "singular  point"  in  the  sense  of  differential  geometry.  It  will  be 
explained  in  Chap.  VIII  that  a  pointed  trailing  end  (or  at  least  a  trailing 
end  which  is  not  rounded  off  too  much)  is  essential  in  producing  the  lift. 
The  definition  of  the  three  coefñcients  Cl,  Cd,  Cm  requires  a  precise 
definition  of  the  chord  length  c,  necessary  to  evalúate  the  airfoil  área 
S  =  Be,  and  the  choice  of  a  clearly 
defined  reference  line  from  which 
the  angle  of  attack  a  is  measured. 
The  earlier  profiles  are  rather  thin 
and  strongly  cambered,  such  that 
one  of  the  tangents  of  the  lower 
contour  passes  through  the  singular  point  B  (BT  in  Fig.  70).  This 
tangent,  called  the  ehord,  can  then  be  used  as  the  line  of  reference  in 
measuring  the  angle  of  attack.  The  chord  length  c  can  be  defined  as 
the  distance  of  B  from  that  tangent  of  the  profile  which  is  perpendicular 
to  the  chord.  These  definitions  obviously  do  not  apply  to  more  general 
profiles.  Definitions  of  chord  and  chord  length  valid  for  any  profile 
would  be  useful,  but  so  far  no  general  definitions  have  been  adopted. 
One  possible  procedure  would  be  to  use  the  circle  C  with  the  center 


Fig.  70. 
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at  the  singular  point  B  and  tangent  to  the  nose  of  the  profile  (Fig.  71). 
Its  radius  would  be  the  chord  length,  and  the  Une  joining  the  point  of 
contact  to  the  singular  point  B  would  be  used  as  reference  line  for  measur- 
ing  the  angle  of  attack.  This  definition  would  fail  only  if  the  circle  C 
has  more  than  ene  point  of  contact  with  the  profile,  a  case  that  is  very 
unusual. 


Ccpimber-.^    ^  .-T/i/ckness 


\C 


Fig.  71. — Camber  and  thickiiess  of  a  profile.     The  mean  camber  line  is  the  locus  of  the 
centers  of  the  straight  Unes  perpendicular  to  the  chord. 

Other  notions  that  should  be  defined  in  a  way  valid  for  any  profile 
are  the  thickness  and  the  camber.  One  way  of  doing  this  is  to  consider 
the  segments  cut  out  by  the  upper  and  lower  contour  of  the  profile  on 
straight  lines  perpendicular  to  the  chord.  The  longest  of  these  segments 
then  gives  the  thickness  of  the  profile,  and  the  locus  of  their  centers  is 
defined  as  the  mean  camber  line  (Fig.  71).  Finally,  the  greatest  distance 
of  the  mean  camber  line  from  the  chord  would  give  the  camber  of  the 
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Fig.  72. — Camber  and  thickness  of  a  profile.     The  mean  camber  line  is  the  locus  of  the 
centers  of  circles  inscribed  to  the  profile. 

profile.  Another  possibility  is  to  define  the  mean  camber  line  as  the 
locus  of  the  centers  of  the  circles  inscribed  to  the  profile.  This  mean 
camber  line  is  well  defined  through  the  main  part  of  the  profile;  it  starts 
at  B  and,  in  general,  ends  at  the  center  B\  of  a  circle  that  has  a  four-point 
contact  with  the  nose  of  the  profile  (Fig.  72).  The  diameter  of  the 
largest  circle  among  those  defining  the  mean  camber  line  can  then  be 
defined  as  the  thickness  of  the  profile,  and  the  greatest  distance  between 
the  line  BB^,  and  a  point  of  the  mean  camber  line  as  the  camber  of  the 
profile,  If  these  definitions  were  adopted,  it  would  seem  advisable  to 
define  the  length  BB\  as  chord  length  and  to  use  the  line  BB\  as  fine  of 
reference  for  measuring  the  angle  of  attack. 

AU  these  difficulties  encountered  in  defining  the  various  concepts 
related  to  the  geometry  of  profiles  are  avoided  when  the  profile  is  described 
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not  only  by  its  graph  or  by  the  coordinates  of  a  certain  number  of  its 
points  but  by  precise  instructions  that  make  it  possible  to  determine 
any  desired  number  of  points,  once  the  valúes  of  certain  parameters  like 
chord,  camber,  or  thickness  are  given.  This  is  the  case  for  the  profiles 
of  certain  sets  any  particular  profile  of  which  is  completely  defined  by  a 
small  number  of  constants.  As  an  example  we  shall  discuss  two  such 
sets  that  have  been  developed  by  the  NACA  and  are  known  as  the  four- 
digit  series  and  the  five-digit  series. 

The  starting  point  for  the  construction  of  these  profile  series  was 
the  observation  that  for  not  too  thick  profiles  the  f orm  of  the  mean  camber 
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FiG.  73.— Thickness  function,  í/c  =  Ü.2. 


line  and  the  manner  in  which  the  thickness  of  the  profile  varies  along 
the  chord  affect  the  aerodynamic  characteristics  of  the  profile  almost 
independently  of  one  another.  The  thickness  variation  can  be  explained 
most  easily  for  a  symmetrical  profile,  where  the  mean  camber  line  is 
straight  (Fig.  73).  Based  on  two  successful  profiles,  the  Clark  Y  and 
the  Gottingen  398,  the  NACA  recommends  the  following  thickness 
function:  Denoting  the  chord  length  by  c  and  the  (máximum)  thickness 
of  the  profile  by  t,  the  ordinates  5  of  the  contour  of  the  "normal"  sym- 
metrical profile  are  given  by^ 


ó  =  +t 


1.4845 


4- 


0.6300  - 
c 


1.7580 


(íy  + 1.4215  (íj 


-  0.5075    - 


©• 


(2) 


At  o:  =  O  the  derivative  db/dx  is  infinite,  corresponding  to  the  lead- 
ing  end.  For  x  =  c,  the  valué  of  5  is  ±0.0105í,  which  means  a  prac- 
tically  sharp  trailing  end.  For  x  =  0.3c,  the  derivative  db/dx  vanishes, 
and  5  assumes  its  máximum  valué  0.5í.  The  radius  of  curvature  at  the 
leading  edge  a:  =  O  is  found  to  equal  1.10  t^/c. 

The  valúes  of  b/c  for  t  =  0.2c  are  given  in  Table  6. 


'  See  NACA  Tech.  Rept.  460  (1933). 
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T.\BLE  6. — NACA  Thickness  Function 


X 

c 

0 

.0125 

.025 

.050 

.075 

.100 

.15 

.20 

.30 

S 

c 

0 

.0316 

.0436 

.0592 

.0700 

.0780 

.0891 

.0956 

.1000 

X 

c 

.40 

.50 

.60 

.70 

.80 

.90 

.95 

1.000 

5 
c 

.0967 

.0882 

.0761 

.0611 

.0437 

.0241 

.0134 

.0021 

Any  profile  of  the  so-called  four-digit  series  is  completely  defined  by 
four  digits,  the  first  two  digits  determining  the  form  of  the  mean  camber 
Une,  the  last  two  the  relative  thickness  of  the  profile,  i.e.,  the  thickness  t 
expressed  in  per  cent  of  the  chord  length  c.  The  mean  camber  Une  of 
this  family  consists  of  two  paraboHc  ares  with  a  common  vértex  A  whose 
axes  are  parallel  to  the  y-axis  (Fig.  74).  If  the  coordinates  of  the  point  A 
are  denoted  by  xa  and  yA,  respectively,  the  equations  of  these  parabolic 
ares  are 

z)  for  O  ^  X  ^  Xa 

(3) 


y  =  '^x{2xA 


y  = 


Va 


(c  —  Xa)' 


{c  —  x){c  -\-  X  —  2xa)  ioY  Xa  Ú  X  -^  C 


The  first  digit  of  the  profile  number  indicates  the  máximum  camber  y  a 
in  per  cent  of  the  chord  c  or  100?/a/c,  which  is  supposed  to  be  a  single- 


I'iG.  74. — Four-digit  profile. 

digit  integer.  The  second  digit  is  the  abscissa  of  the  point  A  in  tenths 
of  the  chord  length,  that  is,  IOxa/c,  also  supposed  to  be  a  single-digit 
integer.  The  last  two  digits  give  the  relative  thickness  of  the  airfoil  in 
per  cent,  lOOí/c.  This  is  supposed  to  be  an  integer  of  not  more  than  two 
digits  and  is  always  written  with  two  digits.  Thus  the  profile  number 
2409  indicates  a  profile  with  y  a  =  0.02c,  xa  =  0.4c,  and  t  =  0.09c. 

Given  the  chord  length  c  and  the  thickness  t  oí  a  profile,  the  valué  of  8 
corresponding  to  any  abscissa  x  can  be  computed  from  (2).  On  the  mean 
camber  Une  given  by  (3),  lócate  the  point  P  of  the  abscissa  x,  and  deter- 
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mine  on  the  normal  of  the  mean  camber  line  in  P  the  profile  points  P' 
and  P"  in  such  a  manner  that  PP'  =  PP"  =  8  (Fig.  74).  The  drawing 
of  the  contour  is  simphfied  by  the  fact  that  the  radius  of  curvature  at 
the  origin  O  of  the  coordinates  is  independent  of  the  camber.  The  center 
of  curvature  C  Hes  on  the  tangent  of  the  mean  camber  hne  at  O,  and  the 
radius  of  curvature  OC  equals  1.10/^/c.  Figure  75  gives  a  small  selection 
of  profiles  of  the  four-digit  series. 


2J/S 


2515 


4312 


46/2 


6512 

Fig.  75. — Examples  of  the  four-digit  ser-es. 

The  two  paraboHc  ares  of  which  the  mean  camber  hne  of  any  profile 
of  the  four-digit  series  consists  have  a  common  tangent  in  A  but  different 
radii  of  curvature.  Now  it  is  a  matter  of  general  experience  that  the 
aerodynamic  performance  of  an  airfoil  may  be  impaired  even  by  very 
small  irregularities  of  its  shape.  It  seems  advisable,  therefore,  to  avoid 
the  sudden  change  of  the  curvature  at  A.  This  condition  is  fulfilled 
for  the  airfoils  of  the  five-digit  series  of  the  NACA.'^ 

In  the  five-digit  series  the  same  thickness  function  as  in  the  four- 
digit  series  is  used.  The  relative  thickness  lOOt/c  is  expressed  by  the 
last  two  digits  of  the  profile  number  in  the  same  way  as  before.  The 
mean  camber  line  consists  either  of  an  are  of  a  cubic  parábola  and  a 
portion  of  a  straight  line  or  of  two  cubic  parábolas.  In  the  first  case, 
the  mean  camber  line  is  "simple,"  in  the  second  >S-shaped,  or  "reflexed." 

1  NACA  Tech.  Rept.  537  (1935),  610  (1937). 


120 


FUNDAMENTAL  NOTIONS.     GEOMETRY  OF  WINGS     [Sec.  VI.2 


In  either  case,  the  nose  and  the  tail  portion  of  the  mean  camber  line  are 
fitted  together  at  a  point  where  both  have  the  curvature  zero.  This 
point  B  lies  slightly  behind  the  position  A  oí  the  máximum  camber 


Sfrai'ghi-  //he 


^JC 


FiG.  76. — Mean  camber  line  of  the  simple  five-digit  profiles. 

(Fig.  76).  The  first  two  digits  of  the  profile  number  again  define  the 
máximum  camber  y  a  and  its  position  Xa,  but  the  correspondence  between 
the  valúes  of  digits  and  those  of  Va/c,  Xa/c  is  now  diíferent  and  is  given 

Table  7. — Camber  of  the  NACA  Five-digit  Profiles 


Second  digit 

1 

2 

3 

4 

5 

I^Xa/c 

5 

10 

15 

20 

25 

lOOt/x/c 

1.1 

1.5 

1.8 

2.1 

2 . 3  for  first  digit  =  2 

100?/a/c 

2.3 

2.8 

3.1 

for  first  digit  =  3 

lOOí/x/c 

3.1 

3.7 

4.2 

for  first  digit  =  4 

lOOy^/c 

4.6 

5.5 

6.2 

for  first  digit  =  6 

in  Table  7.     The  third  digit  is  O  for  the  simple  and  1  for  the  reflexed 
mean  camber  linas.     Figure  77  shows  some  of  tho  five-digit  airfoils.^ 


2J0/2 


23112 


430/2 

Fig.  77. — Examples  of  the  five-digit  series. 

Another  way  of  avoiding  the  sudden  change  of  curvature  of  the 
mean  camber  line  of  the  four-digit  airfoils  has  recently  been  suggested.^ 

1  According  to  NACA  Rept.  610  (1937). 

^  MuNK,  M.,  On  the  Geometry  of  Streamlining,  "Th.  v.  Kármán  Anniversary 
Volume,"  p.  8,  1941. 
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It  consists  in  using  a  single  conic  are  as  mean  camber  Une.  In  order  to 
obtain  a  shape  similar  to  that  of  a  given  four-digit  profile  the  tangents 
of  this  conic  are  at  the  leading  and  trailing  end  of  the  chord  OB  (Fig.  74) 
are  made  to  coincide  with  the  tangents  of  the  given  mean  camber  line 
at  O  and  B,  and  the  máximum  cambers  of  both  are  made  equal.  If  the 
máximum  camber  of  the  four-digit  profile  lies  at  30  per  cent  of  the  chord, 
that  of  the  modified  profile  will  lie  at  40  per  cent. 

Problem  2.  Draw  the  NACA  2312  profile,  choosing  the  chord  length  as  10  in., 
and  compare  it  with  that  five-digit  profile  which  comes  closest  to  it. 

*Problem  3.  Compute  the  jump  of  curvature  on  the  upper  contour  of  the  profile 
4210  that  is  due  to  the  transition  between  the  two  parábolas  of  the  mean  camber  line. 
How  large  is  the  sudden  change  of  centripetal  acceleration  for  an  air  partióle  moving 
at  the  speed  of  300  m.p.h.? 

3.  Theoretically  Developed  Airfoil  Sections.  The  two-dimensional 
irrotational  flow  around  a  profile  of  given  shape  can  be  determined 
theoretically  by  means  of  a  powerful  mathematical  method  known 
as  the  method  of  conformal  mapping.  From  the  knowledge  of  the  flow 
pattern,  lift  and  moment  coefficients  can  then  be  found.  A  discussion 
of  this  method  is  beyond  the  scope  of  this  book,  but  the  main  results 
of  the  theory  will  be  derived  in  an  elementary  way  in  Chap.  VIII.  The 
objective  of  the  present  section  is  a  different  one. 

In  airfoil  theory  as  well  as  in  many  other  branches  of  mathematical 
physics,  a  very  successful  procedure  is  to  study  the  so-called  "in verse 
problem."  In  the  present  case  the  direct  problem  would  be  to  find  the 
flow  around  a  given  profile  from  the  hydrodynamic  equations.  The 
inverse  problem  means  that  a  flow  determined  by  some  simple  formula 
is  assumed  and  then  the  profile  sought  for  which  this  flow  is  the  solution 
satisfying  the  hydrodynamic  equations.  Some  sets  of  profiles  that  have 
been  developed  on  this  basis  will  be  discussed  here. 

Such  a  theoretically  developed  profile  presents  the  following  advan- 
tages:  (1)  The  contour  of  the  profile  is  not  fitted  together  artificially 
from  ares  of  various  curves  but  is  given  by  a  single  analytical  expression 
with  continuous  derivatives  of  any  order  or  by  the  equivalent  prescrip- 
tion  for  its  geometrical  construetion.  The  slope  of  the  tangent,  the 
curvature,  and  all  derivatives  of  the  curvature  with  respect  to  the  are 
length  of  the  contour  thus  vary  in  a  continuous  manner  at  all  points 
of  the  contour  (except,  of  course,  at  the  trailing  end).  (2)  For  these 
profiles  theoretical  valúes  of  the  coefficients  Cl  and  Cm  for  infinite  aspect 
ratio  are  known  in  advance;  they  agree,  for  modérate  angles  of  attack, 
with  the  valúes  obtained  by  experiment  and  can  be  used  in  a  way  that 
wiU  be  explained  later  in  the  case  of  finite  aspect  ratio,  too.  (3)  It  is 
even  possible  to  construct  profiles  according  to  given  aerodynamic 
specifications.     For  example,  one  can  develop  a  profile  for  which  the  Une 
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of  action  of  the  resultant  air  forcé  passes  through  one  and  the  same  point 
for  all  (modérate)  angles  of  attack. 

The  simplest  set  of  such  theoretieal  profiles  is  due  to  N.  Joukowski.* 
This  set  is  important  particularly  from  the  historical  point  of  view 
since  it  was  the  starting  point  of  the  theory.  The  Joukowski  profiles 
are  obtained  in  the  following  way:  Consider  two  circles  Ci  and  C2  that 
are  tangent  to  one  another  at  the  point  B'  situated  on  the  negative  x-axis 
(Fig.  78)  and  have  centers  Mi  and  M 2  such  that  the  y-axis  bisects  the 
angle  MiOM-y.     Let  Pi  be  an  arbitrary  point  of  Ci  and  P2  a  correspond- 


^x 


Fig.  78. — Joukowski  profile. 

ing  point  on  Co  such  that  the  x-axis  bisects  the  angle  P1OP2.     Determine 

the  point  P  so  that  the  vector  OP  is  the  sum  of  the  vectors  OPi  and  OP2. 
As  Pi  describes  the  circle  Ci  and,  simultaneously,  P2  the  circle  C2  in  the 
opposite  sense,  the  point  P  will  describe  a  Joukowski  profile.  In  par- 
ticular, when  Pi  and  Po  coincide  at  B',  the  point  P  takes  the  position  B 
on  the  a:-axis  such  that  OB  —  20 B' .  The  point  5  is  a  cusp  of  the  profile; 
the  angle  that  the  common  tangent  of  the  upper  and  lower  parts  of  the 
contour  at  B  forms  with  the  x-axis  is  twice  as  big  as  the  angle  MiB'O. 
The  tangent  of  the  contour  at  any  position  of  P  can  be  found  in  the 
following  way:  Determine  the  point  Qi  and  Q2  so  that  PiQi  _L  OPi, 
P2Q2  -L  OQ2  and  OQi  ||  M^Pi,  OQ2  \\  M2P2]  then  Q1Q2  is  perpendicular 
to  the  tangent  of  the  contour  at  P. 

The  shape  of  the  proñle  obviously  depends  on  two  parameters,  the 
angle  M1OM2  and  the  angle  OB'Mi.  The  first  of  these  parameters 
determines  the  relative  thickness,  the  second  the  relative  mean  camber 

'  Z.  Flugtech.  u.  Molorlujlschiffahrl,  1910,  p.  281 ;  1912,  p.  81. 
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of  the  profile.  In  particular,  if  the  angle  M1OM2  is  zero,  Mi  and  M2 
coincide  on  the  y-axis  (Fig.  79)  and  the  profile  has  zero  thickness  and 
consists  of  a  circular  are  through  B,  having  its  center  on  the  axis  of  y. 


Fig.  79. — Joukowski  profile  of  zero  thickness. 

This  circular  are  meets  the  y-axis  at  a  point  *SÍ  such  that  OS  =  20Mi. 
The  relative  mean  camber  of  this  profile  is 

OS        OMi       OMi       ,  ,      ^ 
20B        OB        20B' 

where  ^  is  the  angle  OB'Mi.     If,  on  the  other  hand,  the  angle  OB'Mi  is 
zero,  Mi  and  ilf  2  he  on  the  x-axis  so  that  O  is  the  center  of  M1M2  and 


Fig.  80. — Symmetrical  Joukowski  profile. 


the  profile  has  zero  camber  and  is  symmetrical  with  respect  to  the  a;-axis 
(Fig.  80).     For  moderately  thick,  symmetrical  Joukowski  profiles,  Oilfi 
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is  small  compared  mth  OB'.  The  relatiye  thickness  t/c  oí  the  profile 
is  then  found  to  be  approximately  1.3  OMi/OB'. 

The  theory  of  airfoils  with  infinite  aspect  ratio  furnishes  the  following 
aerod3^namic  eharacteristics  of  the  Joiikowski  profiles:  If  the  airfoil 
moves  parallel  to  B'Mi  through  a  bulk  of  air  at  rest,  the  hft  is  zero. 
The  hne  B'Mi,  called  the  first  axis  of  the  profile,  thus  indieates  the 
so-called  "zero  lift  direction"  (see  Sec.  VII.  1).  If  the  direction  of  flight 
makes  the  angle  a'  with  the  zero  Hft  direction,  the  hft  coeíficient  is 

Ci  =  87r2sina'  (4) 

c 

where  a  denotes  the  radius  B'Mi  and  c  the  chord  length  to  which  Cl 
refers.  Furthermore,  the  aerodynamic  center  (a.c.)  F  (see  Secs.  VII.l  and 
VIII. 3)  hes  on  the  line  joining  Mi  to  the  point  of  intersection  of  the  circle 
Cl  and  the  positive  a;-axis.  If  B'O  is  denoted  by  b,  the  distance  MiF 
equals  b'^/a  (Fig.  78).  The  coeñicient  of  the  moment  with  respect 
to  the  point  F  is 

Cmo  =  -47r^sin2|8  (5) 

where  jS  is  again  the  angle  OB'Mi.  This  moment  is  independent  of  the 
angle  of  incidence  a'  and  is  considered  positive  if  acting  counterclock- 
wise.  The  vértex  T  of  the  metacentric  parábola  (see  Sec.  VIII. 4)  lies  on 
the  perpendicular  drawn  from  F  to  the  first  axis  B'M  and  halves  the 
distance  of  F  from  B'Mi.  The  tangent  of  the  metacentric  parábola  at 
T  is  parallel  to  the  first  axis. 

The  Joukowski  profile  is  not  suitable  for  practical  applications,  for 
several  reasons.  First  the  leading  portion  is  too  massive  in  comparison 
with  the  thin  tail,  and  second  the  máximum  camber  lies  rather  cióse 
to  the  center  of  the  chord,  whereas  a  position  within  the  forward  third 
of  the  chord  is  preferred.  To  avoid  these  disadvantages,  more  general 
prescriptions  for  theoretical  profiles  have  been  sought.  Such  prescrip- 
tions  are  most  casily  formulated  if  use  is  made  of  a  particular  vector 
notation  known  as  the  complex  number  notalion  of  vectors. 

The  position  of  a  point  P  with  respect  to  a  rectangular  system  of 

coordinates  O,  x,  y  can  be  described  by  giving  either  the  vector  OP 
or  the  length  OP  and  the  angle  that  OP  makes  with  the  rc-axis.     It  is 

convenient  to  denote  the  vector  OP  by  a  single  symbol  z,  adopting 

the  following  two  rules:  (1)  If  Zi  and  Zi  denote  the  vectors  OPi  and 
— >  — > 

OP2,  then  zi  -f  «2  represents  the  vector  OP,  which  is  commonly  called  the 
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sum  of  the  vectors  OPi  and  OP2,  that  is,  the  point  P  is  the  fourth  córner 
of  the  parallelogram  determined  by  the  points  O,  Pi,  P2  (Fig.  81).  (2) 
Departing  from  the  customary  vector  notation,  the  product  z  =  ZxZi 

will  be  used  to  denote  the  vector  OQ,  where  OQ  =  OPi  X  OP2  and 
¿QOx  =  ZPiOx  +  ZP2OX  (Fig.  82).  The  length  of  the  vector  z  thus 
equals  the  product  of  the  lengths  of  the  vectors  Zi  and  Z2.     The  so-called 


1 

y 

0 

1 

y 

\         ^"^ 

1 

1/     u^Pi 

¿-"^^ 

0 

1 

X 

Fig.  81. — Summation  of  complex  numbers.        Fig.  82. — Multiplication  of  coinplex  num- 

bers. 

"argument  of  2,"  that  is,  the  angle  that  the  vector  z  forms  with  the 
.r-axis,  equals  the  sum  of  the  arguments  of  21  and  Zi.  It  can  easily 
be  seen  that  the  rules  (1)  and  (2)  are  identical  with  the  rules  of  addition 
and  multiplication  of  complex  numbers,  if  a  complex  number  x  +  iy 
is  represented  by  a  vector  z  with  the  components  x  and  y.  Consequently, 
within  this  system  of  notation,  ordinary  (real) 
numbers  are  represented  by  vectors  directed 
along  the  positive  or  negative  a:-axis,  according 
to  their  sign. 

The  f  ollowing  examples  will  make  the  reader 
familiar  with  the  complex  number  notation  of 


vectors. ^Let  z  denote  the  vector  OP  of  the 

length  OP  —  r  and  the  argument  ZPOx  =  cp 

(Fig.  83) .     Then  z^  denotes  the  vector  OQ  oí  the 
length  r^  and  the  argument  2^.     1/z  accordingly 


^x 


Fig.   83. — Square  and   recip- 
rocal  valué. 


denotes  \a  vector  OR  such  that  the  product  of  z  and  l/z  represents 

the  unit  vector  OU  directed  along  the  positive  x-axis.  The  vector  l/z 
therefore  has  the  length  1/r  and  the  argument  —9?.  Generally,  the 
vector  z'',  where  fc  is  a  real  number,  has  the  length  r''  and  the  argument 
ktí}.  The  vector  az,  where  a  is  a  real  number,  has  the  length  ar  and  the 
argument  v?.     It  is  easily  seen  that  the  familiar  algebraic  rules  concerning 
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the  combination  of  addition  and  multiplication,  arranging  and  reducing 
algébrale  expressions,  can  be  applied  to  such  vector  formulas. 

In  airfoil  theory  the  following  use  is  made  of  this  notation:  Let 
Ci  be  a  circle  in  the  x-y-pl&ne,  and  denote  by  Zi  the  vector  from  O  to 
an  arbitrary  point  Pi  of  the  circle  Ci.     Then,  by  a  certain  algebraic 

formula,  a  vector  OP  =  z  may  be  made  to  correspond  to  the  vector  Zi. 
When  the  end  point  Pi  of  Zi  describes  the  circle  Ci,  the  end  point  P 
oí  z  A\áll  describe  a  closed  curve  C  By  an  appropriate  choice  of  the 
formula  connecting  z  with  2i,  the  curve  C  can  be  given  the  shape  of  a 
suitable  profile.  This  seemingly  artificial  procedure  has  the  following 
advantage:  The  same  equation  between  z  and  Zx  that  relates  the  circle 
Ci  to  the  contour  of  the  profile  relates  the  well-known  streamlines  of  the 
flow  around  the  circle  to  the  streamlines  of  the  flow  around  the  profile. 
In  addition,  the  lift  and  moment  coefficients  for  any  angle  of  attack 
and  any  point  of  reference  are  determined  in  a  simple  way  by  the  radius 
and  center  of  C\  and  the  parameters  appearing  in  the  transformation 
formula. 

A  Joukowski  profile  can  be  defined  by  such  a  formula  in  the  following 
way:  In  Fig.  78,  denote  the  length  OB'  by  6.  Then  W-  represents  a 
vector  of  the  length  OB'"^  directed  along  the  positive  a;-axis.     According 

to  the  description  given  in  connection  with  Fig.  78  the  vector  OP  —  z 

is  the  sum  of  the  vectors  0P\  =  Z\  and  OPi  —  Zi.  Furthermore,  the 
arguments  of  the  vectors  Zx  and  Zi  are  equal  and  opposite,  so  that  the 
product  Z\Z<¡.  will  be  directed  along  the  positive  a:-axis.  Now,  by  ele- 
mentary  geometry,  it  can  be  shown  that  for  such  two  circles  as  C\  and 
Ci  (common  tangent  in  B\  ¿.M^Oy  =  ¿.MiOy)  the  product  of  the  lengths 
0P\  and  OPi  is  independent  of  the  position  of  P\  on  C\.  The  constant 
valué  of  this  product  is  found  when  the  point  P\  is  made  to  coincide 
with   B'.     Since  Pi   and  P^   then   coincide,    OPiXOP^^  OB'^  =  h\ 

For  an  arbitrary  position  of  Pi  on  Ci,  the  vector  OP2,  therefore,  is  repre- 
sented  by  6^/21  and  the  formula  defining  the  Joukowski  profile  is 

z  =  z,  +  -  (6) 

Here  h^  is  a  positive  real  number;  the  end  point  Pi  of  the  vector  Zi  must 
be  made  to  describe  a  circle  Ci,  having  its  center  Mi  to  the  right  of  the 
i/-axis  and  passing  through  the  point  B'  with  the  coordinates  —h,  0. 

In  order  to  avoid  the  cusp  at  the  trailing  end,  Kármán  and  E.  Trefftz^ 
have  proposed  the  following  formula,  to  be  applied  to  a  circle  Ci  of  the 

1  ¡bid.,  9,  111  (1918). 
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type  indicated  above: 


z  =  nb 


{Zi  +  6)"  -   (21  -  6)" 


(7) 


Here  n  is  a  positive  real  number,  usually  only  slightly  smaller  than  2. 
The  trailing  edge  B  of  the  profile  corresponds  again  to  the  point  B'; 
with  Zi  =  —b  formula  (7)  furnishes  z  —  —nb  for  the  trailing  edge  B. 

For  n  =  2  formula  (7)  coincides  with  the  Joukowski  formula  (6), 
since  the  numerator  of  the  fraction  in  (7)  becomes  2(z^  -\-  b^)  and  the 


^x 


FiG.  84.— Kármán-Trefftz  profile. 

denominator  ábz.  If  n  is  smaller  than  2,  say,  n  =  2  —  (í/tt),  the  upper 
and  lower  parts  of  the  contour  meet  at  the  trailing  edge  under  the  angle  e, 
the  so-called  'Hail  angle."  Figure  84  shows  a  Kármán-Trefftz  profile 
with  n  =  1.9;  the  tail  angle  e  equals  tt/IO  rad.  or  18°.  This  profile  has 
been  traced  by  applying  formula  (7)  to  a  number  of  points  on  the  circle 
Ci  whose  center  Mi  has  the  coordinates  x  =  y  =  0.07076.  The  compu- 
tations  are  rather  cumbersome  and  are  best  arranged  in  form  of  a  table 
giving  the  lengths  and  arguments  of  Zi,  Zi  -\-  b,  Zi  —  b,  (zi  +  bY,  etc. 

The  aerodynamic  characteristics  of  the  Kármán-Trefftz  profiles  are 
as  foUows:  The  zero  lift  direction  (first  axis)  is  given  by  the  line  B'Mi, 
joining  the  center  of  the  circle  Mi  to  the  point  B',  which  is  transformed 
into  the  trailing  edge  of  the  profile.  The  lift  coefficient  corresponding 
to  the  angle  of  incidence  a'  is  again  given  by  formula  (4).  The  aero- 
dynamic center  F  lies  on  the  line  joining  the  center  Mi  to  the  point  of 
intersection  of  the  circle  Ci  and  the  positive  a;-axis  so  that 

_  1  (n^  -  1)6^ 


MiF  =  i 


The  coefficient  of  the  moment  with  respect  to  the  aerodynamic  center  F  is 

(8) 


n^  —  1  62 
Cmo  =  — -Í7r — 5 s  sin  2j8 


where  /3  is  the  angle  OB'Mi 
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The  Kármán-Trefftz  formula  (7)  is  only  a  slight  modification  of  the 
Joukowski  formula  (6),  avoiding  the  inconveniently  thin  tail  end  of 
the  Joukowski  profiles.  A  much  more  general  formula  furnishing 
practically  all  kinds  of  profiles  was  proposed  by  R.  v.  Mises  (1920).^  This 
formula  is 

-  =  -.  +  -  +  §+■••  +^  (9) 

Zl  Zi  Zj 

where  in  most  cases  the  number  n  of  the  terms  following  Zi  need  not  be 
taken  greater  than  2  or  3.  Here  again,  the  point  Zi  describes  a  circle  Ci 
passing  through  the  point  B'{  —  b,0)  and  containing  the  origin  O  in  its 
interior.  The  constants  ai,a2,  .  .  .  ,  a„  in  (9)  cannot  be  taken  quite 
arbitrarily,  but  must  fulfill  the  condition  that  the  n  +  1  roots  of  the 
equation  dz/dzi  =  O,  or 

2Í+1  -  aiz^-^  -  2a2Z\-'^  -   •  •  •   -  wa„  =  O  (10) 

represent  w  points  inside  the  circle  Ci  and  the  point  B'.  In  order  to 
obtain  such  valúes  of  the  coefficients,  one  may  choose,  inside  the  circle 
Ci,  n  points  U\,  Ui,  .  .  .  ,  Un  represented  by  Zi  =  Ui,  Zi  =  U2,  .  .  .  , 
Z\  =  Un  and  write  Eq.  (10)  as 

(21  +  b)izi  -  Ui)(Zi  —  U2)   '  •  •  (zi  —  Un)  =  O  (11) 

Considering  that  according  to  (10)  the  coeíñcient  of  z^  must  vanish, 
we  see  that  Ui,  u^,  .  .  .  ,  Un  are  subject  to  the  condition 

wi  +  W2  +   •  •  •   -\-  Un  =  h  (12) 

This  means  that  one  has  to  choose  the  points  Ui,  U2,  •  •  •  ,  U»,  inside 

the  circle  Ci,  such  that  the  sum  of  the  vectors  OUi,  OU2,  .  .  •  ,  Ot/„  is 

equal  and  opposite  to  the  vector  OB'  or  that  O  is  the  centroid  of  the 
points  B',  U\,  U2,  •  .  •  ,  U„.  Working  out  (11)  for  n  =  3  and  compar- 
ing  the  coefficients  of  the  various  powers  of  Zi  with  those  of  (10),  we 
obtain 

ai  =  h(ui  +  U2  +  Uz)  —  U1U2  —  U2U3  —  W3M1  =  b^  —  U1U2  —  U2U3  —  U3U1 

di  =   Í[WlW2W3  —  h(UiU2  +  U2U3  +  U3U1)]  (13) 

«3    =   ÍbUlU2U3 

In  this  way  the  coefficients  in  Eq.  (9)  can  be  determined.  From  this 
equation  succcssive  points  z  of  the  profile  corresponding  to  the  points  Zi 
on  the  circle  Ci  are  found. 

The  aerodynamic  characteristics  of  the  Mises  airfoils  are  the  follow- 
ing: The  zero  lift  direction  is  again  given  by  the  line  B'Mi,  joining  the 

1  Ibid.,  8,  1,  68  (1917);  11,  68,  87  (1920). 
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center  of  the  circle  Mi  to  the  point  B'  where  this  circle  intersects  with 
the  negative  a;-axis.     The  lift  coefficient  corresponding  to  the  angle  of 

attack  is  given  by  formula  (4).  The  vector  MiF  from  the  center  of  the 
circle  Ci  to  the  aerodynamic  center  F  is  found  in  the  following  way: 
Applying  the  rules  of  complex  vector  notation,   divide  the  vector  ai 

by  the  vector  B'Mi.     The  vector  represented  by  this  quotient  is  parallel 

and  equal  to  the  vector  MiF.  The  coefñcient  of  the  moment  with  respect 
to  the  aerodynamic  center  F  is 

Cm,=  -47r^sin2(^-  7)  (14) 

where  j8  denotes  the  angle  OB'Mi  and  2y  is  the  argument  of  «i.  The 
Une  through  Mi  that  forms  the  angle  7  with  the  a:-axis  is  called  the 
second  axis  of  the  profile. 

The  Joukowski  profiles  are  included  in  the  class  of  profiles  defined 
by  (9).  Comparison  of  (6)  and  (9)  shows  that,  for  a  Joukowski  profile, 
n  =  1  and  «i  =  b^.     Equation  (10)  accordingly  takes  the  form 

zl-h^  =  0 

There  is  only  one  point  U,  and  Ui  —  b.  On  the  other  hand,  practically 
any  given  profile  can  be  represented  by  (9)  to  a  sufficient  degree  of 
approximation  if  the  number  of  terms  on  the  right  side  of  (9)  is  sufficiently 
increased.  The  rules  already  given  for  the  determination  of  the  aero- 
dynamic characteristics  hold  good  for  any  number  of  terms. 

It  is  possible  to  choose  a  profile  so  as  to  fulfill  the  condition  Cmo  =  O, 
the  importance  of  which  will  be  explained  later  in  Sec.  VIII.4.  All 
that  is  necessary  is  to  assume  the  points  Ui,  U2,  .  .  .  ,  Un  so  that  the 
argument  of  ai  equals  2/3,  the  double  of  the  angle  OB'Mi.  To  do  this, 
choose  the  point  B'  on  the  negative  x-axis  and  some  points  Ui,  U2,  •  •  •  , 
Un,  compute  the  coefficient  «i  according  to  (13),  and  determine  the 
argument  27  of  «i.  Through  B'  then  draw  a  straight  line  that  forms 
the  angle  7  with  the  a:-axis,  and  assume  on  this  line  the  point  Mi  so  that 
the  circle  with  the  center  Mi  and  the  radius  MiB'  contains  all  points 
Ui,  Uí,  .  .  .  ,  Un  in  its  interior.  For  the  profiles  thus  obtained  the  line 
of  action  of  the  resultant  air  forcé  passes  through  the  point  F  for  all 
(modérate)  angles  of  attack. 

Profiles  of  this  type  are  shown  in  Figs.  85  and  86.  The  transforma- 
tion  formula  (9)  for  the  first  profile  is: 

2  =  .1  +  ^  (1  +  Kl)  +  ^'  (15) 

with  K  =  0.4.     Here   n  =  2,   and  the   coefficients  are  ai  =  b'^(l  +  kí), 
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02  =  KbH/2.     The  expression  (10),  that  is,  the  derivative  dz/dzi  multi- 
plied  by  zf,  is 

z\  -  bhi{\  +  d)  -  KhH  =  (2i  +  h){zl  -  bzi  -  KbH) 


Thus  the  roots,  except  for  Zi  =  —b,  are  6(1  ±  -\/l  +  4ki)/2,  and  this 
leads  to 

wi  =  (     1.10  +  0.33¿)6         or        OUi  =  1.156,         ZUiOx  =  17° 
2^2  =  (-0.10  -  0.3306        or        0U2  =  0.356,         ¿U^Ox  =  253° 

From  ai  =  6^(1  +  OAi)   we  have  27  =  arg  «i  =  are  tan  0.4  =  21.8°. 


FiG.  85. — Mises  profile. 

Henee,  to  obtain  Cm^  =  O,  the  point  Mi  must  be  so  chosen  that  ¿MiB'O 
=  10.9°. 


The  radius  MiB'  must  be  so  large  as  to  make  the  circle  Ci  endose 
the  points  Ui  and  U2.  This  is  fulfilled  if  we  set  MTB'  =  1.186.  The 
circle  C2,  obtained  in  exactly  the  same  way  as  in  Fig.  78,  serves  to  con- 
struct  the  "Joukowski  term"  6^/zi.  To  construct  the  term  b^Ki/zi,  one 
has  only  to  turn  the  vector  b^/zi  through  90°  and  to  change  its  length  in 
the  ratio  k. 

Figure  86  shows  a  profile  constructed  according  to  the  transformation 
formula 


z  =  zi  +  -(l+  P.H) 

2l 


6Vz 
Zz\ 


(16) 


for  M  =  0.4  (see  Prob.  7). 
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Starting  with  one  definite  profile  of  the  general  theoretical  type  and 
gradually  changing  the  parameter  valúes  in  an  appropriate  way,  one 
can  derive  sets  of  profiles  with  their  camber,  thickness,  etc.,  varying 
according  to  practical  requirements.  In  such  sets,  which  would  replace 
the  rather  artificially  constructed  profiles  of  the  four-  and  five-digit 
series,  the  discontinuities  mentioned  in  the  foregoing  would  be  avoided 
and  a  sound  basis  for  comparison  of  experimental  and  theoretical  coeffi- 
cient  valúes  obtained. 


FiG.  86. — Mises  profile. 


Problem  4.  Draw  the  Joukowski  profile  corresponding  to  a  circle  Ci  with  coordi- 
nates  of  canter  Mü  x  =  0.156,  y  =  0.106. 

Problem  5.  Determine  the  aerodynamic  center,  the  moment  coefficient  with 
respect  to  it,  and  the  metacentric  parábola  for  the  circular  are  profile  of  Fig.  79. 

Problem  6.  Draw  the  Kármán-Trefftz  profile  for  n  =  1.94  corresponding  to  the 
same  circle  as  the  Joukowski  profile  in  Prob.  4,  and  determine  the  aerodynamic 
characteristics. 

Problem  7.  Determine  the  roots  of  Eq.  (10)  for  the  profile  of  Fig.  86,  based  on 
Eq.  (16).  Compute  the  coordinates  of  the  center  Mi  for  B'Mi  =  1.126  under  the 
condition  of  vanishing  Cmq,  and  find  the  distance  MiF  of  the  aerodynamic  center. 
How  does  the  position  of  F  vary  with  the  valué  of  ;u  while  6  and  B'Mi  remain  constant? 

Problem  8.     Draw  the  Mises  profile  with  n  =  2  and  the  foUowing  valúes  of  Ui,  ui: 

ui  =  6(1.01  +  0.16i)         U2  =  6(-0.01  -  0.16Í) 

The  coordinates  of  the  center  M\  are  x  =  y  =  0.106.     Find  F  and  Cmo- 

Problem  9.  Draw  the  Mises  profile  with  n  =  2,  the  vector  wi  having  the  length 
6/2  and  forming  the  angle  240°  with  the  x-axis.  Determine  ui  from  (12),  and  set  up 
the  equation  for  the  transformation.  Find  out  a  suitable  circle  to  which  to  apply  this 
transformation. 


132 


FUNDAMENTAL  NOTIONS.    GEOMETRY  OF  WINGS     [Sec.  VI.4 


4.  Geometry  of  Airplane  Wings.  While  the  shape  of  an  airfoil  is 
completely  determined  by  the  profile  and  the  aspect  ratio,  the  shape  of  an 
actual  wing  cannot  be  described  so  easily.  By  definition,  the  plan-form 
of  an  airfoil  is  a  rectangle;  the  plan-form  of  actual  wings  is  never  strictly 
rectangular.     Even  if  the  chord  length  is  constant  over  almost  the  entire 


■  ■  -Dihedralang/e  ó 


FiG.  87. — Dihedral  angle. 

span,  the  wing  tips  will  be  rounded  ofí.  Modern  designers  prefer  tapered 
plan-forms  for  which  the  chord  length  gradually  decreases  toward  the 
wing  tips.  As  the  chord  length  vanes,  the  profile,  too,  must  vary. 
Geometrically,  the  easiest  way  would  be  to  conserve  the  shape  of  the 
profile  by  letting  all  its  dimensions  decrease  in  the  same  proportion 
as  the  chord  length,  but  this  is  very  rarely  feasible.     Another  important 


FiG.  88.— Plan-form  of  the  Taube. 

difference  between  the  shape  of  an  airfoil  and  an  actual  wing  is  introduced 
by  the  necessity  of  providing  smooth  transitions  between  the  wing 
surface  and  such  interruptions  as  the  fuselage  or  engine  nacelles.  Finally, 
the  port  and  starboard  halves  of  the  wing  may  be  set  so  that  the  tips  are 
raised  with  respect  to  the  roots.     Seen  in  the  direction  of  flight,  such  a 

t  .'Afleron 


\ 
\ 


I        Lower  wing ''  UppQr  iv/ng 

FiG.  89. — Plan-form  of  Bréguet's  biplane. 

wing  appears  as  a  ílat  V.  The  anglo  with  which  each  limb  of  the  V  rises 
from  the  horizontal  is  called  the  dihedral  angle  (Fig.  87);  its  influence 
on  the  lateral  stability  of  the  plañe  is  considerable  (see  Chap.  XX).  The 
following  is  a  short  review  of  some  aspects  of  a  complete  description 
of  the  shape  of  a  wing. 
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FiG.  90. — Modern  plan-forms. 
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Plan-form.  In  the  early  stages  of  aviation,  plan-forms  imitating 
bird  wings  were  frequently  used.  Figure  88  shows  the  plan-form  of  the 
Taube,  the  leading  monoplane  in  Austria  and  Germany  up  to  1914, 
highl}'  valued  because  of  its  excellent  lateral  stability.  A  less  fanciful 
French  design  of  the  same  period  (Bréguet,  biplane)  is  given  in  Fig.  89. 


FiG.  91. — Taper. 

At  that  time  there  was  no  aerodynamic  theory  that  could  give  any 
guidance  in  the  seleetion  of  the  plan-form.  Only  later  did  Prandtl's 
wing  theory  (Chap.  IX)  make  it  possible  to  investígate  the  influence  of 

the  spanwise  variation  of  the  chord  length 
on  the  lift  distribution.  Knowledge  of  the  lift 
distribution  is  the  basis  for  the  structural 
analysis  of  the  wing,  and  this  analysis,  in  turn, 
gives  the  desirable  height  of  the  wing  spars, 
which  determines  the  thickness  of  the  wing 
sections.  Figure  90  shows  the  plan-forms  of 
three  modern  American  designs. 

Theory  as  well  as  experimental  evidence 
shows  that  for  the  conventional  plan-forms  and 
for  modérate  angles  of  attack  the  spanwise 
variation  of  the  chord  length  has  but  little 
influence  on  the  aerodynamic  characteristics  of  a  wing  as  long  as  the  ratio 
of  the  span  to  the  average  chord  is  not  modified.  It  is  usual  to  define 
the  aspect  ratio  of  a  wing  of  arhitrary  -plan  form  by 


(b) 

Fig.  92. — Sweepback. 


M.   = 


?1 

s 


(17) 


where  B  is  the  span  and  S  the  área  of  the  wing.  This  is  a  generalization 
of  formula  (1)  defining  the  aspect  ratio  of  an  airfoil.  From  the  aero- 
dynamic point  of  view  the  aspect  ratio  should  be  made  as  great  as 
possible,  but  obvious  limits  are  set  by  structural  considerations. 

The  plan-form  of  most  modern  designs  consists  essentially  of  two  equal 
trapezoids  (Fig.  91);  i.e.,  the  chord  length  c  varies  linearly  with  the 
spanwise  coordínate.  The  ratio  Co/ci  is  known  as  the  taper  ratio  of 
the  trapezoidal  wing.     Taper  ratios  up  to  2.5  are  not  uncommon.     The 
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plan-form,  however,  is  by  no  means  completely  determined  by  the  span- 
wise  distribution  of  the  chord  length.  For  example,  the  rectangular 
plan-form  of  Fig.  92a  and  the  sweephack  form  of  Fig.  926  have  constant 
chord  lengths.  For  the  trapezoidal  form  of  Fig.  91  the  amount  of  sweep- 
back  is  usually  specified  in  the  foUoAving  manner:  With  the  exception 


Fig.  93. — Plan-forms  with  constant  taper  ratio  and  varying  sweepback. 

of  the  mng  of  the  taper  ratio  1  (wing  of  constant  chord  length)  there 
exists,  for  any  trapezoidal  wing,  one  straight  line  CD  (Fig.  93)  that  is 
perpendicular  to  the  median  plañe  and  divides  all  chords  in  the  same 
ratio.  The  valué  of  the  ratio  AC/AB  (see  Fig.  936)  together  mth  that 
of  the  taper  ratio  completely  defines  the  trapezoid.     With 

100  ^  =  n 
AB 

the  line  CD  is  called  the  n  per  cent  line  and  the  wing  is  described  as  a  wing 
Avith  straight  n  per  cent  line.  Figure  93  shows  trapezoidal  wings  wdth 
taper  ratio  2.0  and  varying  sweepback.  The  main  aerodynamical 
influence  of  sweepback  is  to  shift  the  line  of  action  of  the  lift  backward. 
The  sweepback  is  thus  connected  with  the  longitudinal  stability  of  the 
plañe  (see  Chap.  XVII). 

Profile  Variation.     In  order  to  obtain  a  smooth  flow  at  the  wing  tips, 
it  seems  desirable  to  let  the  thickness  of  the  profiles  decrease  toward 
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the  wing  tips.  Since  for  the  aerodynamically  satisfactory  profiles  the 
relative  thickness  {i.e.,  the  ratio  of  thickness  and  chord  length)  varíes 
within  a  narrow  range  only,  the  decrease  of  thickness  toward  the  wing 
tips  impHes  a  decrease  in  chord  length.  This  is  one  of  the  reasons  that 
recommend  tapered  plan-forms.  The  relative  thickness  and  conse- 
quentl}^  the  shape  of  the  profile  can  then  be  kept  constant  over  the 
central  portion  of  the  span.  Near  the  wing  tips,  structural  considerations 
often  enforce  a  variation  of  the  relative  thickness. 

When  the  wing  sections  and  their  relative  attitudes  at  two  or  more 
stations  along  the  span  have  been  chosen  according  to  aerodynamic 


(a) 


FlG.  94. — Insertion  of  intermedíate  profiles. 

and  structural  considerations,  intermedíate  sections  must  be  determined 
so  as  to  provide  for  a  satisfactorily  smooth  surface.  If  it  is  desired  to 
insert  n  intermedíate  profiles  between  two  given  ones  (Fig.  94),  cor- 
responding  points  of  the  two  profiles  may  be  connected  by  straight  Unes 
AA',  BB',  .  .  .  and  the  distances  AA'  BB',  .  .  .  divided  into  n  +  1 
equal  parts.  The  correspondence  between  the  points  of  two  profiles  can 
be  established  by  taking  points  with  parallel  tangents  as  in  Fig.  946  or 
points  whose  abscissas  on  the  chord  have  the  same  valué  if  referred  to 
the  chord  length  (Fig.  94a).  With  reflexed  profiles,  and  in  certain  other 
cases  in  the  neighborhood  of  the  trailing  edge,  a  modified  procedure 
may  be  devised. 

If  the  n  intermedíate  profiles  are  constructed  in  the  foregoing  way 
and  placed  at  equal  distances  along  the  span,  the  wing  surface  will  be  a 
ruled  surface  and,  if  the  method  of  Fig.  946  is  used,  a  developable  surface. 

Twist.  Wings  are  generally  given  a  twist  so  that  the  angle  of  attack 
is  not  constant  all  over  the  span.  A  decrease  of  the  angle  of  attack 
toward  the  wing  tips  (called  washout)  helps  to  concéntrate  the  lift  in 
much  the  same  way  as  the  spanwise  decrease  of  chord  length :  a  compara- 
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tively  larger  part  of  the  total  lift  is  contributed  by  the  central  portion  of 
the  wing,  and  therefore  the  bending  moment  at  the  wing  roots  will  be 
smaller  for  the  same  total  lift. 

Apart  from  this  structural  advantage,  washout  is  also  applied  for 
reasons  of  lateral  stability.  The  dangerous  condition  of  wing-tip  stall — 
a  stalling  that  starts  at  one  of  the  wing  tips  and  may  easily  upset  the 
lateral  balance  of  the  airplane — must  be  avoided  by  keeping  the  angle 
of  attack  at  the  ends  of  the  wing  a  good  deal  lower  than  in  the  central 
part.  This  is  even  more  necessary  with  modern  trapezoidal  plan-forms 
than  with  elliptical  or  rectangular  ones.  The  twist  necessary  to  avoid 
wing-tip  stall  during  landing  operations  may  be  so  great  that  in  level 
flight  the  wdng  tips  opérate  under  an  angle  of  attack  which  is  zero  or  even 
negative. 

Interruptions.  Engine  nacelles  can  be  built  into  the  wing  structure 
in  such  a  way  as  to  become  a  part  of  the  wing  not  only  from  the  structural 
but  also  from  the  aerodynamic  point  of  view.  At  and  near  the  location  of 
the  nacelles  the  shape  of  the  wing  sections  then  differs  considerably  from 
that  of  the  principal  profile;  but  these  sections  may  still  be  considered 
as  airfoil  sections  possessing  definite  aerodynamic  coeíñcients  Cl,  Cd, 
Cm  that  depend  on  the  angle  of  attack.  Prandtl's  wing  theory  has  been 
applied  to  such  wings  and  has  been  found  to  furnish  useful  results. 

The  influence  of  a  fuselage  interrupting  the  wing  is  less  clear.  If 
a  wing  model  is  tested,  combined  with  a  vertical  píate  in  its  median  plañe, 
the  flow  around  the  wing  is  essentially  the  same  except  for  the  increased 
friction.  This  would  seem  to  indícate  that  a  very  narrow  fuselage  with 
comparatively  high  vertical  side  walls  interrupting  the  wing  will  not 
modify  essentially  the  flow  past  the  two  half  wings.  The  situation 
changes  when  width  and  height  of  the  fuselage  become  of  the  same  order 
of  magnitude.  Under  certain  simplifying  assumptions  it  has  been  found  ^ 
that  an  infinitely  long  cylindrical  fuselage  of  circular  cross  section  of  the 
diameter  d  contributes  to  the  lift  of  the  wing  in  the  same  way  as  an 
equivalent  central  wing  portion  of  the  spanwise  extensión  d(l  —  d/B), 
where  B  is  the  span  of  the  wing.  Experiments  indícate  that  with  properly 
designed  fillets  between  wing  and  fuselage  the  lift  of  the  fuselage  portion 
between  the  two  half  wings  may  almost  equal  the  lift  of  an  equivalent 
central  wing  portion  whose  spanwise  extensión  is  equal  to  the  wddth 
of  the  fuselage.  In  all  cases,  the  drag  of  the  combination  of  fuselage 
and  wing  exceeds  considerably  the  sum  of  the  drags  of  the  two  component 
parts  considered  independently  of  each  other  (see  Sec.  V.6). 

Biplanes.     In  the  case  of  biplanes,  further  geometric  parameters 
must  be  introduced  that  define  the  arrangement  of  the  two  wings.     Fig- 
ure 95  shows  a  cross  section  through  the  wings  of  a  biplane.     For  the 
^Lennertz,  J.,  Z.  angew.  Mathematik  u.  Mechanik,  7,  249  (1927). 
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upper  profile  as  well  as  f  or  the  lower  one,  a  well-defined  chord  line  accord- 
ing  to  Sec.  2  must  be  chosen.  The  angle  8  between  the  two  chords  is 
called  their  decalage.  The  distances  of  two  corresponding  points  of  the 
wings,  e.g.,  of  the  forward  end  points  of  the  chords,  measured  parallel 
and  normal  to  the  bisectrix  of  the  angle  between  the  chords  are  defined 
as  the  stagger  and  the  gap,  respectively.  For  twisted  wings  and  non- 
rectangular  plan-forms  all  these  parameters  may  vary  along  the  span. 
The  span  of  the  lower  wing  is  usually  smaller  than  that  of  the  upper  one. 
The  tips  of  the  lower  Aving  are  thus  less  likely  to  hit  the  ground  when  the 


Deca/age  ó 


L 


Q^c'/4  Lower  w/ng 
-c  — 

FiG.  95. 


-Geometry  of  biplane. 

airplane  tilts  somewhat  about  the  longitudinal  axis  while  taxiing  on 
the  ground.  Usually,  in  accordance  with  the  reduced  span,  the  chord 
length  of  the  lower  wing  is  also  smaller  than  that  of  the  upper  wing. 
Aerodynamic  points  of  view  for  the  choice  of  the  área  ratio  will  be 
given  in  Chap.  IX.  The  gap,  as  a  rule,  approximately  equals  the 
greatest  chord  length  of  the  two  wángs. 

From  the  aerodynamic  point  of  view  a  biplane  and  a  monoplane  of 
equal  total  wing  área  can  be  made  equally  satisfactory.  However,  the 
smaller  span  made  possible  by  the  use  of  two  wings  may  become  impor- 
tant  where  the  available  space  is  restricted,  as  on  the  deck  of  an  aircraft 
carrier.  In  the  past,  the  fact  that  the  two  wings  may  be  connected  by 
struts  and  wires  so  as  to  form  a  structural  unit  of  considerable  stiffness 
caused  designers  to  prefer  biplanes.  Modern  design  places  all  structural 
elements  in  the  interior  of  the  wing.  In  fact,  with  modern  speeds  the 
drag  of  outside  struts  and  wires  becomes  so  important  that  structures 
of  this  kind  must  be  avoided  at  all  costs.  Thus  the  biplane  loses  its 
structural  superiority,  and  this  is  the  reason  why  monoplanes  are  almost 
exclusively  used  today. 


CHAPTER  VII 
EMPIRICAL  AIRFOIL  DATA 

1.  The  Three  Main  Results.  In  the  course  of  the  last  thirty-five 
years  a  great  number  of  experiments  have  been  carried  out  in  many 
countries  with  the  aim  of  exploring  the  characteristic  properties  of  profiles. 
Such  experiments  show  how  the  valúes  of  the  coefiicients 

depend  on  the  shape  of  the  profile,  the  angle  of  attack  a,  the  aspect  ratio 
JR  of  the  airfoil,  and  the  Reynolds  number  Re.  The  influence  of  Re  is 
comparatively  small ;  it  will  be  discussed  in  Sec.  5  of  this  chapter.  The 
curves  showing  the  coeíficients  Cl,  Cd, 

Cm  as  functions  of  the  angle  of  attack  ^efO  'í  •  ¡^ 

a     are    known    as    the     characteristic  d'^^  j 

curves    of    an    airfoil.     The   forms    of  .^<ffT7l^í^^^^^ 

these  curves  depend  on  the  shape  of       ^¿¡;Z^^^r^^^^al'        ¿^^ 

the  profile,   on  the  aspect  ratio  of  the    ^^ '^ ^ ^P^ 

airfoil,  and,  to  a  certain  extent,  on  the     ^i<^-  95a.— Angle  of  attack  and  angle  of 

T->  11  T^    c  •         •  incidence. 

Reynolds  number.     Reiore  gomg  mto 

the  details,  the  main  results  concerning  the  general  form  of  these  char- 
acteristic curves  may  be  stated,  which  are  of  basic  importance  in  all  air- 
plane  computations. 

a.  Lijt  Coejficient.  For  each  profile  there  exists  a  certain  angle  of 
attack  «o  for  which  the  lift  and,  accordingly,  the  Uft  coefficient  are  zero. 
The  corresponding  direction  of  the  velocity  vector  is  called  the  zero  lift 
direction  or  the  direction  of  the  jirst  axis  of  the  profile.  If  the  angle  of 
attack  is  measured  from  the  chord  as  explained  in  Sec.  VI. 2,  the  angle  an 
will  be  negative  for  the  usual  profiles. 

The  difference 

a'  =  a  —  ao  (2) 

measures  the  angle  between  the  direction  of  the  velocity  V  and  the  zero 
Uft  direction  (Fig.  95a) ;  it  is  often  called  the  effective  angle  of  attack. 
However,  in  the  theory  of  the  wing  of  finite  span,  the  same  term  is 
frequently  used  to  denote  a  differentl}^  defined  angle  of  attack.  On  the 
other  hand,  the  term  angle  of  incidence  is  sometimes  used  as  synonymous 
with  the  term  angle  of  attack.     In  order  to  avoid  confusión  the  following 
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terminolog}'  will  be  applied  consistently  throughout  this  book :  The  angle 
a,  measured  from  a  geometrically  defined  reference  line,  will  be  referred 
to  as  the  angle  ofattack;  the  angle  a',  measured  from  the  zero  lift  direction, 
will  be  called  the  angle  of  incidence.  The  term  effective  angle  of  attack 
will  be  reserved  for  use  in  the  three-dimensional  wing  theory;  it  will  be 
defined  in  Sec.  IX. 3. 
1.75 


-5°       O 


10 


\b°      20°      25°      30° 
a 

FiG.  96. — Lift  coefficient  vs.  angle  of  attack. 


35° 


Tlie  main  result  concerning  the  coefficient  Cl  of  the  usual  wing 
profiles  can  be  stated  as  f  ollows :  For  modérate  valúes  of  the  angle  of  incidence 
a'  the  lift  coefficient  is  proportional  to  a'. 

Cj.  =  k{a  -  ao)  =  ka'  (3) 

the  factor  of  proportionality  k  depending  mainly  on  the  aspect  rafio  bul 
being  álmost  independent  of  the  shape  of  the  profile. 

If  a  is  expressed  in  dogrces,  the  valúe  of  the  lift  factor  k  lies  between 
0.07  and  0.08  (for  the  usual  aspect  ratios  between  5  and  7).  If  a'  is 
expressed  in  radians,  k  accordingly  varíes  from  about  4.0  to  4.5.  Figure 
96  givcs  a  typical  Cl  vs.  a-curve;  the  profile  (NACA  2409)  is  shown  at  the 
bottom  of  Fig.  103,  the  aspect  ratio  equals  6,  and  the  Reynolds  number, 
referring  to  the  chord  length,  about  3  X  10^.  The  angle  of  attack  a  is 
varied  from  —  4  to  30°.  Since  Cl  —  O  for  a  =  a»  =  —2°,  the  angle  of 
incidence  varies  from  —2  to  32°.  For  angles  of  incidence  up  to  about 
a'  =  21°  the  curve  is  almost  a  straight  line,  the  valué  of  k  being  about 
0.075.  For  higher  angles  of  incidence  the  character  of  the  curve  changes 
abruptly. 
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The  range  of  valúes  of  Cl  within  which  formula  (3)  is  applicable 
depends  on  the  shape  of  the  profile  and  on  the  valué  of  the  Reynolds 
number.  The  upper  boundary  of  this  range  usually  corresponds  to 
C/,- valúes  between  1.0  and  1.5  and  the  lower  boundary  to  Ci-values 
between  —0.4  and  —0.6.  The  upper  end  point  of  the  approximately 
straight  portion  of  the  Cl  vs.  a-curve  is  called  the  stalling  point.  The 
phenomena  occurring  beyond  the  stalling  point  will  be  discussed  in 
Sec.  X.l. 
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í^iG.  97. — Drag  coefficient  vs.  angle  of  attack. 

More  precise  experiments  show  that  the  Cl  vs.  cc-curve  is  slightly 
bent,  so  that  the  formula 


Cl  —  h  sin  {a  —  an)  =  k  sin  a' 


(4) 


may  be  considered  a  slight  improvement  on  (3).  Since,  for  a'  =  15°,  the 
difference  between  sin  a'  and  a'  (expressed  in  radians)  is  less  than  1.2  per 
cent,  the  difference  between  formulas  (3)  and  (4)  is  unimportant.  Both 
formulas  were  originally  suggested  by  the  two-dimensional  wing  theory 
(see  Chap.  VIII)  and  have  been  found  to  agree  well  with  the  experimental 
evidence. 

b.  Drag  Coefficient.  Within  the  range  interesting  in  most  aero- 
nautical  problems  the  Cl  vs.  a-curve  can  be  approximated  by  a  straight 
line;  the  Cd  vs.  a-curve,  however,  is  of  parabolic  character  (Fig.  97). 
It  has  a  mínimum  cióse  to  a'  =  0.  This  mínimum  valué  of  the  drag 
coefficient  depends  on  the  shape  of  the  profile  and  on  the  valué  of  the 
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Reynolds  number.  (For  ordinary  wings  the  influence  of  surface  rough- 
ness  need  not  be  considered.)  For  valúes  of  a'  different  from  zero,  the 
drag  coefficient  increases  proportional  to  a'^  at  a  rate  that  depends 
mainly  on  the  aspect  ratio.  Since  within  the  range  of  linearly  increasing 
Cl  the  lift  coefRcient  is  proportional  to  the  angle  of  incidence  a',  the  main 
character  of  the  Cd  vs.  a-curve  can  be  stated  as  follows:  Within  the  range 

of  linearly  increasing  Cl  the  drag  coefficient 

follows  the  paraholic  lavo 


Cd  =  a  + 


C\ 


(5) 


where  a  depends  mainly  on  the  shape  of  the 
profile  and  b  mainly  on  the  aspect  ratio. 

The  first  term  a  is  often  called  the  co- 
efRcient of  parasite  drag  or  profile  drag;  the 
second  term  is  known  as  the  coefficient  of 
induced  drag.  The  reasons  for  this  termin- 
ology    will    be    explained    in    Sec.  IX. 3. 

Figure  97  shows  the  Cd  vs.  a-curve  cor- 
responding  to  the  same  airfoil  as  that  of  Fig. 
96.  The  mínimum  valué  of  Cd  is  a  =  0.007; 
the  constant  h  in  this  case  equals  about  16. 
In  general,  h  lies  between  15  and  20  for  as- 
pect ratios  varying  from  5  to  7,  and  the 
smallest  valúes  of  a  so  far  reached  equal 
about  0.006.  Further  information  concern- 
ing  these  coefficients  will  be  given  in  the  fol- 
lowing  sections  of  this  chapter. 

A  comprehensive  representation  of  the  re- 
lations  between  Cl,  Cd,  and  a'  is  the  polar  di- 
agram  introduccd  by  G.  EiíTel.  In  this 
diagram,  Cl  is  plotted  vs.  Cd  (Fig.  98).  Ac- 
cording  to  (5)  the  curve  thus  obtained  should 


0.3   0.4    0.5  be  a  parábola  whose  axis  coincides  with  the 


Fio. 


Cd 

i. — Polar  diagram. 


Cc-axis  and  whose  vértex  has  the  abscissa 
Cd  =  a.  On  this  curve  the  points  correspond- 
ing  to  certain  round  valúes  (or  to  the  actual  experimental  valúes)  of  a 
(or  a')  are  marked.  By  using  the  a-scale  thus  obtained  as  well  as  the  Cd- 
and  Ci-scales  on  the  coordínate  axes,  it  is  easy  to  read  off  the  valúes  of 
any  two  of  the  quantities  Cd,  Cl,  a  that  correspond  to  a  given  valué  of 
the  third  quantity.  Moreover,  if  the  same  unit  is  used  for  plotting  Cd 
and  Cl,  the  line  joining  the  origin  to  the  point  corresponding  to  a  =  ai 
indicates  the  direction  of  the  resultant  forcé  F  experienced  by  an  airfoil 
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moving  horizontally  from  right  to  left  under  the  angle  of  attack  «i  (see 
Fig.  98,  inset).  Because  the  Co-values  are  much  smaller  than  the 
Ci-values,  the  unit  for  Cd  in  the  standard  graphs  is  taken  five  times  as 
large  as  the  unit  for  Cl.  Figure  99  shows  the  polar  diagram  obtained 
in  this  manner.  (The  diagrams  of  Figs.  96  to  99  and  103  refer  to  the 
same  airfoil.) 
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Fig.  99. — Polar  diagram  with  moment  coefficient. 


e  between  the  lift  L  and  the  resultant  forcé  F  has  the 
tangent  D/L  =  Cd/Cl.  Since  for  the  usual  angles  of  attack  e  is  small, 
this  tangent  practically  equals  the  angle  e  expressed  in  radians: 

D         Cd 


^        ^^        a     ,   Cl 
,^tane  =  ^  =  ^  =  ^  +  -^ 


(6) 


This  angle  has  the  f ollowing  significance :  Suppose  that  by  an  appropri- 
ate  device  (tail  surface)  the  airfoil  is  kept  at  a  constant  angle  of  attack 
but  otherwise  left  free  to  glide  down  under  the  influence  of  its  weight  W. 
If  the  airfoil  moves  at  constant  velocity,  the  forces  W,  L,  and  D  must 
be  in  equilibrium;  i.e.,  the  resultant  F,  oí  L  and  D,  must  be  equal  and 
opposite  to  W  (Fig.  100).  Since  the  lift  L  is  perpendicular  to  the  velocity 
V  oí  the  airfoil  and  the  weight  W  is  perpendicular  to  the  horizontal  plañe, 
the  angle  between  V  and  the  horizontal  plañe  equals  the  angle  e  between 
L  and  F.     For  this  reason,  e  is  called  the  gliding  angle  of  the  airfoil. 
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The  minimum  valué  of  the  gliding  angle,  (CD/Cí,)miii,  is  found  by 
drawing  the  tangent  from  the  origin  to  the  polar  curve  and  forming  the 
quotient  Cd/Cl  for  the  point  of  contact.  In  order  to  find  Cmin  analytically, 
the  derivative  de/dCL  computed  from  (6)  must  be  set  equal  to  zero: 


de    _         ^      I    ^  _  n 
dCl~  ~  Cí^b~ 


or 


Cl  —  y/ab 


Introducing  this  valué  of  Cl  into  (6),  we  find 

■\/ab 


■\/ab 


+ 


=  2^r^ 


(7) 


(8) 


.^- 


Horizonfa} 
V 


In  the  case  represented  by  Fig.  98,  €min  has  the  valué  0.0426  equivalent 
to  2.45°  and  its  reciprocal  {Cl/Cd)u,í,%  equals  23.4.     The  highest  valúes 

of  this  quotient  that  have  been 
reached  so  far  are  about  24  to  26 
for  aspect  ratios  between  5  and  7. 

c.  Moment  Coefficient.  The 
moment  (pitching  moment)  and 
the  moment  coefficient  depend,  of 
course,  on  the  position  of  the  point 
with  respect  to  which  the  moment 
is  taken.  If  the  coeíRcients  of  hft 
and  drag  and  the  moment  coeffi- 
cient with  respect  to  one  certain 
point  of  reference  are  known,  the 
moment  coefficient  with  respect  to 
any  other  point  can  be  computed  by 
the  rules  of  elementary  statics. 
The  outstanding  fact  concerning  the  variation  of  the  moment  coefficient 
with  the  angle  of  attack  can  be  stated  as  f ollows :  For  any  given  profile  there 
exists  a  certain  jpoint  F  with  respect  to  which  the  moment  M  and  the  moment 
coefficient  have  practically  constant  valúes  as  long  as  the  angle  of  attack  does  not 
exceed  the  range  of  linearly  varying  Cl.  The  constant  valué  of  the  moment 
coefficient  depends  on  the  shape  of  the  profde  but  is  practically  independent  of 
the  aspect  ratio. 

The  point  F  is  known  as  the  aerodynamic  center  (a.c  )  or  the  focue 
of  the  profile.  For  the  usual  profiles  it  lies  near  the  chord  line,  about  a 
quarter  chord  length  aft  the  leading  end,  in  accordance  with  the  two- 
dimensional  wing  theory.  The  moment  with  respect  to  the  aerodynamic 
center  will  be  denoted  by  Mq.  The  moment  coefficient  Caz»  has  small 
negative  valúes  for  simple  (i.e.,  unreflexed)  profiles  according  to  the 
terminology  introduced  in  Sec.  VI.2,  the  absolute  valué  of  Cm^  decreasing 
with  decreasing  camber.     (Note  that  the  moment  is  counted  positive 


Fig.  100. — Forcea  in  gliding. 
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if  it  tends  to  raise  the  leading  end  of  the  profile.)  The  coefficient  Cmo 
is  zero  for  sj^mmetrical  and  slightly  reflexed  profiles  and  positive  for 
strongly  reflexed  profiles.  For  the  modern  shghtly  cambered  simple 
profiles,  Caí  o  varíes  between  O  and  —0.1. 

Experimental  results  concerning  the  pitching  moments  of  airfoils 
can  be  represented  in  various  ways.  If  Cm„  is  plotted  against  a  or  a'  or 
against  Cl,  the  diagram  will  eonsist  of  a  straight  line  parallel  to  the  axis 
of  abscissas.  But  if  an  airfoil  is  to  be  investigated  experimentally,  the 
position  of  the  aerodynamic  center  is  not  kno\vn  beforehand.  The 
customary  procedure  is  to  measure  the  moment  with  respect  to  some 
well-defined  point  of  reference  and  then  to  compute  the  moment  coeffi- 
cient ^vith  respect  to  the  quarter  chord  point,  i.e.,  the  point  on  the  chord 


,  Quarfer  chord poini 

,•  -  Cenfer  ofpressure 

,  -A 

u h^° 

FiG.  101. — Center  of  pressure. 

at  one-quarter  the  chord  length  aft  the  leading  end.  In  most  cases,  this 
moment  coefficient  will  be  fairly  independent  of  the  angle  of  attack,  an 
indication  that  an  aerodynamic  center  exists  and  that  it  lies  near  the 
quarter  chord  point. 

In  order  to  obtain  an  approximate  relation  between  the  moment 
coefficients  with  respect  to  various  points  of  reference,  we  may  assume 
that  the  aerodynamic  center  coincides  with  the  quarter  chord  point  and 
that,  for  the  usual  small  angles  of  attack,  the  lift  is  practically  perpen- 
dicular and  the  drag  practically  parallel  to,  and  coinciding  with,  tho 
chord  AB  (Fig.  101).  The  thrusts  that  the  air  exerts  on  the  profile  are 
statically  equivalent  to  the  forces  L  and  D  applied  to  the  aerodynamic 
center  and  a  couple  of  the  moment  Mo.  Under  the  assumptions  here 
introduced  the  moment  of  this  system  with  respect  to  the  leading  end  A 
of  the  chord  is 


Afi  =  ilfo 


(9) 
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The  corresponding  moment  coeíBcient  therefore  equals 


(10) 


The  point  where  the  line  of  action  of  the  resultan t  forcé  interseets  the 
chord  is  sometimes  called  the  center  of  pressure;  if  it  has  the  distances 
d  and  di  from  the  center  of  the  chord  AB  and  froin  the  leading  end  A, 
respectively  (Fig.  101),  the  ratios  d/c  and  di/c  are  given  by 


d  C  Mo   ,    i^         di  


C 


^0        I        1 


(11) 


Usually  the  graphs  showing  d/c  or  di/c  in  dependence  on  the  angle 
of  attack  are  used  instead  of  the  Cm  vs.  a-curve  as  a  means  of  specifying 


^a 


Fig.  102. — Center  of  pressure  location  vs.  incidenee  (tipproximately). 

the  position  of  the  line  of  action  of  the  resultant  forcé.  Since  Cmo  is 
constant  and  d  proportional  to  a',  Eqs.  (11)  represent  equilateral 
hyperbolas  with  a  vertical  asymptote  at  a'  =  O  and  a  horizontal  asymp- 
tote  at  the  ordinate  i.  Figure  102  shows  these  hyperbolas  for  d/c  and 
di/c.  In  comparing  these  curves  with  those  showing  experimental  valúes 
of  d/c  and  di/c,  it  must  be  kept  in  mind  that  Eqs.  (11)  ha  ve  been  derived 
under  assumptions  which  may  fail  considerably  at  points  where  D  is  not 
small  as  compared  ^vith  L. 

Figure  103  shows  the  complete  diagram  for  the  NACA  airfoil  2409. 
Besides  the  curves  of  Figs.  96  and  97,  Fig.  103  gives  the  empirical  valúes 
of  di/c  (expressed  in  per  cent)  and  the  valúes  of  L/D.  The  scales  are 
those  used  in  the  NACA  reports.  Note  that  the  scale  for  di/c  is  chosen 
in  such  a  manner  that  the  line  di/c  —  100  per  cent  coincides  with  the 
a-axis. 
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The  reports  of  the  Aerodynamic  Institute  at  Gottingen  generally 
use  —Cmi,  the  negative  of  the  moment  coeíRcient  with  respect  to  the 
leading  end  of  the  chord,  as  abscissa  in  a  graph  whose  ordinates  represent 
Cl.     Figure  99  shows  such  a  graph  in  addition  to  the  polar  diagram. 


Cij   Cd 


NACA  2409 

FiG.  103. — Characteristics  of  the  profile  NACA  2409. 

According  to  (10)  this  graph  should  be  a  straight  Une  of  the  slope  \  inter- 
secting  the  axis  of  abscissas  at  the  point  with  the  abscissa  —Cm^.  Most 
empirical  curves  show  this  behavior  except,  sometimes,  f or  a  narrow 
región  at  small  angles  of  incidence,  where  Eq.  (10)  fails  to  give  a  good 
approximation. 

The  existence  of  the  aerodynamic  center,  t.e.,  of  a  point  with  constant 
moment,  has  been  predicted  by  the  two-dimensional  wing  theory  (see 
Chap.  VIII).  This  result  has  subsequently  been  confirmed  by  prac- 
tically  all  experiments. 
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Problem  1.  The  foUowing  table  gives  the  coefficients  of  lift,  drag,  and  moment 
with  respect  to  the  leading  end  of  the  chord  as  functions  of  the  angle  of  attack  a.  Plot 
the  curves  Cl  vs.  a,  Cd  vs.  a,  and  di/c  vs.  a  and  the  polar  diagram  including  the 
moment  curve  Cmi  vs.  Cl- 


a   = 

-4.5 

-1.6 

1.3 

4.2 

Cl  = 

0.124 

0.327 

0.549 

0.738 

Cd  = 

0.0185 

0.0222 

0.0331 

0.0495 

Cm,  = 

-0.110 

-0.156 

-0.208 

-0.257 

a  = 

8.6 

11.6 

14.5 

17.5 

Cl  = 

1.033 

1.192 

1.314 

1.369 

Cd  = 

0.0860 

0.118 

0.152 

0.203 

Cmi   = 

-0.335 

-0.368 

-0.388 

-0.430 

Problem  2.  Formula  (11)  gives  the  position  of  the  center  of  pressure  with  sufR- 
cient  accuracy  only  if  the  angle  of  attack  is  so  small  that  the  lift  is  practically  per- 
pendicular and  the  drag  practically  parallel  to,  and  coinciding  with,  the  chord. 
Indícate  the  modifications  necessary  for  greater  angles  of  attack. 

*Problem  3.  If  the  existence  of  the  aerodynaniic  center  of  a  profile  is  taken  for 
granted,  for  how  many  angles  of  attack  must  the  coefficients  Cl,  Cd,  Cm  be  measured 
in  order  to  determine  the  position  of  the  aerodynamic  center?  Try  to  lócate  the 
aerodynamic  center  of  the  profile  of  Prob.  1  (Góttingen  404). 

2.  Influence  of  Aspect  Ratio.  Within  the  range  of  linearly  varying 
Cl  the  dependence  of  the  coefficients  of  lift,  drag,  and  pitching  moment 
on  the  angle  of  incidence  a'  is  defined  by  the  parameters  k,  a,  b,  and  Cm„. 
The  lift  factor  k  introduced  in  (3)  can  be  described  as  the  slope  of  the 
Cl  vs.  a-diagram.  The  parameters  a  and  b  are  defined  by  (5) ;  here  a  is 
the  coefficient  of  profile  drag  of  the  airfoil,  6/2  is  the  parameter  of  the 
parábola  of  the  polar  diagram,  ^  and  Cmo  denotes  the  coefficient  of  the 
pitching  moment  with  respect  to  the  aerodynamic  center.  The  param- 
eters k,  a,  b,  C.\{g  depend  on  the  shape  of  the  profile,  the  aspect  ratio,  and 
the  Reynolds  number.  The  influence  of  the  aspect  ratio  will  be  discussed 
in  this  section,  that  of  the  shape  of  the  profile  in  Sec.  4,  and  the  influence 
of  the  Reynolds  number  in  Sec.  5. 

The  dependence  of  k  and  b  on  the  aspect  ratio  is  fairly  well  represented 
by  formulas  furnished  by  the  three-dimensional  wing  theory  (see  Chap. 
IX).  Although  this  theory  uses  a  series  of  simplifying  assumptions 
that  cannot  be  expected  to  be  rigorously  fulfilled  under  actual  conditions, 
the  theoretical  formulas  for  k  and  b  give  a  good  account  of  the  experi- 
mental results.  The  parameters  a  and  Ca/»  are  practically  independent 
of  the  aspect  ratio. 

a.  Slope  of  the  Cl  vs.  a-diagram.  The  experimental  valúes  of  the  slope 
of  the  Cl  vs.  a-diagram  for  the  usual  wing  pro  files  are  fairly  well  represented 

*  The  parábola  ?/^  =  2px  has  the  "parameter"  p. 
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hy 


k  = 


0.1 


1  +  2/JR 


if  a  is  expressed  in  degrees  or  hy 

k  = 


5.7 


1  +  2/JR 


(12a) 


(12b) 


if  a  is  expressed  in  radians.     According  to  these  formulas  the  lift  coeffi- 
cient  Cl  =  ka'  assumes  the  valué  1.0  at  the  angles  of  incidence 

for  M  =  'xi 

for  /R  =  8 

for  M  =  6 

for  /R  =  5 


-0.25 


-10 


a' 

= 

10° 

1 
a 

— 

12^ 

a' 

= 

13r 

1 
a. 

= 

14° 

20 


-5  O  5  10  15 

O-,  degrees 

FiG.  104. — Lift  curves  of  airfoils  for  various  aspect  ratios. 

(How  an  infinite  aspect  ratio  can  be  realized  experimentally  will  be 
explained  in  Sec.  3.)  Formulas  (12)  apply  to  aspect  ratios  as  small  as  2 
and  to  all  forms  of  profiles  used  today  for  wngs  and  tail  surfaces.  They 
can  also  be  used  in  a  certain  way  in  the  case  of  propeller  blades  with 
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profiles  that  do  not  deviate  too  much  from  the  usual  wing  sections 
(see  Sec.  XI.4). 
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Fio.  105. — Lift  curves  of  Fig.  104,  reduced  to  the  aspect  ratio  5. 

Formulas  (12)  can  be  checkcd  in  the  following  manner:  Figure  104 
shows  the  exper'imental  C^  vs.  a-curves  obtained  with  airfoils  of  the 
same  profile  but  of  diíferent  aspect  ratios.  The  linear  portions  of  these 
curves  clearly  havc  diíferent  slopes.     Tn  Fig.  105  the  same  C/,-values  are 
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plotted  against  the  variable 


X  = 


1  + 


1.4a' 


1  +  2/M 


1  +  2/^ 


(13) 


According  to  (12)  the  linear  portions  of  the  curves  showing  Cl  vs.  x 
should  coincide  on  the  straight  Hne  that  joins  the  origin  to  the  point 
X  =  14°,  Cl  =  1.0.     The  transformation  of  the  C^  vs.  a-curve  into  the 


FiG.  lOG. — Polar  diagrams  for  the  airfoils  of  Fig.  104. 

corresponding  Cl  vs.  x-curve  is  called  the  "reduction  of  the  Cl  vs.  a-curve 
to  tlie  aspect  ratio  5."  Figure  105  shows  that  this  reduction  of  the 
curves  of  Fig.  104  confirms  the  prediction  of  the  theory.  The  experi- 
ments  represented  in  Fig.  104  were  performed  at  the  Aerodynamic 
Institute  of  Gottingen;!  the  profile  used  is  shown  at  the  bottom  of  Fig. 
105. 

b.  Parameter  of  the  Polar  Parabala.  The  three-dimensional  wing 
theory  suppHes  a  coeíRcient  of  "induced"  drag  of  the  form  C\/b  where  h 

^Góítinger  Ergebnissc,  1  (1921). 
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Fio.  107. — Polar  diagrama  of  Fig.  106  reduced  to  the  aspect  ratio  5. 
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depends  on  the  aspect  ratio.  No  account  is  given  of  the  parasite  drag 
coefficient  a  introduced  in  (5).  Comparison  of  the  experimental  valúes 
of  Cd  with  the  formula  suggested  by  the  theory  leads  to  the  following 
result:  The  experimental  valúes  for  the  drag  coefficient  Cd  are  fairly  well 
represented  by  formula  (5),  if  the  parameter  b  is  taken  as 

b'^SM  (14) 

Again  this  statement  applies  only  to  the  range  of  linearly  varying  Cl. 
Furthermore,  the  airfoil  is  supposed  to  have  a  profile  of  the  usual  type 
and  an  aspect  ratio  of  2  or  more. 

Figure  106  shows  the  polar  diagrams  for  the  airfoils  of  Fig.  104. 
While  the  mínimum  valué  a  of  Cd  is  practically  the  same  for  all  curves, 
the  curves  corresponding  to  larger  aspect  ratios  open  up  more  than  those 
corresponding  to  smaller  aspect  ratios.  Figure  107  shows  the  same 
experimental  results  reduced  to  the  aspect  ratio  5.  Here  each  point 
has  the  same  ordinate  d  as  in  Fig.  12,  but  the  abscissa  is  changed  from 
Ci,  to 

'  -  =  ^»-f(s-*)  c-^) 

If  Eq.  (5)  is  valid  with  the  valué  (14)  of  b,  the  right-hand  side  of  (15) 
equals  a  +  C\/15  and  consequently  is  independent  of  /R.  In  fact,  the 
points  marked  in  Fig.  107  lie  fairly  well  on  a  single  curve.  Moreover, 
in  the  range  of  practical  use  this  curve  is  nearly  a  parábola  with  the 
parameter  ^,  thus  corresponding  (except  for  the  valué  a)  to  the  theo- 
retical  polar  diagram  for  an  airfoil  of  the  aspect  ratio  5. 

Introduction  of  (14)  into  expression  (8)  furnishes  the  mínimum 
gliding  angle 

emin  =  2  ^  h^-^  (16a) 

and  its  reciprocal,  the  máximum  of  the  ratio  Cl/Cd, 

c.  Moment  coefficient.  In  its  present  form  the  three-dimensional 
wing  theory  does  not  furnish  any  indication  for  assuming  an  influence 
of  the  aspect  ratio  on  the  position  of  the  aerodynamic  center  F  and  on 
the  moment  coefñcient  Cm^.  Experiments  seem  to  indícate  that,  if 
such  an  influence  exists  at  all,  it  must  be  extremely  small. 

The  situation  is  not  quite  so  simple  when  the  moment  coefficient 
with  respect  to  some  other  point  of  reference  is  considered.     Take,  for 
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Fio.  108. — Lift  coefficient  vs.  moment  coefficient  with  respect  to  thc  loading  end  for  the 

airfoils  of  Fig.  104. 
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example,  the  coeíficient  Cm^  with  respect  to  the  leading  edge.  Accord- 
ing  to  (10)  this  coeíficient  is  expressed  in  terms  of  Cl  and  of  Cmo-  Now 
Cl  is  related  to  the  angle  of  incidence  a'  in  a  manner  that  depends  on 
the  aspect  ratio  [see  (3)  and  (12)].  The  relation  between  Cm^  and  a' 
consequently  is  not  independent  of  the  aspect  ratio.  On  the  other 
hand,  if  Cji/,  is  plotted  against  d.  rather  than  against  a',  the  result  is 


f^^ 


r'/.'./////^////'^' 


Wrlghf(l903) 
FiG.  109. 

the  same  for  all  aspect  ratios.  The  same  applies  to  the  moment  coeífi- 
cient with  respect  to  any  other  point  as  well  as  to  the  relative  distance 
d\lc  of  the  Une  of  action  of  the  resultant  forcé  from  the  leading  end  or 
from  any  other  point.  When  considered  as  functions  of  Cl,  the  moment 
coefficient  and  the  relative  distance  of  the  Une  of  action  of  the  resultant  forcé 
with  respect  to  any  Jixed  point  are  independent  of  the  aspect  ratio. 

In  Fig.    108  the  abscissas  and  ordinates  represent   —Cm^  and  Cl, 
respectively.     The  points  indicate  experimental  valúes  obtained  with  the 
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group  of  airfoils  represented  in  Fig.  104;  they  are  clearly  lying  on  the 
same  straight  line  of  the  slope  4:1. 

Problem  4.  For  an  airfoil  of  the  aspect  ratio  5  the  foUowing  valúes  of  Cl  and  Cd 
have  been  observed.  The  profile  is  to  be  used  for  the  wing  of  a  glider  plañe  of  the 
aspect  ratio  12.     Reduce  the  curves  Cl  vs.  a  and  Cd  vs.  a  to  this  aspect  ratio. 


a  = 

-8.9 

-6.0 

-4.5 

-3.0 

-1.6 

-0.1 

1.3 

Cl  = 

-0.239 

-  0.050 

0.050 

0.150 

0.246 

0.349' 

0.451 

Cd  = 

0.0437 

0.0144 

0.0130 

0.0133 

0.0159 

0.0189 

0.024 

a  = 

2.8 

4.3 

5.7 

8.7 

11.6 

14.6 

Cl  = 

0.548 

0.647 

0.751 

0.945 

1.120 

1.204 

Cd  = 

0.0294 

0.0382 

0.0488 

0.0728 

0.0999 

0.138 

(^^^'^^^^ 


"  >  >  >  >  ¡  1 .  ¡  •  I  •  < 


FoirmanC/906) 
Fig.  110. 


Problem  5.  Determine  the  minimum  gliding  angle  of  the  wing  of  Prob.  4  (Góttin- 
gen  436).  How  is  the  minimum  gliding  angle  modified  by  the  presence  of  an  addi- 
tional  constant  parasite  drag  that  increases  the  valué  of  a  by  0.02? 
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3.  Historical  Development  of  Wing  Profiles.  Before  entering  into 
a  study  of  the  comparatively  small  variations  of  the  aerodynamic  char- 
acteristics  encountered  in  modern  wings,  some  properties  of  earlier  profiles 
may  be  discussed. 

Otto  Lilienthal,  the  pioneer  of  gliding,  was  the  first  to  reahze  the 
importance  of  a  earefully  shaped  wing  section.  As  the  result  of  experi- 
ments  carried  out  in  the  years  1871  to  1890,  he  foimd  that  camber  and  an 
appropriate  thickness  distribution  improved  the  aerodynamic  qualities 


AníoineifeCmi) 

FlG.    111. 

of  a  wing  as  compared  with  a  plañe  píate.  The  brothers  Wilbur  and 
Orville  Wright,  who  performed,  in  1903,  the  first  successful  motor  flight, 
used  the  profile  that  is  shown  in  Fig.  109  together  with  its  aerodynamic 
characteristics.^  In  the  first  decade  of  this  century,  French  aviators 
developed  wing  sections  that  today  appear  somewhat  strange.  Figures 
110  and  111  show  such  sections  used  by  Farman  and  Antoinette,  and  the 
respective  diagrams.  The  diagrams  of  Figs.  109  to  111  represent  the 
results  cf  experiments  carried  out  in  1910  in  the  Aerodynamic  Laboratory 
in  Moscow  under  the  direction  of  N.  Joukowski.^     Airfoils  of  an  extremely 

^  In  the  Fig.  109  to  111  there  should  be  read  —  lOd/c  instead  of  d\lc. 
"  LouKiANOFF,  G.  S.,  Z.  Flugtech.  u.  Motorluftschiffahrt,  3,  153  (1912). 
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small  aspect  ratio  (about  0.6)  were  mounted  between  parallel  glass 
panes,  leaving  a  clearance  of  about  iV  in.  only  (Fig.  112).  In  this  way 
it  has  been  possible  to  enforce  a  practically  two-dimensional  flow  and 
thus  to  realize  the  condition  of  infinite  aspect  ratio.  The  air  speed  used 
in  these  tests  was  about  55  ft./sec.  In  all  three  diagrams  the  curve 
Cl  vs.  a  exhibits  the  characteristic  fairly  straight  portion  with  a  slope 
corresponding  to  Cz,  =  1  for  a'  =  9  to  10".  This  agrees  well  with  the 
foregoing  equations  (12a)  and  (12o)  and  with  the  theory  that  gives 
Cl  =  1  for  a'  =  l/(27r)  rad.  =  9.1°  (see  Sec.  VIII.2).  The  minimum 
valúes  of  Cd  are  about  0.03  to  0.04,  and  the  Cd  vs.  a-curves  are  of  the 
parabolic  type.  For  JR  =  ^ ,  formula  (14)  would  give  6  =  oo  ;  and, 
with  this  valué,  (5)  takes  the  form  Cd  =  a  =  const.     The  actual  curves 
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Fig.  112.— Experimental  realization  of  two-dimensional  flow. 

could  be  represented  by  (5)  with  a  6-value  of  about  100,  corresponding 
to  an  aspect  ratio  of  33.3.  Tt  is  not  clear  whether  this  discrepancy  is 
due  to  the  fact  that  the  condition  of  two-dimensional  flow  was  not  com- 
pletely  realized.  It  may  as  well  be  that  formula  (14)  is  an  approximation 
valid  for  modérate  aspects  ratios  only.  The  máximum  valué  of  Cl/Cd 
(about  17  to  20)  cannot  be  compared  immediately  with  the  results  of 
modern  experiments  carried  out  with  airfoils  of  finite  aspect  ratio.  The 
position  of  the  line  of  action  of  the  resultant  forcé  is  given  in  terms  of 
rfi/c;  the  curves  have  the  expected  character  according  to  Fig.  102.  At 
the  time  when  these  experiments  were  published,  the  existence  of  the 
aerodynamic  center  and,  consequently,  relation  (11)  were  not  yet  known. 
The  next  phase  of  the  development  of  airfoil  sections,  covering 
about  the  second  decade  of  this  century,  may  be  illustrated  by  the  profiles 
and  diagrams  of  Figs.  113  and  114.  The  first  is  the  profile  Gottingen  360, 
one  of  a  series  published  in  1920;  the  second  was  designed  by  the  author^ 
for  a  600-hp.  airplane  built  in  1915.  The  tendency  at  that  time  was 
toward  smooth,  well-rounded  forms.  The  diagrams  of  Fig.  113  and 
Fig.  111  refer  to  airfoils  of  the  aspect  ratio  5  and  6,  respectively.     The 

1  R.  V.  Mises,  Ein  600-P.S.  Grossflugzeug  voin  Jahre  1916,  Beürüge  zur  Flugtechnik, 
her.  R,  Katzmayr,  Wien,  1937,  p.  17. 
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slope  of  the  straight  portion  of  the  Cl  vs.  a-curves  corresponds  to  Cl  =  1 
for  a'  =  13.6°  in  the  first  and  a'  =  14.5°  in  the  second  case.  The  maxi- 
values   of  Cl/Cd  are   15.7  and   16.7.     According  to   (166),   this 


mum 


corresponds  to  the  profile-drag  coefficients  0.015  and  0.016,  respectively, 
and  to  {Cl/Cd)^^.^  —  17.3  for  the  Gottingen  360  profile  when  reduced  to 
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aspect  ratio  6.  The  moment  coeííicient  with  respect  to  the  quartei 
chord  point  is  about  —0.08  in  the  first  and  —0.06  in  the  second  case. 

A  succcssful  American  profile  of  1922  is  the  Clark  Y-profile  shown  in 
Fig.  115.  Tested  at  the  aspect  ratio  6  it  gives  Cl  =  1  for  a'  =  13.7° 
and  (C/yC/j)max  =  22,  corresponding  to  the  profile  drag  coeíficient 
a  =  0.010. 

The  latest  development  is  illustrated  by  the  profiles  of  Figs.  110 
and  117,  takcn  fiom  the  NACA  four-  and  five-digit  series  (see  Sec.  VT.2). 
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The  camber  of  these  modern  profiles  is  smaller  than  that  of  the  older  ones, 
the  lower  contour  is  nearly  straight,  and  the  thickness  comparatively 
large.  The  diagrams  for  NACA  2409  and  NACA  23009  are  given  for 
yR  =  6.  The  slope  of  the  straight  portion  of  the  curves  Cl  vs.  a  cor- 
responda to  Cl  =  1  for  a'  =  13.7°  in  the  first  and  a'  =  13.2°  in  the 
second  case.  The  máximum  valué  of  Cl/Cd  is  about  24,  corresponding 
to  the  profile-drag  coefficient  a  —  0.0078.     The  decrease  of  the  valué 


.50   0.30 


25    0.25 


í)^    0.20 


0.75   0.15 


0.50  0.10 


0.25  0.05 


NACA  2409 

FiG.  116. 


of  1000a  from  40  to  30  in  the  first  period,  through  valúes  of  13  to  10  in 
the  second,  down  to  7.8  in  recent  designs  shows  the  progress  of  the 
development. 

4.  Influence  of  the  Shape  of  the  Profile.  Systematic  experimental 
investigations  of  the  influence  of  the  shape  of  the  profile  on  the  aero- 
dynamic  characteristics  of  an  airfoil  were  not  undertaken  before  about 
1920.  The  four-  and  five-digit  series  of  the  NACA  (Sec.  VI. 2)  were 
developed  for  this  purpose.  With  the  exception  of  the  coeflEicient  of 
profile  drag  a,  the  aerodynamic  parameters  of  an  airfoil  depend  only 
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to  a  very  limited  extent  on  the  shape  of  the  profile.  On  the  other  hand, 
the  two-dimensional  airfoil  theory  furnishes  definite  statements  concern- 
ing  the  variation  of  Cl  and  Cua  (see  Chap.  VIII).  The  main  experi- 
mental results  are  given  below. 

a.  Lift   Coefficient.     The   experiments    on   the   four-digit   family    of 
airfoils  show  that  the  slope  k  of  the  straight  portion  of  the  curve  Cl  vs.  a 


NACA  23009 
FiG.  117. 

decreases  slightly  with  increasing  thickness  and  is  almost  independent  of 
the  camber.  In  Sec.  VI  1.2  the  slope  k  was  given  as  0.10  for  the  infinito 
aspect  ratio  if  a'  is  expressed  in  degrees.  Reduced  to  ^  =  oo,  the 
experimental  results  show  a  variation  of  A;  from  A;  =  0. 103  for  the  relativo 
thickness  t/c  =  0.06  to  k  =  0.097  for  t/c  =  0.21.  These  are  valúes  for 
an  airfoil  with  the  camber  designation  24,  that  is,  an  airfoil  with  a 
máximum  camber  of  2  per  cent  of  the  chord  length  located  at  40  per  cent 
of  the  chord  af t  the  leading  end.  For  an  airfoil  of  the  camber  designation 
64  the  corresponding  fc-values  are  0.104  and  0.096. 

The  two-dimensional  airfoil  theory  (which  does  not  take  into  account 
any  viscosity  effects)  does  not  predict  a  decrease  of  k  with  increasing 
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thickness.  In  discussing  the  theoretically  developed  airfoil  sections  in 
Sec.  VI. 3,  it  was  mentioned  that  the  theoretical  lift  coefficient  equals 
87r(a/c)  sin  a',  where  a  is  the  radius  of  the  circle  C\  from  which  the  airfoil 
is  developed.  If  sin  a'  is  replaced  by  the  small  angle  a'  expressed  in 
radians,  this  gives  k  =  S-n-a/c.  To  increase  the  thickness  of  a  Joukowski 
profile  without  changing  the  camber  means  to  let  the  point  Mi  move 
to  the  right  without  changing  the  slope  of  the  line  B'Mi  (Fig.  78).  In 
this  case  the  radius  a  —  B'Mx  and  the  chord  length  c  increase  \vith 
the  thickness  in  such  a  manner  that  the  ratio  a/c  remains  essentially 
unchanged  (it  increases  only  very  slightly).  The  quotient  a/c  is  always 
greater  than  \,  and  thus  the  theoretical  valué  of  k  is  greater  than  87r/4  =  27r 
if  a'  is  expressed  in  radians,  or  greater  than  27r(7r/180)  =  0.11  if  a'  is 
expressed  in  degrees.  Now,  the  profiles  of  the  four-digit  series  of  the 
NACA  are  not  Joukowski  profiles.  However,  experiments  made  with 
Joukowski  profiles  also  give  A;-values,  which,  reduced  to  ^  =  oo,  are 
about  5  per  cent  smaller  than  those  predicted  by  the  two-dimensional 
theory.^  This  discrepancy  is  probably  due  to  the  effects  of  viscosity 
(see  also  Sec.  VII.5).  It  seems  that  viscosity  is  the  principal  cause 
for  the  influence  of  the  thickness  on  the  aerodynamic  characteristics  of 
airfoils. 

The  straight  portion  of  the  Cl  vs.  a-line  is  completely  determined 
by  the  slope  k  and  the  zero  lift  angle,  i.e.,  the  angle  of  attack  ao  for 
which  Cl  =  0.  In  the  case  of  the  Joukowski  airfoils  discussed  in  Sec. 
VI. 3  the  zero  lift  direction  is  given  by  B'M,  the  camber  of  the  cor- 
responding  mean  camber  fine  equals  20M,  and  the  chord  length  of 
this  line,  which  may  be  considered  as  the  length  c,  is  45'0  (Fig.  78). 
Consequently, 

—  «O  ~  —  tan  ao  =  =^  =  -^, —  =  2  - —  (17) 

B'O         T-c  c  ^     ^ 

If  «o  is  expressed  in  degrees  and  the  relative  camber  Pu^x/c  in  per  cent, 
this  gives 

-  relative";amber  =  ''^  <>») 

The  following  valúes  of  this  quotient  have  been  observed  with  profiles 
whose  máximum  camber  was  located  at  the  center  of  the  chord  (second 
digit  5) : 

Relative  thickness  =6  9  12  15        18        21  per  cent 

-ao/rel.  camber  =  1.0         1.0         1.0         1.0       1.0         0.9  for  reí.  camber  =  2  % 
-ao/rel.  camber  =  1.1  1.0         1.0         1.0       1.0         0.9  for  reí.  camber  =  4  % 

-oro/rel.  camber  =  1.05       1.05       1.05       1.0       0.95       0.9  for  reí.  camber  =  6  % 

1  Betz,  a.,  Z.  Flugtech.  u.  Motorluftschiffahrt,  10,  173  (1919). 
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Modern  profiles  have  their  máximum  camber  closer  to  the  leading  end. 
In  these  cases  the  observed  valúes  of  the  quotient  considered  in  the  fore- 
going  are  sHghtly  reduced,  in  some  cases  to  as  much  as  90  per  cent  of 
those  given  in  the  table.  The  two-dimensional  theory  of  thin  airfoils 
(Sec.  VIII. 6)  predicts  a  similar  influence  of  the  mean  camber  position. 
The  vagueness  in  the  definition  of  the  shape  of  the  "thin"  airfoil  to  be 
substituted  for  the  actual  airfoil  on  the  one  hand  and  the  difficulties  of 
obtaining  reliable  experimental  valúes  concerning  the  rather  small 
influence  of  the  máximum  camber  position  on  the  other  hand  prevent 
a  closer  checking  of  these  details.  The  following  statement  sums  up 
the  situation :  Experiments  with  the  profiles  of  the  four-digit  series  show,  in 
agreement  with  the  two-dimensional  airfoil  theory,  that  the  angle  hetween 
chora  and  zero  lift  direction  expressed  in  degrees  equals  ahout  0.9  to  1.0  times 
the  relative  camber  expressed  in  per  cent,  the  smaller  valúes  corresponding 
to  máximum  camber  positions  nearer  to  the  leading  end. 

h.  Moment  Coefficient.  Equation  (5)  of  Sec.  VI. 3  gives  the  moment 
coeíRcient  for  a  Joukowski  profile.  If  ^B'O  is  taken  for  c  and  ?/max  equal 
to  20M  and,  on  the  other  hand,  the  angle  fi  is  considered  as  small, 
sin  2/3  approximately  equals  20M/0B'  =  4y^s.^/c  and  (5)  reduces  to 

-Cm.  =  "^  (19) 

The  moment  coefficient  with  respect  to  the  aerodynamic  center  should 
therefore  be  proportional  to  the  relative  camber.  The  theory  of  thin 
airfoils  (Sec.  VIII. 6)  shows  that  the  factor  which  is  t  for  the  Joukowski 
profile  should  decrease  slightly  as  the  máximum  camber  approaches  the 
leading  end.  The  experiments  on  the  four-digit  airfoils  confirm  the 
proportionality  with  the  relative  máximum  camber  and  the  decrease 
of  the  factor  with  changing  camber  position  but  give  much  smaller  valúes 
than  the  theoretical  ones.  The  empirical  results  show  a  large  dispersión 
and  do  not  lead  to  a  convincing  conclusión.  The  highest  factor,  equal 
to  2.7,  was  found  for  the  profile  4506  possessing  a  relative  thickness  of 
6  per  cent  and  a  relative  camber  of  4  per  cent  located  at  the  center  of  the 
chord.  Definitely  smaller  factors  are  found  for  higher  valúes  of  the 
relative  thickness.  This  fact  is  anothcr  indication  that  the  viscosity 
effects,  neglected  in  the  theory,  determine  the  influence  of  the  thickness 
on  the  aerodynamic  characteristics. 

In  additional  experiments  the  mean  camber  line  was  changed  so  as 
to  transform  the  original  simple  profiles  into  reflexed  ones.  In  accord- 
ance  with  the  prediction  of  the  two-dimensional  airfoil  theory  the 
(negative)  C^ro  was  found  to  decrease  substantially  in  absolute  valué. 
Also,  positive  Cji/o-values  were  observed  with  reflexed  profiles. 
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As  regarás  the  position  of  the  aerodynamic  center,  it  seems  that  for 
most  profiles  it  lies  slightly  in  front  of  the  quarter  chord  point,  so  that 
0.24c  is  a  better  approximation  for  the  distance  from  the  leading  end 
than  the  usually  adopted  valué  of  one-quarter  chord  length. 

The  followdng  statement  summarizes  the  situation  as  far  as  the 
moment  coeíRcient  is  concerned:  Experiments  on  simple  profiles  confirm 
the  prediction  of  the  two-dimensional  airfoil  theory  that  the  moment  coefficient 
Cm^  with  résped  to  the  aerodynamic  center  is  proportional  to  the  relative 
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camber.  The  empirical  valué  of  the  factor  of  proportionality  is  smaller  than 
the  theoretical  one.  For  reflexed  profiles  the  increase  of  the  negative  Cua 
and  the  occurrence  of  positive  Cmo  valúes  are  confirmed. 

c.  Drag  Coefficient.  The  two-dimensional  wing  theory  in  its  present 
form  does  not  furnish  any  drag  and  consequently  does  not  give  any 
guidance  for  the  discussion  of  the  experimental  results  concerning  the  drag 
coefficient.  The  three-dimensional  wing  theory  gives  a  drag  coefficient  of 
the  form  C\/b,  where  b  equals  about  3/R  [the  theoretical  valué  for  elliptic 
lift  distribution  being  tJR  according  to  Eq.  (19)  of  Sec.  IX. 5].  However, 
no  profile-drag  coefficient  a  is  furnished  by  the  three-dimensional  wing 
theory.     Therefore,  the  formula 

b 


Cd  =  a  + 


(20) 


must  be  considered  as  half  empirical.  There  are  two  ways  of  comparing 
the  valúes  furnished  by  this  formula  with  those  found  by  experiments. 
The  first  is  to  plot  the  polar  diagram  with  the  observed  valúes  of  Cl  and 
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Cd  and  to  determine  the  constants  a  and  h  for  the  parábola  that  best 
fits  this  empirical  curve.  The  other  way  is  to  use  the  theoretical  valué 
for  h  and  to  study  the  behavior  of  the  difference  Cd  —  C\/h.  This 
method,  used  more  frequentl}^  than  the  first  one,  is  not  well  justified, 
since  the  theoretical  valué  6  =  tt/R  is  derived  under  the  assumption 
of  an  elliptic  lift  distribution  which  is  only  approximately  fulfilled  in  the 
case  of  a  rectangular  airfoil  (see  Sec.  IX. 5). 

Figure  118  shows  the  result  of  such  an  investigation  carried  out  for 
the  airfoils  of  Figs.  115  to  117.  According  to  the  aspect  ratio  6  used  in 
these  experiments,  Cd  —  C\/Q)Tr  is  plotted  against  the  angle  of  attack  a. 
The  second  and  third  curves  practically  coincide;  the  first  curve  lies  a 
little  higher.  All  three  curves  have  the  same  parabolic  shape,  the 
minimum  ordinate  being  located  in  the  neighborhood  of  a  =  0.  \í  a 
denotes  the  minimum  ordinate  of  the  curve  and  C^  the  lift  coefficient 
that  belongs  to  the  corresponding  a,  the  results  obtained  with  the  air- 
foils of  the  four-digit  series  can  be  represented  by  the  formula^ 

Cd-^  =  a-{-  0.00G2(Ci  -  C'J^ 
Dtt 

If  C¿  is  taken  as  zero,  which  would  mean  that  the  drag  minimum  occurs 
at  incidence  zero,  this  formula  gives 


(¿  +  ^-O^^^^) 


C;,  =  a  +  C2     7^  +  0.0062     =  a  + 


5.377 


i.e.,  the  valúes  of  C n  observed  with  airfoils  of  the  aspect  ratio  G  would 
correspond  to  the  theoretical  valúes  for  airfoils  with  the  aspect  ratio  5.37. 
The  Cd  vs.  Ci-curve  may  then  be  represented  by 

'^°  =  «  +  ÍK«  (21) 

where  M  is  about  0.9  for  ordinary  profiles.  This  correction  factor  M , 
üften  called  the  Munk  factor,  will  be  discussed  later  in  the  performance 
computation  (Sec.  XV.  1). 

As  regards  the  influence  of  the  relative  thickness  t/c  on  the  profile 
drag  a,  the  results  of  the  NACA  experiments  with  the  airfoils  of  the 
four-digit  series  can  be  represented  by  the  formula 

a  =  a'  ^  0.0056  +  0.01  -  +  0.1  (- 

c  \c 

where  a'  depends  on  the  relative  camber  according  to  the  following: 

Relative  camber  =2  4  6% 

a'  =  0.0005         0.001  0.002 

'  NACA   Tech.  Rept.  460  (1933). 


Sec.  VII.5]  INFLUENCE  OF  REYNOLDS  NUMBER  167 

The  máximum  camber  is  supposed  to  be  located  at  a  distance  between 
0.2c  and  0.5c  aft  the  leading  edge.  These  valúes  may  be  cautiously 
applied  to  similar  profiles,  but  as  long  as  no  proper  theoretical  basis  is 
available  it  is  impossible  to  make  general  statements  concerning  the  influence 
of  the  shape  of  the  profile  on  the  drag  coefficient. 

Problem  6.  Compute  the  lift  coefficient  for  an  airfoil  of  the  four-digit  series  at 
a  =  6°,  aspect  ratio  7,  relative  thickness  12  per  cent,  relative  camber  4  per  cent. 

Problem  7.  What  is  the  vakie  of  the  moment  with  respect  to  the  a.c.  for  a  wing 
of  200  ft.2  área  and  5.5  ft.  chord  length  at  a  dynamic  pressure  of  100  Ib./ft.^  if  the 
profile  has  a  relative  máximum  camber  of  3  per  cent  and  the  proportionality  factor  is 
known  to  be  one-half  that  for  a  Joukowski  proñle? 

Problem  8.     Determine  the  minimum  gliding  angle  for  an  airfoil  for  which 

Cd  =  0.011  +  0.006(Cl  -  0.3)2  +  — 

ttM. 

for  the  aspect  ratios  6,  8,  and  10. 

5.  Influence  of  the  Reynolds  Number.     Degree  of  Turbulence.     For 

airfoils  the  chord  length  is  usually  taken  as  the  reference  length  in  defining 
the  Reynolds  number.  Thus,  in  a  wind  tunnel  with  an  air  speed  of 
70  ft./sec.  for  the  usual  size  of  airfoil  models  (5  by  30  in.)  and  with  the 
standard  valué  of  the  kinematic  viscosity  v  =  1.57  X  10"'*  ft.^/sec, 

^^         V         1.57  X  10-4        i»'3  X  lU 

For  a  full-scale  wing  of  the  chord  length  c  =  6  ft.,  flying  at  200  m.p.h.  = 
293  ft./sec.  at  an  altitude  of  10,000  ft.,  where  the  v-value  is  about  27  per 
cent  higher  than  the  standard  valué  used  in  the  f oregoing  (see  Sec.  IV.  1  and 
Table  1  in  Chap.  1),  Re  =  8.8  X  10^  With  modern  high-speed  aircraft, 
valúes  of  Re  of  30  million  and  more  occur.  Obviously,  it  is  very  difficult  to 
reach  such  valúes  of  Re  in  wind-tunnel  experiments  by  increasing  the  size 
of  the  model  and  the  air  speed  of  the  tunnel.  It  is  easier  to  use  a  wind 
tunnel  in  which  the  air  is  kept  under  high  pressure  (20  to  25  atm.).^ 
At  a  pressure  of  20  atm.  the  kinematic  viscosity  is  reduced  to  about 
one-sixteenth  to  one-twentieth  of  its  valué  at  standard  pressure  (depend- 
ing  on  the  temperature),  so  that  the  Reynolds  number  in  the  case  of  the 
above  experiment  considered  would  be  raised  to  about  jRe  =  3  X  10^ 

The  general  experience  with  viscous  fluids  shows  that  the  resistance 
coeíRcients  decrease  with  increasing  Re,  but  at  a  very  small  rate  once  a 
certain  valué  of  Re  is  exceeded.  In  the  present  context  this  applies  to  the 
coefficient  of  profile  drag.  Experiments  made  in  the  full-scale  wind 
tunnel  of  the  NACA  with  a  special  profile  (NACA  23012)  gave  valúes 
of  the  profile-drag  coefficient  a  decreasing  from  0.009  aX  Re  =  1.7  X  10^ 

^  A  description  of  the  variable-density  tunnel  of  the  NACA  is  found  in  NACA  Tech. 
Re-pt.  416  (1932). 
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to  0.0075  at  Re  =  7.5  X  10^  This  means  that  within  this  range  the 
parasite-drag  coefficient  a  is  reduced  by  about  17  per  cent  for  Re  increas- 
ing  to  4.5  times  its  original  valué.  Probably  a  further  4.5-fold  increase 
of  Re  to  about  34  X  10^  will  be  accompanied  by  a  considerably  smaller 
reduction  of  a. 

The  slope  k  of  the  straight  portion  of  the  Cl  vs.  a-diagram 
also  increases  slightly  with  Re.  For  the  profile  mentioned  the  valué 
of  k  (corresponding  to  a  expressed  in  degrees)  increased  from  0.095  at 
Re  =  l.Q  X  10«  to  0.10  at  Re  =  4.5  X  10^,  both  valúes  being  reduced  to 
infinite  aspect  ratio  according  to  (12a).  This  suggests  again  that  the  fail- 
ure  to  reach  the  theoretical  valué  k  =  0.11  must  be  attributed  to  viscosity 
effects.  Such  effects  decrease  with  increasing  Re,  since  Re  =  ^  charac- 
terizes  the  perfect  fluid. 

Even  if  the  Reynolds  number  of  the  wind-tunnel  experiment  equals 
that  corresponding  to  the  full-scale  conditions,  a  certain  caution  is  neces- 
sary  in  applying  the  experimental  results  to  an  airplane  in  flight.  In 
fact,  the  results  of  the  experiment  would  rigorously  apply  to  the  flying 
airplane  only  if  (1)  the  model  in  the  wind  tunnel  were  exposed  to  a  strictly 
steady  and  uniform  stream  and  (2)  the  airplane  were  flying  through  a 
bulk  of  air  perfectly  at  rest.  If  these  two  conditions  were  fulfilled,  the 
relative  motions  of  the  air  with  respect  to  the  model  and  the  airplane, 
respectively,  would  be  the  same  (at  the  same  Re)  and  the  aerodynamic 
coefíicients  obtained  in  the  experiment  could  be  applied  without  hesita- 
tion  to  the  flying  airplane.  But  air  under  atmospheric  conditions  is 
never  completely  at  rest,  even  when  there  is  no  major  current  (wind), 
and  the  stream  of  air  in  a  wind  tunnel  is  never  strictly  steady  and  uni- 
form, even  if  all  efforts  are  made  to  render  the  stream  as  uniform  as 
possible.  In  either  case  the  air  is  turbulent;  i.e.,  small  velocity  fluctua- 
tions,  rapidly  changing  in  magnitude  and  direction,  are  superimposed  on 
the  state  of  rest  or  of  steady  uniform  motion.  Since  these  fluctuations 
cannot  be  expected  to  follow  the  same  pattern  or  to  assume  the  same 
proportions  in  the  wind  tunnel  and  under  the  actual  conditions  of  flight, 
they  may  seriously  interfere  with  the  applicability  of  the  results  of  wind- 
tunnel  tests.  The  same  difficulty  arises  when  results  obtained  in  diíTerent 
wind  tunnels  are  to  be  compared;  scale  and  pattern  of  the  velocity 
fluctuations  may  vary  considerably  from  one  wind  tunnel  to  another. 

To  make  the  results  of  different  wind-tunnel  tests  or  of  a  wind-tunnel 
test  and  the  free-air  conditions  comparable,  two  assumptions  are  usually 
introduced  which  so  far  have  proved  helpful.  According  to  the  first 
assumption  the  fluctuation  can  be  sufficiently  deseribed  by  a  singlo 
parameter,  called  the  degree  of  turbulence,  which  under  definite  conditions 
(e.g.,  for  a  given  wind  tunnel)  depends  only  on  the  Reynolds  number. 
fSecond,  it  is  assumed  that  for  two  different  sets  of  conditions,  e.g.,  foi- 
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two  wind  tunnels  or  for  one  wind  tunnel  and  the  free  air,  there  exists  a 
factor  X  such  that  all  phenomena  observed  at  the  Reynolds  number  Re 
in  the  first  case  occur  at  \Re  in  the  second.  In  order  to  find  this  X,  one 
characteristic  experiment  may  be  used,  for  example,  the  sudden  drop 
of  the  drag  coefficient  of  a  sphere  (Sec.  V.3)  or  the  máximum  valué  of  the 
lift  coefRcient  of  an  ah-foil  (see  Sec.  X.l).  If  with  a  certain  airfoil 
the  máximum  is  reached  at  Reí  =  1.3  X  10^  in  one  wind  tunnel  and  at 
Reí  =  3.1  X  10^  in  another  wind  tunnel,  the  ratio  Re^/Reí  =  2.38  is 
taken  for  X.  If  the  same  phenomenon  is  observed  at  Rea  =  3.4  X  10^ 
in  free  air,  the  factor  X  =  Reo/Reí  =  2.62  is  called  the  turbulence  factor 
of  the  first  wind  tunnel.  For  each  test  carried  out  in  this  wind  tunnel, 
X  X  actual  Reynolds  number  is  called  the  effective  Reynolds  number  of  the 
test. 

Tentative  valúes  of  the  turbulence  factor  for  the  full-scale  wind 
tunnel  and  for  the  (smaller)  variable-density  tunnel  at  Langley  Field  are 
1.1  and  2.64,  respectively.  These  valúes  are  based  on  the  observations 
of  máximum  lift  coeíRcients.  Accordingly,  the  Cl-  and  C^-values  for  an 
airfoil  measured  at  Re  =  3  X  10^  in  the  variable-density  tunnel  are 
considered  to  be  correct  at  /íe  =  8  X  10^  in  free  air. 

Problem  9.  If  it  is  known  that  the  parasite-drag  coefficient  a  of  an  airfoil  decreases 
by  15  per  cent  with  an  increase  of  Re  to  four  times  its  valué,  what  is  the  valué  of  o  to  be 
expected  in  actual  flight  at  sea  level  under  standard  conditions  at  a  velocity  of  170 
m.p.h.  for  a  chord  length  of  5  ft.  if  a  =  0.009  was  observed  in  a  wind-tunnel  test  at 
Re  =  1,250,000  and  the  turbulence  factor  is  known  as  X  =  2.9? 


CHAPTER  VIII 
THE  WING  OF  INFINITE  SPAN 

1.  The  Momentum  Equation  for  Irrotational  Flow.  The  term 
"infinite  span"  is  used  to  indicate  that  the  flow  round  an  airfoil  is  assumed 
to  be  two-dimensional,  the  streamhnes  lying  in  planes  parallel  to  the 
median  plañe  of  the  airfoil  and  the  stream  pattern  being  the  same  in  all 
those  planes.  For  the  usual  aspect  ratios  this  type  of  flow  may  be  con- 
sidered  as  a  first  approximation  to  the  actual  flow.  Moreover,  the 
theory  of  the  wing  of  infinite  span  is  a  necessary  first  step  for  the  theory 
of  the  wing  of  finite  aspect  ratio.  If  in  a  wind  tunnel  with  two  vertical 
walls  the  airfoil  model  is  made  to  extend  cióse  to  the  walls,  the  flow 
around  the  airfoil  will  be  nearly  two-dimensional  so  that  the  results  of 
the  theory  of  the  wing  of  infinite  span  can  in  this  way  be  checked  experi- 
mentally  (see  Sec.  VII.3). 

In  this  chapter  the  theory  of  the  wing  of  infinite  span  will  be  developed 
under  the  assumption  that  the  air  flow  past  the  wing  is  an  irrotational 
flow  of  an  incompressible  perfect  fluid.  Under  these  conditions  the  form 
of  the  momentum  equation,  Eq.  (7),  Sec.  III. 2  can  be  modified.  As  the 
flow  under  consideration  is  irrotational,  the  constant  H  of  Bernoulli's 
equation  has  the  same  valué,  not  only  along  each  streamline,  but  through- 
out  the  entire  field  of  flow.  From  Bernoulli's  equation,  Eq.  (4),  Sec.  II. 2, 
the  pressure  is  found  as' 

p  =  yH  -  yh  -  ^  V'  (1) 

In  the  vertical  plañe  of  flow,  choose  the  a:-axis  horizontal  and  the 
?/-axis  vertical  and  directed  upward,  so  as  to  have  y  =  h.  Denoting  by 
C  the  contour  of  the  profile  and  by  C"  an  arbitrary  curve  enclosing  the 
profile  (Fig.  119),  apply  Eq.  (7),  Sec.  III. 2,  to  the  fluid  between  the 
contour  C  of  the  airfoil  and  the  curve  C".  The  resultant  of  the  thrusts 
that  the  fluid  outside  C  '  transmits  across  the  curve  C"  on  the  fluid 
within  C",  if  a  layer  of  unit  thickness  is  considered,  has  the  components 

Px  =  —jp  eos  (n,x)  di,         Py  =  —jp  sin  (n,x)  di  (2) 

where  n  denotes  the  outward  normal  and  di  the  length  of  an  element  of  C" 

^  Note  that  here,  and  up  to  Eq.  (5),  V  is  used  for  the  velocity  amount  at  an  arbi- 
trary point  of  the  plañe;  later,  V  will  again  be  reserved  for  the  (constant)  velocity 
at  infinity. 
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{di  X  1  being  the  área  element).  If,  in  computing  these  integráis,  the 
curve  C"  is  described  in  the  positive  (counterclockwise)  sense, 

di  eos  {n,x)  =  dy         and         di  eos  {n,y)  =  —dx, 

where  dx  is  positive  on  the  lower  part  CDA  of  C"  and  negative  on  the 
iipper  part  ABC,  while  dy  is  positive  on  the  right-hand  part  DAB  oí  C" 
and  negative  on  the  left-hand  part  BCD. 
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Fiü.  119. 
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FiG.  120. 
FiGS.  119-120. — Application  of  momentum  theorem  to  the  two-dimensional  flow  around 

an  airfoil. 

Substituting  the  valué  of  p  obtained  from  BernouUi's  equation  (1) 
in  expressions  (2)  for  Px  and  Py  and  taking  account  of  the  fact  that  for 
the  present  system  of  coordinates  Wx  —  O  and  Wy  =  —W,we  find 


P.+  Wx 


7    /    H  eos  (n,x)  di  -\-  y    I    h  eos  {n,x)  di 


+  ^   /    F-  eos  (n,x)  di     (3) 
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Py  -{■  Wy  =  -7   /  ^  sin  {n,x)  di  -{-  ^    \    h  sin  (n,a;)  di  -  W 

+  ^    /  F2  sin  {n,x)  di     (4) 

Now,  7///  eos  {n,x)  di  =  yHf  dy  =  O,  since  after  making  the  round  of 
C"  we  retiirn  to  the  y-value  from  which  we  started.     Similarly, 

jjH  sin  {n,x)  di  =  -yHj  dx  =  0. 

Furthermore,  substituting  y  for  /;, 

7//;,  eos  {n,x)  di  =  yjy  dy  =  iyjd{y^)  =  O 

for  the  same  reason.     The  eontribution  to  the  integral 

yjh  sin  (n,^)  di  =  —  yjy  dx 

made  by  two  elements  lying  on  the  iipper  and  lower  parts  of  C"  between 
two  parallels  to  the  y-axis  equals  7(2/2  —  yi)\dx\,  where  \dx\  is  the  absoluto 
valué  of  the  distanee  between  the  two  parallels  to  the  axis  of  y  (Fig.  120). 
Now,  7(2/2  —  2/i)Ic?a;|  is  the  weight  of  a  fluid  mass  enclosed  between  the  two 
elements  of  C"  of  width  \dx\.  The  integral  yjh  sin  {n,x)  di  thus  is  seen 
to  equal  the  weight  TF  of  a  fluid  mass  that  would  eompletely  fill  the  space 
inside  C".  Because  of  the  presence  of  the  airfoil  the  weight  W  of  the  fluid 
aetually  contained  within  C"  is  less  than  W.  The  difference  W  —  W 
(appearing  in  the  expression  for  Py  +  Wy)  equals  the  weight  of  the  fluid 
needed  to  fill  the  spaee  occupied  by  the  airfoil. 

Taking  aceount  of  the  various  reduetions  discussed  in  the  foregoing, 
we  ñnally  obtain  from  Eq.  (7),  See.  in.2,  the  components  X  and  Y  of  the 
resultant  thrust  that  the  fluid  exerts  on  a  portion  of  unit  width  of  the 
airfoil  as 

X  =  ^    í  \V'~  eos  (n,x)  -2V.Vn]dl 

7  =  TF  -  TF  +  I   /  [F2  sin  {n,x)  -  2F„F„]  di 

The  differenee  W  —  W  is  known  as  the  buoyaney  and,  in  accordanee  with 
Arehimedes'  principie,  is  the  only  air  reaetion  on  the  body  if  the  velocity 
is  everywhere  zero.  In  the  case  of  the  flow  past  a  wing,  the  velocity 
terms  have  large  valúes  as  compared  with  the  buoyaney.  Accordingly, 
the  buoyaney  will  be  neglected  in  the  following  discussion.     With 

F2  =  VI  +  VI         Vn  =  Fx  eos  (n,x)  -f  F„  sin  (n,x) 
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the  expressions  for  .Y  and  Y  take  the  form 

^  =  §   /   [(^2  -  72)  eos  {n,x)  -  2V.Vy  sin  {n,x)\  di 

^  \  (6) 

F  =  I  j  [{VI  -  VI)  sin  {n,x)  -  2F.F,  eos  {n,x)]  di 

These  equations  constitute  the  basis  for  the  computation  of  the  forcé 
that  the  fluid  exerts  on  an  airfoil  of  infinite  span. 

The  resultant  moment  (with  respect  to  the  origin  of  the  coordinates) 
of  the  thrusts  that  the  fluid  exerts  on  the  airfoil  can  be  f ound  in  a  similar 
way  from  Eq.  (11),  Sec.  III. 3.  The  general  case  of  a  control  surface  *S" 
of  arbitrary  form  may  be  left  as  an  exercise  to  the  reader  (see  Prob.  1); 
here  C"  is  assumed  as  a  circle  with  the  origin  O  as  the  center.  In  this 
case  the  moment  M'J  of  the  thrusts  that  the  fluid  outside  S"  transmits 
through  this  surface  is  zero,  since  the  lines  of  action  of  these  thrusts  are 
normal  to  the  circle  C"  and  therefore  pass  through  the  point  of  reference 
O.  If  the  entire  interior  of  S"  were  occupied  by  fluid,  the  moment 
of  the  weight  of  this  portion  of  the  fluid  with  respect  to  O  would  also 
vanish  since  O  would  be  the  center  of  gravity  (c.g.)  of  this  portion  of  the 
fluid.  The  moment  of  the  weight  of  the  fluid  between  C"  and  the  con- 
tour  C  of  the  airfoil  therefore  equals  the  negative  moment  of  the  weight 
of  the  fluid  needed  to  fiU  the  volume  occupied  by  the  airfoil.  This  may 
be  called  the  moment  of  the  buoyancy.  In  our  case  of  the  flow  past  an 
airfoil  this  moment  is  very  small  as  compared  with  the  moment  of  the 
dynamic  thrusts  exerted  on  the  airfoil  and  will  be  disregarded.  Thus 
Eq.  (11),  Sec.  III. 3,  furnishes  as  the  moment  M'^  of  the  thrusts  acting 
on  the  airfoil 

Mi  =  -pjVnixVy  -  yV;)  di 

Now  xVy  —  yVx  is  the  moment  of  the  velocity  vector  with  respect  to  O. 
This  vector  can  be  decomposed  into  two  components  one  of  which,  F„,  is 
normal  to  the  circle  C" ,  while  the  other,  Vt,  is  tangential  to  this  circle, 
pointing  in  the  counterclockwise  direction.  Since  the  moment  of  the 
component  Vn  with  respect  to  O  vanishes,  the  moment  of  the  velocity 
vector  with  respect  to  O  equals  RVt,  where  R  is  the  radius  of  the  circle 
C".     Thus 

M',  =  -pRfVnVtdl  (7) 

From  Eqs.  (5)  and  (7)  the  forces  X,  Y  and  the  moment  Mi  can  be 
computed  as  soon  as  the  velocity  distribution  along  the  control  surface 
C"  is  known. 
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*Problem  1.  Prove  that  in  the  case  of  a  cylindrical  control  surface  of  arbitrary 
cross  section  C"  the  moment  of  the  thrusts  acting  on  the  surface  of  the  airfoil  is  given 
by 

K  =  ^j  [^\iyl  -  yl)  sin  (n,x)  -  2F.F,  eos  (n,x)] 

-yliVl  -  yl)  eos  (n,x)  -  2V^Vy  sin  {n,x)\\ 


di 


if  the  moment  of  the  buoyancy  is  neglected.  Note  that  the  differentials  under  the 
integral  signs  in  (6)  are  not  the  forcé  components  dX  and  d  Y  acting  at  a  respective 
point. 

*Problem  2.  Prove  that  in  the  case  of  two-dimensional  irrotational  flow  the 
forcé  and  moment  acting  on  a  body  within  the  control  surface  C"  can  be  expressed  in 
the  form 

?  =  -  ^  y  V^'^'  di,         M  =  -^^í  V^C^  X  "íT')  di 

where  r  is  the  radius  vector  of  a  point  of  C"  and  n'  the  vector  of  unit  length,  sym- 
metrical  to  the  normal  of  C"  with  respect  to  the  velocity  vector. 

2.  The  Lift  of  an  Airfoil  of  Infinite  Span.  One  way  to  compute  the 
components  A*^  and  Y  of  the  resultant  of  the  thrusts  that  the  fluid  exerts  on 
the  airfoil  would  be  to  determine  the  velocity  distribution  along  the  sur- 
face  of  the  airfoil,  to  derive  from 
this  the  pressure  distribution  by 
means  of  Bernoulli's  equation,  and 
then  to  sum  (intégrate)  the  contri- 
butions  of  the  thrusts  acting  on  the 
elements  of  the  airfoil  surface. 
Equations  (6),  however,  make  it 
possible  to  find  X  and  F  in  a  different 
manner,  using  the  velocity  distri- 
Inition  along  a  suitably  chosen  curve 
C"  surrounding  the  profile.  In  the 
following,  this  curve  will  be  taken 
as  a  circle  of  infinite  radius.  In  this 
way  it  will  not  be  necessary  to  deter- 
mine the  velocity  distribution  in  the  immediate  neighborhood  of  the  pro- 
file  ;  it  will  be  sufficient  to  know  the  hehavior  of  the  velocity  distribution  at  a 
great  dislance  Jrom  the  profde.  When  this  procedure  is  used,  the  case  of  a 
combination  of  airfoils  (biplane,  wing,  and  tail)  is  also  covered. 

In  the  preceding  section  the  a:-axis  was  taken  horizontal  so  as  to 
make  the  a:-component  of  the  weight  of  the  fluid  vanish.  Since,  ulti- 
mately,  the  influence  of  the  weight  of  the  fluid  (buoyancy)  has  been 
neglected,  Eqs.  (6)  and  (7)  remain  valid,  whatever  the  orientation  of  the 
axes  of  X  and  7j  may  be.     Let  us  now  give  to  the  .r-axis  the  direction  of 


^x 


Fi(¡.  121. 
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the  velocity  V  of  the  uniform  rectilinear  motion  of  the  airfoil.  For  the 
relative  motion  of  the  fluid  with  respect  to  the  airfoil  (inverse  flow) 
the  velocity  components  Vx  and  Vy  at  a  point  P  then  will  tend  toward  the 
valúes  —  V  and  O,  respectively,  as  the  distance  of  P  from  the  airfoil 
increases  indefinitely. 

For  a  circle  of  the  finite  radius  R  we  have  di  —  R  dtp  (Fig.  121),  where 
ip  is  the  angle  between  the  radius  vector  OP  and  the  x-axis.  If  on  this 
circle  the  velocity  components  had  the  constant  valúes  Vx  =  —V, 
Vy  =  O,  Eqs.  (6)  would  furnish 


X  =  -  ^V'~R   /    eos  ip  d<p  =  O, 


Y 


V^R   /   ún<pdip  =  0     (8) 


"^x 


FiG.  122. 


Actually,  the  relations  Vx  =  —V,  Vy  =  O  are  not  exactly  fulfilled 
on  any  circle  of  finite  radius  R,  but  the  respective  differences  between 
Vx,  Vy  and  —V,  O  tend  to  zero  as  R 
increases  indefinitely.  The  actual  flow 
may  therefore  be  considered  as  the  result 
of  the  superposition  of  the  uniform  flow 
with  the  velocity  V  in  the  negative  x- 
direction  and  flow  patterns  for  which  the 
velocity  tends  to  zero  as  R  increases 
indefinitely.  Two  such  stream  patterns 
have  been  discussed  in  Sec.  II. 6,  the 
circulating  motion  and  the  bicirculating 
motion.  For  these  flow  patterns  the 
velocity  is  inversely  proportional  to  R 
and  R^,  respectively,  and  therefore  tends 

to  zero  with  increasing  R.  As  has  already  been  mentioned  in 
Sec.  II. 6,  these  are  the  only  two-dimensional  irrotational  velocity  dis- 
tributions  that  have  this  property.  It  can  be  shown  that  velocity 
distributions  for  which  the  velocity  is  inversely  proportional  to  a  frac- 
tional  power  of  R,  such  as  s/R,  are  incompatible  with  the  conditions  for 
irrotational  motion.  Thus,  at  a  great  distance  R  from  the  profile  the 
velocity  distribution  can  be  considered  as  the  result  of  the  superposition 
of  (1)  a  constant  velocity  with  the  components  Vx  =  —V,  Vy  =  O;  (2) 
a  distribution  for  which  the  velocity  is  proportional  to  1/R,  that  is,  a 
circulating  motion;  (3)  a  distribution  for  which  the  velocity  is  propor- 
tional to  l/R-,  that  is,  a  bicirculating  motion;  (4)  distributions  for 
which  the  velocity  is  proportional  to  l/R^,  l/R'^,  etc. 

In  the  evaluation  of  X  and  Y  we  need  not  consider  the  contributions 
from  (3)  and  (4).  In  fact,  \i  di  =  R  d(p  is  substituted  in  (G),  terms  of 
the  order  of  \/R  in  the  expressions  for  VI,  VI,  V^Vy  may  supply  a  finite 
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contribution,  while  terms  of  the  order  1/R~  or  higher  would  furnish 
products  containing  the  factor  1/R.  If  the  ch'culation  of  the  circulating 
motion  is  denoted  by  F,  the  corresponding  velocity  at  a  point  of  the 
circle  of  radius  R  has  the  magnitude  T/2TrR.  Its  components  are  (Fig. 
122) 

r  r 

sin  ip,         V'y  =  i^-js  eos  <p  (9) 


f:  = 


2TrR 


The  velocity  components  due  to  the  contributions  from  (1)  and  (2)  are 
therefore 

r     .  ,.        r 


7.=  -V  - 


2tR 


sin  (p, 


7,  =  2;^  eos  ^ 


(10) 


In  order  to  evalúate  A'  and  1'  from  Eqs.  (6)  we  need  the  expressions 
for  VI,  VI,  and  VxVy  following  from  (10).  In  forming  these  expressions, 
terms  containing  the  factor  l/R"^  may  be  omitted,  since  they  do  not 
furnish  a  contribution  to  X  or  Y.     So  we  obtain  from  (10) 

VV 


2tR 


7^  =  F2  +  ^  sin  <p,         VI  =  Q,         V.V 
Introducing  this  in  Eqs.  (6)  with  (//  =  R  d(p,  it  foUows  that 

rv 


eos  <p     (11) 


X  = 


/  [-0"+^^"^^) 


eos  <p  +  — ¿-  sin  (p  eos  <p  \  R  d(p 
ttR  J 


Y  =  í 


=  -  kRV 


r 

I   eos  <p  d<p  =  O 

o 

(12) 


TV 

sin  (f  H j^  cos^ 

irrC 


R  dtp 


=  ^RV 


TV 

sin  (f  d<f  -{-  p  ~ñ-    f    (sin-  <p  +  eos-  <p)  dtp  =  pTV 


ü  o 

because  the  integráis  of  sin  <p  and  eos  (p  over  the  period  O  to  27r  vanish. 

Since  the  a:-axis  has  been  given  the  direction  of  the  motion  of  the 
airfoil  and  the  ?/-axis  is  direeted  upward,  —X  and  Y  represent  drag  and 
lift.  As  di  (that  is,  di  X  1)  was  written  for  the  element  of  área,  the 
results  obtained  can  be  stated  as  f  ollows :  In  a  two-dimensional  irrotational 
flow  an  airfoil  Jias  no  drag  huí  experiences  a  lift  that  equals  per  unit  of  span 
length  the  product  of  density,  velocity,  and  circulation: 

[V  =  pTr  (13) 

Tliis  result  is  knovvn  as  the  Kutía-J oukowski  theorem. 
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Since  the  circulation  T  is  not  known,  the  Kutta-Joukowski  theorem 
does  not  permit  an  immediate  determination  of  the  lift  on  an  airfoil  of 
a  given  shape;  but  important  conclusions  can  be  reached  by  exploiting  the 
following  two  facts:  (1)  Any  velocity  distribution  obtained  by  the  super- 
position  of  the  velocities  of  two  irrotational  flows  around  a  profile  repre- 
sents  another  irrotational  flow  around  the  same  profile.  In  fact,  it 
has  been  seen  in  Chap.  II  that  the  superimposing  of  irrotational  stream 
patterns  always  leads  to  patterns  which  also  are  irrotational.     Moreover, 


raJ-Without  circulation 


^¿?^W¡th  positive  circula+ion 
FiG.  123. — Irrotational  flow  around  a  cylinder. 

if  each  of  the  two  original  velocity  distributions  gives  a  tangential  flow 
at  the  points  of  the  contour,  the  sum  will  be  tangential,  too.  (2)  Experi- 
mental evidence  shows  that  the  flow  around  an  airfoil  of  a  given  shape 
is  completely  determined  by  the  magnitude  of  the  velocity  of  the  undis- 
turbed  stream  and  by  the  angle  of  attack.  This  is  not  the  case  for 
cylindrical  bodies  of  arbitrary  cross  sections,  e.g.,  for  a  circular  cylinder. 
It  is  the  principal  merit  of  Joukowski's  airfoil  theory  to  have  shown  that 
in  the  case  of  a  profile  with  a  pointed  trailing  edge  there  exists  only  one 
irrotational  stream  pattern  which  fulfills  all  geometrical  and  physical 
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conditions  and  that  this  flow  is  completely  determined  by  the  shape  of 
the  profile  and  the  velocity  of  the  undisturbed  stream. 

In  order  to  make  this  clear,  let  us  eonsider  again  the  two-dimensional 
irrotational  flow  around  a  circular  cylinder  of  infinite  length.  A  circle 
C  then  takes  the  place  of  the  wing  profile.  Choose  the  center  of  this 
circle  as  the  origin,  and  lay  the  a:-axis  opposite  to  the  velocity  V  of 
the  undisturbed  flow.  Any  flow  around  the  cylinder  must  then  fulfill 
the  following  conditions:  At  an  infinite  distance  from  the  circle  C,  the 
velocity  components  are  Vx  =  —V,  Vy  =  0;  at  any  point  on  C,  the 
velocity  is  tangential  to  C.  Now,  one  possible  flow  pattern  will  be 
symmetrical  with  respect  to  the  axis  of  x  (Fig.  123a).  In  this  flow  the 
cylinder  obviously  does  not  experience  any  lift  since  the  magnitude  of  the 
velocity  and  therefore  the  pressure  are  the  same  at  any  two  symmetrically 
situated  points.  Another  flow  around  the  cylinder,  with  the  same  valúes 
of  Vx  and  Vy  in  the  undisturbed  stream  {i.e.,  at  infinity),  can  be  obtained 

by  superimposing  on  this  symmetrical  flow 
a  circulating  motion  with  the  origin  as  the 
center  (Fig.  1236).  At  infinite  distance  from 
the  circle  C  the  velocity  of  the  circulating 

Fig    124  .  .  . 

motion  vanishes,  and  at  any  point  on  C 
it  is  tangential  to  C.  Thus,  to  each  valué  of  the  circulation  T  there 
corresponds  an  irrotational  flow  around  the  cylinder,  the  velocity  of  the 
undisturbed  stream  being  the  same  for  all  these  flow  patterns.  That  is, 
the  flow  around  a  circular  cylinder  is  in  no  way  determined  by  the 
velocity  of  the  undisturbed  stream. 

The  situation  is  essentially  the  same  for  a  cylinder  whose  cross  section 
differs  slightly  from  a  circle.  If ,  however,  the  contour  of  the  cross  section 
contains  an  are  of  a  verj''  small  radius  of  curvature  (B  in  Fig.  124),  most  of 
these  stream  patterns  would  lead  to  extrcmely  high  velocity  valúes  at  B 
so  that,  according  to  Bernoulh's  equation,  the  pressure  there  would 
become  negative.  Such  flow  patterns  have  to  be  discarded.  One  might 
expect  that  in  the  case  of  a  sharp  trailing  edge  there  exists  no  continuous 
flow  pattern  for  which  the  pressure  is  everywhere  positivo.  At  least,  it 
has  been  seen  in  Sec.  IV.4  that  past  a  body  mth  two  sharp  edges  a 
discontinuous  flow  pattern  develops  which  shows  a  región  of  dead  water 
behind  the  body.  Yet  Joukowski  observed  that  in  the  case  of  stream- 
lined  bodies  with  one  sharp  edge  the  infinity  of  stream  patterns  cor- 
responding  to  T-values  from  —  <»  to  +  »  contains  one  and  only  one 
pattern  for  which  the  velocity  at  the  edge  remains  finite.  While  the 
theory  of  perfect  fluids  leaves  the  valué  of  the  circulation  T  completely 
undetermined  in  the  case  of  a  well-rounded  body,  this  valué  is  thus  seen 
to  be  uniquely  determined  in  the  case  of  a  body  with  a  sharp  trailing  edge. 
This  theoretical  result,  found  by  Joukowski  as  early  as   1906,  agrees 


Sec.  VIII.2]     THE  LIFT  OF  AN  AIRFOIL  OF  INFINITE  SPAN 


179 


completely  with  the  experimental  evidence.  It  had  been  known  from 
the  very  beginning  of  flight  that  wings  with  a  sharp  trailing  edge  must  be 
used  in  order  to  obtain  a  well-defined  lift. 

Let  US  now  turn  to  the  above  announced  conclusions  from  Eq.  (13).  As 
the  circulation,  by  its  definition,  depends  Unearly  on  the  velocity  valúes, 
the  circulation  F  of  the  sum  of  two  flows  each  of  which  has  the  circulation 
r',  r",  respectively,  must  equal  T'  +  T".  Choose  the  a:-axis  parallel 
to  the  chord  of  the  profile,  and  let  it  point  from  the  trailing  to  the  lead- 
ing  end  (Fig.  125).  Consider  first  the  flow  where  the  velocity  of  the 
undisturbed  stream  has  unit  magnitude  and  the  direction  opposite  to 
that  of  the  ;r-axis.  In  this  flow  the  circulation  around  the  profile  wdll 
have  a  definite  valué  Fi.  If  the  velocity  of  the  undisturbed  stream  has 
the  same  direction  as  above  but  the  magnitude  Vi,  the  circulation  will 
have  the  valué  FiFi  since  the  new  stream  pattern  can  be  obtained  by 

47 


C/70rí^ 


Veos  ce 
Fig.  125. 

superimposing  Vi  times  the  original  pattern.  (Using  a  sufficiently  small 
velocity  unit,  one  can  always  assume  that  Vi  is  an  integer.) 

Consider  next  the  case  where  the  velocity  of  the  undisturbed  stream 
has  the  2/-direction  and  unit  magnitude.  The  circulation  around  the 
profile  then  will  have  a  definite  valué  F2.  If  the  velocity  of  the  undis- 
turbed stream  has  the  ^/-direction  and  the  magnitude  V2,  the  circulation 
will  be  V2T2. 

Finally,  consider  the  case  where  the  velocity  of  the  undisturbed  stream 
has  the  magnitude  V  and  forms  the  angle  a  with  the  negative  a;-direction. 
Since  this  velocity  has  the  components  Vx  =  —V  eos  a  and  Vy  =  V  sin  a, 
this  case  can  be  considered  as  the  result  of  the  superposition  of  the  two 
previous  cases  with  Vi  =  V  eos  a  and  V2  =  V  sin  a.  Consequently,  the 
circulation  around  the  profile  will  have  the  valué 

F  =  F(Fi  eos  a  +  T2  sin  a) 

With 

C  =  2  Vn  +  Fi, 


sm  «o  =  — 


th€i  circulation  can  be  written  as 


Fi 


vn  +  F|' 


eos  ao  = 


Ti 


Vn  +  r| 


F  =  ^CF(sin  a  eos  «o  —  eos  a  sin  «o)  =  iCV  sin  {a  —  «o)     (13a) 
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The  lift  per  unit  length  of  the  airfoil  is  obtained  by  introducing  this 
expression  in  (3).     Thus  the  Kutta-Joukowski  theorem  yields 

L'  =  I  V^C  sin  (a  -  ao)  (14) 

The  ^^^ng  área  >SÍ  to  which  this  valué  of  the  hft  refers  is  a  rectangle 
whose  sides  are  the  ehord  length  c  and  the  unit  of  length,  respectively. 
The  lift  coeííicient  as  defined  at  the  beginning  of  Chap.  VI  is  the  quotient 
L'/ipV^S  where  now  S  =  c  X  1.     Therefore,  Eq.  (14)  is  equivalent  to 

C 

Cl  =  —  sin  (a  —  ao)  (15) 

This  formula  is  identical  with  the  empirical  formula,  Eq.  (4),  Sec.  VII.  1, 
where  k  appeared  instead  of  C/c.  Since  a  is  the  angle  of  attack  (Fig. 
95a)  and  d,  =  O  for  a  =  ao,  the  angle  ao  defines  the  zero  lift  direction. 
Thus  a  —  ao  is  the  angle  of  incidence  a'. 

For  small  angles  of  incidence  sin  a'  can  be  replaced  by  a'.  This 
leads  to  the  simplified  formula 

Cl  =  -  a'  (15') 

c 

in  accordance  wdth  Eq.  (3),  Sec.  VII.l.  The  two-dimensional  airfoil 
theory  gives  the  curve  Cl  vs.  a,  in  good  agreement  with  the  experimental 
evidence  for  modérate  angles  of  incidence,  as  an  inclined  straight  Une. 

Relations  (14)  and  (15)  have  been  obtained  without  referring  to  the 
particular  shape  of  the  profile  except  for  the  existence  of  a  sharp  trailing 
end.  To  go  beyond  these  results,  which  are  an  immediate  consequen  ce 
of  the  Kutta-Joukowski  formula  (13),  i.e.,  to  compute  the  constants  C 
and  ao,  requires  a  deeper  analysis.  The  valúes  of  the  factor  C  and  of 
the  zero  lift  angle  ao  depend  on  the  shape  of  the  profile.  Both  can  be 
determined  theoretically  if  the  (conformal)  transformation  is  known 
that  maps  the  exterior  of  the  profile  on  the  exterior  of  a  circle.^  It 
can  be  shown  that  C  must  equal  8ira,  that  is,  four  times  the  circumference 
of  the  circle  Ci,  and  that  the  zero  lift  direction  is  given  by  the  straight 
Une  joining  Mi  to  that  point  B'  of  the  circle  Ci  which  corresponds  to  the 
trailing  end  B  of  the  profile.  In  the  cases  discussed  in  Sec.  VI. 3,  where 
prf)filc  forms  Avere  derived  by  applying  conformal  transformations  to  a 
given  circle,  the  valúes  of  C  and  ao  are  thus  known  in  advancc.  For  all 
ordinary  profiles  the  radius  a  of  the  circle  Ci  is  found  to  be  only  slightly 

^  For  those  familiar  with  the  theory  of  conformal  mapping  it  may  be  added  that 
the  transformation  under  consideration  must  leave  the  points  at  infinity  unchanged. 
This  condition  determines  the  radius  a  and  the  center  Mi  of  the  circle  Ci  into  which 
the  profile  is  transformed. 
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greater  than  c/4.  In  Sec.  6  of  the  present  chapter  an  approximate 
solution  of  the  complete  problem  will  be  given  for  thin  and  slightly 
cambered  profiles.  There  the  vahíe  c/4  for  a  will  be  found  as  the  first 
approximation,  sufiiciently  exact  for  most  computations ;  that  is,  the  con- 
stant  C/c  in  (14)  and  (15)  equals  27r,  and  Eq.  (15')  gives 

Cl  —  27ra'  if  a'  is  expressed  in  radians 

Cl  =  r^  oc'  =  0.1  la'     if  a'  is  expressed  in  degrees 

This  means  that  Cl  equals  1  for  an  angle  of  incidence  of  about  9°.  As 
has  been  mentioned  in  Sec.  VII.3,  the  earl,y  Moscow  experiments  made 
under  the  condition  of  infinite  span  gave  a  slope  of  the  curve  Cl  vs.  a' 
that  practically  corresponds  to  this  valué.  Most  later  experimenters 
found  a  slightly  smaller  valué  of  the  slope,  giving  Cl  =  I  for  an  angle  of 
incidence  of  about  10°.  As  regards  the  theoretical  valúes  of  the  zero 
lift  angle  «o,  these,  too,  are  found  to  agree  well  with  the  experimental 
evidence  (see  Sec.  VII.4  and  Sec.  6  of  the  present  chapter).  The  two- 
dimensional  wing  theory  seems  to  overestimate  the  slope  of  the  Cl  vs.  a-Une 
hy  about  10  per  cent  as  compared  with  the  experimental  valué  found  for 
the  same  angle  of  incidence.  The  zero  lift  angle  «o  actually  is  1  to  2°  greater 
than.  the  theoretical  valué. 

Problem  3.  In  a  wind-tunnel  experiment  carried  out  under  the  conditions  of 
infinite  span  the  lift  forcé  on  an  airfoil  of  1.08  ft.^  área  was  found  to  be  34.7  Ib.  at  an 
angle  of  attack  3°  and  48.1  Ib.  at  an  angle  of  attack  6°.  Compute  the  zero  lift  angle 
and  the  slope  of  the  Cl  vs,  a-line  if  the  dynamic  pressure  of  the  wind  was  q  =  40.5 
lb./ft.2 

Problem  4.  The  weight  of  an  airplane  flying  at  220  ft./sec.  at  sea  level  under 
an  angle  of  incidence  of  3°  is  4000  Ib.  Compute  the  required  área  S  of  the  wing  if 
the  actual  lift  coefficient  is  assumed  to  be  three-fourths  the  theoretical  valué  for  a  thin 
airfoil  of  infinite  span.  How  will  the  angle  of  incidence  change  if  the  airplane  flies  at 
an  altitude  of  25,000  ft.  with  85  per  cent  of  the  sea-level  velocity? 

Problem  5.  What  is  the  range  in  which  the  angle  of  incidence  a  varies  if  the 
velocity  of  an  airplane  varies  between  280  and  330  ft./sec,  the  load  per  unit  wing  área 
Tf  AS  being  32  Ib./ft.^,  p  lying  between  0.0022  and  0.0018  slug/ft^.?  Assume  the  slope 
of  the  Cl  vs.  a-curve  as  two-thirds  the  theoretical  valué  for  a  thin  airfoil  with  infinite 
aspect  ratio. 

3.  The  Pitching  Moment  of  an  Airfoil  of  Infinite  Span.  A  relation 
for  the  pitching  moment  of  an  airfoil  of  infinite  span  can  be  obtained  from 
the  moment  of  momentum  formula  (7).  Denote  by  M'  the  pitching 
moment  exerted  on  a  portion  of  unit  length  of  the  airfoil.  With  di  =  R  d(p, 
Eq.  (7)  gives 


M 


¿ir 

'  =  -pR'  f  V,.Vtd<p  (16) 
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Here,  again,  we  trj^  to  find  the  limit  of  this  expression  for  /2  =  oc  ; 
i.e.,  we  want  to  compute  the  moment  M'  from  our  knowledge  about  the 
velocity  distribution  at  infinity.  If  a  Hmit  exists,  the  integral  must 
be  of  the  order  1/R^;  that  is,  the  contributions  that  the  finite  terms  and 
the  terms  of  the  order  1/R  in  VnVt  furnish  to  the  integral  must  vanish. 
The  contributions  of  the  terms  of  higher  order  than  1/R^  will  have  no 
significance,  as  R  —>  <x> .  Thus,  for  the  computation  of  the  integral  (16) 
only  the  first  three  contributions  mentioned  in  the  beginning  of  Sec.  2 
of  the  present  chapter  need  be  taken  into  account. 

In  Sec.  2  the  velocity  components  on  the  control  circle  were  given  as 


F.  = 


^-2^;:^^^^^' 


Vy  =  ^^  eos  <p 


(10) 


In  these  expressions  the  constant  term  —  V  represents  the  velocity  of  the 
undisturbed  stream,  and  the  terms  containing  the  factor  1/R  correspond 


FiG.  126. 


.  Vs/'n  <f 


^ t 


-^x 


FiG.  127. 


to  a  circulating  motion  with  the  circulation  F;  terms  of  an  order  higher 
than  1/i?  did  not  contribute  to  the  lift.  Now,  however,  terms  with  the 
factor  1/7^2  must  not  be  omitted.  In  other  words,  a  bicirculating  motion 
as  discussed  in  Sec.  1 1. 6  must  be  added  to  the  two  component  motions 
considered  in  the  foregoing,  the  imiform  flow  and  the  circulating  motion. 
While  the  circulating  motion  is  determined  by  one  scalar  parameter, 
viz.,  the  circulation  F,  the  bicirculating  motion  was  seen  to  be  determined 
either  by  two  scalar  parameters,  the  magnitude  B  and  the  angle  jS,  or  by 

the  bicirculation  vector  B.  As  has  been  shown  in  Sec.  II. 6,  the  velocity 
at  a  point  with  the  polar  coordinates  /?,  ^  has  the  magnitude  B/R"^  and 
forms  the  angle  <^  —  /3  with  the  radius  vector  (Fig.  126).  Accordingly, 
the  contributions  that  the  bicirculating  motion  furnishes  to  the  velocity 
components  7„  and  Yt  are  {B/R"^)  eos  (<^  —  /3)  and  {B/R"^)  sin  (v?  —  /3), 
respectively.  The  velocity  of  the  undisturbed  stream  furnishes  the 
contributions  —  V  eos  ^  and  V  sin  (p  to  Vn  and  F,,  respectively  (Fig.  127), 
while  the  circulating  motion  has  an  entirely  tangential  velocity  F/27ri¿. 
Thus,  lti(;  complete  valúes  for  F„,  Vt  to  be  usod  in  (16)  are 
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D 

F„  =  -  F  eos  ^  +  ^2  eos  {<p  -  /3) 


(17) 
Vt  =  V  sin  <p  +  2^  +  ^,  sin  (<^  -  /í) 

Forming  the  product  VnVt  and  disregarding  terms  of  higher  order  than 
1/R'\ 

TV 

V„Vt  =  —  F-  sin  (p  eos  ^  —  K-^5  eos  ^ 

5F 

+  -^  [sin  (^  eos  (v?  —  /3)  ~  eos  v?  sin  (^  —  /3)] 


Equation  (16)  then  gives 


TV  BV 

=  — iF^  sin  2(p  —  pj3^  eos  <p  +  -^^  sin 


2jr 

/"   BV 
M'  =  -pR'         -j^  sin  /3  dip  =  -2TrpB  V  sin  13  (18) 

o 

since,  again,  the  integráis  of  sin  cp,  eos  ¡p,  ete  ,  over  a  period  vanish.  Now, 
if  the  bieireiilation  vector  B  is  deeomposed  into  two  eomponents  parallel 
and  normal  to  the  direetion  of  the  undisturbed  flow,  the  normal  compo- 
nent  is  B  sin  /3.  In  analogy  to  the  Kutta-.Toukowski  theorem,  L'  =  pTV, 
we  therefore  have  the  theorem:  The  pitching  moment  {with  résped  to  the 
origin  of  the  coordinates)  exerted  on  a  portion  of  unit  width  of  the  airfoil 
equals  —  27r  times  the  product  of  the  density,  velocity,  and  the  component  Bn 
of  the  bicirculation  vector  normal  to  the  direetion  of  the  undisturbed  flow:  ^ 

M'  =  -2xpFB„  (18') 

The  situation  here  is  mueh  the  same  as  with  the  Kutta-Joukowski 
formula  (13).  Sinee  the  bieirculation  veetor  is  not  known,  the  present 
theorem  does  not  permit  an  immediate  evaluation  of  the  pitching 
moment.  However,  it  is  possible  to  proeeed  in  the  same  manner  as  in 
the  previous  seetion,  i.e.,  to  exploit  the  facts  that  the  superposition  of 
irrotational  flows  around  a  profile  leads  to  other  flows  of  the  same  kind 
and  that  the  actual  flow  is  uniquely  determined  by  the  magnitudes  F 
and  a. 

Let  US  take  the  a:-axis  parallel  to  the  zero  lift  direetion  of  the  profile, 
pointing  from  the  trailing  to  the  leading  end.     Consider  first  the  flow 

^  It  should  be  noted  that  the  bicirculation  vector  is  not  independent  of  the  position 
of  the  origin  with  respect  to  which  the  motion  is  analyzed  into  component  parts  with 
velocities  proportional  to  the  successive  powers  of  1/R. 


184 


THE  WING  OF  INFINITE  SPAN 


[Sec.  VIII. 3 


where  the  velocity  of  the  undisturbed  stream  has  unit  magnitude  and 

the  direction  opposite  to  that  of  the  a:-axis.  Let  Bi  be  the  bicirculation 
vector  for  this  flow.  The  magnitude  of  this  vector  and  the  angle  that  it 
forms  with  the  a;-axis  will  be  denoted  by  Bi  and  j8i  respectively  (Fig.  128). 
For  the  flow  where  the  velocity  of  the  undisturbed  stream  has  unit  mag- 
nitude and  the  direction  of  the  y-axis,  the  corresponding  quantities  will 

be  denoted  by  B2,  B2,  and  ^2.  The  general  case,  where  the  undisturbed 
stream  has  a  velocity  of  the  magnitude  V,  forming  the  angle  of  incidence 
a  with  the  a:-axis,  can  be  considered  as  the  result  of  the  superposition 
of  the  two  previous  cases  where  the  velocities  at  a  great  distance  frora  the 
profiles  have  the  magnitude  V  eos  a'  and  V  sin  a',  respectively,  instead 
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Fig.  129. 


of  the  unit  magnitudes  considered  in  the  foregoing.     The  bicirculation 

vector  thus  can  be  obtained  as  the  sum  of  the  vectors  (V  eos  a')Bi  and 

(F  sin  a')B2.  The  component  5„  of  the  bicirculation  vector  normal 
to  the  direction  of  V  equals  the  sum  of  the  corresponding  components  of 
these  two  vectors.  Since  the  first  vector  makes  the  angle  a'  +  /3i  with 
the  direction  of  V  and  the  second  the  angle  a'  +  ^2,  the  component 
of  the  bicirculation  vector  normal  to  the  direction  to  V  has  the  valué 

Bn  =  V[Bi  eos  a'  sin  (a'  +  ,3i)  +  B.  sin  a'  sin  («'  +  ^S.)] 

Equation  (18)  therefore  furnishes  the  pitching  moment  with  rcspect  to 
the  origin  of  the  coordinates  as 

ilf'  =   -27rpV^[Bi  eos  a'  sin  (a'  +  /3i)  +  B2  sin  a'  sin  (a'  +  ^2)]      (19) 

Let  US  now  compute  the  moment  Mq  with  respect  to  the  point  with  the 
coordinates  Xo,  yo.  The  thrusts  that  the  fluid  exerts  on  the  airfoil  are 
statically  equivalent  to  the  forcé  U  applied  to  the  origin  of  coordinates, 
together  with  a  couple  of  moment  M'.  The  forcé  L',  given  by  Eq.  (14), 
is  perpendicular  to  the  direction  of  the  undisturbed  flow  (Fig.  129)  and 
consequently   has   the   components  L'^  =  L'  sin  a    and   L^  =  L'  eos  a'. 
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With  respect  to  the  point  with  the  coordinates  xo,  yo,  the  thrusts  exerted 
on  the  airfoil  therefore  have  the  moment 

M'o  =  M'  -  xd.y  +  i/oL^  =  M'  -  U{xo  cus  a    -  yo  sin  a') 
Substituting  the  vakie  of  L'  from  (14)  and  of  M'  from  (19),  one  has 

M'o  =  -2tpV^[Bi  eos  a'  sin  (a'  +  /3i)  +  Bo  sin  a'  sin  (a'  +  /Js) 

C 
+  j-  sin  a'(a:o  eos  a'  —  í/o  sin  a')] 

Making  use  of  sin  (a'  +  /?!)=  sin  a'  eos  /3i  +  eos  a  sin  /3i  and  of  the 
corresponding  relation  for  sin  (a'  +  /Jo),  we  finally  obtain  M^  in  the  form 

M'o  =  -27rpy2(c[  sin  a'  eos  a'  +  6  sin^  «'  +  b'  cos^  «') 
where 

C 

a  =  Bi  eos  iSi  +  B2  sin  /32  +  1—  ^0 

47r 

(7 

b  =  B2  eos  /32  —  7-  ^0,         6'  =  5i  sin  |8i 
47r 

This  gives  the  moment  with  respect  to  any  arbitrary  point  xo,  yo.  We 
now  select  a  particular  point  determined  by  the  eonditions  that  the 
coeíficient  a  vanishes  and  b  and  b'  are  equal.  In  this  case  the  expression 
in  the  parentheses  reduces  to  O  +  6'  (sin^  a  +  cos^  a')  =  b'.  It  is  easily 
seen  that  the  point  with  the  coordinates 

4t  47r 

Xo  =  —  jT  i^i  c<^!~¡  /3i  +  ^2  í^iii  ^2),         yo  =  —  yr  (^1  ^'^"  ^^  ~  ^'-  ^'^^^  1^2) 

fulfills  the  eonditions  a  =  O  and  b  =  b'  =  Bi  sin  /3i.  The  pitching 
moment  for  this  particular  point  of  reference  therefore  equals 

M'o  =  -27rpF2J5iSÍn/3i  (20) 

This  formula  does  not  include  the  angle  of  incidenee  a'.  The  correspond- 
ing moment  coeíficient,  which  is  by  definition  the  quotient  M'/^pV^Sc, 
equals  therefore,  since  >S  =  c  X  1, 

C,r„  =  -47r^sin/?i  (20') 

This  result  can  be  stated  as  follows:  For  any  given  proñle  there  exists  a 
certain  point  with  respect  to  which  the  moment  coefficient  is  independent 
of  the  angle  of  incidenee.  It  has  already  been  stated  in  Sec.  VII.  1  that  this 
is  confirmed  by  the  experimental  evidence. 

The  existence  of  the  aerodynamic  center,  i.e.,  oí  a  point  with  respect 
to  which  the  pitching  moment  has  a  constant  valué,  was  found  as  a 
theoretical  result  by  R.  v.  Mises  in  1920.     He  also  showed  that  for  the 
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usual  profiles  the  aerodynamic  center  lies  near  to  the  forward  quarter 
chord  point.  This  fact  suggests  that  it  is  desirable  to  choose  this  quarter 
chord  point  as  the  point  of  reference  f  or  the  pitching  moment,  a  procedure 
that  is  often  adopted  today. 

The  exact  position  of  the  aerodynamic  center  and  the  constant  valué 
Mq  of  the  pitching  moment  can  be  determined  theoretically,  if  the 
conformal  transformation  is  known  that  maps  the  exterior  of  the  profile 
on  the  exterior  of  a  circle  and  leaves  infinity  unchanged.  In  the  case 
of  the  profiles  discussed  in  Sec.  VI. 3,  which  are  derived  by  a  given  con- 
formal transformation  of  a  circle,  the  position  of  the  aerodynamic  center 
and  the  valué  Mq  are  immediately  determined.  In  particular,  it  is 
possible  to  derive  profiles  f  or  which  Mq  =  O  (see  the  last  group  discussed 
in  Sec.  VI. 3).  For  these  profiles  the  line  of  action  of  the  lift  forcé  passes 
through  the  aerodynamic  center  for  all  valúes  of  the  angle  of  attack. 
The  analysis  also  shows  in  accordance  with  the  experiments  (see  Sec. 
VII. 4)  that,  for  all  ordinary  profiles  with  simple  mean  camber  Unes, 
Cmo  has  a  small  negative  valué,  about  —0.05  to  —0.10,  and  increases  to 
zero  or  to  small  positive  valúes  when  reflexed  camber  Unes  are  considered. 

Problem  6.  If  the  aerodynamic  center  coincides  with  the  one-quarter  point  and 
lift  and  moment  coefficients  for  the  angle  of  attack  a  =  7°  have  been  foimd  as 
Cl  =  0.770  and  Cm  =  0.127  with  respect  to  the  center  of  the  chord,  compute  the 
constant  Curo- 

Problem  7.  The  Hft  coefhcients  Cl  oí  a  certain  airfoil  for  the  angles  of  attack 
a  =  5°  and  a  =  8°  have  been  found  to  be  0.724  and  0.926,  respectively.  The  cor- 
responding  moment  coefficients  with  respect  to  the  leading  end  were  —0.225  and 
—  0.275.     If  it  is  known  that  the  aerodynamic  center  lies  on  the  chord,  find  its  position. 

4.  The  Metacentric  Parábola.  It  was  seen  that  the  lift  L'  is  propor- 
tional  to  the  sine  of  the  angle  of  incidence  a'  (14)  and  that  the  moment 
Mq  with  respect  to  a  certain  point  F,  the  aerodynamic  center  of  the  profile, 
is  constant.     Thus 

L'  =  U  sin  a',         M'o  =  hL'o  (21) 

where  L'o  and  h  are  independent  of  a.  The  factor  Ló  has  the  dimensión 
of  a  forcé  per  unit  of  length,  and  h  is  a  length. 

If  for  a  certain  profile  the  aerodynamic  center  F,  the  zero  lift  direction 
FA,  and  the  valúes  of  Lq  and  h  are  known,  the  line  of  action  for  a  given 
angle  of  incidence  can  be  found  in  the  following  way  (Fig.  130):  The 
resultant  forcé  is  perpendicular  to  the  velocity  V;  it  has  the  magnitude 
L'  and  the  moment  Mq  with  respect  to  the  aerodynamic  center  F.  The 
distance  of  its  line  of  action  from  F  is  therefore  M'JL' \  according  to  (21) 
this  equals  /i/sin  a' .  In  other  words,  if  the  foot  of  the  perpendicular 
drawn  from  F  to  the  Une  of  action  of  the  lift  L'  is  denoted  by  G.  the 
distance  FG  must  equal  /i/sin  a! .     The  distance  of  the  point  G  from  the 
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line  FA  is  FG  sin  a'.  This  product  has  accordingly  the  valué  h,  which  is 
independent  of  the  angle  of  incidence.  This  solves  the  problem:  In 
order  to  find  the  required  Une  of  action,  draw  the  parallel  to  the  velocity 
V  through  F,  and  determine  its  point  of  intersection  G  with  the  straight 
line  plotted  parallel  to  the  zero  lift  direction  at  a  distance  h  from  F 
(see  Fig.  130).  The  line  of  action  passes  through  O  and  is  perpendicular 
to  the  velocity  V. 

This  result  can  also  be  expressed  in  the  following  ternis:  The  feet 
of  the  perpendiculars  drawn  from  the  aerodynamic  center  on  the  lines  of 
action  corresponding  to  different  angles  of  attack  lie  on  a  straight  line 
GB  which  has  the  direction  of  zero  lift  and  the  distance  h  from  F.  Now, 
a  well-known  theorem  concerning  the  ordinary  parábola  states:  The  feet 
of  the  perpendiculars  dropped  from  the  focus  on  the  tangents  of  the 


Fig.  130. — Metacentric  parábola  (Mti'  >  0). 

parábola  lie  on  the  straight  line  that  is  tangent  to  the  parábola  at  its 
vértex.  Thus  it  is  seen  that  all  possible  lines  of  action  of  the  lift  L'  are 
tangent  to  a  parábola  whose  focus  is  the  aerodynamic  center  F  and  whose 
axis  is  perpendicular  to  the  zero  lift  direction  F.  This  parábola  is  called 
the  metacentric  parábola  oí  the  profile.  The  meaning  of  this  term  will  be 
discussed  in  Chap.  XVII. 

If  i/  is  a  point  on  the  axis  FA  such  that  FH  represcnts  the  magnitude 
Lo,  then  the  projection  GH'  oí  FH  on  the  line  of  action  of  the  resultant 
forcé  represents  the  magnitude  L'  oí  this  forcé. 

For  the  purpose  of  drawing  the  metacentric  parábola  it  may  be 
useful  to  determine  its  point  of  contact  with  a  particular  line  of  action. 
Through  F  draw  the  perpendicular  to  the  velocity  V  (Fig.  130)  and 
through  G  the  perpendicular  to  FA.  Through  the  point  of  intersection 
Q  oí  these  two  perpendiculars  draw  the  parallel  to  the  velocity  V;  its 
point  of  intersection  with  the  line  of  action  is  the  point  of  contact  P.     In 


188  THE  WING  OF  INFINITE  SPAN  [Sec.  VIII.5 

the  theory  of  stability  (Chap.  XVII)  the  point  P  is  called  the  metacenter 
oí  the  profile  corresponding  to  the  angle  of  incidence  a'. 

In  drawing  the  diagram  of  Fig.  130  the  quantity  M'q  was  assumed  to 
be  positive.  However,  for  most  ah'foils,  Mq  is  negative.  The  meta- 
centric  parábola  and  the  line  of  action  of  the  hf t  L'  then  have  the  position 
indicated  in  Fig.  131.  The  significance  of  the  position  of  the  meta- 
centric  parábola  for  the  stabihty  of  the  profile  will  also  be  discussed  in 
Chap.  XVII. 

In  the  particular  case  where  h  =  O  and  therefore  Mq  =  O,  all  possible 
lines  of  action  of  the  lift  L'  pass  through  the  aerodynamic  center  F. 

The  metacentric  parábola  reduces  then  to  the 

focus  F.     Since  the  ratio  of  h  to  the  chord 

length  c  is  determined  by  the  shape  of  the 

profile,  the  condition  h  =  O  can  be  considered 

as  an  equation  between  the  parameters  that 

determine  the  shape  of  the  profile.     The  result 

here  obtained  may  thus  be  stated  as  follows: 

//  the  parameters  that  determine  the  shape  of  the 

profile  are  chosen  so  as  to  satisfy  one  certain 

^^hV^M^^<r^oT  ^^^^'     ^Quation,  the  line  of  action  of  the  lift  L'  passes 

through  the  focus  F  of  the  profile  for  all  angles 

of  incidence.     It  would  be  logical  to  restrict  to  this  case  alone  the  use 

of  the  expression  "aerodynamic  center"  and  to  speak  of  the  "focus"  in 

the  general  case. 

Probiem  8.  For  a  thin  profile  the  moment  coefficient  with  respect  to  the  aero- 
dynamic center  is  given  as  —0.10;  the  zero  hft  direction  forms  the  angle  «o  =  —4° 
with  the  chord  that  is  taken  as  the  x-axis.  The  aerodynamic  center  has  the  coordi- 
nates  —0.24c  and  0.03c  with  respect  to  an  origin  at  the  leading  edge.  Plot  the 
metacentric  parábola,  find  its  equation,  and  ñnd  the  line  of  action  and  the  metacenter 
for  the  angle  of  attack  a  =  4°. 

Probiem  9.  In  a  wind-tunnel  experiment  the  lift  coefficient  Cl  has  been  measured 
for  two  a-values  so  as  to  determine  the  Cl  vs.  a-line.  For  how  many  a-values  must 
the  moment  coefficient  with  respect  to  a  given  point  be  measured  in  order  to  determine 
the  metacentric  parábola? 

5.  Vortex  Sheets,  Another  Approach.  In  the  preceding  sections  the 
two-dimensional  ílow  around  an  airfoil  has  been  studied  as  the  result  of 
the  supcrposition  of  a  uniform  motion,  a  circulating  motion,  a  ])icirculat- 
ing  motion,  etc.  For  the  nth  of  these  components  of  the  flow,  the  veloc- 
ity  at  any  point  P  is  proportional  to  r~^"~^\  where  r  is  the  distance  of  P 
from  a  fixed  point  O.  This  approach  has  proved  useful  in  computing 
the  lift  L'  and  the  moment  M',  since  there  only  the  first  three  components 
had  to  be  considered,  the  others  having  no  influence  on  L'  and  M'.  This 
approach,  however,  is  not  the  only  possible  one.  In  this  section  another 
theory,  useful  for  many  purposes,  will  be  discussed. 
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The  two-dimensional  flow  aroimd  an  airfoil  can  also  be  considered  as 
the  result  of  the  superposition  of  a  uniform  motion  (whose  velocity  V  is 
equal  and  opposite  to  the  velocity  of  the  airfoil)  and  an  infinite  number 
of  circulating  motions,  each  of  which  has  a  sepárate  center.  This  kind 
of  analysis  will  lead  us  to  a  determination  not  only  of  the  total  lift  but 
also  of  the  lift  distribution  over  the  chord  of  the  profile,  in  the  case  of 
infinite  aspect  ratio.  Furthermore,  it  will  be  generalized  in  the  next 
chapter  so  as  to  apply  to  the  three-dimensional  problem  of  a  wing  of  finite 
span. 

Let  US  first  take  up  again  the  simple  circulating  motion  introduced 
in  Sec.  II. 5.  It  will  be  explained  now  why  this  type  of  motion  is  often 
referred  to  as  a  vortex  motion  although  it  is  actually  irrotational.     Accord- 


Fio.  132. — Circulating  motion  with  solid  rotating  core. 

ing  to  Eq.  (23),  Sec.  II. 5,  the  velocity  at  the  center  of  a  circulating 
motion  would  be  infinite,  which,  of  course,  is  physically  impossible.  The 
two-dimensional  flow  in  circular  streamlines  for  which  the  velocity  dis- 
tribution is  given  by  the  solid  curve  in  Fig.  132  has  the  advantage  of  being 
physically  possible  while  still  agreeing  with  the  equations  of  motion  of 
perfect  fluids.  Outside  the  small  circle  r  =  rx  this  modified  stream  pat- 
tern  coincides  mth  that  of  a  circulating  motion,  the  velocity  distribution 
being  given  by 

r 

r  ^  Ti      (a) 


T  "^  Ti     (6) 


V  = 

r 

27rr 

Tnside  this  circle  r  = 

r\ 

the  fluid 

rotates 

7i 

w  =  — 

r 

27rr? 
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i.e.,  here  the  velocity  is  distributed  according  to 


V  =  wr 


2irrl 


T  ú  Ti      (c) 


Condition  (6)  assures  the  continuity  of  the  velocity  across  the  circle 
r  =  Ti. 

Seen  in  space,  the  rotating  core  forms  a  thin  circular  cylinder  of  the 
radius  ri.  Such  a  rotating  cylinder  of  fluid  is  called  a  vortex  filament, 
and  the  double  product  of  its  angular  velocity  o)  and  the  área  of  its  cross 
section  is  called  its  vorticity.  According  to  ih)  the  vorticity  in  our  case 
equals  the  circulation  of  the  (irrotational)  circulating  motion  prevailing 
outside  the  vortex  filament.  Thus  a  circulating  motion  may  be  con- 
ceived  as  attached  to  a  straight  vortex  filament  of  the  vorticity  V.     If 


FiG.  133. — Vortex  pair  with  opposite  vorticities. 

ri  is  made  to  tend  toward  zero,  this  vortex  filament  reduces  to  a  straight 
vortex  Une  of  the  vorticity  F.  It  is  usual  to  say  that  the  vortex  filament 
or  the  vortex  line  of  the  vorticity  V  induces  the  circulating  motion  or 
induces,  at  any  point  P,  a  velocity  which  is  perpendicular  to  the  plañe 
determined  by  P  and  the  vortex  line  and  has  the  magnitude  V  —  T/2Trr, 
where  r  denotes  the  distance  of  P  from  the  vortex  line.  The  expression 
"induce"  is  used  rather  than  "produce"  in  order  to  avoid  representing 
the  velocity  as  being  caused  by  the  vortex  line,  while  still  stating  that 
there  is  a  definite  relation  between  the  two.  If  the  strictly  two-dimen- 
sional  point  of  view  is  adopted,  one  may  speak  of  a  vortex  point  inducing 
a  circulating  motion  in  the  plano  of  flow. 

Two  or  more  irrotational  flow  patterns  can  be  superimposed,  as  was 
seen  in  Sec.  11.5,  furnishing,  then,  a  ncw  irrotational  flow.  Figure  133, 
for  cxample,  shows  the  streamlines  of  the  flow  induced  by  two  vortex 
points  (.4  1  and  .1  j)  of  equal  vorticity  and  opposite  sense  of  rotation,  i.e., 
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the  sum  of  two  opposite  circulating  motions  of  equal  circulation  having 
their  centers  in  Ai  and  Ao,  respectively.  Kármán's  vortex  street  (see 
Sec.  IV.4)  is  an  example  of  a  flow  induced  by  an  infinite  number  of  vortex 
points,  superimposed  on  a  uniform  velocity  field.  In  each  such  case  the 
motion  can  be  described  as  a  two-dimensional  ,flow  that  is  irrotational 
everywhere  except  at  certain  singular  points  which  coincide  mth  the  vortex 
points  inducing  the  flow.  The  circulation  as  defined  in  Sec.  II. 5  is  zero 
for  any  circuit  that  does  not  endose  singular  points.  For  a  circuit 
enclosing  vortex  points  the  circulation  equals  the  sum  of  the  vorticities 
of  the  vortex  points  that  lie  inside  the  circuit. 

The  field  of  flow  around  an  aii-foil  must  be  assumed  to  be  free  of 
singularities  since  in  the  neighborhood  of  a  singular  point  the  velocity 
would  tend  toward  an  infinite  valué  and  thus  the  pressure  would  become 


FiG.  134. — Straight  uniform  vortex  sheet. 


negative.  Accordingly,  the  flow  cannot  be  considered  as  induced  by 
discrete  vortex  points  situated  either  in  the  región  outside  the  profile  or 
on  its  boundary.  Nevertheless,  the  concept  of  a  velocity  distribution 
induced  by  vortex  points  or  vortex  lines  is  of  the  greatest  importance  in 
airfoil  theory,  owing  to  the  following  fact:  By  considering  a  continuous 
distribution  of  vortex  lines,  each  of  infinitesimal  vorticity,  over  a  closed 
cylindrical  surface  (or  a  continuous  distribution  of  vortex  points  along 
the  closed  cross-sectional  curve),  one  arrives  at  an  induced  velocity 
distribution  that  is  free  of  singularities.  This  may  be  proved  in  the 
following  manner. 

Consider  first  (Fig.  134)  the  velocity  induced  at  the  point  P  mth  the 
coordinates  x,  y  hy  a,  vortex  line  of  the  infinitesimal  vorticity  dT,  which 
is  perpendicular  to  the  x-y-plane  and  intersects  this  plañe  at  the  point  Q 
with  the  coordinates  s,  0.  This  velocity  is  perpendicular  to  QP  and  has 
the  magnitude  dT/2Trr,  where  r  denotes  the  distance  QP.  The  com- 
ponents  of  this  velocity  with  respect  to  the  coordínate  axes  are 
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dT     .  dT 

respectively,  where  (p  is  the  angle  between  the  a:-axis  and  the  line  QP. 

Now  let  US  assume  that  we  have  a  unijormly  distributed  vorticity  along 
the  portion  AB  of  the  a;-axis  between  the  points  x  =  Si  and  x  =  Si.  If 
r'  denotes  the  vorticity  per  unit  of  length,  or  the  vortex  density,  an  element 
of  the  length  ds  carries  the  vorticity  dV  =  T'ds.  Situated  at  Q,  such  an 
element  will  induce  at  P  the  velocity  components  just  found.  The  entire 
vortex  sheet  extending  from  x  =  Si  to  x  =  So  therefore  induces  at  P  the 
velocity  components 

,  sin  <p  V    f  sin  <^  , 


eos  ip  ,-^             r'    /    eos  <p  , 
^2^^^=        2r   '     ^^' 

Now,  r^  =  {x  —  sy  -\-  ?/-.  Since  x,  y  \s  Si  fixed  point,  difieren tiation  of 
this  relation  with  respect  to  s  furnishes  2r  dr  =  —  2(x  —  s)  ds,  and 
consequently 

X  —  s 
eos  <p  ds  =  — ^ —  ds  =   —dr 

Similarly,  differentiation  of  tan  ¡p  =  y/(x  —  s)  furnishes 

d(p  y  ds 


Henee, 


Therefore, 


cos^  <p       (x  —  sy 

U  (x  —  S/ 

sin  <p  ds  =  -  ds  = 5-^  dif  =  r  d(f> 

r  r  cos^  (p 


v^  =  -  ^       d<p  =  -^{iPi  -  ip'z),        Vy=  -  ^   \     —  =  í7-  log  -      (22) 


2ir  j   ''"^       27r^^^       ^^^'         '''  2x7      r        27r  *"^  r2 

where  <pi  and  <p2  denote  the  angles  xAP  and  xBP  and  ri  and  r2  the  distances 
AP  and  BP,  respectively  (Fig.  134). 

The  velocity  induced  by  a  uniform  vortex  sheet  ^45  at  an  arbitrary 
point  P  is  completely  determined  by  (22).  The  component  Vx  is  finite 
everywhere,  while  Vy  becomes  infinite  at  the  points  A{ri  =  0)  and 
B{r2  =  0)  but  remains  finite  at  all  other  points.  For  points  P  on  the 
x-axis  to  the  right  of  the  vortex  sheet  we  have  (^1  =  (^2  =  O  and  therefore 
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Vx  =  0.     For  points  P  to  the  left  we  have  (pi  =  (p2  =  ir  and  therefore 
again  Vx  =  0. 

Consider  now  points  P  lying  in  the  upper  half  plañe  where  y  is  positive. 
If  P  is  very  cióse  to  the  vortex  sheet,  i.e.,  if  its  x  is  between  Si  and  s-2  and 
its  1/  is  a  very  small  positive  quantity,  <pi  tends  toward  zero,  <p2  toward 
TT,  and  consequently  Vx  toward  —  r'/2  (Fig.  135a).  On  the  other  hand,  if 
a  point  P  situated  in  the  lower  half  plañe  approaches  the  vortex  sheet,  cpi 
tends  toward  2ir,  tpo  toward  t,  and  accordingly  Vx  toward  -\-T'/2  (Fig. 
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Fig.  135. — Discontinuity  at  the  vortex  sheet. 

1356).  In  other  words,  Vx  has  the  constant  valué  —Y' ¡2  on  the  upper 
side  and  the  constant  valué  +rV2  on  the  lower  side  of  AB.  Thus 
Vx  increases  discontinuously  by  the  amount  F'  when  the  point  P  crosses 
the  vortex  sheet,  passing  from  the  side  of  positive  y  to  that  of  negative  y. 
It  could  be  guessed  that  there  must  occur  some  discontinuity  of  Vx  at  the 
vortex  sheet,  for  all  vortex  lines  of  the  sheet  induce  a  negative  Vx  at  the 
upper  side  and  a  positive  Vx  at  the  lower  side  of  the  sheet,  as  can  be 


y 


Fig.  136. 

learned  from  the  small  circular  streamlines  shown  in  Fig.  136.  There 
it  is  also  seen  that  the  vertical  velocity  components  as  induced  by 
immediately  neighboring  points  cancel  each  other.  It  is  noteworthy 
that  the  amount  V  of  the  jump  of  Vx  does  not  depend  on  the  length  Si  —  S\ 
of  the  vortex  sheet. 

Finally,  consider  a  cylindrical  vortex  sheet  whose  cross  section  is  a 
closed  curve  C  with  continuously  varying  tangent  (Fig.  137).  Choosing 
a  point  O  of  this  curve  as  the  origin  of  the  are  length,  we  can  define  any 
point  Q  of  the  curve  by  giving  the  length  s  of  the  are  OQ  measured  in  the 
counterclockwise  sense.     The  distribution  of  the  vorticity  along  C  is 
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supposed  to  be  given  by  a  continuous  density  fimction  V'{s),  such  that  an 
element  of  the  length  ds  situated  at  s  carnes  the  vorticity  T'{s)  ds. 
Considering  the  curve  as  consisting  of  an  infinite  number  of  infinitesimal 
rectilinear  elements,  each  carrying  a  uniformly  distributed  vorticity,  and 
applying  formulas  (22),  we  can  determine  the  velocity  distribution 
induced  by  the  vortex  sheet. 

Since  the  curve  C  is  closed,  there  is  no  singularity  of  the  type  encoun- 
tered  at  the  edges  of  a  straight  vortex  sheet  (points  A  and  B  in  Fig.  134). 

In  fact,  consider  two  consecutive  elements 
of  the  curve  C  with  the  common  point  Q 
(Fig.  138),  carrying  the  vorticities  T[  ds 
and  rá  ds,  respectively.  Each  of  these 
elements  separately  would  induce  a  veloc- 
ity in  Q  with  a  denominator  of  the  order  of 
magnitude  ds.  Accordingly,  from  form- 
ulas (22)  it  can  be  seen  that  the  velocity 
which  the  two  elements  combined  induce 
atQremainsfiniteif  thedifferencerí  —  F^ 
and  the  angle  e  f  ormed  by  the  two  elements 
are  infinitesimally  small.  These  condi- 
tions  are  fulfiUed  when  the  vorticity  dis- 
tribution T'(s)  is  a  continuous  function  of 
s  and  the  curve  C  has  a  continuously  turning  tangent.  In  this  case 
the  velocities  induced  by  the  vortex  sheet  under  consideration  are  finite 
3vervwhere. 

For  a  straight  vortex  sheet,  the  velocity  component  parallel  to  the 
sheet  induced  at  a  point  P  was  seen  to  change  discontinuously  if  the  point 
P  crosses  the  sheet  and  the  amount  T'  of  this  jump  was  independent  of  the 
length  of  the  vortex  sheet.  That  a  discontinuity  of  the  same  kind  exists 
for  the  velocity  distribution  induced  by  a  curved 
vortex  sheet  can  be  seen  as  f  ollows :  Consider  the 
cross  section  C  of  the  vortex  sheet  (Fig.  137)  as 
consisting  of  an  element  of  the  length  ds,  con- 
taining  the  point  Q,  and  the  rest  C*  oí  C,  and 
let  the  point  P  cross  the  curve  C  at  Q.  The 
velocity  componen ts  induced  by  the  vorticity  spread  over  C*  vary  con- 
tinuously as  P  crosses  C.  The  velocity  distribution  induced  by  the 
element  ds  containing  the  point  Q  is  of  the  type  already  studied  since  an 
infinitesimal  element  of  a  curve  can  be  considered  as  straight.  Accord- 
ingly, the  tangential  velocity  component  induced  by  ds  incrcascs  dis- 
continuously by  r'(s)  as  P  crosses  the  curve  C.  The  velocity  distribution 
induced  by  the  entire  vortex  sheet  therefore  possesses  the  same  dis- 
continuity.    We  thus  have  the  following  result: 


137. — Cross     section     of 
cylindrical  vortex  sheet. 
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Fig.  138, 
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A  cylindrical  vortex  sheet  with  a  continuous  distrihution  of  vorticity 
over  its  closed  cross-sectional  curve  C  induces  finüe  velocities  in  the  whole 
space.  The  velocity  distrihution  is  continuous  everywhere  except  on  the 
sheet  itself,  where  the  tangential  velocity  component  jumps  hy  an  amount 
equal  to  the  vortex  density  T'{s)  at  the  point  s. 

If  the  curve  C  does  not  extend  to  infinity  and  if,  moreover,  the  vortex 
density  V  is  finite  everywhere  on  C,  the  magnitude  of  the  velocity 
induced  at  infinity  is  zero.  In  fact,  the  velocity  that  an  element  of  the 
vorticity  T'  ds  induces  at  the  distance  r  has  the  magnitude  V  ds/2Tr. 
The  magnitude  of  the  resultant  velocity  induced  by  the  en  tire  vortex  sheet 
cannot  be  greater  than  the  sum  of  the  magnitudes  of  the  velocities  induced 
by  the  elements,  v^z.,  j{r'/2Trr)  ds.  This  certainly  is  not  greater  than 
rLax/(l/27rr)  ds,  where  T'^^^  denotes  the  máximum  absoluto  valué  of  T'. 
If  the  distances  r  oí  P  from  the  points  of  C  increase  without  bounds  while 
the  length  /  ds  of  the  curve  C  is  finite,  the  integral  /  ds/r  tends  toward 
zero. 

The  valué  of  the  circulation  along  an  arbitrary  circuit  equals  the 
total  vorticity  carried  by  that  portion  of  the  curve  C  which  lies  inside  the 
circuit.  If,  in  particular,  the  circuit  does  not  include  any  portion  of 
C,  the  circulation  is  zero.     For  example,  the  circulation  is  zero  for  the 

B 

circuits'  1  and  2  of  Fig.  139  and  equals   /  r'  ds  for  circuit  3  and  w  T'  ds 

for  circuit  4,  the  latter  integral  extending  over  the  entire  vortex  sheet. 

Let  US  now  return  to  the  problem  of  determining  the  two-dimensional 
ñow  around  an  obstacle  of  a  given  shape,  for  example,  a  wing  profile  C, 
when  the  velocity  at  infinity  has  a  given 
magnitude  and  direction.  Consider 
the  uniform  flow  the  velocity  of  which 
has  this  magnitude  and  direction,  and 
superimpose  on  this  the  flow  induced 
by  a  vortex  sheet  which  has  the  contour 
C  of  the  profile  as  cross  section.  The 
resulting  flow  evidently  fulfiUs  the  con- 
ditions  at  infinity  (since  the  induced 
velocities  vanish  there)  but,  in  general,  í  i«-  139. 

will   not  be   tangential   to   C.     An 

attempt  may  be  made  to  determine  the  distrihution  of  the  vorticity 
along  C,  that  is,  the  function  T'{s),  in  such  a  way  as  to  fulfill  this  last 
condition.  An  approximate  result  can  be  obtained  by  dividing  the 
contour  C  into  a  large  number  n  of  equal  segments  and  assuming  discreto 
vortex  points  Ai,  A^,  .  .  .  ,  An  oi  the  vorticities  Ti,  r2,  .  .  .  ,  r„  in 
the  centers  of  these  segments  (Fig.  140).     Compute  the  velocity  com- 
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ponent,  normal  to  the  contour,  that  is  induced  in  each  of  the  points 
Bi,  B2,  .  .  .  ,  Bn  separating  two  consecutive  segments,  and  express  the 
condition  that  in  each  of  these  points  the  sum  of  the  induced  normal 
velocity  components  plus  the  normal  velocit}^  component  of  the  uniform 
flow  is  zero.  Thus,  n  linear  equations  for  the  n  vorticities  Fi,  r2,  .  .  .  , 
Tn  are  obtained,  and  at  first  glance  it  would  appear  that  the  unknown 
vorticities  may  be  found  from  these  equations. 

This,  however,  is  not  the  case,  for  the  equations  are  not  independent. 
In  fact,  for  the  uniform  flow  as  well  as  for  the  flow  induced  by  the  vórtices, 
the  flux  across  the  curve  C  is  identically  zero.  Since  the  elements 
into  which  C  has  been  divided  are  of  equal  length,  this  means  that  the 
sum  of  the  normal  velocity  components  at  the  n  points  Bi,  B2,  .  .  .  ,  B„ 
is  zero  for  each  of  the  two  flows,  whatever  the  valúes  of  Fi,  r2,  .  .  .  ,  F„ 


FiG.  140. — Approximation  of  a  vortex  sheet  by  a  finito  nuniber  of  vórtices. 

are.  Thus,  not  more  than  n  —  1  of  the  n  linear  equations  can  be  inde- 
pendent, and  the  problem  of  finding  the  n  vorticities  Fi,  F2,  .  .  .  r„  is 
undetermined.  In  order  to  arrive  at  a  unique  solution,  an  additional 
condition  must  be  used.  For  example,  the  circulation  F  along  a  circuit 
that  endoses  the  entire  curve  C  may  be  prescribed.  Since  the  valué  of 
r  equals  the  sum  Fi  +  r2  +  .  .  .  +  r„,  this  condition  furnishes  another 
equation  for  the  vorticities  Fi,  F2,  .  .  .  ,  F„,  which  thus  can  be  deter- 
mined.  This  is  in  accordance  with  Sec.  VIII. 2,  where  it  was  shown  that 
the  two-dimensional  flow  around  a  wcll-rounded  body  is  not  uniquely 
determined  by  its  shape  and  by  the  velocity  of  the  undisturbed  stream. 
There  exists,  in  general,  a  different  flow  pattern  for  each  arbitrarily 
chosen  valué  of  the  total  circulation  F.  Only  in  the  case  of  an  obstacle 
with  a  sharp  trailing  edge  can  the  valué  of  F  be  determined  from  the 
condition  that  the  velocity  at  the  trailing  edge  must  remain  finite. 

If  the  proper  valué  of  F  is  known  and  the  linear  equations  for  Fi, 
Fa,  .  .  .  ,  F„  are  solved,  a  vorticity  distribution  over  the  contour  C  is 
found  which  fulfills  approximately  the  condition  that  the  induced  flow 
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will  be  tangential  to  C.  If  the  number  n  is  more  and  more  increased 
and  the  length  of  the  elements  BiBo,  B2B3,  etc.,  becomes  smaller  and 
smaller,  the  approximate  solution  will  tend  toward  an  exact  one.  The 
vortex  distribution,  obtained  by  spreading  each  of  the  vorticities  Fi, 
r2,  .  .  .  ,  r„  uniforml}^  over  the  length  of  the  corresponding  segment,  will 
tend  toward  a  certain  limit  as  the  segments  are  taken  smaller  and  smaller. 
The  result,  which  is  proved  rigorously  in  potential  theory,  may  be  stated 
as  follows:  The  two-dimensional  flow  around  a  closed  contour  C  with  a 
given  velocity  at  infinity  and  a  given  circulation  V  for  a  circuit  enclosing  C 
can  be  considered  as  the  result  of  the  superposition  of  a  uniform  flow,  the 
velocity  of  which  equals  the  given  velocity  at  infinity,  and  the  flow  induced  hy 
a  cylindrical  vortex  sheet,  the  cross  section  of  which  coincides  with  C.  The 
vortex  distribution  along  C  is  uniquely  determined  when  the  total  amount  T 
of  the  vorticity  is  given.  The  velocity  is  everywhere  finite  except,  possibly, 
at  points  of  C  where  the  direction  of  the  tangent  changes  suddenly. 


FiG.  141a. 


FiG.  1416. 


The  problem  of  determining  the  flow  around  a  given  profile  thus  is 
reduced  to  the  problem  of  finding  a  vortex  distribution  along  the  contour 
C  of  this  profile.  An  approximate  solution  can  be  obtained  in  the  manner 
already  outlined  by  subdividing  C  into  a  finite  member  of  segments,  etc. 
This  method  has  been  applied  to  many  practical  problems.  Without 
entering  into  details  here,  only  one  general  fact  concerning  the  vortex 
density  V  need  be  mentioned. 

Consider  the  streamlines  of  the  field  resulting  from  the  superposition 
of  the  uniform  flow  and  the  field  induced  by  the  vortex  sheet  on  C.  The 
distribution  of  the  vorticity  along  C  is  determined  from  the  condition  that 
there  is  no  flow  across  C.  Consequently,  the  streamlines  of  the  resulting 
flow  must  not  cross  C,  each  streamline  remaining  entirely  either  inside  or 
Gutside  C.  Now,  it  is  easily  seen  that  the  two-dimensional  irrotational 
field  of  flow  of  an  incompressible  fluid  which  cannot  leave  the  finite 
región  enclosed  by  a  curve  C  must  possess  some  singularity.  In  fact,  the 
curve  C  itself  is  a  closed  streamline,  and  the  neighboring  inner  streamlines 
also  must  be  closed  curves.  If,  progressing  toward  the  interior  of  C,  we 
continué  to  plot  the  streamlines  as  in  Figs.  141a  or  1416,  we  necessarily 
obtain  streamlines  that  contract  more  and  more  around  certain  points  S. 
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At  such  a  point  the  direction  of  the  velocity  is  not  defined.  On  the  other 
hand,  the  velocity  cannot  be  zero  there,  for  the  condition  for  an  irrota- 
tional  flow,  dV/dn  —  V/R  =  O  (see  Sec.  II. 4),  shows  that  the  magnitude 
V  oí  the  velocity  (which  is  a  positive  quantity)  increases  toward  the  con- 
cave side  of  the  streamlines.  But  the  existence  of  a  finite  velocity  of 
undefined  direction  would  be  inconsistent  with  the  fact,  already  proved, 
that  the  field  of  flow  induced  by  a  vortex  sheet  is  regular  and  continuous 
everywhere  but  on  the  sheet.  It  follows  that  the  field  obtained  by  the 
superposition  of  the  uniform  flow  and  the  field  induced  by  the  vortex 
sheet  on  C  must  have  the  velocity  zero  throughout  the  interior  of  C. 

On  the  other  hand,  it  has  been  seen  that  at  any  point  of  C  there  is  a 
diííerence  of  the  amount  Y'  between  the  tangential  velocity  components  at 
the  exterior  and  interior  of  C.  Inside,  all  velocities  are  zero.  Since 
the  normal  velocity  of  the  resulting  flow  outside  is  also  zero,  it  follows 
that  at  any  point  P  of  the  curve  C  the  velocity  V  of  the  outside  flow,  tangential 
to  C,  equals  the  vortex  density  T'  at  this  point.  Positive  valúes  of  the 
velocity  V  correspond  to  the  counterclockwise  sense  of  rotation  around  C, 
The  determination  of  the  vortex  density  V  therefore  furnishes  immedi- 
ately  the  velocity  along  C,  and  the  pressure  exerted  on  C  can  then  be 
found  from  Bernoulli's  equation. 

Problem  10.  Study  the  manner  in  which  the  stream  pattern  of  Fig.  133  changes 
when  the  vorticity  of  the  right-hand  vortex  point  is  doubled,  tripled,  etc. 

Problem  11.  Determine  the  flow  induced  by  a  cylindrical  vortex  sheet  of  circular 
cross  section  and  constant  vortex  density  F'. 

*Problein  12.     Show  tliat  the  symmetrical  flow  past  a  circle  of  radius  o  (Fig.  123a) 

can  be  obtained  by  superimposing  a  uniform  flow  of  the  velocity  V  and  a  bicirculat- 

— > 

ing  motion  whose  bicirculation  vector  equals  —a-V.  Using  this  result,  show  that  the 
same  flow  can  also  be  considered  as  the  sum  of  the  uniform  flow  and  the  flow  induced 
by  a  vortex  distribution  over  the  circle  with  the  vortex  density  T'  =  2V  sin  t9  at  the 
point  P,  whcre  i?  is  the  angle  of  OP  with  the  direction  of  the  uniform  flow. 

*Problem  13.  Try  to  find  approximate  valúes  for  the  vortex  density  r'  at  the 
points  of  the  circle  by  subdividing  the  periphery  into  16  equal  parts  and  applying  the 
method  described  in  the  preceding  section.  Compare  the  valúes  found  in  this  way 
with  the  exact  solution  T'  =  2V  sin  ú  as  given  in  Prob.  12. 

6.  Theory  of  Thin  Airfoils.  It  has  been  mentioned  that  the  so-called 
direct  problem,  i.e.,  the  theoretical  determination  of  the  aerodynamic 
coefficients  of  a  given  profile,  is  by  no  means  easy  to  solve.  In  view  of 
the  fact  that,  within  the  range  of  the  usual  profiles,  these  coefficients 
vary  but  little,  it  may  even  be  doubtful  whether  it  is  worth  while  to 
attempt  a  rigorous  solution  of  this  difficult  problem.  However,  a  method 
that  furnishes  approximate  Information  without  involving  too  compli- 
cated  analysis  may  often  prove  useful.  In  the  following,  such  a  method, 
known  as  the  theory  of  thin  airfoils,  will  be  discussed  on  the  basis  of  the 
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approach  outlined  in  the  preceding  section.     The  method  was  developed 
for  the  first  time  by  M.  Munk. 

Modern  wing  sections  have  a  máximum  thickness  of  about  10  to  12 
per  cent  of  the  chord  and  a  máximum  mean  camber  of  about  2  to  1  per 
cent  of  the  mean  chord.  For  such  almost  flat,  thin  profiles  an  approxi- 
mate  theory  would  replace  the  airfoil  by  its  mean  camber  hne  C  and 
regard  C  as  deviating  but  Httle  from  a  straight  line  that  is  supposed  to 
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FiG.  142.  FiG.  143. 

FiGS.  142-143. — Replacement  of  the  thin  airfoil  by  its  mean  camber  line. 

form  a  small  angle  with  the  direction  of  the  undistiirbed  stream  (Fig.  142). 
For  the  infinitely  thin  profile  thus  obtained  to  produce  a  Hft,  the  pressure 
must  have  different  valúes  on  the  upper  and  lower  side  of  C.  According 
to  Bernoulh's  equation,  the  magnitude  of  the  (tangential)  velocity  will 
also  have  different  vakíes  on  the  two  sides  of  C.  Since  the  velocity 
distribution  induced  by  a  vortex  sheet  with  C  as  the  cross  section  has  a 
discontinuity  of  just  this  kind,  an  attempt  may  be  made  to  build  up  the 
flow  around  the  infinitely  thin  profile  by 
superimposing  on  a  uniform  field  of  flow  the 
field  induced  by  a  vortex  sheet  with  the  cross 
section  C  The  vortex  density  r'(s)  of  this 
sheet  must  be  determined  in  such  a  way  that 
there  is  no  resulting  ñow  across  the  line  C. 

This  approach  is  in  accordance  with  the 
results  of  the  preceding  section.  Indeed,  the 
two-dimensional  irrotational  flow  round  any 
given  profile  C  can  be  considered  as  the  result 
of  the  superposition  of  a  uniform  flow  and  the 
flow  induced  by  a  certain  vorticity  distribution  on  C.  In  the  present  case 
the  upper  and  lower  part  of  C  are  considered  as  coinciding  on  C  (Fig.  143). 
This  leads  to  the  assumption  of  a  single  vortex  layer  on  C 

There  arises,  however,  the  following  difficulty:  The  leading  end  of 
the  actual  profile  is  rounded,  and  the  traihng  end  is  pointed.  It  has  been 
seen  in  Sec.  VIII. 2  that  in  this  case,  for  any  given  angle  of  attack,  there 
exists  only  one  pattern  of  continuous  flow,  which  does  not  involve  an 
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Fig.  144. 
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infinite  velocity  at  the  trailing  end.  According  to  this  pattern  the  air 
does  not  flow  round  the  pointed  trailing  edge  (Fig.  144a),  since  this  would 
lead  to  an  infinite  velocit}^,  but  leaves  the  traihng  end  B  in  a,  direction 
near  to  that  of  the  mean  camber  line  (Fig.  1446).  When  the  profile  is 
replaced  by  its  mean  camber  fine,  the  leading  end  A  becomes  pointed,  too. 


^::-^ 


Fig.  145. 

For  an  arbitrarily  given  angle  of  attack  there  exists,  then,  no  continuous 
flow  pattern  with  finite  velocities  at  both  points  A  and  B.  Actually,  the 
ñow  past  a  profile  with  two  sharp  edges  A  and  B  (Fig.  145)  is  of  the 
discontinuous  tj^pe  (Helmholtz  flow)  discussed  in  Sec.  IV. 4,  with  a  narrow 
dead-air  región  bounded  by  the  two  lines  AD  and  BE  seen  in  Fig.  145a. 
If  the  sharp  edge  at  A  is  gradually  replaced  by 
a  rounded  nose  of  increasing  radius  of  curvature,  the 
upper  boundary  of  the  dead-air  región  approaches 
more  and  more  the  upper  side  of  the  profile  and  the 
wake  line  BE.  At  a  certain  amount  of  curvature  the 
dead-air  región  disappears,  the  flow  has  a  smooth 
wake  line  as  shown  in  Fig.  1446,  and  the  situation  at 
the  leading  end  is  that  shown  in  Fig.  146a.  This  is 
the  case  with  an  ordinary  thin  airfoil.  On  the  other 
hand,  if  we  disregard,  in  the  case  of  the  double- 
pointed  profile  (Fig.  145),  the  condition  of  finite 
velocity  at  the  leading  end,  we  find  a  flow  as  shown 
in  Fig.  1456.  Here  the  situation  in  the  wake  is 
practically  the  same  as  in  Fig.  1446;  and  the  situation  at  the  front, 
except  for  the  point  A  itself,  is  approximately  that  of  Fig.  146a. 
Thus  we  come  to  the  conclusión  that  aw  approximate  solution  for  a 
thin  airfoil  with  two  sharp  edges,  nnder  a  small  angle  of  attack,  can 
he  found  hy  considering  the  irrotational  flow  with  finite  velocity  at  the 
trailing  end  but  infinite  velocity  at  the  leading  end.     This  idea  of  dealing 
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with  a  thin  profile  with  pointed  leading  and  trailing  ends  is  due  to  W.  M. 
Kutta  (1902),  who  thus  anticipated  to  a  certain  extent  Joukowski's 
exact  solution  for  a  profile  with  rounded  leading  end  and  pointed  trailing 
edge.  The  Antoinette  profile,  mentioned  in  Sec.  VII.3,  was  suggested 
by  Kutta's  theory. 

Returning  now  to  the  case  of  an  infinitely  thin  airfoil,  i.e.,  to  a  profile 
replaced  by  ics  mean  camber  line  (AB  in  Fig.  147),  we  see  that  the 
solution  we  have  to  look  for  is  the  irrotational  flow  pattern  which  fulfills 
the  condition  of  finite  velocity  at  the  point  B,  but  not  at  A. 

In  the  preceding  section  the  flow  induced  by  a  plañe  vortex  sheet  with 
a  uniformly  distribiited  vorticity  has  been  studied,  and  the  velocity  at 
the  ends  of  the  sheet  was  seen  to  be  infinite.  It  can  be  easily  proved 
also,  that  when  the  cross  section  of  the  sheet  is  curved  and  if  the  vorticity 
is  not  uniformly  distributed,  the  velocity  at  the  ends  becomes  infinite 
unless  the  vortex  density  r'  here  is  zero.     (Since  T'  equals  the  difference 
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Fig.  147. — Velocities  induced  along  the  vortex  sheet. 

between  the  velocity  valúes  on  the  two  sides  of  the  sheet,  it  is  obvious 
that  the  velocity  distribution  must  possess  some  singularity  when 
r'  ?í  O  up  to  the  end  of  the  sheet.)  Kutta's  condition  stipulating  a 
finite  velocity  at  the  trailing  end  therefore  implies  that  the  vortex  density 
r'  is  zero  here.  In  addition,  the  distribution  of  vorticity  V  over  the 
sheet  is  subject  to  the  condition  that  there  is  no  resulting  flow  across  the 
line  C. 

To  derive  the  mathematical  expression  for  these  conditions,  refer 
the  mean  camber  line  C  to  a  system  of  rectangular  coordinates  whose 
origin  O  coincides  with  the  center  of  the  chord  AB  and  whose  positive 
a:-axis  is  directed  along  O  A  (Fig.  147).  The  ordinates  of  the  mean  camber 
line  are  then  given  by  a  function  y{x)  that  is  defined  for  —  c/2  ^  a;  ^  c/2. 
These  ordinates  as  well  as  the  slope  of  the  mean  camber  line,  j8  =  dy/dx, 
are  supposed  to  be  small.  Let  V  denote  the  magnitude  of  the  velocity  of 
the  undisturbed  stream  and  a  the  angle  of  attack,  which  is  also  supposed 
to  be  small.  At  any  point  of  the  mean  camber  line  C  the  uniform  flow 
of  the  velocity  V  then  has  a  velocity  component,  normal  to  C,  of  the 
magnitude  V  sin  (o;  +  j8)  '^  V{a  +  jS).  The  vortex  density  r'  must  be 
determined  so  that  for  any  point  on  C,  this  normal  velocity  component  is 
canceled  by  the  corresponding  component  of  the  induced  flow. 
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If  terms  of  higher  order  are  neglected,  the  distance  of  the  points 
P  and  Q  on  C,  with  the  abscissas  x  and  s,  respectively  (see  Fig.  147), 
can  be  considered  as  equal  to  x  —  s.  The  Une  PQ  has  nearly  the  direc- 
tion  of  the  tangent  of  C  at  P;  consequently,  the  velocity  indiiced  in  P  by 
r'(s)  ds  at  Q  has  nearly  the  direction  of  the  normal  of  C  at  P.  The 
magnitude  of  this  induced  velocity  equals  the  quotient  r'(s)  ds  divided 
by  2ir  times  the  distance  PQ  =  x  —  s;  and  the  total  velocity  induced 

/T'(s)  ds 
^^—^ T'  the  integral  extended  from  the  point  B 
2'jr{x  -  s)  ^ 

to  the  point  A. 

We  thus  arrive  at  the  following  problem:  For  a  given  function  ^(x), 

defined  in  the  interval  —c/2  ^  x  ^  c/2,  determine  T'{x)  so  that 


f/2 

1^     f   T'js)  ds 
2x   y      X  —  s 

-c/2 


"(-|)  =  0         and         ~    ¡    V^^=  -F[«  +  ^(.r)]      (23) 


for  any  x  in  the  interval  —  c/2  ^  x  ^  c/2,  where  V  and  a  are  given  constants. 
If  this  problem  is  solved,  the  circulation  along  any  circuit  surround- 
ing  the  airfoil  is  found  as 

c/2 


V  =     /     r'(s)  ds  (24) 

-c/2 

According  to  the  Kiitta-Joukowski  theorem  (13)  the  lift  then  equals 

c/2 


L  =  pV  T'{s)  ds  (24a) 

-c/2 

and  the  lift  coefficient 

c/2 

C.  =  ^   J     r'(.9)  ds  (246) 

-c/2 

The  moment  and  the  moment  coefRcient  can  be  found  in  the  following 
way:  According  to  the  preceding  section,  the  tangen tial  velocity  com- 
ponents  on  the  two  sides  of  a  vortex  sheet  differ  by  an  amount  equal 
to  the  vortex  density  T'.  In  the  present  case,  V  has  been  determined 
so  that  the  normal  velocity  components  vanish  all  along  the  sheet. 
Consequently,  V  represents  the  difference  of  the  valúes  of  the  velocity 
at  the  two  sides  of  the  profile.  If  the  arithmetical  mean  of  these  valúes 
is  denoted  by  Vm,  the  difference  Ap  of  the  valúes  of  the  pressure  below 
and  above  the  profile  is  found  from  BernouUi's  equation  as 


^P  =  ^ 


(v.. + ^y  -  (f„  -  ~y  =  pv„r' 
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Now,  the  flow  around  a  nearly  straight  thin  airfoil  flying  at  a  small 
angle  of  attack  differs  but  very  little  from  the  undisturbed  flow.  Within 
the  accuracy  of  the  present  approximation  it  is  therefore  justified  to  take 
Vm  =  V.     This  gives  the  Hft 

c/2  c/2 

L  =     /    Apds  =  pV     /    T'  ds 

-c/2  -c/2 

in  accordance  with  (24a)  and  the  moment  with  respect  to  the  center  of 
the  chord 

c/2  c/2 

M  =     /    sApds  =  pV    /    sr'(s)  ds  (25a) 

-c/2  -c/2 

The  moment  coefíicient  with  respect  to  the  center  of  the  chord  equals, 
according  to  the  definition  of  Cm  given  in  Sec.  VI.  1, 

c/2 

/    sT  '(s)  ds 


C  M    — 


cW 


(256) 


-c/2 


The  problem  of  determining  the  coefñcients  of  lift  and  moment  of  a  thin 
airfoil  thus  is  reduced  to  that  of  finding  the  vortex  density  T'  which 
satisfies  the  conditions  (23). 


k;c-'|  I 


■^x^s 


FiG.  148. 

In  deahng  with  Eqs.  (23)  to  (25)  it  is  helpful  to  replace  the  variables 
X  and  s  by  new  variables  <p  and  ??  defined  by 

—  =  —  eos  <p,         —  =  —  eos  í?  (26) 

As  X  and  s  vary  from  —c/2  to  c/2,  the  new  variables,  <p  and  d,  as  seen  in 
Fig.  148,  vary  from  O  to  t.  With  ds  =  c  sin  d  dt}/2,  Eqs.  (23),  (246), 
and  (256)  take  the  form 

r/  =  0        for        t?  =  O 


i_  f  r/  si 

2ir  j    eos  I? 


sin  d  di} 

—  eos  (p 


=   -V{a  +  fi,) 


(230 
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TT 

Cl  =  y       r/  sin  t?  dd  (24c) 


TT 


Cjií  =  -  —    /   r^'  eos  i}  sin  ??  dt?  (25c) 

o 

where  T^'  and  )3^  are  now  functions  of  the  new  variables  &  and  <p. 

Consider  first  the  case  of  a  symmetncal  thin  airfoil.  The  mean  camber 
hne  then  coincides  with  the  chord  AB,  and  we  have  jS  =  dy/dx  =  0. 
In  this  case  Eqs.  (23')  are  satisfied  by  the  following  two  equivalent 
expressions 

r/  =  2aV  ^  ~  ^"f  ^         or         r/  =  2aV  tan  ^  (27) 

sm  ü  2  ' 

In  fact,  upon  siibstituting  the  first  expression  for  the  vortex  density  Vq 
in  the  second  equation  (23')  the  factor  sin  d^  caneéis  out,  and  the  left-hand 
side  becomes 

X  TT 

oF    (  dú aV    í       eos  d  dd 

T    J   eos  ??  —  eos  <p        ir    J   eos  t?  —  eos  <p 

o  o 

Now,  the  following  integral  formula  will  be  pro  ved  at  the  end  of  this 
section : 

1    /    eosw?>sin^  .             -              a    i    o  o                /on\ 

-   / dé  =  sm  n<p     for  n  =  O,  1,  2,  3,  •  •  •     (29) 

TT  J    eos  é  —  eos  <p  '     '    z    ' 

ü 

With  n  —  O  this  gives 


/ 


di) 

1  (29') 


eos  t?  —  eos  <p 

o 


and,  with  ?i  =  1, 


í 

J   eos  t?  —  eos  <p 

o 


cos,?dt?  ^  ^29") 


Expression  (28)  is  thus  seen  to  equal  —aV,  as  it  should,  according  to  the 
second  equation  (23'),  since  ^3  =  O  in  the  present  case.  Thus  (27)  is 
proved  to  he  the  solution  of  our  problem  in  the  case  of  a  straight  mean  camber 
Une. 

Upon  introducing  (27)  into  the  formulas  (24c)  and  (25c),  the  lift  and 
drag  coefficients  are  found: 


Sec.  VIII. 6J  THEORY  OF  THIN  AIRFOILS  205 

Cl  =  2a    /    (1  -  eos  t?)  í/í?  =  27ra  (30) 

o 

ir  ir 

C,j  =  -a       (1  -  eos  í?)  eos  ??  íM  =    /  eos2  ^d&  =  l^a        (31) 


2 


Equation  (30)  shows  that  the  slope  of  the  d,  vs.  a-line  for  the  infi- 
nitely  thin  straight  airfoil  is  2x.  From  (31)  the  distanee  d  of  the  Une  of 
aetion  from  the  eenter  of  the  chord  can  be  found  since  Ld  —  M  and 
therefore  Chd  =  CmC. 

,  _  CV     ^  c 

The  eenter  of  pressure  therefore  lies  a  quarter  of  the  chord  aft  the  leading 
edge,  irrespective  of  the  valué  of  the  (small)  angle  of  attack.  The 
moment  of  the  aerodynamie  forees  with  respeet  to  the  forward  quarter 
chord  point  thus  being  zero  for  all  angles,  this  point  is  seen  to  be  the 
aerodynamie  eenter  of  the  thin  symmetrical  profile.  The  moment 
eoefficient  with  respeet  to  it  is  zero,  as  was  to  be  expeeted  for  a  sym- 
metrical profile.  These  results  bear  out  the  statements  made  in  See. 
VII.lc. 

The  case  of  a  curved  mean  camber  Une  can  be  treated  by  assuming 
that  the  vortex  density  F'  can  be  represented  as  a  sum  of  the  form 


IV  =  2V  (r',  1_^1  +  r;  sin  ^  +  r;  sin  2i?  +   •  •  •   +  r'„  sin  nA 
\         sm  ?y  / 


(32j 


where  the  constants  Fó,  Fj,  .  .  .  ,  F'^  should  be  determined  by  the  shape 
of  the  mean  camber  line.  Expression  (32)  obviously  satisfies  the  first 
condition  (23'),  that  is,  F^j'  =  O  for  t?  =  0.  Furthermore,  the  first  term  on 
the  right-hand  side  of  (32)  is  essentially  the  expression  (27).  The  evalua- 
tion  of  the  left-hand  side  of  the  second  equation  (23')  is  rendered  possible 
by  the  following  integral  formula,  which  will  also  be  proved  at  the  end 
of  this  section : 

TT 

1    f    sin  n^  sin  t?     , .  .r,o\ 

-   I d&  =  —  eos  n<^  (33) 

TT  J    eos  ü  —  eos  tp 

o 

Upon  substituting  (32)  in  the  second  equation  (23')  and  making  use  of 
(28)  and  (33),  the  second  condition  (23')  takes  the  form 

ró  +  Fí  eos  «p  +  Fá  eos  2^7  +   •  •  •  +  F'„  eos  n<^  =  a  +  ;8^      (34) 

Without  restrieting  the  generality  of  the  discussion,  the  funetion  /3^, 
which  determines  the  shape  of  the  profile,  can  be  represented  by  a  sum 
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of  the  f  orm 

/3  =  /3o  +  /3i  eos  v7  +  1S2  eos  2^  +   •  •  •   +  /Sn  eos  n<p  (35) 

where  the  constants  /3o,  /3i,  .  .  .  ,  j8„  depend  on  the  shape  of  the  mean 
caraber  line.  Comparing  (34)  and  (35),  we  see  that  the  following  condi- 
tions  must  be  fiilfilled: 

r;  =  a  +  ^0,       r;  =  ^,,       r;  =  ^2,       •  •  •  ,       K  =  ^n    (36) 

This  solves  the  problem.     The  coefficients  of  expression   (32)  for  the 
vortex  density  r'  are  determined  in  (36)  bj^  the  coefficients  of  expression 
(35)  given  for  the  slope  /3  of  the  mean  eamber  Une. 
Since 

/  sin  pü  sin  qddú  =  O  (37) 

o 

if  p  and  q  are  integers  different  from  eaeh  other,  and  since 


/ 


sin2  púd^  ^"^  (37') 


formulas  (24c)  and  (25c)  give  the  following  valúes  of  the  coefficients  of 
lift  and  moment : 


Cl  = 

27r(a  +  /3o) 

+  2   /   (/3i  sin  ??  +  /32  sin  2??  +   • 

•   •   +  i8„  sin  wt?)  sin  t?  dú 

= 

0 

27r  («  +  ^0  +  l) 

(38) 

and 

Cm  = 

hr{a  +  /3o) 

-  i    /   (/3i  sin  t?  +  /32  sin  2t>  +   •  • 

•   +  ^n  sin  nt?)  sin  2r?  di} 

= 

0 

^TT  (a  +  /3o  -  1^ 

(39) 

These  equations,  for  the  first  time  given  by  M.  Munk  (1922),  include 
the  principal  results  of  the  thin-wing  theory.  From  (38)  it  is  seen  that 
the  slope  of  the  Cl  vs.  a-curve  is  2t,  independently  of  the  shape  of  the 
profile,  while  the  zero  lift  angle  «o  =  —  jSo  —  /3i/2  depends  on  the  shape. 
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From  (39)  the  moment  coefficient  Cmo  can  be  derived  with  respect  to  the 
one-quarter  point  on  the  chord.  Since,  according  to  the  elementary  laws 
of  statics,  Mo  =  M  —  {c/'i)L,  it  follows  that 


C  Af o    —    ^M  T^X.    —  T    (i3l    -f"    ^2) 


(40) 


As  this  is  independent  of  a,  the  quarter  point  is  seen  to  be  the  aerodynamic 
center. 

The  outcome,  which  is  in  best  accordance  with  what  was  seen  in  the 
preceding  sections  of  this  chapter,  can  be  summarized  as  follows:  For  a 
sufficiently  thin  and  flat  profile  the  slope  of  the  Ch-curve  is  27r,  and  the 
aerodynamic  center  coincides  with  the  quarter  point  on  the  chord.  The 
zero  lift  angle  and  the  moment  coefficient  for  the  a.c.  depend  on  the  shape 
and  are  determined  by  the  first  three  coefficients  (8o,  jSi,  ^2,  in  the  development 
(35)  of  dy/dx. 

The  question  remains  to  determine  /3o,  jSi,  and  ^2  from  the  given  form 
of  the  profile.  Suffice  it  to  say  that,  if  the  ordinate  y  of  the  mean  camber 
line  is  given  as  a  polynomial  in  x,  all  /3-values  can  be  computed  by  means 
of  the  well-known  trigonometric  formulas  that  express  each  power  of 
eos  y  in  terms  of  eos  y,  eos  2y,  eos  3?/,  ete.  The  first  of  these  expressions 
are 

cos"  <p  =  i(l  +  eos  2(^),         cos^  ip  =  i(3  eos  ¡p  +  eos  Z^),       ,     . 
eos*  <p  =  ■g-(3  +  4  eos  2<^  +  eos  4^)  ete. 


y/c  0.05 


\<—--'--O.JJJc- 

FiG.  149. — Example  for  the  thin  wing  theory. 


0.05  y/ó 


Take,  for  example,  the  mean  camber  line  shown  in  Fig.   149  eor- 
responding  to  the  equation 

y-^c(l-ifj[^+l)  (42) 

with  K  =  0.0422  and  X  =  0.5.     By  diíferentiation  we  find  that 


^-t- 


«^f(^  +  f)  +  «('-*?)-(l-«^í-12f) 


Substituting  —i  eos  <p  for  x/c  according  to  (26)  and  using  (41), 
i3  =  /f(l  +  4X  eos  (^  -  3  cos2  ^)  =  k(-í  +  4X  eos  «^  -  f  eos  2<^)      (43) 
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Thus  /3o  =  -k/2,  )8i  =  4k\,  /So  =  -3k/2  (and  all  further  |8„  =  0).  This 
supplies  the  zero  lift  angle  «o  =  —  (4X  —  1)k/2  and  the  moment  coeffi- 
cient  with  respect  to  the  aerodynamic  center  Cmo  =  — 7r(4X  —  f)/c/4. 
The  detailed  discussion  of  these  resiilts  for  various  valúes  of  k  and  X  as 
well  as  the  appUcation  of  the  general  method  to  other  examples  is  left  to 
the  reader  (see  Probs.  14  to  16). 

APPENDIX 

Let  US  now  proceed  to  prove  the  integration  formulas  (29)  and  (33). 
As  a  first  step,  we  establish  the  equation 


eos  nx  cot  ¡zdx  =  0 


for  n  =  I,  2,  3, 


(44) 


Indeed,  eos  7ix  is  an  even  function  and  cot  x/2  an  odd  function  of  x  (Fig. 
150).     The  contributions  that  two  symmetrically  situated  intervals  like 


Fig.  150. 

—  a^x^  —b  and  b  ^  x  ^  a  furnish  to  the  integral  7„  will  therefore 
cancel.  It  is  true  that  immediately  to  the  left  and  right  of  x  =  O  the 
negative  and  positive  contributions  both  become  infinite.  But  if  the 
integral  is  taken  froni  —  tt  to  —  e  and  from  e  to  t,  the  sum  of  these  two 
expressions  vanishes,  however  small  e  is.  The  so-called  "principal 
valué"  of  In  is  therefore  zero.  That  this  valué  has  to  be  taken  in  all 
integráis  occurring  in  the  present  argument  follows  from  what  they  stand 
for  in  the  vortex  theorv. 
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Next,  we  prove  the  formula 

í  X 

Jn  =    ¡    sin  nx  cot  ^dx  =  2t         for  n  =  1,  2,  3,  •      •       (  45) 

—  TT 

For  //  =  1  this  is  easily  seen  to  be  correct.     In  fact, 

TT  TT  TT 

Ji  =    I   sin  X  cot  ^dx  =  2   I   cos^  ^dx  =    j   (1  +  eos  x)  dx  =  2ir     (46) 

For  an  integer  n  >  1  we  compute  the  difference  Jn  —  Jn~i  using  the 
transí  ormation 

[sin  nx  —  sin  (?í  —  l)x\  cot  5  ~  2  eos  í  n  —  ^  J  a-  sin  ^  cot  ' 


2  \          2/  2         2 

X 

2 


2  eos  (  n  —  ^1  a:  eos  ¡^  =  eos  nx  +  eos  (n  —  l)x     (47) 


It  foUows  that 


J„  —  Jn-1  =    I   eos  nx  dx  -\-    I   eos  (w  —  l)a:  dx  =  O  (48) 

—  X  —X 

sinee  each  of  these  two  integráis  is  zero  for  any  integer  n  greater  than  1. 
Thus  Jn  is  the  same  for  all  n.  As  the  functions  under  the  integral  signs 
in  /„  and  J„  are  periodie  with  the  period  27r,  the  interval  of  integration, 
— TT  to  TT,  can  be  replaced  by  the  interval  from  <p  —  tt  to  (p  -{-  t  without 
changing  the  valué  of  the  integráis. 

Consider  now  the  integral  (29).     Using  the  familiar  formulas  for  the 
sine  and  cosine  of  the  sum  and  the  difference  of  two  angles, 

.  <P  —  ^   ,        ,  <p  -{-  é  2  sin  (p  , ,^ 

cot  "^ V  cot  ^^-¿—  =  r ^ (49) 

2  2  eos  ??  —  eos  ^  ^     ' 

The  integral  (29)  therefore  equals 

X  X 

2~  /   \^^^^  ^^~2 ^  ^°^  ^~2 — )  ^^^  n^dü  =  Y  /   cot  ^-^ —  eos  nd^  d^ 

o  -X 

With  X  =  íp  -\-  ^  this  can  be  written  as 

K-   /  cot  ^  (eos  nx  eos  n^  +  sin  nx  sin  ntp)  dx 

*p  —  TT 

=  ^  eos  n^   +  2^  sin  n<p  =  sin  n(p     (50) 

Thus  (29)  is  proved  for  n  =  1,  and  since  Iq  =  Jo  =  O,  it  holds  also 
for  n  =  0. 
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Finally,  consider  the  integral  (33).  The  numerator  of  the  fraction 
appearing  under  the  integral  sign  can  be  written  as 

sin  7ié  sin  í}  =  i  eos  (n  —  l)i?  —  -^  eos  (n  +  l)ú 

Upon  making  use  of  (29),  the  integral  (33)  is  thiis  seen  to  equal 

1  sin  (n  —  1)^?       1  sin  (n  +  1)^?  .-.. 

i ^ i ^ —  =  —  eos  n(p  (51) 

sm  (p  sin  <p 

which  completes  the  proof. 

Problem  14.  What  condition  must  be  fulfiUed  for  the  class  of  thin  airfoils  repre- 
sented  by  (42)  so  that  all  Unes  of  action  of  the  lift  forces  intersect  at  one  point  for  any 
(small)  angle  of  incidence  (existence  of  a  canter  of  pressure)? 

Problem  15.  For  the  thin  airfoil  (42),  express  máximum  camber  and  máximum 
camber  position  in  terms  of  k  and  X.  Discuss  how  the  zero  lift  angle  and  Cmo  change 
with  those  parameters.  Show  that  Cji/„  increases  if  the  shape  becomes  more  and 
more  reflexed. 

Problem  16.     The  mean  camber  Une  of  a  thin  airfoil  is  representad  by 


^-«('-^?)(' +"?  +  -?) 


Find  Cl  and  Cmo  in  terms  of  k,  h,  and  v,  and  determine  the  condition  for  the  existence 
of  a  center  of  pressure.  With  this  condition  fulfiUed,  find  the  useful  range  of  the 
parameter  n  by  discussing  the  zero  lift  angle  ao  in  terms  of  the  máximum  camber 
position.     Plot  the  metacentric  parábola  for  k  =  0.05,  m  =  1-5,  and  v  =  0.2. 


CHAPTER  IX 
THE  WING  OF  FINITE  SPAN 

1.  Curved  Vortex  Lines.  The  role  of  straight  vortex  lines  in  the 
theory  of  two  dimensional  fluid  motion  has  been  explained  in  Secs. 
VIII. 5  and  6.  The  tvvo-dimensional  irrotational  flow  of  an  incompress- 
ible  fluid  around  a  cylindrical  airfoil  was  represented  as  the  result  of  the 
superposition  of  a  uniform  flow  and  the  field  induced  b.y  a  system  of 
vortex  hnes  coinciding  with  the  generatrices  of  the  cylinder.  In  this 
section  the  notion  of  the  vortex  line  will  be  extended  so  as  to  become 
useful  in  the  analysis  of  general  three-dimensional  streaní  patterns. 
For  this  purpose  curved  vortex  lines  must  be  considered. 

As  a  preparatory  step  the  velocity  distribution  induced  by  a  finite 
portion  S1S2  of  a  straight  line  will  be  defined  in  the  following  way: 
Consider  a  point  P  with  the  distance  R  from  the  line  S1S2.  Denote  by 
a  and  /3  the  angles  that  SiP  and  S^P  make  with  the  direction  S1S2  (Fig. 
151).     The  velocity  induced  at  P  will  then  be  a  vector  of  the  magnitude 


V  =  -¡—7^  (eos  a  —  eos  B) 


(1) 


with  a  constant  r.  The  direction  of  this  vector  is  normal  to  the  plañe 
S1S2P  and  pointing  counterclockwise  when 
seen  in  the  direction  *S2aSi.  The  direction  S1S2 
is  called  the  orientation  of  the  vortex  line 
and  r  its  vorticity.  This  definition  is  in 
accordance  with  that  of  the  velocity  induced 
by  an  infinite  vortex  line  as  given  in  the  two- 
dimensional  theory.  In  fact,  if  both  points  *Si 
and  S2  go  in  opposite  directions  toward 
infinity,  we  shall  have  a  =  O,  /S  =  tt.  Thus 
eos  a  —  eos  /3  =  2  and  the  magnitude  V  be- 
comes  T/2tR;  as  to  the  direction,  the  agree- 
ment  is  obvious. 

By  definition  the  streamhnes  of  the  induced  velocity  field  are  circles 
whose  planes  are  normal  to  the  line  *Si»S2.  Along  each  circle  the  velocity  is 
constant,  but  in  the  case  of  a  finite  S1S2  the  velocity  on  circles  of  the 
same  radius  R  will  vary  according  to  the  position  of  the  center  with 
respect  to  S1S2. 
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Fig.     151. — Velocity    induced 
by  a  finite  segment. 
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In  Sec.  II. 4  the  mean  rotation  of  a  fluid  element  in  a  two-dimensional 
flow  was  deñned  as  the  arithmetical  mean  of  the  angular  velocities 
of  two  Une  segments,  one  parallel  and  one  normal  to  the  direction  of  flow. 
A  general  and,  in  a  certain  way,  a  more  satisfactory  definition  of  mean 
rotation  wi\[  now  be  given  for  the  three-dimensional  case. 

Consider  a  fluid  element  around  the  point  O  that  includes  the  neigh- 
boring  point  P.  As  the  element  moves  along,  OP  will  in  general  change 
its  direction  because  of  the  f  act  that  the  velocity  vectors  of  O  and  P  can  be 
different.  If  Vx,  Vy,  Vz  are  the  velocity  components  of  O  and  if  Fi  +  dVx, 
Vy  +  dVy,  Vz  -\-  dVz  are  those  of  P,  the  rotation  of  P  can  depend  only  on 
the  relative  velocities  dVx,  dVy,  dVz.  In  Fig.  152a  the  point  P'  is  the 
projection  of  P  on  the  a:-i/-plane  passing  through  O.  Then  the  rotation  of 
OP'  about  the  z-a.xis  through  O  is  usually  called  the  2-component  of  the 
rotation  of  OP.     It  is  seen  in  Fig.  1526,  which  shows  the  a:-?/-plane,  how 


>jt 


O 


dl^cosO- 


\d 


-^dl^ 


dVx-sínO 


-^x 


(a)  (b) 

Fig.  152. — Rotation  of  P  with  respect  to  O. 

the  rotation  of  OP'  is  determined  by  dY x  and  dVy.  In  fact,  dVy  eos  ??  is 
one  component  of  the  relative  velocity  of  P'  normal  to  OP' .  This  means 
that  dY  y  produces  a  positive  rotation  with  angular  velocity  dYy  eos  é/OP'] 
likewise,  dVx  causes  OP'  to  rotate  in  the  negative  sense  with  angular 
velocity  dYx  sin  d /OP' .     Thus  the  total  angular  velocity  of  OP'  is 


dYy         ,       dYx    .     ^ 

^=?  eos  ??  —  ^=-  sm  ?? 


OP' 


OP' 


(2) 


We  now  define  the  z-component  of  the  mean  rotation  of  the  fluid  element 
around  O  as  the  average  valué  of  expression  (2)  for  all  points  P  in  the 
neighhorhood  of  O.  Note  that  dYy  is  the  change  of  Y  y  for  the  displace- 
ment  OP.  Now  this  displacement  OP  can  be  resolved  (Fig.  152a)  into 
the  displacements  OP",  P"P',  P'P  in  the  directions  of  x,  y,  z,  respectively. 
Therefore, 

tiv    —  zXl  ñp"  4-        "  P"P'  4-     ^  Wp 

'^'~  dx  ^^   ^~d^         +~d7^^ 


^(dVy 

\dx 


dV  dY  \  

eos  í?  +  ^^  sin  í?  +  ^  tan  ^ )  OP' 
dy  dz  I 
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where  <p  is  the  angle  between  OP  and  the  x-y-p\ane.     The  same  relation 
holds  for  dVx  if  Vy  is  replaced  by  Fx,  and  thus  expression  (2)  equals 

dx 


eos 


2  í?  +  ^^  sin  ??  eos  ??  +  ^  tan  <p  eos  á  -  ^ 
dy  dz  dx 


sin  ú  eos  ?? 


dy 


sin2  ?> 


dz 


tan  v?  sin  d 


As  was  to  be  expected,  the  rotation  depends,  not  on  the  distance  OP, 
but  only  on  the  orientation  of  OP  determined  by  ??  and  ¡p.  If  ^  passes 
through  all  valúes  from  O  to  27r  (at  any  constant  valué  of  <p)  the  mean 
valúes  of  sin  &,  eos  é  and  of  sin  ??  •  eos  ^  are  zero,  while  the  mean  valúes 


of  sin^  t?  and  cos^  ??  are  known  to  be  ^ 
of  the  mean  rotation  equals 

dx 


It  follows  that  the  s-component 


\dx         dy  ) 


(3) 


The  first  term  in  the  parentheses  is  obviously  the  rotation  about  the 

z-axis  of  a  segment  OP  when  P  lies  on  the  a;-axis  through  O,  and  the 

second  term  (including  the  minus  sign)  is  the  same  for  P  lying  on  the  ?/-axis. 

Thus  the  z-componenf  of  the  mean  rotation  of  a  fluid  element  is  half  the 

difference   of  the   crosswise   derivatives    of 

Vx  and  Vy  or  the  arithmetical  mean  of  the 

rotations  of  two  segments  in  the  x-  and  y- 

directions.     Here  z  is  an  arbitrary  direction 

and  X,  y  may  be  any  pair  of  directions 

orthogonal  to  z  and  to  each  other,  with  an 

appropriate   definition   of    their    positive 

sides.     It  is  left  to  the  reader  (see  Prob.  1) 

to  prove  that  (3)  agrees  with  the  definition 

given  in  the  two-dimensional  case. 

It  can  easily  be  seen  that,  if  íOx  and  o)y 
(which  are  defined  in  an  analogous  way) 
and  coj  are  zero  for  a  point  O,  the  compo- 
nent  of  mean  rotation  vanishes  for  all  directions  through  O.     If  this  is  the 
case  in  aU  points  of  a  fluid  mass,  the  motion  is  called  irrotational. 

To  return  to  the  flow  induced  by  a  finite  segment  S1S2,  it  will  be 
proved  that  this  flow  is  not  irrotational.  In  Fig.  153  tTie  Une  PA  is 
drawn  parallel  to  SiS-z,  and  PB  and  PC  are  normal  and  tangential  to  the 
circular  streamline  through  P.  The  velocity  of  P  is  given  by  Eq.  (1). 
In  determining  the  mean  rotation  at  P  it  suffices  to  carry  out  the  compu- 
tation  for  the  velocity  distribution  given  by 


Fig.  153. 


Vx    = 


eos  a 


'R 


(3- 
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then  to  add  the  analogous  contribution  due  to  the  term  V2  =  —  eos  /3//?, 
and  finally  to  multiply  by  T/áw. 

Consider  first  the  component  Wa  of  the  mean  rotation  at  P  for  the 
direction  P.4||*Si*S2.  In  the  plañe  PBC  normal  to  PA  we  have  a  two- 
dimensional  motion  in  concentric  circles.  According  to  Eq.  (20), 
Chap.  II,  the  mean  rotation  in  this  plañe  has  the  magnitude 


(Zl  _  dV\ 
\R         dn) 


where  R  is  the  radius  of  curvature  of  the  streamline  and  dVi/dn  denotes 
the  derivative  of  V\  in  the  direction  normal  to  the  streamline.  Here 
dn  =  —dR,  as  has  been  pointed  out  in  the  discussion  of  the  circulating 


FiG.  154. 


FiG.  155. 


motion  in  Sec.  II. 5.  As  regards  Vi,  the  niimerator  as  well  as  the  denom- 
inator  of  the  right  side  of  (3')  depends  on  R.  With  the  notations  of  the 
Fig.  154,  da  =  dR  eos  a/r-i  and  R  =  ri  sin  a.     Consequently, 


dVi  _  _  dV\  _  eos  a       sin  a  da 
1ñ  ~  ~  Ir   ~  ~W  ^     R    dR 


and 


\R         dn) 


eos  a       eos  a 


eos  a 


2r\ 


(4) 


When  Wa  >  O,  the  vector  íOa  is  directed  from  P  toward  A. 

Next  consider  the  component  oib,  in  the  direction  PB,  of  the  mean 
rotation  at  P  due  to  the  field  Vi.  The  line  element  PC  remaining 
tangential  to  the  circular  streamline  of  P  rotates  in  the  plañe  PBC 
(Fig.  153).  The  angular  velocity  of  this  element  around  PB  therefore 
is  zero.  The  line  element  PA  of  the  length  di  possesses  an  angular 
velocity  around  PB  due  to  the  fact  that  the  points  P  and  A  have  different 
velocities  V\  and  Vi  +  dV^.     Sinee  R  has  the  same  vahíe  for  P  and  A ,  the 
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increment  dV\  corresponds  to  the  change  of  a  only.     With  the  iiotations 
of  Fig.  155,  da  =  —di  sin  a/ri,  and  again  R  =  ri  sin  a.     Consequently, 

jT-r             sin  a  ,  di     .   ^  di    . 

dV i  = p—  da  =  -p—  sin''  a  =  ^  sm  a 

The  angular  velocity  of  PA  around  PB  is  —dVi/dl.     The  mean  rotation 
in  the  plañe  PAC  is  thus  seen  to  have  the  magnitude 


w¿, 


K^-'^r) 


sin  a 


2r\ 


(5) 


When  cofc  >  O,  the  vector  cjb  is  directed  from  P  toward  B.     Finally,  the 
component  coe  of  the  mean  rotation  at  P  vanishes  since  PA  rotates  in  the 


"D/recfion  of 
roMion  vecior 


Fig.  156. — Rotation  vector  at  P  due  to  the  velocity  field  induced  by  the  segment  SiS^ 


plañe  PAC  and  PB  in  the  plañe  PBC.  The  result  is  that  the  mean 
rotation  at  P  due  to  the  field  Fi  is  a  vector  with  the  components  (4)  and 
(5),  í.c,  of  the  magnitude  \l2r\  directed  from  P  toward  >Si  (Fig.  156). 

Similarly,  the  mean  rotation  at  P  due  to  the  field  Y  i  is  a  vector  of  the 
magnitude  \l1r\  in  the  direction  &iP.  Taking  account  of  the  factor  F/éx, 
we  thus  have  the  theorem:  The  flow  induced  by  a  finite  segment  &\8i 
is  rotational.  The  rotation  vector  at  a  point  P  is  r/4x  times  the  differ- 
ence  of  a  vector  of  the  magnitude  1/2PaSi  in  the  direction  PB\  and  a 
vector  of  the  magnitude  \I2P&\  in  direction  P&i. 

Consider  now  the  field  of  flow  induced  by  a  yolygonal  vortex  Une 
consisting  of  the  straight  portions  *Si*SÍ2,  SiSz,  .  .  .  Sn-\Sn  (Fig.  157), 
all  of  which  have  the  same  vorticity  V.  The  velocity  that  this  polygonal 
vortex  Une  induces  at  a  point  P  is  by  definition  the  vector  sum  of  the 
velocities  induced  by  the  portions  S\Si,  8^8%,  etc.     The  rotation  vector 
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at  P  for  the  resulting  flow  is  the  siim  of  the  rotation  vectors  corresponding 
to  the  flow  patterns  induced  by  each  of  the  segments  S1S2,  S2S3,  etc.  It 
is  seen  that  this  sum,  exeept  for  the  factor  T/4t,  consista  of  two  terms 
only,  viz.,  the  vector  l/2P>Si  in  the  direction  PSi  and  the  vector  1/2P>S^ 
in  the  direction  SnP,  since  for  each  intermediate  córner  the  two  terms 
cancel  each  other.  If  the  polygon  is  closed,  Sn  coincides  with  S  and  the 
rotation  is  zero.  The  flow  induced  by  a  closed  vortex  polygon  is  irrotational. 
This  result,  being  independent  of  the  number  and  the  length  of  the 
sides  of  the  polygon,  applies  also  to  a  curved  vortex  Une,  which  can  be 
considered  as  the  limit  of  a  polygon  with  an  indefinitely  increasing 
number  of  sides.  In  this  case  the  velocity  induced  at  a  point  P  can  be 
found  by  integrating  the  contributions  due  to  the  elements  ds  of  the 
curve.  For  a  line  element  ds  (Fig.  158)  the  angle  13  becomes  /3  =  a  -\-  da; 
consequently,    eos  a  —  eos  /3  —  eos  a  —  eos  (a  +  da)  '^^  sin  a  da.     Fur- 


n-J 


Fkí.  157. — PolyKonal  vortex  line.  Fie.  158. — Closed  vortex  line. 

ther,  we  have  r  da  =  ds  sin  a,  R  =  r  sin  a.  According  to  (1)  the  con- 
tribution  of  the  element  ds  to  the  velocity  at  P  is  an  infinitesimal  vector 
that  is  normal  to  the  plañe  determined  by  ds  and  P  and  has  the  magnitude 


,Tr         r  sin  a  da         T  R   ^ 


(6) 


This  can  be  interpreted  as  the  velocity  due  to  a  rotation  about  the  line 
ds  as  axis  with  the  angular  velocity  r  ds/áw,  divided  by  rl  To  obtain 
the  total  velocity  induced  at  P,  the  components  of  this  vector  with 
respect  to  the  coordínate  axes  must  be  considered  separately.  The 
a;-component  of  the  total  velocity  at  P  is  then  obtained  by  integrating 
the  a:-components  induced  by  the  elements  of  the  curved  vortex  line,  etc. 
We  are  not  interested  in  the  details  of  this  computation  but  note  that 
the  velocity  induced  at  a  point  P  by  an  element  of  the  length  ds  at  the  point  S 
of  a  vortex  line  can  be  obtained  by  dividing  by  [PSy  the  velocity  which  the 
point  P  would  assume  in  a  rotation  with  the  tangent  in  S  as  the  axis  and 
with  the  angular  velocity  V  ds/ir.  In  electrodynamics  the  magnetic  forcé 
induced  at  P  by  the  element  ds  of  an  electric  current  of  the  intensity 
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r/47r  is  given  by  the  same  formula,  known  as  the  Biot-Savart  formula. 
It  is  partly  because  of  this  analogy  that  the  term  "induce"  is  used  in 
describing  the  relation  between  a  vortex  line  and  the  associated  velocity 
distribution. 

The  velocity  that  a  closed  vortex  line  induces  in  accordance  with  the 
Biot-Savart  formula  is  finite  and  continuous  everywhere  except  for  the 
points  of  the  vortex  line.  The  velocity  induced  at  infinity  is  zero  if 
the  vortex  line  remains  within  a  finite  región. 

In  Sec.  II. 5  the  circulation  along  an  arbitrary  plañe  circuit  has  been 
defined  in  the  case  of  a  two-dimensional  flow.  This  definition  can  be 
immediately  extended  to  a  plañe  or  skew  curve  in  a  three-dimensional 
field  of  flow.  Consider  a  closed  curve  L  which  is  entirely  situated  in  the 
fluid  and  on  which  a  sense  of  progression  has  been  defined.  From  a  point 
P  of  L,  proceed  in  this  sense  to  a  neighboring  point  P'  of  L.  Denoting 
by  di  the  infinitesimal  distan  ce  PP'  and  by  Vi  the  projection  of  the  veloc- 
ity at  P  on  the  directed  line  PP' ,  we  define  as  the  circulation  along  the 
circuit  L  the  valué  of  the  integral 

^Vidl 

extended  over  the  closed  line  L. 

Equation  (25),  Sec.  II. 5,  establishes  a  simple  relation  between  the 
circulation  along  a  plañe  circuit  in 
a  two-dimensional  field  of  flow  and 
the  integral  of  the  rotation  extended 
over  the  área  enclosed  by  this  cir- 
cuit. An  analogous  formula  exists 
in  the  three-dimensional  case.  This 
is  obvious  for  a  plañe  circuit,  for, 
by  definition,  the  circulation  is  inde- 
pendent  of  the  velocity  components 
normal  to  the  circuit.  If  the  plañe 
is  taken  as  the  a;-?/-plane,  the  circu- 
lation will  be  twice  the  área  integral  ^  _  ^ 
of  the  mean  rotation  as  computed 
from  the  x-  and  ^/-components  of  the  velocity.  But,  according  to  (3)  this 
is  the  2-component  of  the  mean  rotation  of  the  three-dimensional  motion. 
Thus,  for  a  circuit  in  the  a:-í/-plane,  V  equals  2/co2  dA,  independent  of 
whether  or  not  the  motion  has  any  component  in  the  2;-direction. 

Consider  now  a  skew  closed  curve  L  lying  on  a  surface  S  (Fig.  159). 
Denote  by  A  the  part  of  S  that  is  bounded  by  L.  By  a  network  of  two 
families  of  curves  drawn  on  S,  divide  A  into  infinitesimal  meshes.  In  the 
same  way  as  in  the  two-dimensional  case,  the  circulation  along  L  is  seen 


Fig.  159. — lUustrating  Stokes  formula. 
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to  equal  the  sum  of  the  circulations  along  the  contours  of  all  meshes. 
Now,  an  infinitesimal  mesh  can  be  considered  as  plañe.  The  circulation 
along  the  contour  of  such  a  mesh  therefore  equals  the  double  product  of 
the  área  dA  of  the  mesh  and  the  mean  rotation  of  the  motion  parallel  to 
its  plañe.     This  mean  rotation,  according  to  (3),  is  the  component  of 


Vorfex  líne 


FiG.  160. — Surface  subtended  by  two  cir-       Fig.  161. — Circuits  in  the  velocity  field  of  a 
cuits.  vortex  line. 

the  rotation  in  the  direction  normal  to  dA  and  will  be  designated  by  co„. 
Consequently, 

fVidl  =  2jco„  dA  (7) 

where  the  first  integral  is  extended  over  the  boundary  of  the  área  for 
which  the  second  integral  is  taken.  This  relation  (7)  is  known  as  the 
Stokes  formula. 

Tt  follows  from  (7)  that,  if  the  field  of  flow  is  regular  and  irrotational 
at  all  points  of  the  surface  A  enclosed  by  L,  the  circulation 
along  L  is  zero.  Moreover,  the  circulation  has  the  same 
valué  for  any  two  circuits  Li  and  L2  between  which  a  surface 
A  can  be  extended  at  all  points  of  which  the  field  of  flow  is 
regular  and  irrotational  (Fig.  160),  since  (7)  applies  to  this  A, 
with  L2  and  the  reversed  Li  as  its  boundaries.  These  results 
enable  us  to  compute  the  circulation  for  the  various  types  of 
circuit  in  the  field  of  flow  induced  by  a  closed  vortex  line, 
For  a  circuit,  like  circuit  1  in  Fig.  161,  which  does  not  encircle 
the  vortex  line,  the  circulation  is  zero.  For  a  circuit,  like 
circuit  2,  which  encircles  the  vortex  line,  the  circulation  does 
not  change  when  the  circuit  is  contracted  around  the  vortex 
line.  For  an  infinitesimal  circle  2'  surrounding  the  vortex  line 
Fig.  162.  ^^^  some  point  Q,  finite  contributions  to  Vi  have  no  influence 
since  the  circumference  of  2'  is  infinitesimal.  Thus  only  that  infinitesimal 
element  of  the  vortex  line  which  contains  the  point  Q  can  furnish  a  con- 
tribution  to  the  circulation  along  2'.  But  such  an  element  can  be 
considered  as  straight  (Fig.   162).     According  to  Eq.   (1),  the  velocity 
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induced  at  a  point  P  by  a  straight  portion  S182  of  a  vortex  Une  has  a 
constant  valué  along  the  circular  streamline  through  P,  and  the  circula- 
tion  along  this  circle  of  radius  R  equals,  according  to  (1), 

r 

2tcRV  =  -^  (eos  a  —  eos  jS) 

When  P  comes  closer  and  closer  to  the  segment  *Si*S2,  the  angles  a  and  /3 
tend  toward  O  and  tt,  respectively,  and  thus  the  circulation  toward  T. 
We  have  thus  established  the  following  result:  In  the  irrotational  field 
of  flow  induced  by  a  closed  vortex  Une  of  the  vorticity  F,  the  circulation  is 
zero  for  any  circuit  that  does  not  encircle  the  vortex  Une  and  equals  T  for  all 
circuits  encircling  (in  a  single  turn)  the  vortex  Une.  The  sense  of  progres- 
sion  on  the  circuit  is  here  supposed  to  be  counterclockwise  when  seen 
from  the  side  toward  which  the  vortex  line  points. 

Problem  1.     Explain  that  in  the  case  of  a  flow  in  the  x-y  plañe  Eq.  (20),  Chap.  II, 

^(V      dV\ 

is  only  a  special  case  of  formula  (3), 

_     1    (dVy  dVr\ 

Problem  2.  Compute  the  components  of  the  mean  rotation  according  to  (3)  for  a 
fluid  mass  rotating  about  the  2-dxis  as  a  rigid  body  with  the  angular  velocity  co. 

Problem  3.  Compute  the  components  of  the  mean  rotation  at  a  point  x,  y,  z  in  a 
flow  pattern  with  the  velocity  components. 

Fx  =  (2/  -  z)A,         Vy  =  (z-  x)A,         F.  =  (X  -  y)A 
with 

A  =  x^  +  y-  -{-  z-  —  xy  —  yz  —  zx  -{-  a^,         a  =  const. 

Show  that  the  rotation  vector  has  everywhere  the  same  direction  and  that  its  magni- 
tude  on  the  quadrics  A  =  const.  is  constant. 

Problem  4.  Compute  the  velocity  induced  by  a  circular  vortex  line  at  a  point 
on  its  axis. 

Problem  5.  Considering  the  field  of  flow  induced  by  a  finite  straight  segment 
S1S2  of  a  vortex  line  of  the  vorticity  r,  compute  the  circulation  along  a  circle  that  has 
its  center  on  S1S2  and  its  plañe  normal  to  this  segment.  Verify  that  half  the  diííerence 
of  the  circulations  for  two  such  circles  in  the  same  plañe  equals  the  integral  of  the 
normal  component  o}„  of  the  rotation,  extended  over  the  circular  ring. 

Problem  6.  A  vortex  Une  has  the  form  of  a  rcctangle  in  the  x-y-plane,  with  the 
corners  (O,  — í>/2),  (0,b/2),  {  —  a,b/2),  (  —  a, —6/2).  Compute  the  induced  velocity 
at  any  point  P  of  the  x-y-p\ane,  in  particular  for  P  lying  on  the  y-axis.  Give  also  the 
valúes  for  infinite  a  (horseshoe  vortex). 

2.  Vortex  Sheet  and  Discontinuity  Surface.  In  Sec.  VIII. 5  a  cylin- 
drieal  vortex  sheet  has  been  defined  as  a  continuous  distribution  of 
parallel  straight  vortex  lines  of  infinitesimal  vorticity  over  a  cylindrical 
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surface,     The  theory  of  wings  of  finite  span  requires  the  discussion  of 
curved  vortex  sheets  of  more  general  character. 

Consider  a  closed  or  open  surface  S  which  is  completely  covered 
by  a  family  of  closed  curves  such  that  through  any  point  of  S  passes 

Surface  nprmal 

Vorfex  Unes 


FiG.  163o. — Piece  of  a  vortex  sheet  with  distributed  vorticity,  built  up  of  vortex  lines  with 

infinitesimal  vorticity  (¿F. 

one  and  only  one  of  these  curves.  Any  two  indefinitely  near  curves  of 
this  family  form  a  strip  of  infinitesimal  width  on  the  surface  &.  Con- 
sidering  the  curves  as  vortex  lines,  attribute  to  each  such  strip  a  certain 
infinitesimal  vorticity  dV  and  a  certain  sense  of  progression.  The 
velocity  that  an  element  of  the  strip  induces  at  a  point  P  can  be  found 
from  the  Biot-Savart  formula  (6)  if  there  dV  is  substituted  for  V.  The 
surface  8  built  up  from  such  strips  is  called  a  curved  vortex  sheet.  The 
velocity  that  the  total  sheet  induces  at  the  point  P  is  found  by  forming 
the  sum  (integral)  of  the  infinitesimal  contributions  furnished  by  the 
strips  of  the  surface  S.  Thus,  to  find  any  velocity  component  in  P 
it  is  necessary  to  compute  a  double  integral,  extended  over  the  are 
elements  ds  oí  each  vortex  line  according  to  the  Biot-Savart  formula 
and  over  all  elements  dm  across  these  vortex  lines  where  dT  =  V  dm. 
At  any  point  P  that  does  not  lie  on  the  surface  S  the  velocity  distribution 
found  in  this  way  will  be  continuous. 

Let  US  study  the  velocities  at  points  in  the  neighborhood  of  S.  If 
P  is  a  point  of  S  (Fig.  163a),  the  double  integral  over  ds  dm  cannot  be 
used  for  computing  the  velocity  induced  at  P  since  the  denominator  r^ 
that  comes  in  according  to  the  Biot-Savart  formula  becomes  zero  for  the 
element  ds  dm  that  surrounds  P.  This  difficulty  also  arises  when  the 
surface  >S  is  a  cylinder  and  the  vortex  lines  on  it  are  straight  lines.  For 
this  case  it  was  shown  in  Sec.  VIII. 5  what  kind  of  irregularity  in  the  veloc- 
ity distribution  occurs  whcn  the  point  under  consideration  approaches 
the  vortex  sheet:  the  velocity  becomes  discontinuous,  and  the  velocity 
vector  changes  abruptly  from  one  side  of  the  sheet  to  the  other,  the 
change  being  equal  to  a  vector  of  magnitude  r',  tangential  to  the  sheet 


Sec.  IX.2]     VORTEX  SHEET  AND  DISCONTINUITY  SURFACE 


221 


and  perpendicular  to  the  vortex  lines.  This  discontinuity  originates 
only  in  the  infliience  of  the  small  element  ds  dm  siirrounding  P.  But  an 
infinitesimal  surface  element  can  ahvays  be  considered  as  plañe  and  the 
curve  elements  on  it  as  elements  of  parallel  straight  fines  (Fig.  163a). 
Thus  it  is  obvious  that,  whatever  the  shape  of  the  vortex  sheet,  the 
vector  of  induced  velocity  will  change  suddenly  as  one  passes  from  one 


Fio.  1636. — Velocity  discontinuity  at  a  point  of  the  vortex  sheet. 

side  of  the  sheet  to  the  other;  the  change  is  parallel  to  the  sheet  and 
normal  to  the  vortex  line  through  P;  if  the  direction  on  the  normal  to 
the  surface  in  which  one  proceeds  is  taken  as  the  positive  a:-axis  and  the 
direction  of  the  vortex  line  as  the  2:-axis,  the  increase  V  =  dV/dm  has 
the  positive  ?/-direction.  This  is  indicated  in  Fig.  1636,  where  the  small 
circles  are  streamfines  of  the  circulating  motion  induced  by  the  vortex 
line  through  P.  The  sense  of  the 
circulation  is  counterclockwise  when 
seen  from  the  positive  side  of  the 
vortex  line.  The  abrupt  change  of 
velocity  corresponds  to  the  opposite 
directions  of  the  circulating  velocities 
on  both  sides  of  the  surface. 

The  field  of  flow  induced  by  a  ^ 
curved  vortex  sheet  is  irrotational 
since  it  is  defined  as  the  superposition 
of  an  infinity  of  irrotational  flow 
patterns,  each  induced  by  a  closed  Fig. 
vortex  line.  Accordingly,  the  circu- 
lation will  be  zero  on  each  circuit  which  has  no  points  in  common  with  the 
vortex  sheet  as  long  as,  between  such  circuits,  a  surface  can  be  extended 
on  which  the  velocity  is  everywhere  regular.  On  the  other  hand,  it 
was  learned  in  Sec.  1  of  this  chapter  that,  for  a  circuit  surrounding  a  single 
vortex  line  in  the  right  sense,  the  circulation  equals  the  vorticity  of 
this  line.  If  several  vortex  lines  or  a  system  of  vortex  lines  are  present, 
the  circulation  on  a  circuit  surrounding  all  or  any  part  of  them  will 
equal  the  sum  of  all  vorticities  enclosed  in  the  circuit.     This  applies 


Circuit  L-' 
164. — Circulation    along    a    circuit 
piercing  the  vortex  sheet. 
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to  the  curved  vortex  sheet  also.  If  a  circuit  L  pierces  the  vortex  sheet 
at  a  point  A  as  shown  in  Fig.  164,  its  circulation  must  equal  the  vorticity 
¡dT  of  all  the  vortex  Unes  hetween  A  and  the  boundary  B  of  the  sheet,  pro- 
vided  the  sense  of  progression  on  the  circuit  is  taken  counterclockwise  as 
seen  from  the  side  toward  which  the  vortex  hnes  point.  (Note  that 
vorticity  is  a  positive  quantity,  like  mass  or  magnitude  of  velocity,  while 
circulation  on  a  circuit  can  be  positive  or  negative.) 

As  in  the  preceding  chapters  of  this  book,  the  present  discussion 
of  the  flow  around  a  finite  wing  will  be  restricted  to  the  case  of  permanent, 
or  steady,  motion.  That  means  that  all  variables  have  valúes  that  do  not 
vary  with  time.  If  a  vortex  sheet  exists  in  a  steady  flow,  the  sheet  and 
the  valué  of  the  vorticity  at  any  point  of  the  sheet  are  invariable.  It 
follows  that  any  partióle  on  the  sheet  must  move  in  a  direction  tangential 
to  the  sheet.  In  fact,  if  a  fluid  partióle  moved  from  one  side  of  the  sheet 
to  the  other,  its  velocity  would  change  in  a  discontinuous  manner.  Such 
a  discontinuous  variation  of  the  velocity  would  imply  infinite  accelera- 
tions,  which  are  physically  impossible.  Note  that  this  refers  to  the 
resultant  velocities  of  the  particle,  not  to  the  velocity  as  induced  just 
by  the  respective  vortex  sheet.  For  example,  a  stream  pattern  may 
consist  of  the  velocitLes  induced  by  two  different  vortex  sheets  Si  and  S2 
and  of  a  superimposed  uniform  flow.  Thcn,  at  each  point  of  Si,  the 
velocity  resulting  from  the  three  contributions  must  be  parallel  to  Su 
It  is  one  of  the  most  important  facts,  which  must  not  be  overlooked,  that 
in  a  steady  flow  any  vortex  sheet  must  be  tangential  to  the  resultant  stream. 

It  has  been  learned  that  a  vortex  sheet  is  a  surface  along  which  the 
otherwise  irrotational  velocity  distribution  shows  a  discontinuity. 
Inversely,  any  discontinuity  surface  in  a  steady  flow  can  he  considered  as  a 
vortex  sheet  in  the  following  sense:  At  each  point  of  such  a  surface  S 

there  is  a  certain  vector  difference  d  between  the  velocities  on  both  sides 

of  the  surface.     These  vectors   d   are  everywhere  parallel  to  S.     If  the 

Unes  on  S  that  cross  the  direction  of  d  at  right  angles  are  taken  as  vortex 
lines  with  a  vortex  density  V  equal  to  the  amount  of  d,  the  vortex  sheet 
thus  constructed  would  induce  a  velocity  field  with  just  the  actual 
discontinuitics  along  S.  Thus  the  existing  flow  pattern  can  be  considered 
as  the  sum  of  a  flow  induced  by  the  vortex  sheet  on  S  and  some  irrota- 
tional flow  that  is  continuous  at  all  points  of  S.  This  applies,  for  exam- 
ple, to  the  discontinuous  flow  past  an  obstacle  studied  in  Sec.  IV.4 
(Helmholtz  flow).  Here  the  discontinuity  surface  separates  the  wake 
from  the  proper  flow.  If  the  flow  is  supposed  to  be  parallel  to  the 
x-?/-plane,  the  separation  surface  can  be  considered  as  a  vortex  sheet 
with  the  vortex  lines  parallel  to  z  and  of  a  vortex  density  V  equal  to  the 
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flow  velocity  along  the  boundary  of  the  wake.  Another  example  is 
supplied  by  the  thin-wing  theory  (Sec.  VIII. 6).  Here,  the  cyHndrical 
wing  is  a  discontinuity  surface  for  the  velocity  distribution  (thiis  provid- 
ing  the  pressure  difference  on  both  sides)  and,  on  the  other  hand,  is 
carrying  the  T-distribution,  which  was  computed  in  the  preceding 
chapter.  This  is  not  the  place  to  elabórate  this  idea,  which  is  one  of  the 
finest  achievements  of  Helmholtz's  theory  of  perfeet  fluid  flow.  But  the 
reader  is  advised  to  bear  in  mind  that  in  the  case  of  a  steady  irrotational 
flow  of  a  perfeet  fluid  the  terms  discontinuity  surface,  separation  surface, 
and  vortex  sheet  mean  one  and  the  same. 

The  principal  application  of  the  concept  of  vortex  sheet,  in  the 
theory  of  flight,  is  indicated  by  the  use  made  of  it  in  Sec.  VIII. 5,  where  a 
wing  of  infinite  span  was  dealt  with.  There  it  was  seen  that  the  two- 
dimensional  flow  past  such  a  wing  can  be  considered  as  the  result  of 
superposition  of  a  uniform  field  of  flow  and  the  field  induced  by  a  cylin- 
drical  vortex  sheet  whose  cross  section  coincides  with  the  contour  of  the 
wing  profile.  A  similar  result  holds  in  the  case  of  the  three-dimensional 
flow  past  a  body  of  simple  form.  To  formúlate  the  theoreni  correctl}^  the 
meaning  of  "simple  form"  must  be  defined.  Spheres,  cylinders  of  finite 
length,  etc.,  are  simple,  and  so  are  all  bodies  produced  by  continuous 
transformation  of  one  of  them.  But  a  torus,  a  ring,  or  a  pretzel  are  not 
simply  connected.  In  these  cases,  there  exist  closed  curves  (loops)  in 
the  space,  linked  to  the  body  in  such  a  waj^  that  the}^  cannot  be  separated 
from  it  without  penetrating  through  the  body.  Any  surface  subtended 
by  these  curves  would  intersect  the  body.  When  such  curves  do  not 
exist,  the  body  is  called  simple  or  simply  connected.  Moreover,  a  body 
will  be  said  to  be  regular  if  it  has  a  continuously  varying  tangential  plañe, 
i.e.,  no  sharp  edges,  corners,  etc.  Then  the  following  two  theorems  can  be 
proved : 

1.  The  continuous  irrotational  flow  past  a  finite,  simply  connected  body 
of  regular  form  is  completely  determined  by  the  magnitude  and  direction 

of  the  velocity  vector  V  at  infinity. 

2.  This  flow  can  be  considered  as  the  result  of  the  superposition  of  the 

uniform  flow  with  the  velocity  V  and  the  flow  induced  by  a  certain  vortex 
sheet  that  is  spread  over  the  surface  of  the  body. 

No  proof  of  these  theorems  will  be  attempted  here.  A  demonstration 
of  rather  heuristic  valué  can  be  given  along  the  Unes  indicated  in  Sec. 
VI 1 1. 5  for  the  corresponding  statement  in  the  two-dimensional  case. 
But  there  is  one  decisivo  difference  between  the  two  cases.  In  Chap.  VIII 
it  was  found  that  the  shape  of  the  obstacle  and  the  velocity  vector  at 
infinity  do  not  fully  determine  the  flow.  One  parameter,  the  circulation 
along  a  curve  encircling  the  body,   could  still  be  chosen  arbitrarily. 


224  THE  WING  OF  FINITE  SPAN  [Sec.  IX. 3 

Nothing  of  this  kind  happens  in  the  three-dimensional  space.  Here,  in 
fact,  the  circulation  must  be  zero  for  any  curve  outside  the  simply 
connected  body  since  a  surface  can  be  subtended  by  this  curve  that  does 
not  interfere  with  the  body.  Note  that,  if  the  two-dimensional  flow  is 
conceived  as  a  problem  of  space,  the  body  involved  is  a  cyUnder  of  infinite 
length,  thus  not  meeting  the  specifications  of  the  foregoing  theorems. 

By  "flow  past  a  body"  is  meant  a  velocity  distribution  over  the  whole 
space  outside  the  body,  fulfilling  the  conditions  that  the  velocity  vector 

equals  at  infinity  the  given  V  and  is  tangential  to  the  body  surface  at  all 
points  on  this  surface  S.  On  the  other  hand,  the  vortex  sheet  on  S 
induces  a  velocitj^  at  all  points  outside  and  inside  S,  and  it  is  known 
from  what  has  already  been  said  that  the  resultant  velocity  distribution 
has  a  discontinuity  along  S  with  the  jump  of  magnitude  T'  at  all  points 
on  S.  Now,  it  can  be  seen  in  the  same  way  as  in  the  two-dimensional 
case  that  the  velocity  in  the  interior  of  S  can  only  be  zero :  no  continuous 
irrotational  flow  is  possible  in  the  interior  of  a  simply  connected  closed 
surface.  It  follows  that  the  jump  on  S  is  identical  with  the  outside  velo- 
city.    One  thus  can  add  the  f  ollowing  to  the  two  theorems  already  stated : 

3.  The  vortex  sheet  on  the  surface  of  the  body  determines  immediately 
the  Jlow  velocity  at  its  points;  this  velocity  has  the  magnitude  T'  and  is 
directed  normal  to  the  vortex  Une,  pointing  to  the  right  as  one  goes  along 
in  the  direction  of  the  vortex  Une. 

It  may  be  added  that  the  induced  contribution  to  the  velocity  field 
has  a  physical  significance  in  itself.  If  the  air  is  originally  at  rest, 
disturbed  only  by  the  body  that  moves  at  a  velocity  V  (opposite  to  the 

afore-mentioned  vector  V),  the  actual  velocities  in  the  whole  space 
are  just  those  induced  by  the  vortex  sheet  on  S. 

Problem  7.  If  a  body  of  revolution  moves  parallel  to  its  axis,  what  are  the  vortex 
Hnes  on  its  surface  that  induce  the  velocity  field? 

*  Problem  8.  It  is  known  that,  if  a  sphere  of  radius  a  moves  with  a  velocity  V  in 
the  x-direction,  the  velocity  of  a  fluid  element  at  a  surface  point  P  with  ÁPOx  =  t? 
has  a  component  of  magnitude  IF  sin  ú  in  the  direction  perpendicular  to  OP  in  the 
plano  OPx.  Compute  for  the  inverso  motion  the  circulation  along  a  closed  circuit 
that  pierces  the  sphere  at  two  points  Pi  and  Pi  wlien  the  angles  PiOx  =  úi  and 
P2OX  =  §2  are  given. 

3.  The  Flow  Past  a  Wing  of  Finite  Span.  The  mathematical  problem 
indicated  in  the  three  theorems  at  the  cnd  of  the  prcceding  section  has 
been  solved  for  various  bodies  of  particularly  simple  form,  like  a  sphere, 
an  eflipsoid,  etc.  The  common  feature  of  all  these  solutions  is  the  fol- 
lowing:  If  from  the  computed  velocities  on  the  surface  of  the  body  the 
pressure  valúes  are  derived  by  means  of  Bernoulli's  equation  and  prop(;rly 
integrated,  it  is  found  that,  in  general,  a  resultant  moment  (couple) 
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exists,  but  in  no  case  a  resultant  forcé.  This  fact,  which  can  be  proved 
to  hold  true  for  all  kinds  of  simply  connected  finite  bodies,  is  known  as 
D'Alemherfs  paradox.  The  term  originally  referred  to  the  conviction 
that  a  simple  body  like  a  sphere  should  meet  a  resistance  (drag)  when 
moving  uniformly  through  the  air.  Today,  one  is  not  so  much  surprised 
that  the  perfect  fluid  theory  does  not  furnish  a  drag  forcé;  one  rather 
misses  the  Hft  that  a  body  like  an  airplane  wing  doubtless  experiences  in 
uniform  flight. 

Another  kind  of  "paradox"  was  encoimtered  in  the  two-dimensional 
problem.  It  has  already  been  mentioned  in  Chap.  IV  and  then  was 
repeatedly  elaborated  that  the  two-dimensional  motion  past  a  cylinder 
of  regular  cross  section,  e.g.,  past  a  circular  cylinder,  is  not  uniquely 
determined  in  the  theory  of  perfect  fluids.  Such  a  cylinder,  according 
to  this  theor}^,  never  experiences  a  drag  forcé,  but  it  can  (Sec.  VIII. 2) 
experience  a  lift  {i.e.,  a  forcé  normal  to  the  velocity)  depending  on  the 
amount  of  circulation  in  the  outside  stream.  But  this  amount  is  left 
completely  undetermined  by  the  theory.  The  answer  to  this  paradox,  at 
least  in  the  case  of  a  cross  section  of  the  form  of  the  usual  wing  profile,  was 
found  to  lie  in  the  existence  of  the  sharp  trailing  end  of  the  profile. 
Joukowski  pointed  out  (see  Sec.  VIII. 2)  that  the  condition  of  ñnite 
velocity  at  the  sharp  end  removes  the  indetermination  and  leads  to  a 
definite  valué  of  lift,  in  best  accordance  with  the  observations. 

Now,  in  the  three-dimensional  case,  again,  the  shai'p  trailing  edge 
of  the  wing  supplies  the  clue  for  solving  the  paradox,  though  in  a  different 
and  more  complicated  way.  If  the  problem  stated  in  theorems  1  and  2 
of  the  preceding  section  is  solved  for  a  body  whose  surface  includes 
points  with  a  very  strong  curvature,  it  will  necessarily  be  found  that 
at  such  points  the  velocity  increases  to  considerable  amounts.  This 
implies  that  the  pressure  at  those  points  must  be  low  and,  under  certain 
circumstances,  will  drop  below  zero.  At  sharp  edges,  i.e.,  infinite  curva- 
ture,  the  velocity  supplied  by  the  theory  would  be  infinite  and  therefore 
the  pressure  at  any  rate  negative.  This  is  why  the  foregoing  statements 
have  been  restricted  to  bodies  of  regular  shape.  Theorems  1  to  3  do 
not  apply  to  a  wing  with  a  sharp  edge ;  or  if  they  were  used  for  computing 
the  field  of  ñow,  in  this  case  they  would  furnish  a  stream  pattern  includ- 
ing  infinite  velocities  and  negative  pressures.  Here,  one  is  reminded 
of  Helmholtz's  discovery  regarding  the  two-dimensional  flow  around  a 
sharp-edged  obstacle :  In  cases  where  no  continuous  flow  w4th  everywhere 
positive  pressure  valué  exists,  a  certain  discontinuous  flow  takes  place. 
In  Fig.  47c  (page  87)  the  actual  flow,  when  conceived  as  a  phenomenon 
in  space,  has  two  discontinuity  surfaces,  each  of  them  starting  at  one 
of  the  two  sharp  edges  of  the  obstacle.  In  the  case  of  an  airplane  wing 
the  situation  is  a  little  different  since,  essentially,  only  one  sharp  edge  is 
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present.     It  may  be  surmised  that  in  the  real  flow  past  a  wing  a  discon- 
tinuity  surface  exists  which  sets  in  along  the  sharp  traüing  edge. 

There  is  another  way  of  reasoning  that  supports  this  hypothesis. 
If  it  is  assumed  that  the  theory  of  a  wing  of  infinite  span  is  correct — 
and  there  is  no  reason  to  doubt  it — then  the  flow  around  a  wdng  of  large 
aspect  ratio  must  show,  at  least  in  the  región  near  the  center,  some 

resemblance  to  what  was  found  for  the 
infinite  wing.  Now,  it  was  seen  that  in 
the  latter  case  the  circulation  along  a 
curve  surrounding  the  wing  profile  (L  in 
Fig.  165)  has  a  definite  positive  valué 
on  which  the  lift  depends.  It  can  hardly 
be  expected  that,  if  in  the  case  of  a  finite 
wing  the  curve  is  drawn  in  the  plañe  A  A 
near  the  longitudinal  symmetry  plañe  of 
the  wing,  the  circulation  should  be  zero. 
But  a  finite  circulation  along  L  is  incom- 
patible with  the  assumption  that  the  flow 
outside  the  wing  is  everywhere  con- 
tinuous,  as  was  learned  in  Sec.  2  of  this 
chapter.  A  surface  subtended  by  L  (like 
s'  in  Fig.  165)  must  cross  vortex  lines 
somewhere  if  the  circulation  is  to  be 
different  from  zero.  It  seems  a  reason- 
able  assumption  that  the  circulation 
valué  for  a  curve  L  decreases  as  its  plañe 
shifts  from  AA  to  BB  and  drops  finally 
to  zero  if  its  plañe  no  longer  intersects 
the  wing,  as  in  CC.  The  consequence 
is  that  some  vortex  lines  must  extend 
between  the  planes  A  A  and  BB  as  well  as  between  BB  and  CC. 

Based  on  such  ideas  in  a  rather  vague  form  and  on  certain  observa- 
tions  on  moving  wings,  F.  W.  Lanchester,  as  early  as  1897,  laid  the 
foundation  of  a  theory  of  wings  with  finite  aspect  ratios.  His  first 
attempts  to  come  to  practical  conclusions  were  outdone  by  L.  Prandtl, 
who,  between  1911  and  1917,  developed  an  elabórate  theory,  susceptible 
of  quantitative  results,  in  best  agreement  with  the  experimental  evidence. 
The  main  idea  of  the  wing  theory  of  Lanchester  and  Prandtl  can  be 
stated  in  the  following  way:  The  flow  of  a  perfect  fluid  past  a  wing  of 
finite  span  exhibits  a  discontinuity  surface  that  extends  downstream  from 
the  traüing  edge  of  the  wing.  With  increasing  aspect  ratio  the  discontinuity 
becomes  less  and  less  pronounced,  so  as  to  disappear  completely  for  infinite 
aspect  ratio.     It  is  obvious  that  the  afore-mentioned  difficulty  is  resolved 
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in  this  way.  For  infinite  span  the  velocity  distribution  becomes  con- 
tinuous  and  Joukowski's  theory  can  be  retained.  On  the  other  hand,  for 
the  wing  of  finite  span  D'Alembert's  paradox  based  on  the  assumption 
of  a  continuous  flow  oiitside  the  wing  is  invahdated.  Thus  the  way  for  a 
satisfactory  explanation  of  the  facts  is  opened. 

Any  velocity  distribution  with  a  discontinuity  surface  U  can  be 
considered,  as  was  learned  in  Sec.  1  of  this  chapter,  as  the  result  of  the 
superposition  of  a  velocity  distribution  continuous  on  U  and  the  field 
induced  by  a  vortex  sheet  along  U.  It  has  been  stated  in  the  foregoing 
that  the  continuous  flow  past  a  simply  connected  body  can  be  obtained 
by  superimposing  on  the  uniform  flow  with  the  velocity  V  the  flow 
induced  by  a  vortex  sheet  which  coincides  with  the  surface  of  the  body. 
Consequently,  the  discontinuous  flow  postulated  by  the  three-dimensional 
wing  theory  can  be  represented  as  the  result  of  the  superposition  of  (1) 
the  uniform  flow  with  the  velocity  V;  (2)  the  flow  induced  by  a  vortex 
sheet  extending  over  the  surface  W  of  the  wing;  and  (3)  the  flow  induced 
by  a  vortex  sheet  U  of  an  as  yet  unknown  shape  which  extends  down- 
stream  from  the  trailing  edge  of  the  wing. 

It  follows  from  D'Alembert's  paradox  that  the  vortex  sheet  U  must 
extend  to  infinity  since  otherwise  the  fluid  still  would  not  exert  any 
resultant  forcé  on  the  wing.  In  fact,  the  introduction  of  the  vortex 
sheet  U  is  kinematically  equivalent  _^ 

to  extending  the  wing  by  adding  an  r-~~~~~-^.,J{^nappers/e/e 

infinitely  thin,  rigid  sheet  U.     If  the     J ^^~"-^^/>  VoHex  ¡ine 

sheet  IJ  would  not  extend  to  infinity,     ^p'         ^,,.^--"'^''''''^ 

the  surfaces  TF  and  V  would  form  a  ^^■'"""V^ on  hwer  side 

finite  body  to  which  D'Alembert's     Fig.  166. — Velocities  at  a  point  of  the 

principie  applies.       The  total  forcé  on  discontinuity  surface  L^  (top  view). 

1]  and  W  would  thus  be  zero.  But  IJ  cannot  experience  any  lift,  either 
positive  or  negative,  since  the  pressure  in  the  free  stream  must  be  con- 
tinuous; i.e.,  its  valué  at  any  point  of  V  must  be  the  same  on  the  upper 
and  lower  sides  of  í/. 

The  equality  of  pressure  on  both  sides  of  the  free  vortex  sheet  IJ 
restricts  in  a  definite  way  the  discontinuity  of  the  velocity  occurring 
at  its  points.  In  fact,  from  Bernoulh's  equation  it  follows  that  under 
this  condition  the  velocity  must  be  the  same  on  both  sides.  The  two 
velocity  vectors  on  the  upper  and  lower  side,  at  any  point  F  on  V , 
are  therefore  symmetrical  (Fig.  166)  to  the  straight  line  through  F 
that  is  perpendicular  to  the  vector  that  represents  the  difference  of 
the  two  vectors.  It  was  learned  in  Sec.  2  of  this  chapter  that  this 
perpendicular  has  the  direction  of  the  vortex  Une  through  F.  As  the 
amount  of  the  difference  equals  the  vortex  density  T',  the  situation  at 
each  point  on  V  is  like  that  shown  in  Fig.  166.     The  velocity  has  on 
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FiG.  167. — Vortex  Unes  on  the  upper 
wing  surface  (top  view). 


both  sides  the  same  component  parallel  to  the  vortex  line,  while  the 
components  normal  to  it  are  +rV2  and  —  r72,  respectively.  On  the 
surface  of  the  wing,  we  know  that  the  velocity  vector  is  every^vhere 
perpendicular  to  the  vortex  Une  (theorem  3  in  the  preceding  section). 

These  remarks  make  it  possible  to  form 
at  least  a  rough  picture  of  the  vortex- 
line  distribution  on  W  and  on  V . 

On  the  upper  surface  of  the  wing  the 
flow  can  be  supposed  to  have  essentially 
the  direction  of  the  undisturbed  flow. 
In  Fig.  167  this  flow  is  assumed  to  be 
directed  from  the  right  toward  the  left. 
Henee,  the  vortex  lines  on  the  upper  side 
of  the  wing  have  essentially  the  spanwise 
direction.  The  sense  of  progression  of 
these  vortex  lines  is  from  port  to 
starboard  (from  the  left  to  the  right  of 
the  pilot),  according  to  the  rule  already 
given  in  theorem  3. 
On  the  lower  surface  of  the  wing  the  situation  is  less  simple.  For 
the  usual  valúes  of  the  angle  of  attack  the  two-dimensional  flow  past  an 
airfoil  has  a  stagnation  point  near  the  leading  edge  on  the  lower  contour 
of  the  profile  (Fig.  168).  The  three-dimensional  flow  past  a  wing  will 
have  a  stagnation  line  on  the  lower  surface  of  the  wing.  In  front  of 
this  stagnation  line  the  flow  along  the  lower  wing  surface  is  directed 
toward  the  leading  edge;  at  the  rear,  toward  the  trailing  edge.  Seen 
from  above,  the  vortex  lines  on  the  lower  wing  surface  therefore  must 
have  the  form  indicated  in  Fig.  169.  Near  the  stagnation  line  AB 
the  vortex  lines  are  closed  curves  that  lie 
entirely  on  the  lower  wing  surface  and  endose 
the  stagnation  line  AB.  All  vortex  lines  that 
are  encountered  beneath  between  the  stagna- 
tion line  and  the  leading  edge  are  of  this  type. 
On  the  other  hand,  since  all  vortex  lines  must 
be  closed,  the  lines  farthcr  toward  the  tiailing  edge  must  join  the  lines 
on  the  upper  wing  surface  (Fig.  167)  so  as  to  form  closed  curves.  The 
result  is  shown  in  Fig.  170,  where  the  dotted  lines  indícate  the  portions 
of  the  vortex  lines  on  the  lower  surface  of  the  wing.  In  general,  a 
vortex  line  consists  of  an  upper  part  directed  port  to  starboard  and  a 
lower  part  lying  farther  toward  the  trailing  edge  and  having  opposite 
direction  (see  2-2'  or  3-3'  in  Fig.  170).  Only  certain  lines  that  pass 
beneath  between  the  stagnation  line  and  the  leading  edge  lie  completely 


Fig.  168. — Stagnation  line. 
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on  the  lower  surface  of  the  wing  and  surround  the  stagnation  line  AB,  as 
already  noted  (see  1-1'  in  Fig.  170). 

In  outlining  this  picture  it  was  necessary  to  assume  that  the  vortex 
lines  on  the  wing  surface  W  deviate  to  a  certain  degree  from  the  spanwise 
direction.     Near  the  wing  tips  the  vortex  Hnes  must  be  curved  in  the  sense 
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169. — Vortex  lines  on  the  lower  wing 
surface  (top  view). 
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Fig.  170. — Vortex  lines  on  the  wing  (solid 
parts  on  upper  surface). 
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indicated  in  Fig.  170.  Since  along  W  the  velocity  is  normal  to  the  vortex 
lines,  the  velocity  vector  must  be  directed  inward  on  the  upper  side 
(solid  vector  in  Fig.  170)  and  outward  on  the  lower  side  (dotted  vectors). 
Thus,  there  exists  a  spanwise  velocity  component  toward  the  median 
plañe  of  the  wing  on  the  upper  surface  and  away  from  the  median  plañe 
on  the  lower  surface  of  the  wing.  Figure  171  shows  these  spanwise 
velocity  components  as  they  appear  in  a  plañe  normal  to  the  direction 
of  flight.  The  existence  of  this  encircling  flow 
can  be  understood  easily  if  the  distribution  of 
pressure  over  the  wing  surface  is  taken  into 
account.  A  lift  is  produced  only  if  there  exists 
overpressure  on  the  lower  side  and  underpressure 
on  the  upper  side  of  the  wing.  This  difference  of 
pressure  must  be  larger  in  the  median  plañe  of  the  wing  and  must  vanish  at 
the  wing  tips  since  outside  the  wing  a  pressure  jump  cannot  exist.  On  the 
lower  surface  of  the  wing  we  therefore  have  a  decrease  of  pressure  from 
the  median  plañe  toward  the  wing  tips  and  on  the  upper  side  an  increase. 
Since  the  fluid  has  in  a  certain  way  the  tendency  to  move  in  the  direc- 
tion of  decreasing  pressure,  the  í^panwise  flow  indicated  in  Fig.  171  is 
understandable. 
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Fig.    171. — Spanwise  flow. 
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We  are  now  in  a  position  to  make  some  statements  concerning  the  free 
vortex  sheet  U.  With  the  exception  of  the  vortex  hnes  surroimding 
the  stagnation  line  AB,  the  vortex  hnes  on  W  can  be  described  approxi- 
mately  as  oval  curves  Ijáng  in  planes  sloping  toward  the  trailing  edge 
of  the  wing.     The  last  line  shown  in  Fig.   170  is  the  hne  4-4',  which 

extends  downside  to  the  trailing  edge.  If  the 
following  line  5-5'  lay  entirely  on  the  upper  wing 
surface,  it  would  surround  a  stagnation  line 
there,  similar  to  the  stagnation  line  AB  on  the 
Fig.  172.  lower  wing  surface.     This  case  would  corre- 

spond  to  the  two-dimensional  flow  with  the 
stagnation  points  A  and  C  shown  in  the  Fig.  172;  the  fluid  would  flow 
around  the  trailing  edge  and,  if  this  is  sharp  or  has  too  strong  a  curvature, 
will  assume  an  infinite  velocity.  As  this  is  physically  impossible,  the 
vortex  line  5  cannot  be  closed  on  the  wing  surface  W. 

Tn  order  to  see  what  happens,  let  us  assume  for  the  moment  that  the 
diseontinuity  surface  U  is  replaced  by  a  body  of  very  small  but  finite 
thickness.  Then  5',  the  second  part  of  vortex  line  5,  would  lie  on  the 
lower  side  of  this  body;  and,  for  reasons  of  continuity,  more  lines  of  the 
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Fiu.  173. — Free  vortex  sheet  TJ  developing  froiii  tlie  trailing  end  of  the  wing. 

same  shape  would  foUow,  as  6-6',  7-7',  etc.,  with  one  part  on  the  upper 
side  (solid  line)  and  another  half  on  the  lower  side  (dotted  hnes),  the 
latter  shifted  to  the  left.  In  reality,  the  two  sides  of  C/  are  not  dis- 
tinguishable,  and  both  the  solid  and  the  dotted  parts  of  the  vortex  lines 
lie  on  the  same  surface.  Therefore,  what  presents  itself  at  each  point  P 
on  C/  is  a  vortex  vector  that  is  the  sum  of  the  two  vectors  of  magnitude 
dr,  one  in  the  direction  of  the  solid  line  passing  through  P,  the  other 
in  the  direction  of  the  dotted  line.  As  seen  in  Fig.  173  the  resultant 
vector  will  have  approximately  the  direction  of  the  forward  velocity 
on  the  port  half  of  the  wing  and  the  opposite  direction  on  the  starboard 
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half.  Combining  this  result  with  the  foregoing,  we  come  to  the  following 
conclusión :  It  must  be  expected  that  the  discontinuity  surface  or  free  vortex 
sheet  U  has  the  form  of  a  long  ribhon  whose  width  is  the  wing  span,  with  the 
vortex  Unes  running  almost  parallel  to  the  direction  of  flight,  pointing  jor- 
ward  on  the  port  and  backward  on  the  starboard  side.  The  vortex  Unes  on  the 
wing  are  essentially  parallel  to  the  span  direction,  at  the  tips  slightly  curved 
backward  on  the  upper  side  and  forward  on  the  lower  side. 

4.  Prandtl's  Wing  Theory.  The  preceding  qualitative  analysis  of 
the  flow  around  a  wing  can  be  supplemented  by  a  quantitative  theory 
that  furnishes  niimerical  data  concerning  the  influence  of  the  aspect  ratio 
on  the  forces  acting  on  an  airfoil.  Prandtl  has  worked  out  such  a  theory, 
which  is  in  good  agreement  with  a  large  body  of  experimental  evidence 
and  is  generally  accepted  today. 

An  attempt  at  building  a  rigorous  theory  on  the  fundamental  ideas 
developed  in  the  foregoing  meets  with  considerable  difficulties.  The 
shape  of  the  free  vortex  sheet  U  and  the  distribution  of  the  vortex  lines 
and  of  the  vortex  density  on  U  and  on  the  wing  surface  W  are  not  known 
but  must  be  determined  so  as  to  fulfill  the  following  two  conditions:  (1) 
The  resultant  flow  obtained  by  superimposing  the  uniform  flow  with  the 
velocity  V  and  the  flow  induced  by  the  vortex  sheets  U  and  W  must  be 
tangential  to  the  surfaces  U  and  W.  (2)  At  the  two  sides  of  U  the 
velocity  of  the  resultant  flow  must  have  the  same  magnitude,  since 
the  pressure  on  the  two  sides  of  the  free  vortex  sheet  must  have  the  same 
valué.  Mathematically  speaking,  this  constitutes  a  so-called  "boundary- 
value"  problem,  and  one  of  a  most  complicated  nature. 

In  Prandtl's  wing  theory  the  problem  is  enormously  simplified  by  a 
number  of  assumptions  that  have  been  found  to  give  a  satisfactory  first 
approximation.  (1)  The  trailing  edge  of  the  wing  is  supposed  to  be  a 
straight  line,  and  the  free  vortex  sheet  U  is  assumed  to  have  the  form  of  a 

plañe  ribbon  that  is  parallel  to  the  velocity  V  at  infinity  and  extends 
from  the  trailing  edge  downstream  to  infinity.     (2)  The  resulting  vortex 

lines  on  U  are  assumed  to  be  straight  lines  parallel  to  the  velocity  V. 
(3)  The  wing  is  supposed  to  be  infinitely  thin  so  that  the  vortex  lines 
on  the  upper  and  lower  surfaces  can  be  replaced  by  resultant  vortex 
lines  on  a  simple  sheet.  These  vortex  lines  would  have  to  supply  the 
connecting  link  between  the  forward-  and  backward-running  vortex  lines 
on  U  and  would  accordingly  be  of  the  form  indicated  in  Fig.  174a. 
Since  this  pattern  of  vortex  lines  is  still  too  difíicult  to  handle,  a  further 
simplifying  assumption  is  introduced:  (4)  Each  vortex  line  from  its 
beginning  to  its  end  is  supposed  to  consist  of  three  straight  parts  as 
shown  in  Fig.  1746,  two  of  these  parts  extending  to  infinity.  The 
spanwise   parts   of  these  so-called    "horseshoe  vórtices"   are  moreover 
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supposed  to  lie  on  the  one  straight  segment  AB,  which  thus  represents 
the  total  wing. 

In  the  case  of  Fig.  174a  an  infinitesimal  vorticity  dT  is  attributed  to 
each  strip  between  two  infinitely  near  vortex  lines.  If  the  width  of  such 
a  strip  is  denoted  b}'^  dm,  the  vortex  density  V  =  dV/dm  is  finite.  How- 
ever,  iinder  the  assumptions  of  Fig.  1746,  the  spanwise  parts  of  these 
strips  have  zero  width.     The  vortex  density  therefore  becomes  infinite 
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Fig.  1746. — Further  gimplification  according  to  assumption  (4). 

along  the  line  AB,  which  must  be  considered  as  a  vortex  line  of  finite 
vorticity.  This  vorticity  is  not  a  constant.  At  some  point  C  between 
A  and  B  it  has  the  valué  Jr'  dm,  the  integral  extended  over  the  segment 
AC  across  the  vortex  sheet.  Thus  it  is  zero  at  A  and  increasing  toward 
the  middle  plañe.  From  the  center  on  toward  the  starboard  side,  the 
valué  decreases,  since  here  vortex  strips  are  leaving,  and  it  finally  drops 
to  zero  at  the  end  point  B.  The  line  AB,  which  replaces  the  whole 
wing  and  carries  a  finite,  variable  vorticity,  is  known  as  the  lifting  line 
or  supporting  line. 
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In  the  following  a  system  of  rectangular  coordinates  will  be  used 
whose  a;-í/-plane  coincides  with  the  plañe  of  the  free  vortex  sheet  U  and 
whose  a;-e-plane  is  the  longitudinal  symmetry  plañe  of  the  wing,  the 
a--axis  having  the  direction  of  the  velocity  of  flight,  the  y-  and  z-axes 
pointing  to  starboard  and  downward,  respectively.  In  the  case  of 
Fig.  174a,  consider  a  plañe  section  a-b  of  the  wing,  normal  to  the  i/-axis 
and  at  the  abscissa  y  with  respect  to  the  median  plañe  of  the  wing.  In 
the  plañe  of  this  section,  draw  a  circuit  L  surrounding  the  wing.  The 
circulation  T{y)  along  the  circuit  L  equals  the  integral  of  the  (infinitesi- 
mal) vorticities  of  those  vortex  strips  which  pierce  the  plañe  of  L.  These 
strips  can  also  be  described  as  the  vortex  strips  which,  on  the  free  vortex 
sheet  U,  lie  to  the  port  (or  to  the 
starboard)   side  of  the  plañe  of  the  k^'^y) 

circuit  L.     As  í/ increases  from  —  5/2       r''>0  ^ ~^J^^0 

to  B/2  the  valué  of  T(y)   increases 
from  zero  to  a  positive  máximum  at 


y  =  O  and  then  drops  again  to  zero  at    \L/p 1 ■ V^y 

y  =  B/2.     TJie  same  holds  true  in  the  ,,      ,„.     ^  ,.     ., 

^  ,    -r,.  „    ,  ,  ,  iiG.  175.— r-distributioii. 

case  of  Fig.   174o,   where  the  span- 

wise  parts  of  all  vortex  lines  are  concentrated  along  AB.  It  is  seen 
that  in  this  case  the  function  T(y)  represents  also  the  aforementioned 
concentrated  vorticity  for  any  point  y  oí  the  lifting  line. 

In  Fig.  175  a  graph  of  T(y)  is  shown.  On  the  left-hand  side  (port) 
the  derivative  dV/dy  is  positive  and  coincides  exactly  with  what  was 
called  r'  before.  On  the  right  half  of  the  figure  (starboard)  dV/dy  has 
negative  valúes  and  corresponds  to  the  former  —V,  since  according  to 
our  definitions  dm  points  in  the  negative  ^/-direction  when  the  vortex 
lines  are  directed  in  the  negative  a--direction.  The  function  V{y)  is 
called  the  V-distrihution  or  the  lijt  distrihution  over  the  span. 

If  T(y)  is  known,  the  field  of  flow  induced  by  the  vortex  system,  which 
consists  of  the  lifting  line  and  the  vortex  sheet,  can  be  computed.  In 
Frandtl's  wing  theory  the  z-component  of  the  velocity  induced  at  points 
near  the  lifting  line  plays  an  important  role.  This  velocity  component 
is  called  the  down-wash  velocity;  its  valué  will  be  denoted  by  w(y).  The 
relation  between  the  functions  w  and  F  will  be  established  later  in  this 
section. 

So  far,  the  shape  of  the  wing  (plan-form,  profile)  has  not  been  taken 
into  account.  Prandtl  has  proposed  the  following  manner  of  connecting 
the  as  yet  unknown  function  T  with  the  shape  of  the  wing:  Suppose  T 
to  be  given  and  the  corresponding  down-wash  velocity  to  be  computed. 
Any  valué  of  y  between  —  B/2  and  B/2  determines  a  certain  cross  section 
or  profile  of  the  wing.  Let  O  be  the  point  where  the  lifting  line  pierces 
the  plañe  of  the  cross  section   (Fig.   176).     Within  the  framework  of 
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Prandtl's  theory  the  velocity  at  O  is  obtained  by  the  superposition  of  the 
induced  velocity  at  O  and  the  velocity  V  in  the  negative  a:-direction.  As 
in  the  two-dimensional  theory  of  thin  airfoils,  it  is  assumed  that  the 
difference  between  the  actual  velocity  at  any  point  and  the  velocity  V  is 
small  as  compared  with  V.  The  magnitude  of  the  resulting  velocity 
then  practically  equals  V.  Considering,  however,  the  velocity  induced 
by  the  vortex  sheet,  the  resulting  velocity  is  no  longer  parallel  to  the 
x-axis;  it  has  the  small  downward  component  w  and  a  small  spanwise 
component.     The  eífect  of  the  first  is  to  lower  the  angle  of  incidence. 

Denote  by   V  the  velocity  vector  obtained  by  adding  the  vectors  of 

the  magnitudes  V  and  w  in  the  nega- 
tive x-direction  and  in  the  2;-direc- 
tion,  respectively.  Considering  w  to 
be  small  as  compared  with  V  and 
neglecting  higher  order  terms,  we  can 
state  that  the  velocity  vector  V  has 
the  magnitude  V  but  f orms  the  small 
angle  w/V  with  the  x-axis.  In  Fig. 
176  let  O  A  indícate  the  zero  lift 
direction  of  the  profile  and  a'  the 
angle  of  incidence,  i.e.,  the  angle 
between  the  velocity  V  oí  the  undis- 

turbed  stream  and  the  zero  lift  axis.     The  resulting  velocity  V  then 

forms  the  so-called  effective  angle  of  incidence  a" 


Fig.  176. — Down-wash  velocity. 


W 

V 


(8) 


with  the  zero  lift  direction. 

Now,  the  position  of  the  lifting  lino  with  respect  to  the  wing  is  in 
no  way  specified.  The  pattern  of  the  flow  in  the  cióse  neighborhood 
of  the  profile  is  rather  complicated,  depending  on  the  profile  as  well  as 

on  the  plan-form  of  the  wing.  The  vector  V  therefore  cannot  be  the 
velocity  vector  for  all  points  in  the  vicinity  of  the  wing.     At  best, 

the  vector  V  may  represent  a  kind  of  average  velocity  vector  near  the 
wing  in  the  plañe  section  under  consideration.  On  the  other  hand,  in 
the  two-dimensional  flow  around  an  airfoil  the  velocity  vector  of  the 
undisturbed  stream  (the  velocity  at  infinit}^  constitutes  such  an  average 
velocity  vector  in  the  vicinity  of  the  airfoil.  It  therefore  seems  reason- 
able  to  introduce  the  f ollowing  hypothesis :  In  each  cross  section  of  a  wing 
of  finita  span  the  velocity  distribution  in  the  immediate  neighborhood  of  the 
wing  is  assumed  to  be  identical  with  the  velocity  distribution  of  Ifte  two- 
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dimensional  flow  round  this  cross  section,  with  V  (instead  of  V)  as  the 
velocity  vector  at  infinity.  This  hypothesis  expresses  the  fundamental 
idea  of  Prandtl's  quantitative  approach;  it  has  been  found  to  lead  to 
results  that,  to  a  remarkable  extent,  agree  with  the  experimental  evidence. 
It  was  learned  in  Sec.  VIII. 2  that  in  the  two-dimensional  flow  the 
circulation  around  a  profile  can  be  written  as  KVa',  where  X  is  a  constant 
[called  C/2  in  Eq.  (13a),  Chap.  VIII]  depending  on  the  form  and  size 
of  the  profile,  V  the  velocity  at  infinity,  and  a  the  angle  of  incidence. 
The  only  change  necessary  in  the  present  context  is  the  replacement 
of  the  angle  of  incidence  a  by  the  effective  angle  of  incidence  a" .     Thus, 


KVa"  =  KV 


("'  -  v) 


In  general,  the  valúes  of  K  and  a'  vary  with  y  since  the  wing  is  not  exactly 
prismatic.  V  and  w  also  are  functions  of  y.  The  preceding  relation 
therefore  can  be  written  more  clearly  as 


ny)  =  K(y)V 


cc'iy)  - 


w(y) 
V 


(9) 


Since  it  is  possible  to  express  the  down-wash  velocity  w(y)  in  terms  of 
T(y),  Eq.  (9)  furnishes  the  means  for  determining  the  unknown  function 


^JC 


FiG.  177. — Single  horseshoe  vortex. 

T(y)  when  K(y)  and  a  (y)  representing  the  influence  of  the  shape  of  the 
wing  are  given. 

We  now  proceed  to  derive  the  formula  giving  w(y)  in  terms  of  T(y). 
Consider  a  single  horseshoe  vortex  A'"ABB"'  (Fig.  177)  of  the  infinitesimal 
vorticity  dr(y).  Let  P  be  an  arbitrary  point  in  the  y-z-plane.  The 
velocity  induced  at  P  may  be  decomposed  in  two  components  normal 
and  parallel  to  the  y-z-pla.ne.  The  component  parallel  to  the  y-z-plsme 
will  be  called  the  velocity  induced  in  this  plañe.  The  velocity  induced 
atP  hy  any  element  of  the  segment  AB  oí  the  horseshoe  vortex  is  perpen- 
dicular to  the  plañe  containing  this  element  and  the  point  P.  The 
segment  AB  therefore  does  not  make  any  contribu tion  to  the  velocities 
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induced  in  the  y-z-p\ane.  On  the  other  hand,  the  velocity  induced  at  P 
by  any  element  of  the  infinite  segments  A'^A  or  BB'"  of  the  horseshoe 
vortex  hes  completely  in  the  y-z-plane.  According  to  Eq.  (1)  the 
velocity  induced  by  A°°A  has  the  magnitude 

ÍQÉ  (eos  a  -  eos  /3) 
4tAP 

where  a  is  the  angle  between  A°°A  and  .4°°P  at  the  infinitely  distant  point 
A°°  and  /3  is  the  angle  A'^AP.  Henee  eos  ce  =  1,  eos  )8  =  O,  and  the 
induced  velocity  has  the  magnitude 

1  dT(y) 
4x    AP 

This  velocity  is  perpendicular  to  AP  as  indicated  in  Fig.  178.  Seen 
in  the  direction  of  flight,  the  sense  of  this  velocity  vector  corresponds  to  a 
clockwise  rotation  around  A.  The  velocity  distribution  induced  in  the 
2/-z-plane  by  the  segment  A°°A  is  thus  seen  to  be  that  of  a  circulating 
motion  with  the  center  A  and  the  circulation  —dT/2.  That  is,  the 
velocity  component  parallel  to  the  y-z-p\ane  induced  at  any  point  P 
by  the  semi-infinite  vortex  line  A°°A  equals  one-half  the  velocity  induced 

at  P  by  a  vortex  line  of  the  vorticity 
—  dV  coinciding  with  A  but  extending 
both  ways  to  infinity  (two-dimensional 
motion).  The  same  statement  holds 
true  for  the  velocity  distribution  in- 
duced in  the  y-z-plane  by  the  semi- 
infinite  vortex  line  BB",  but  the 
vorticity  of  the  equivalent  infinite  vor- 
tex line  must  be  taken  as  dV,  since  the 
sense  of  progression  on  BB'"  is  opposite 
to  that  on  A°°A.  Taking  into  account 
the  contributions  made  by  all  horseshoe 
vórtices,  we  come  to  the  following  residt:  The  velocity  component  parallel  to 
the  y-z-plane  induced  at  P  equals  one-half  the  velocity  induced  at  P  by  a 
plañe  vortex  sheet  consisting  of  straight  vortex  Unes  that  are  parallel  to  the 
T-axis  and  extend  both  ways  to  infinity.  This  sheet  extends  spanwise  from 
y  =  —B/2  to  y  =  B/2;  and  if  T(y)  denotes  the  distribution  o f  circulation 
around  the  wing,  the  vortex  density  of  the  sheet  equals  the  negative 
derivative  —dV/dy. 

From  this  theorem  the  down-wash  velocity  w(y)  can  be  found  when 
T(y)  is  given.  Consider  the  vortex  strip  with  the  abscissa  t?  and  tho 
infinitesimal  width  dr).     Now,  upon  writing  T'{y)  as  an  abbreviation  for 
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Fig.  178. — Contributions  of  the  semi 
infinite  legs  of  the  horseshoe  vortex. 
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dV/dy,  the  vorticity  of  this  strip  equals  —  r'(íj)  d-q  and  the  down-wash 
velocity  induced  at  a  point  P  of  the  i/-axis  (Fig.  179)  equals 

-V'{r¡)d-n  ^     v'i-n)  dr, 
47r(?7  -  y)       4T(y  -  v) 

It  is  easily  seen  that  this  holds  true  irrespective  of  whether  the  point  P 
lies  on  the  right  or  the  left  side  of  the  vortex  strip  under  consideration. 
The  down-wash  velocity  produced  at  P  by  the  entire  vortex  sheet  there- 
fore  equals 


w(y)  = 


B/2 

1    [ 

47r    J 

-B/2 


T'iv)  dy 

y  -  V 


(10) 


Together  with  Eq.  (8),  this  equation  renders  possible  the  determination 
of  the  function  T(y). 
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Fig.  179. — Contribution  of  a  vortex  element  at  t]  to  the  down-wash  at  y. 

According  to  Prandtl's  hypothesis  the  velocity  distribution  and  con- 
sequently  the  pressure  distribution  along  the  contour  of  any  cross  section 
of  the  wing  determined  by  a  certain  valué  of  y  are  the  same  as  for  the 

two-dimensional  flow  around  this  cross  section  with  Y'  as  the  velocity 
vector  at  infinity  and  with  the  valué  of  V{y)  computed  from  Eqs.  (9) 
and  (10).  According  to  the  Kutta-Joukowski  theorem  the  resultant 
pressure  forcé  exerted  on  a  slice  of  unit  length  in  span  direction  has 
the  valué  L'  =  pV'T(y)  and,  therefore,  for  a  slice  of  the  wing  of  the  thick- 
ness  dy  has  the  magnitude  dF  =  pV'T{y)  dy.     The  forcé  is  perpendicular 

to  the  vector  V,  but  the  magnitude  V  in  the  formula  can  be  replaced  by 
V.  If  the  forcé  dF  is  decomposed  into  two  components  parallel  and 
normal  to  the  direction  of  flight,  the  magnitudes  of  these  components 
are  obtained  by  multiplying  dF  with  sin  e  and  eos  e,  respectively,  where  e 

is  the  small  angle  between  V  and  V.  The  tangent  of  this  small  angle  is 
w/V.     Neglecting  higher  order  terms,  one  has  sin  e  =  w/V,  eos  e  =  1. 


The  forcé  perpendicular  to  V    thus  equals 

dL  =  dF  eos  e  =  dF  =  pVT(y)  dy 


(11') 
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and  that  parallel  to  V, 

11) 
dD  =  dF  sme  =  dFj  =  pwT{y)  dy  (12') 

The  infinitesimal  f  orces  dL  combine  to  the  UJt 

B/2 

L  =  pV    f    T(y)dy  (11) 

-B/2 

and  the  infinitesimal  forces  dD  to  the  drag 

B/2 

D  =  P    f    w{y)V{y)  dy  (12) 

-B/2 

When  T{y)  is  found  from  (9)  and  (10),  lift  and  drag  can  be  determined 
from  (11)  and  (12). 

The  drag  vakie  in  this  argument  is  usually  called  the  induced  drag 
in  order  to  distinguish  it  from  the  parasite  drag,  which  must  be  added  to 
keep  in  accordance  with  the  experimental  evidence  (see  Sec.  VII.l  and 
the  next  section  of  this  chapter).     Tt  may  be  remarked  that  the  induced 

drag  is  a  puré  perfect-fluid  eífect  and 
.oo  j  oo    has  nothing  to  do  with  viscosity.     It 

^  * is  not  correct  to  think  that  in  a  per- 

fect  fluid  drag  cannot  exist  because 
there  is  no  dissipation  of  energy.  If 
the  steady  motion  with  the  body  at 

noo * ^^ ^ ~B°o   rest  is  considered,  no  work  is  done 

^  .      ,         ,         against  tlie  drag.     In  the  diroct  mo- 

FiG.      180. — Two      syminctrH!      hor.scshoc         .  •    i       i        i       i 

vórtices.  tion  witíi  the  body  movmg  through 

a  bulk  of  air  originally  at  rest, 
new  kinetic  energy  in  the  air  can  be  permanently  produced,  which 
accounts  for  the  work  measured  by  the  product  drag  times  velocity. 
This  is  also  true  in  the  case  of  the  Helmholtz  motion  past  a  disk  or  any 
bluff  body  with  a  dead-air  región  downstream.  Here,  too,  the  computed 
(h-ag  is  essentially  a  perfect-fluid  phenomenon. 

The  result  stated  in  the  foregoing  theorem  that  the  velocities  induced 
in  the  7/-z-plane  by  the  horseshoe  vortex  sheet  are  one-half  the  velocities 
induced  by  both  sides  infinite  vortex  Hnes  can  also  be  made  plausible  in 
the  following  way :  Consider  two  adjacent  horseshoe  vortex  lines  as  shown 
in  Fig.  180.  They  are  obviously  equivalent  to  the  two  straight  vortex 
lines  A°°Ai  and  BiB°°  since  the  contributions  of  the  elements  along  AB 
cancel  each  other.  On  the  other  hand,  each  of  the  two  horseshoes  will 
have  the  same  effect  at  any  point  of  the  y-z-p\anc,  and  thus  the  actual 
velocities  induced  in  such  points  are  half  those  induced  by  A°°Ai  and 
BiB"".     Another  result  that  can  be  deduced  in  this  way  or  by  simple 
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direct  computation  is  that  the  velocities  induced  at  a  large  (infinite) 
distance  downstream  by  A'^ABB'"  alone  are  just  the  same  as  would  be 
induced  by  the  vortex  lines  A'^Ai  and  B'^B'^  and  thus  the  double  of  those 
induced  in  the  y-z-plane. 

Problem  9.  Compute  and  discuss  the  velocities  induced  in  the  a;-2-plane  by  a 
horseshoe  vortex  of  vorticity  r  whose  legs  coincide  with  y  =  +b  froni  x  =  —  w  to 
o;  =  0. 

Problem  10.  Using  the  result  of  Prob.  9,  compute  the  velocity  induced  in  the 
plañe  x  =  —  oo  by  the  horseshoe  vortex  sheet,  and  show  that  it  is  twice  the  velocity 
induced  in  the  corresponding  point  x  =  0. 

Problem  11.  As  an  extreme  case  of  F-distribution  one  may  assume  F  =  const. 
over  the  whole  span.  This  means  that  the  vortex  sheet  is  replaced  by  one  single 
horseshoe  vortex  of  vorticity  F  with  its  corners  at 
the  wing  tips.  Discuss  for  this  case  the  down- 
wash  velocity  and  the  drag  in  terms  of  lift  and  the 
drag  coefficient  in  terms  of  lift  coefficient. 

5.  EUiptic    Lift    Distribution.     The 

mathematical  problem  of  determining  the 

vorticity  distribution  T(y)  of  a  given  wing 

from  Eqs.  (8)  and  (9)  vvill  be  discussed  in 

a  general  way  in  the  last  section  of  this 

chapter.     Here,  a  particular  case  in  which 

the  mathematical   work  is   comparatively 

simple  and  which  possesses  a  great  practical  importance  will  be  dealt 

with. 

As  has  been  observed  by  Prandtl,  particularly  simple  relations  are 
obtained  for  the  so-called  "elliptic  lift  distribution"  given  by 


FiG.  181. — Elliptic  F-distribution. 


T{y)  =  To 


^^- 


(13) 


where  Fo  is  a  constant  and  B  denotes  the  span.  The  curve  representing 
the  lift  distribution  r{y)  obviously  is  the  upper  half  of  the  ellipse  shown 
in  Fig.  181 ;  the  equation  of  this  ellipse  is 


©■^1)' 


=  1 


r  has  the  máximum  valué  Fo  in  the  median  plañe  of  the  wing  (y  =  0) 
and  drops  to  zero  at  the  wing  tips  (y  =  ±B/2).  The  elliptic  lift  dis- 
tribution thus  follows  the  general  trend  discussed  in  connection  with 
Fig.  175. 

Differentiating  (13)  with  respect  to  y,  one  obtains 


T'iy)  =  iFo 


1 


mr<-m-n^-mr 
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From  (10)  the  down-wash  velocity  is  then  obtained  as 

B/2 


-B/2 


vdv  ^^^^ 


y  -  V 


This  integral  can  be  reduced  to  one  that  was  evaluated  in  Sec.  VIII. 6. 
Since  the  valúes  of  y  and  t]  are  restricted  to  the  interval  from  —B/2  to 
B/2,  both  2y/B  and  2-q/B  range  from  —1  to  +1.  Aceordingly,  the 
substitution 

^  =  eos  ^,  ¿  =  eos  é  (14') 

X5  B 

is  allowed.  With  this  substitution,  the  expression  [1  —  (2r]/B)-]~- 
occurring  in  (14)  can  be  written  as 

(1   -  C0S2  r^)-y^  ^ 

Furthermore,  from  the  definition  of  d, 

u 

d7¡  =  jy  sin  I?  dd^ 
Expression  (14)  for  the  down-wash  velocity  then  takes  the  forin 

ir  D  E>  "■ 

^    r  ^   —  TT  eos  ?>  Í7-  sin  i>  dt?       _    r       „ ,  „ 

To      /       1  2  2  To      /         eos  t?  di? 


sin  ■& 


tB"'-    i    sin  é       B  ,  „.  2tB    i     eos  tj  —  eos  ?? 

J  —  o"  (eos  (p  —  eos  Ú-)  J 

o  ¿  o 

(15) 

where  the  limits  17  =  —B/2  and  77  =  B/2  of  the  integral  (14)  have  been 
replaced  by  the  corresponding  valúes  ??  =  O  and  ü  =  -w,  respectively. 
The  integral  occurring  in  (15)  has  been  evaluated  in  the  appendix  to 
Chap.  VIII;  it  has  the  valué  — tt.  The  down-wash  velocity  correspond- 
ing to  the  elliptic  lift  distribution  is  thus  seen  to  have  the  constant  valué 

'»  =  S  (16) 

For  a  constant  down-wash  velocity  Ecis.  (11)  and  (12)  reduce  to 

B/2 

L  =  pV   I   l\y)dy  (11") 

-B/2 

and 

B/2 

D  =  pw    j    V(y)dy  =  j,L  (12") 

-fí/2 
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The  definite  integral  occurring  in  these  formulas  equals  the  área  of  the 
semi-ellipse  shown  in  Fig.  181.  Now,  the  axes  of  this  ellipse  ha  ve  the 
lengths  B  and  2ro,  and  the  área  of  the  ellipse  equals  7r/4  times  the  product 
of  these  two  lengths.     Consequently, 

L  =  pV^\B2V,='^pVV,B  (17) 

and 

^  =  1^  =  257^  =  1"^»  ('«> 

The  lift  and  drag  coefficients  defined  in  Sec.  VI.  1  equal 

r     -.  ^  _  tB  Vn  ,    -,, 

"-       Íp/2)V^S       2S  V  ^^^  ^ 

^^  ^  Íp/2)V'S  "  áS  \V)  ^^^'^ 

Eliminating  the  ratio  Tq/V  by  dividing  the  square  of  Cl  by  Cd,  we  obtain 

(72  »2 

^  =  7r^  =  7r^  (19) 

where,  according  to  the  definition  given  in  Eq.  (1),  Chap.  VI,  B^/S  has 
been  replaced  by  the  aspect  ratio  JR.  The  curve  showing  Cl  as  a  func- 
tion  of  Cd  has  been  introduced  in  Sec.  VII.  1  as  the  polar  diagram. 
The  result  expressed  by  Eq.  (18)  therefore  can  be  stated  as  follows:  The 
polar  diagram  of  a  wing  with  elliptic  lift  distribution  is  a  parábola.  The 
vértex  of  this  parábola  coincides  with  the  origin  and  its  axis  with  the  axis  of 
Cn;  the  parameter  equals  7r/R/2.* 

It  has  been  stated  in  Sec.  VII.  1  that  the  polar  diagram  of  a  wing  of 
conventional  design  is  fairly  well  represented  by  an  expression  of  the  form 

f  2 

^''  =  ll  +  « 

where  a  is  a  small  positivo  constant.  The  three-dimensional  wing  theory 
is  thus  seen  to  supply  an  expression  for  the  relation  between  Cd  and  Cl 
that  is  adequate  to  within  a  small  additional  amount  of  drag.  This 
additional  drag  is  due  to  viscosity  effects  that  have  been  neglected  in  the 
theory  given  in  the  foregoing.  It  is  remarkable  that  the  result  derived 
under  the  assumption  of  an  elliptic  lift  distribution  seems  to  be  in  sub- 
stantial  agreement  with  the  observations  covering  a  wide  range  of  con- 
ventional wing  designs.     This  point  will  be  taken  up  later. 

*  It  is  usual  to  cali  p  the  "parameter"  of  the  parábola  y^  =  2px. 
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A  further  assumption  concerning  the  shape  of  the  wing  will  now  be 
introduced.  In  the  theory  developed  in  the  preceding  section  the  profile 
of  the  wing  was  permitted  to  vary  along  the  span.  In  the  foUowing,  it 
will  be  assumed  that  all  cross  sections  of  the  wing  have  the  same  shape, 
only  the  size  determined  by  the  chord  length  being  allowed  to  vary. 
Moreover,  the  wing  is  assumed  to  be  without  twist;  i.e.,  the  zero  lift 
direction  is  the  same  for  all  profiles.  According  to  these  assumptions, 
Eq.  (9)  takes  a  simpler  form:  the  angle  of  incidence  no  longer  depends  on  y 
but  has  a  constant  valué  a',  and  the  factor  K{y)  is  proportional  to  the 
chord  length,  K(y)  =  ikc{y),  where  A;  is  a  constant  depending  only 
on  the  common  shape  of  the  profiles  of  the  wing.  From  the  discussion 
at  the  end  of  Sec.  VIII. 2,  the  constant  k  is  known  to  be  approximately 
2t  for  the  usual  profiles.  Upon  introducing  the  valué  w  from  (IG), 
Eq.  (9)  can  then  be  written  as 


T(y)  =  ikc(y)V 


(•■ 


2BV/ 


(20) 


Since  on  the  right  side  c(y)  is  the  only  quantity  depending  on  y,  the  chord 
length  c{y)  must  be  proportional  to  T(y) : 


c(y)  =  co 


J'  -  (»)' 


(21; 


If  we  introduce  (21)  in  (20),  we  find  that,  according  to  (13),  the  constant 

Co,  that  is  the  chord  length  ai  y  =  O 
is  connected  with  Fo  by  the  relation 


(•• 


n  =  itoy  a' -  ¡^J    (22) 


2BV/ 


A  wing  the  chord  length  of  whicli 
varies  according  to  (21)  will  be  callee! 
an  elliptic  wing.  The  preceding  argu- 
ment  shows  that  an  elliptic  wing  with 
invariable  profile  without  twist  experi- 
enees  an  elliptic  lift  distribution.  The 
chord  length  being  given  by  (21),  the 
plan-form  of  an  elliptic  wing  is  deter- 
mined as  soon  as  the  máximum  chord 
length  Co  and  the  shape  of  either  the 
leading  or  the  trailing  edge  is  given. 
Figure   182  shows  the  plan-forms  of 

some  elliptic  wings  of  the  aspect  ratio  6.     Actual  plan-forms  do  not  deviate 

too  much  from  that  of  an  elliptic  wing. 


Fia. 182. 


-Plan-forms  with  elliptic  chord 
distribution. 
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Equation  (22)  can  be  solved  for  To : 

2BVa' 


Tn   = 


kco 


Introducing  this  in  the  expression  for  Cr.  obtained  from  (17),  we  find  that 


Cr.= 


tBTo  B^       a'  TT/Ra' 


L  =  ttotF  =  •"■ 


2SV  S  ^       4B       ^    ,    45 

kco  kco 

Here  the  ratio  B/cq  can  be  expressed  in  terms  of  the  aspect  ratio  of  the 
wing.  In  fact,  the  área  S  of  an  elliptic  wing  of  the  span  B  and  the 
máximum  chord  Co  equals  the  área  of  a  half  elhpse  with  the  axes  B  and 
2co.     From  S  =  tcoB/4í  the  aspect  ratio  is  obtained  as 

52  ^   4B^  ^  45 

S  TCoB  TTCo 

Consequently,  2B/co  =  ir/R/2.  Introducing  this  in  the  expression  for 
the  Uft  coefficient  already  obtained,  we  find  that 

Since  k  equals  approximately  2t,  this  relation  is  near  to 

^'-  1+2A-R       1+2/^  (^^^ 

which  has  been  given  in  Sec,  VII.  1  as  a  fair  representation  of  empirical 
facts.  The  results  obtained  for  the  wing  of  elliptical  plan-form  hold 
essentially  also  for  rectangular  and  trapezoidal  wing  shapes.  The  small 
corrections  that  can  be  applied  in  these  cases  will  be  developed  in  Sec.  7 
of  this  chapter. 

It  seems  appropriate  to  stress  the  fact  that  the  results  expressed 
by  (19)  and  (23),  i.e.,  the  parabolic  form  of  the  polar  diagram  and 
the  dependence  of  this  form  on  the  aspect  ratio,  and  the  relation  between 
lift  coefficient,  angle  of  attack,  and  aspect  ratio,  were  not  know^n  as 
empirical  facts  before  the  wing  theory  was  developed.  These  facts  as 
well  as  the  existence  of  the  aerodynamic  center  in  the  two-dimensional 
case  have  been  predicted  by  the  theory.  Experiments  carried  out  a 
posteriori  have  confirmed  these  theoretical  predictions  to  a  degree  that 
is  remarkable  in  view  of  the  numerous  idealizations  of  the  theory. 
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/?//- 


speed 


h 


-Bj  — B2 


O 


Problem  12.  A  vving  of  ¿i  =  280  ft.^  and  aspect  ratio  7,  flying  at  10,000  ft. 
altitude  with  a  velocity  of  220  ft./sec,  supports  a  given  weight  of  8500  Ib.  Compute 
the  valué  of  circulation  in  the  middle  plañe  Fo,  the  down-wash  velocity  w,  the  induced 

drag,  the  geometrical  angla  of  incidence  a', 
and  the  effective  angle  of  incidence  a". 
The  r-distribution  is  assumed  to  be  elliptic. 

Problem  13.  An  elliptic  wing  of  aspect 
ratio  6  and  profile-drag  coefficient  a  —  0.02 
works  under  conditions  where  the  lift  to  drag 
ratio  is  15.  What  angle  of  incidence  is  used? 
Compute  also  the  circulation  To  if  the  air 
speed  is  260  ft./sec.  and  the  span  JS  =  40  ft. 

6.  Biplane  Theory.  Another 
achievement  of  Prandtl's  wing  theory 
is  a  satisfactory  accoiint  of  the  mutual 
influence  of  the  wings  of  a  biplane. 
In  the  füllowing  an  outhne  of  this 
biplane  theory  will  be  given.  In  order 
to  simplify  the  argument  as  much  as 
possible,  elliptic  lift  distribution  will  be 
assumed  for  both  wings. 

Figure  183  shows  a  cross  section  of 
the  two  wings  of  a  biplane  without 
stagger.  In  this  case  the  lifting  lines 
replacing  the  two  wings  may  be  as- 
sumed to  lie  in  a  plañe  that  is  perpendicular  to  the  velocity  V  of  the 
undisturbed  stream,  the  distance  h  of  these  lifting  lines  corresponding 
to  the  average  distance  between  the  two  wings.  Each  lifting  line  is 
supposed  to  trail  behind  it  a  horseshoe 
vortex  sheet  of  a  width  equal  to  the 
span  of  the  wing  under  consideration. 
These  vortex  sheets  are  parallel  to  the 
velocity  V  of  the  undisturbed  stream. 
In  the  following  all  quantities  con- 
cerning  the  upper  wing  will  be  given 
the  subscript  1  and  those  concern- 
ing  the  lower  wing  the  subscript  2. 
For  each  point  P\  of  the  upper  lift- 
ing line  (Fig.  184)  and  for  each  point 

Pi  of  the  lower  lifting  line  the  total  down-wash  velocity  induced  by  both 
vortex  sheets  must  be  computed.  If  Wi  is  the  total  down-wash  velocity 
at  Pi  and  a'  the  angle  of  incidence  of  the  corresponding  cross  section 
of  the  upper  wing,  the  circulation  around  this  cross  section  is  then 
assumed  to  equal 


Fig.  183. — Biplane  notation. 


Fig.   184.- 


Biplane  repre.sented  by  two 
vortex  sheets. 
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Ti  =  KV 


K  -y) 


in  accordance  with  Prandtl's  hypothesis  (page  234).  The  factor  K 
depends  on  the  shape  of  the  cross  section  and  is  furnished  by  the  two- 
dimensional  theory.  According  to  (11)  and  (12)  the  hft  and  the  drag 
of  the  upper  wing  are  given  by 

Bi/2  Bi/2 

Li  =  pV     j     Tiiyí)  dyi         and         Di  =  p      í     Ti(yi)wi(yi)  dyi 

-Bi/2  -Bi/2 

In  the  last  formula,  Wi{yi)  can  be  written  as  the  sum  of  the  down-wash 
velocity  wii  induced  by  the  upper  vortex  sheet  and  the  down-wash 
velocity  Wi2  induced  by  the  lower  vortex  sheet  at  the  point  yi  of  the 
upper  wing.     Accordingly, 

Di  =  Dn  +  Dv>  =  pjFíiyOiVniyí)  dyi  +  pfri{yi)wn(yi)  dyi 

where  the  first  term  represents  the  drag  that  the  upper  wing  would 
experience  if  used  as  a  monoplane  wing. 


FiG.  186. — Down-wash  at  the  upper  wing  due  to  the  lower  wing. 

In  order  to  evalúate  Dn,  let  us  determine  the  down-wash  velocity 
Wi2.  As  has  been  shown  in  Sec.  3  of  this  chapter,  the  velocity  component 
parallel  to  the  y-z-plane  that  a  sheet  of  horseshoe  vórtices  induces  at 
a  point  P  oí  this  plañe  equals  one-half  the  velocity  induced  at  P  by 
a  sheet  of  straight  vortex  lines  that  are  parallel  to  the  a:-axis  and  extend 
both  ways  to  infinity,  provided  that  this  sheet  has  the  same  F-distribution 
as  the  original  horseshoe  sheet.  Accordingly,  the  element  of  the  vorticity 
—  r'(?/2)  dy2  at  P2  (Fig.  185)  induces  at  Pi  a  velocity  of  the  magnitude 


4t      r 


dyi 


where  r  denotes  the  distance  P1P2.     Since  this  velocity  is  perpendicular 
to  P1P2,  its  down-wash  component  equals 

_    J_  Ij(2/2) 

47r 


eos  /8  dy^ 
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where  ¡3  denotes  the  angle  between  P1P2  and  the  positive  y-axis.  Now, 
eos  i3  =  (1/2  —  yO/r  and  r-  =  h^  -{-  (2/2  —  yi)^.  The  down-wash  veloeity 
induced  at  Pi  thus  can  be  written  as 


B2/2 

'^  +  (í/2  -  yO^ 


wi.(yd  =  -^    I    j^.  I\.   í\.  ,,n(y,)  dy. 


-B2/2 

The  integral  can  be  transformed  by  means  of  an  integration  by  parts 
according  to  ju  dv  =  uv  —  jv  du,  where 


^  =  n.+\y/jy^)2         dv  =  Kiy,)  dy. 


and  consequently 


h' -^  (y.  -  y^V  -  2{y,  -  y,y         ^     h'  -  {y,  -  y, Y 

[h''  +  (2/2  -  y.YY  ^'      [/i^  +  (2/2  -  y.n 


It  follows,  since  the  fimction  V'i{y-^  vanishes  for  the  Hmits  y^  =  +B2/2, 
that 

-B2/2 
With  this  vahíe  of  W12  the  expression  for  Dio  furnishes 

Bi/2       B2/2 
-Bi/2   -B2/2 

The  valué  of  this  expression  is  not  altered  if  yi  and  yo  are  made  to  change 
roles.  Consequently,  the  drag  D12  induced  on  wing  1  by  vortex  sheet 
2  and  the  drag  D21  induced  on  wing  2  by  vortex  sheet  1  have  the  same 
valué.     The  total  drag  of  the  biplane  thus  equals 

D  =  Di  +  D.  =  (Z)„  +  Dn)  +  (/)2i  +  Doo)  =  Dn  +  2D,o  +  D22 

where  Dn  and  D22  are  the  drags  that  the  wings  would  experience  if  used 
separately  as  monoplane  wings,  while  2Di2  is  the  additional  drag  due  to 
the  mutual  influence  of  the  wings,  found  in  (24). 

If  both  wings  have  elliptic  lift  distributions,  the  relations  already 
obtained  can  be  evaluated  without  much  difficulty.  In  the  case  of  a 
monoplane  wing  with  eUiptic  lift  distribu tion,  Eqs.  (13)  and  (17)  give 


^(^)=j«V'-(iy        (^^) 
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Furthermore,  from  (17)  and  (18)  tlie  drag  is  seen  to  equal 

AL   Y  ^      2     L^ 


D  = 


T     í  4L  Y 

8  ^  VpF^y 


(26) 


Relation  (25)  holds  tme,  if  either  the  subscript  1  or  the  subscript  2  is 
attached  to  r,  y,  L,  B,  and  relation  (26)  furnishes  Dn  or  D22  according  to 
whether  the  subscript  1  or  2  is  attached  to  L  and  B  on  the  right-hand 
side.     The  drag  Í>i2  is  then  found  from  (24)  as 

Bi/2       B2/2 
4L1L2 


2>i 


TT^pVBiB, 


■Bi/2  -B2/2 


ii'^mib-m 


X 


/i^  -  {y 2  -  yiY 


dyi  dy-í 


[h'  +  (2/2  -  yiY? 

Upon  introducing  íji  =  2yi/Bi  and   t/o  =  2yilBi  as  new  variables   of 
integration,  the  limits  of  both  inte- 
gráis become  —  1  and  + 1 ,  and  Í>i2  can 
be  written  rn  the  form 


i)l2 


ZLj\Lji 


-KpVBxBi 


(27) 


where 


BxB. 

2x2/í2 


V(l  -  >??)(!  -  r?!) 


X 


/Bo  B,     \ 


1  + 


{B,  B,     \ 


dr}i  dr]2 


Since  the  expression  under  the  integral 

sign  is  a  function  of  771  and  7/2,  depend- 

ing  on  the  parameters  Bi/h  and  B2/h, 

the  so-called  " interference  factor"  <r 

can  be  evaluated  for  each  combination 

of  these  ratios.     The  results  of  the 

rather  laborious  numerical  computa- 

tions  are  shown  in  Fig.  186,  where  the  span  ratio  B2/B1  and  the  ratio 

2h/{Bi  +  ^2)  of  the  gap  h  to  the  average  span  have  been  used  as  the 

independent  parameters.     In  preparing  this  figure  it  has  been  assumed 

that  B2  ^  Bi.     However,  the  fact  that  wing  1  is  the  upper  one  has  not 

been  used  in  the  preceding  argument.     Figure  186  therefore  furnishes  the 


0.40       0.50       0.60       0.70 
Interference  fador,  a 

Fig.  186. — Biplane  interference. 
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interference  factor  for  all  cases,  provided  that  the  wing  of  greater  span 
is  labeled  1. 

Upon  using  the  valúes  of  Du  and  D22  as  furnished  by  (26),  the  total 
drag  of  the  biplane  is  obtained  as 

o        /r 2  T    T.  T2\ 

(28) 


D 

=  Du 

+  2Z)i2 

+i)22    = 

7rp72\ 

+  2a 

L1L2       j 
B1B2 

Upon 

introducing  the  coefficients 

Cn  = 

D 

Cl,  = 

2  ^  "- 

» 

Clí 

where  S  denotes  the  sum  of  the  áreas  of  the  two  wings,  Eq.  (28)  yields 

^°  "  T  \B\  ^"''  ^'^"B^B^  ^^'^^^  +  B\  ^^^7 

This  relation,  which  corresponds  to  (19),  shows  that  the  drag  coefficient 
of  a  biplane  is  a  quadratic  form  of  Cl^  and  Cl.,  the  coefñcients  depending 
on  the  interference  factor  a  and  the  aspect  ratios  ByS,  B1B2/S,  ByS. 
Introducing  the  ratios 

Bi  L2 

B-r'^    rr" 

it  follows  that  Li  =  L/(l  +  v),  U  =  vL/{\--{-  v)  with  L  =  Li  +  La. 
Then  (28)  can  be  written  as 

TTpVBi    m'(i  +  vy  ^    ^ 

The  first  term  represents  the  drag  of  a  monoplane  with  lift  L  and  span  Bi. 
Therefore,  if  we  define  the  factor  M  by 

M-  ('  +  '^^ 


Vm'  +  2mw  +  v^ 
(28')  takes  the  form 

2L2 


D  = 


TpViMBí)' 


This  M  is  often  called  Munk's  span  factor;  MBi  the  equivalent  monoplane 
span;  and  (MBi^/S  the  equivalent  monoplane  aspect  ratio. 

In  designing  a  biplane  with  given  valúes  of  B2/B1  and  2h/(Bi  +  B2), 
the  ratio  L1/L2  can  be  assigned  an  arbitrary  valué  by  disposing  of  the 
chord  lengths  and  the  angles  of  incidence  of  the  two  wings  in  a  suitable 
manner.  It  is  therefore  reasonable  to  ask  which  valué  of  L1/L2  gives 
the  smallest  possible  drag  D  for  a  given  valué  of  the  total  lift  Li  +  L2. 
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According  to  well-known  rules  the  extreme  valúes  of  a  function  of  Li  and 
L2  for  a  given  valué  of  Li  -\-  L2  are  reached  where  the  partial  derivatives 
of  this  function  with  respect  to  Li  and  L2  are  equal.  Computing  these 
derivatives  from  (28),  we  find  that 


or 


and 

Lr+U       I-  2aB2/Bi  +  (Bo/Bx)^ 
Substitution  of  this  in  (28)  furnishes,  after  some  transformations, 

D  .    = - — ^ - ('29) 

°"°       7r(p/2)V'Bl    1  -  2<tBo/5i  +  {B2/B,y  ^  ^ 

The  second  factor  thus  gives  the  optimum  valué  of  Munk's  span  factor, 


L^ 

^            j^2 

U 

1        ^' 

Bl 

'   'B,B 

2      Bl 

BiBi 

L, 

B,/B, 

—  a 

U 

B2/B, 

—    (T 

L, 

1  - 

(TB2/B1 

_        1   -  2crM  +  M^ 
^-'  -  yj         1   _  ^2 

which  is  reached  when  the  lift  ratio  v  is  connected  with  the  span  ratio  fx 
by  the  above  relation : 

^        H  —  a- 

'         (l/M)-cr 

Note  that  a  depends  on  2h/{Bi  +  B-2)  as  well  as  on  B¿/Bx. 

All  the  formulas  in  this  section  are  valid  in  the  case  of  elliptic  lift 
distribution  on  both  wings.  For  actual  wings  with,  in  general,  a  some- 
what  different  distribution,  the  formula 


TrpV\MBiY  "         Tr{MB\)/S         7rilf2^ 

can  be  maintained  if  the  span  factor  M  is  given  a  more  general  meaning. 
It  then  must  be  defined  as  an  average  valué  of 

Cl 

for  various  angles  of  attack.  If  this  idea  is  applied  to  a  monoplane,  it 
turns  out  that  M'^  is  shghtly  smaller  than  1,  between  0.90  and  0.95,  and  in 
the  case  of  biplanes  90  to  95  per  cent  of  the  above  valué 

m(1  +  y) 

Vm^  +  2mw  +  1/2 
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Problem  14.  Compute  the  equivalent  monoplane  span  for  a  biplane  whose  upper 
and  lower  spans  are  42  ft.  and  36  ft.,  respectively,  the  gap  being  6  ft.,  if  60  per  cent  of 
the  total  weight  is  supported  by  the  upper  and  40  per  cent  by  the  lower  wing. 

Problem  15.  If  the  two  spans  and  the  gap  have  the  valúes  used  in  the  preceding 
problem,  compute  the  optimum  lift  ratio  and  the  corresponding  span  factor. 

7.  General  Lift  Distribution.  The  expressions  for  lift  and  drag 
coefficients  found  in  Sec.  4  of  this  chapter  were  derived  under  the  assump- 
tion  that  the  down-wash  velocity  w  has  a  constant  valué  over  the  span. 
It  was  also  seen  that  w  =  const.  can  be  reached  with  a  wing  of  elliptic 
plan-form  and  uniform  profiles  without  twist.  But  the  general  equations 
(9)  and  (10),  which  establish  two  relations  between  the  distributions  of 
vorticity  T(y)  and  of  down-wash  w(y),  allow  us  to  deduce  expressions 
for  both  functions  in  the  case  of  an  arbitrarily  given  wing  shape.  Lift 
and  drag  coefficients  can  then  be  derived  from  F  and  w.  The  mathe- 
matics  to  be  used  is  much  the  same  as  that  which  served  in  the  thin-wing 
theory  in  Chap.  VIII. 

The  wing  will  be  supposed  to  be  given  by  its  plan-form  expressed  in 
the  form  c(y),  that  is,  chord  length  as  function  of  y,  and  by  its  twist 
expressed  as  ao(y),  that  is,  zero  lift  angle  for  each  y.  Moreover,  the 
two-dimensional  problem  for  each  profile  will  be  supposed  to  be  solved 
as  far  as  the  radius  a  of  the  mapping  circle  is  concerned.  That  is,  for 
each  profile  the  ratio  a/c  and  thus  the  coefficient  K{y)  in  (9), 

K(y)  -  4x0  =  4t  ^(y)c(y)  (30) 

are  supposed  to  be  known.     In  most  cases,  it  will  be  sufficient  to  attribute 
the  valué  i  to  the  ratio  a/c  so  as  to  have 

K(y)  =  rc(y)  (300 

In  both  equations  (9)  and  (10)  we  introduce  the  angular  variables 
<p  and  t?  instead  of  y  and  -q  as  in  (14')  by 

D  D 

y  =  -  -  eos  <p,         7j  =  -  "2  eos  ?? 
They  then  can  be  written  in  the  form 

TT 

'^(y)  =  r*-  =  K^v  (a/  — ^ );       w(y)  =  If *.  =  T-  D  /  — ^—^ 

^"^^  ^  *>      y^   <f  yj  \ay  v        ¿ÍTT  B  J     eos  t?  —  eos  (p 

O 

(31) 

where  dT^  stands  for  T'(r])  dt}  or  {dV^/dd)  d^.     To  solve  these  equations, 
suppose  r^  developed  in  a  trigonometric  series: 

r^  =  2BV{Ai  sin  <p  +  A.  sin  2<^  +  Ag  sin  3<p  -{-   ■  -  -  )         (32) 
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where  the  Ai,  A2,  A3,  .  .  .  are  unknown  (dimensionless)  constants  to  be 
determined  by  Eqs.  (31).  Cosine  terms  are  omitted  since  F^  has  to  be 
assumed  as  vanishing  at  the  points  y  =  +  B/2  or  ^  =  O,  ir.  To  intro- 
duce (32)  into  the  second  equation  (31),  compute  first 

dV^  =  2BV{Ai  eos  <p  -{-2A2  eos  2^  +  3.43  eos  3.^  +   •  •  •  )      (33) 

Upon  replacing  tp  by  ?>  in  this  expression  and  introducing  it  in  the  second 
equation  (31),  the  nth  term  on  the  right-hand  side  oí"  the  expression  for 
10^  becomes 

1     ODT7    A      í         eos  n??         ,_       nAnV  I    f    con  nú  sin  <p     ,^      ,_,, 

ic—^2BVnAn   /    ^ dé  =  -. / ~  dd     (34) 

2TrB  J    eos  ü  —  eos  <p  sin  <p  tt  J    eos  ü  —  eos  ^ 

o  o 

The  last  integral  is  exactly  the  same  as  that  considered  in  Eq.  (29), 
Chap.  VIII.  It  was  proved  in  the  Appendix  to  Chap.  VIII  that  its 
valué  is  TT  sin  ntp.     Thus, 

V 

w^  = (^1  sin  (p  +  2.42  sm  2<p  +  3^43  sin  3^?  +   •  •  •  )      (35) 

sin  (p 

The  first  equation  (31)  can  be  written  as 

r^  +  K^w^  =  VK^a/ 

On  the  left-hand  side,  introduce  F^  from  (32)  and  w^  from  (35).  Then, 
dividing  by  2BV,  we  find 

A    í  •  ,    KÁ    ,     .    /  .     o      I    2i^^  sin  2<p\ 

/  .  ^K^  sin  3<p\  K^      ,  . 

+  As[sm3<p-}--^-^^j+   -  '  ■   =^a,      (36) 

This  equation  determines  the  coefficients  Ai,  A 2,  A 3,  .  .  .  if  for  each  tp 
(i.e.,  for  each  y)  the  valué  of  incidence  a'  and  the  valué  of  K,  i.e.,  47r  times 
the  radius  of  the  mapping  circle,  or  approximately  ir  times  the  chord  length  c, 
are  given. 

The  type  of  Eq.  (36)  is  an  unusual  one.  There  is  a  denumerably 
infinite  number  of  unknowns  subject  to  the  condition  that  the  equality 
holds  for  all  valúes  of  the  continuous  variable  ¡p  from  O  to  r.  Without 
making  any  attempt  at  a  discussion  from  an  exact  mathematical  stand- 
point,  the  following  method  of  obtaining  an  approximate  solution  may 
be  recommended: 

Let  US  assume  that  a  finite  number  n  of  terms  in  (32)  is  sufficient  to 
determine  F^.  In  this  case,  only  w  unknowns  ^1,  A 2,  .  .  .  ,  Anappearin 
Eq.  (36).  On  the  other  hand,  we  are  content  to  fulfill  relation  (36) 
only  for  n  suitably  chosen  valúes  of  <p,  say,  ^1,  ^2,  •  .  .  ,  ^n-     Then, 
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writing  down  Eq.  (36)  for  each  of  these  ^-valúes,  we  have  simply  a 
system  of  n  linear  equations  for  the  n  unknowns  Ai,  A2,  -  ■  ■  ,  An.  This 
method  was  devised  and  applied  to  several  cases  by  Glauert.  How  it 
works  out  will  be  seen  in  the  subsequent  examples.  First  we  may 
assume  that  the  coefficients  Ai,  A-2,  etc.,  are  found  and  then  ask  what 
conclusions  they  allow  concerning  hft  and  drag  as  given  by  Eqs.  (10) 
and  (11)  in  Sec.  3  of  this  chapter. 

Using  the  transformation   (14'),   we  find  dy  =  (B/2)  sin  (p  d<p  and 
therefore,  from  (10)  and  (11), 

ir 

L  =  ^BV       T^áiKp  dip  (37) 

o 

7r 

D  =  ^B       w^T^  sin  (p  dtp  (38) 

o 

If  r^  is  substituted  from  (32)  in  the  first  of  these  equations  we  have  on 
the  right  side  integráis  over  products  sin  tp  sin  n^;  these  all  vanish  except 
the  first  with  n  =  1,  and  this  has  the  valué  ir/2,  as  we  know: 


/=  O  ioY  n  9^  m 

sin  mip  sin  rup  dip 
=  \  forn  =  m     (39) 

o  ^ 

Henee,  the  lift  depends  on  the  first  coefficient  A 1  only : 

L  =  ^BV(2BV)Ail  =  pB^'^'^Ai  (40) 

In  the  expression  for  D  the  product  of  the  two  series  (32)  and  (35) 
appears,  the  factor  sin  tp  in  (38)  canceling  out  against  the  denominator 
in  (35).  The  product  includes  terms  of  the  form  sin  Mip  sin  n<í>;  and, 
again,  all  those  with  n  9^  m  vanish  according  to  (39),  while  those  with 
n  —  m  give  the  integral  valué  7r/2.     Therefore, 

D  =  |B(2fiF)F|(^?  + 2^11  +  3^1+   •  •  •  ) 

^  pBW''^(A]-\-2Al-^3A¡-\-  '  '  -  ).     (41) 
This  can  be  written  as 

D  =  pIbWAKI  -^  8)         with         8  =       '^  ^  .1  ^ (41') 
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On  passing  to  the  coefficients  C l  and  Cd,  the  Eqs.  (40)  and  (41')  supply 

Ci  =  TT  -^  Al  =  TT/RAi,         Cd  =  irJRAlO-  +  á)  (42) 


and 


C;,       1  +  5  ^^^  ^ 


These  formulas  replace  (17'),  (18'),  and  (19),  which  were  found  for  the 
case  of  elliptic  lift  distribution  in  the  preceding  section. 

Let  US  now  see  under  what  conditions  the  drag  coeíRcient  Cd  will  be  a 
minimum  for  a  given  valué  of  Cl  and  a  given  aspect  ratio.  It  is  clear 
from  (42)  that  to  give  Cl  and  the  aspect  ratio  is  the  same  as  to  give  A]. 
On  the  other  hand,  it  follows  from  the  definition  of  5  in  (41')  that  5 
cannot  be  negative.  Thus  the  smallest  Cd  will  be  obtained  if  5  =  0;  and 
this  implies,  as  (41')  shows,  that  all  coefficients  A2  =  Az  =  •  •  •  =0. 
That  is,  the  ''best"  wing  in  the  sense  mentioned  will  be  the  wing  for 
which  expression  (32)  for  T^  reduces  to  the  first  term.  But,  according 
to  y  =  —  (B/2)  eos  (f,  this  means 

r^  =  T(y)  =  2tVAi  sin  <p  =  2BVA,  Jl  -  ^  (43) 

This  is  exactly  the  formula  for  the  elliptic  lift  distribution  with 

To  =  2BVAi. 

The  very  interesting  result  can  be  stated  as  follows:  For  a  given  aspect 
ratio  the  wing  that  has  the  smallest  drag  for  a  given  lift  is  the  wing  with 
elliptic  T-distribution. 

In  the  general  case  the  relations  (42)  and  (42')  hold.  The  latter  must 
not  be  misunderstood.  It  does  not  mean  that  the  polar  curve,  relating 
Cl  and  Cd,  is  always  a  parábola.  For  the  expression  5  depends  on  the 
coefficients  A2,  A3,  .  .  .  ,  and  these  are  determined  by  Eq.  (36),  which 
includes  a'.  Thus  8  depends  on  the  angle  of  incidence  and,  in  general,  is 
not  a  constant  if  the  Cl-  and  Cu-values  for  variable  a   are  considered. 

Let  US  now  proceed  to  the  computation  of  the  coefficients  Ai,  A2,  etc., 
for  a  given  wing.  As  already  stated,  we  choose  a  number  n  of  v^-values 
and  ask  that  (36)  shall  be  satisfied  for  these  (p  by  an  equal  number  of 
A-values.  It  will  be  suitable  to  use  an  odd  number  n  and  to  take  one  <p 
equal  to  7r/2  and  the  others  symmetrical  and  equidistant.  For  example, 
with  n  =  7, 

<Pi  =  22.5°,       <p2  =  45°,      <p3  =  67.5°,      ^4  =  90°,  •  •  •  ,      <pt  =  157.5° 

With  this  kind  of  cholee  the  computation  work  is  considerably  reduced 
owing  to  the  symmetry.     If  one  chosen  valué  is  <pi  and  another  r  —  <pi, 
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the  corresponding  points  on  the  wing  are  symmetrical  and  K^  and  a^'  will 
have  the  same  valué  in  both  cases,  say,  Ki  and  a[.  The  two  equations, 
for  (pi  and  tt  —  (pi,  then  are 

/  .  SiTi  sm  3(^i\ 

\  2B    sin  (pi  ) 

/  .  3iíi  sin  3<^A 

+  A3  I  sin  3v?i  +   o^  — I 

\  2B   sm  (pi  / 


+ 


25"^ 


25"^ 


The  terms  1,  3,  5,  .  .  .  on  the  left-hand  side  remained  unchanged,  while 
the  others  change  their  signs.  Now,  the  two  equations  can  be  replaced 
by  their  sum  and  their  difference.  If  the  difference  is  taken,  only  the 
terms  including  A2,  A  a,  A  6,  .  .  .  remain  and  on  the  right-hand  side 
we  have  zeros.     Thus  the  equations  can  be  satisfied  by  setting 

^2  =  ^44  =  ^6=    •  •  •   =0. 

If  the  sum  is  taken  and  divided  by  2,  only  the  first  equation  without 
the  terms  of  even  order  remains.  Thus,  with  n  =  7,  only  four  equations 
with  the  unknowns  Ai,  A3,  Aó,  yl?  have  to  be  solved.  With  the  fore- 
going  given  valúes  of  ^1,  v'2,  .  .  .  and  writing  ai  for  Ki/2B,  a^  for 
K2/2B,  .  .  .  ,  61  for  Kia[/2B,  h^  for  K20C2/2B,  etc.,  the  equations  are 

Ai(0.383  +  ai)  +  A  3(0.924  +  7.24ai) 

+  ^5(0.924  +  12.06ai)  +  ^7(0.383  +  7.00ai)  =  61 

Ai(0.707  +  aa)  +  A  3(0.707  +  3.00a2) 

+  A5(-0.707-5.00a2)+A7(-0.707-7.00a2)  =  62 
Ai(0.924  +  as)  +  A3( -0.383  -  1.244a3)  (44) 

+  A 5( -0.383  -  2.07203)  +  A 7(0.924  +  7.00a3)  =  63 

A  1(1.000  +  ai)  +  A3(- 1.000  -  3.00a4) 

+  A5(1.000  +  5.00a4)  +  A7(-1.000  -  7.00a4)  =  64 

The  following  solutions  may  be  indicated: 

a.  Rectangular  Wing  without  Twist,  Aspect  Ratio  7.  If  K^  is  taken  as 
7rc,  it  follows  that  ai  =  a2  =  as  =  a4  =  7r/2.í^  =  0.224.  On  the  right- 
hand  side  all  b  have  the  same  valué  0.224a:'  and  the  solutions  for  the  A  are 
proportional  to  it.  Thus  we  solve  for  61  =  62  =  &3  =  &4  =  1,  and  the 
final  result  is  found  in  the  form 

^^      =  0.9520,  ^-:,  =  0.1225,  j^4¿rj  =  00258,  p,-^^,  =  0.0050 


0.224«'       "•— -'  0.224a'       -— ">  o.224a'       "•"— '  0.224a' 
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Therefore  the  lift  coefficient,  according  to  (42),  is 

Cl  =  T/RAi  =  Y  ^  0.952a'  =  4.70a;' 

as  compared  with  the  valué  (147r/9)Q:'  =  4.89q;'  for  elliptic  lift  distribu- 
tion.     To  find  the  drag  coefficient  we  compute 

8  =  3^1  +  Y/  +  ^"^'  =  0.0557 

and  this  gives,  according  to  the  second  equation  (42), 

Cd  =  irMAKl  +  5)  =  ClAi(1  +  5)  =  4.7a'  X  0.952  X  0.224a'  X  1.0557 

=  1.058a'- 

as  compared  with  Cd  =  CI/7t  =  1.085a'-  in  the  case  of  the  elliptic  wing. 
h.  Rectangular  Twisted  Wing,  /R  =  7.  The  valúes  of  ai,  a^,  .  .  .  are 
the  same  as  in  the  first  example.  The  twist  may  be  assumed  as  a  linear 
decrease  of  a  along  the  span,  from  a  valué  aó  in  the  middle  plañe  to 
aó/2  at  the  wing  tips.  As  y  is  proportional  to  eos  tp,  this  means  that,  for 
the  left  half  wing, 

a'  =  aó(l  —  i  eos  (f) 

and  this  gives  the  four  valúes  of  h,  except  for  the  factor  0.224aó, 

0.538,         0.646,         0.809,         1.000 

If  the  equations  (44)  are  solved  for  these  valúes  on  the  right-hand  side,  the 
valúes  of  A  become,  except  for  the  factor  0.224a'o, 

0.7410,         -0.00375,         0.03115,         -0.00770 

and  5  =  0.0172.     This  gives  the  lift  and  drag  coefficients  according  to 

(42): 


Cl  =  3.65aí,  =  4.86  ^;  Cd  =  0.62a^2  _  i_io 


{¥)' 


Here  3aó/4  is  introduced  since  this  is  the  mean  angle  of  incidence.  The 
coefficients  are  then  almost  the  same  as  in  the  former  case.  By  combin- 
ing  this  solution  with  the  first,  the  solution  for  any  other  degree  of  linear 
twist  can  be  found  without  solving  any  other  system  of  linear  equations. 
c.  Tapered  Wing  without  Twist,  JR  =  7.  TJie  chord  length  is  assumed 
to  follow  the  equation 

c^  =  Co(l  —  i  eos  <p) 

The  aspect  ratio  in  this  case  is  found  to  be  4J5/3co.     Thus,  in  our  case, 
B/co  =  5.25,  and 
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With  the  foregoing  valúes  of  <p,  we  obtain 

ai  =  0.161,         as  =  0.193,         as  =  0.242,         ai  =  0.299 
On  the  right-hand  side  we  shoiild  have 

bi  =  aia' ,  ho  =  a^a',   •  •  • 

Thus,  61:62:    .  .  .    =  ai:a2:   .  .  .  .     We  solve  for 

61  =  0.538,         62  =  0.646,         63  =  0.809,         64  =  1.000 
and  find  the  result  in  the  form 

"^^      =  0.737,  ,^4éT->  =  0.0236,  ^^4^,  =  0.0318,  j^4L:'  =  -0.0024 


0.299a'  '0.299«'  '0.299a'  '0.299a 

This  allows  us  to  compute  the  lift  coefficient  according  to  (42). 

Cl  =  ttMAi  =  4.84a' 

With  the  5  according  to  (41')  the  drag  coefñcient  becomes 

Cd  =  ttJRAI  X  1.003  =  1.06a'2 

These  results  compare  with  Cl  =  4.89a'  and  Cd  =  1.085a'2  in  the 
case  of  the  elliptic  lift  distribution.  It  is  seen  that  the  tapered  wing 
approaches  closer  than  the  rectangular  wing  the  conditions  of  elliptic 
distribution. 

The  taper  ratio  was  here  assumed  as  1 : 2  (máximum  chord  to  chord 
at  the  wing  tips).  The  same  kind  of  computation  leads  to  the  required 
results  for  any  other  valué  of  the  taper  ratio,  also. 

d.  Tapered  Wing  ivith  Twist,  JR  =  7.  The  same  formula  for  the 
twist  is  applied  as  in  case  b.  The  valúes  of  ai,  üo,  .  .  .  are  the  same 
as  in  case  c,  and  the  new  valúes  for  the  right-hand  sides  are 

^  a/  =  0.299(1  -  i  eos  <p)^a', 
Thus  we  solve  (44)  for 

61  =  0.289,         62  =  0.417,         63  =  0.654,         64  =  1.000 
and  find  the  solutions  for  the  quantities  Ai  except  for  the  factor  0.299aó. 

0.585         -0.056        0.037         -0.012 
This  gives,  in  the  same  way  as  before, 

Cl  =  3.84a;,  5  =  0.014,  Cd  =  0.68a'o2 

and  by  combination  with  the  results  of  case  c  the  valúes  for  different 
twist  ratios  can  be  found.  When  referred  to  the  mean  angle  3ay4,  the 
coefficients  are  again  almost  the  same  as  in  the  earlier  cases. 
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A  problem  which,  in  a  certain  sense,  is  inverse  to  that  treated  in  this 
section,  viz.,  finding  the  twist  of  a  wing  for  given  plan-form  and  given  lift 
distribution,  will  be  briefly  discussed  in  Sec.  X.3. 

Problem  16.  Show  that  the  polar  curve  for  a  rectangular  untwisted  wing  has  the 
same  form  Co  =  a  +  (Cl/b)  (Chap.  VII)  as  it  has  in  the  case  of  eUiptic  lift  distribution. 
Compute  the  theoretical  valué  of  b  for  ^  =  7,  6,  and  5. 

Problem  17.  Give  the  relation  between  the  geometrical  angle  of  incidence  a' 
and  the  effective  angle  of  incidence  a"  at  aU  points  of  the  span  for  a  rectangular 
untwisted  wing  of  ^  =  7. 

Problem  18.  A  rectangular  wing  of  ^  =  7  is  twisted  in  such  a  way  that  the 
angle  of  incidence  decreases  linearly  from  its  valué  at  the  center  «ó  to  zero  at  the  wing 
tips.  Compute,  by  combining  the  solutions  of  Eqs.  (43)  given  under  cases  a  and  6, 
the  valué  of  Cl  and  of  5. 

*Problem  19.  For  a  rectangular  wing  with  a  definite  twist  the  relation  between 
the  incidence  in  the  center  and  the  incidence  at  y  =  —  B/2  eos  <p  has  the  form 

a^     =  Uq   +  C  eos  tp. 

Ueing  the  method  of  the  preceding  problem,  discuss  the  relation  between  Cl  and  «q 
and  between  6  and  a^.     Take,  in  particular,  the  aspect  ratio  ^  =  7  and 

c  =  3°  =  0.0524. 

Show  that  the  polar  curve  is  no  longer  a  parábola. 

Problem  20.  Use  the  approximation  method  established  in  the  preceding  section 
to  compute  lift  and  drag  for  an  untwisted  wing  of  elliptic  plan-form  (/R  =  6),  and 
compare  the  result  with  the  previously  found  exact  solution. 

Problem  21.  A  rectangular  wing  of  aspect  ratio  7  is  twisted  in  such  a  way  that  in 
normal  flight  the  incidence  decreases  from  its  valué  a^  at  the  center  to  zero  at  the 
mng  tip  according  to  the  parabolic  law  a¡¡  —  a'  =  const.  y^.  Compute  lift  and  drag 
coefficient,  in  particular  for  a'^  =  7°. 


CHAPTER  X 
ADDITIONAL  FACTS  ABOUT  WINGS 

1.  Stalling.  In  the  discussion  of  the  empirical  airfoil  data  in  Chap. 
VII  it  was  stated  that  the  lift  coefficient  increases  proportionally  to  the 
angle  of  incidence  only  up  to  a  certain  point,  which  is  called  the  stalling 
point.  For  the  usual  profiles  staUing  occurs  at  Ci-values  between  1.2 
and  1.5.  At  the  staUing  point  the  Cl  vs.  a-curve,  as  a  rule,  shows  a 
sharp  bend;  in  any  case,  there  is  no  further  increase  at  the  same  rate 
as  before  (see  Figs.  115  to  117).  This  behavior  diífers  strikingly  from 
that  predicted  by  the  airfoil  theory.  If  the  range  of  the  angles  of 
incidence  in  the  experiments  is  extended  farther,  it  is  seen  that  Cl  drops 
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Fio.  187. — Cl  vs.  a-cvirve  for  an  extended  angvilar  range. 

to  nearly  zero  for  a  =  90°  (Fig.  187),  while  formula  (U),  Sec.  VI 1 1. 2, 
gives  the  greatest  valué  of  Cl  for  a  =  90°.  It  is  obvious  that  at  a  =  90° 
the  problem  is  rather  that  of  the  motion  past  a  rectangular  píate  opposed 
to  the  direction  of  flow.  It  was  seen  in  Chap.  IV  that  in  this  case  a 
dead-air  región  occurs  in  the  rear,  with  two  discontinuity  surfaces 
starting  at  the  edges  (Helmholtz  flow).  This  flow  pattern  has  evidently 
no  resemblance  to  what  was  envisaged  in  the  wing  theory. 

As  will  be  shown  in  Sec.  XIV.  1,  the  velocity  of  an  airplane  of  given 
weight  in  steady  level  flight  is  inversely  proportional  to  the  square  root  of 
Cl.  The  greatest  available  Cl  therefore  determines  the  smallest  possible 
velocity.     With  a  vicw  to  safety  in  landing  the  dcsigner  is  interested  in 
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keeping  this  lower  limit  of  the  velocity  of  the  airplane  as  low  as  possible, 
considering  the  other  performance  requirements.  Henee  the  great 
importance  attributed  to  the  problem  of  staUing. 

If  the  motion  of  air  around  an  airfoil  is  made  visible  by  smoke,  the 
floAv,  which  for  small  angles  of  incidence  a'  follows  the  contour  of  the 
profile,  is  seen  to  change  into  a  discontinuous  pattern  when  a'  reaches 
the  stalHng  valué  a'g  (Fig.  188).  At  a  certain  point  near  the  nose  the 
flow  separates,  and  a  región  of  dead  air  appears  on  the  upper  surface 
of  the  wing.     Since  the  underpressure  on  the  upper  surface  of  the  wing 


íct) 

Below  s-fcillíng 


Fig, 


id) 

Be^ond  stallíng 

188. — Flow  pattern  below  and  beyond  stalling. 


contributes  to  the  hft  to  a  much  greater  extent  than  the  overpressure 
on  the  lower  surface,  the  lift  must  decrease  rapidly  as  the  región  of  dead 
air  develops.  In  fact,  according  to  the  theory  of  perfect  fluids  the  pres- 
sure  in  the  dead  air  would  equal  the  pressure  in  the  undisturbed  stream 
at  an  infinite  distance  in  the  rear  of  the  wing,  i.e.,  the  atmospheric  pres- 
sure. The  actual  pressure  behind  the  separation  point  will  be  slightly 
smaller.  Up  to  angles  of  incidence  of  about  30°  the  observed  shape  of 
the  dead-air  región  agrees  roughly  with  the  predictions  that  can  be 
made  on  the  basis  of  Helmholtz's  theory  of  the  discontinuous  flow  past 
an  inclined  fíat  píate. 

The  theory  of  perfect  fluids  can  be  applied  only  on  the  basis  of  the 
hydraulic  hypothesis  (Sec.  IV. 3),  as  follows:  In  the  continuous  flow 
pattern  occurring  below  the  stalling  point  the  free  stream  is  turbulent; 
i.e.,  the  theoretical  valúes  of  velocity  and  pressure  materialize  only  as 
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FiG.  189. — Separation  at  (S. 


averages  of  fluctuating  valúes.  In  the  immediate  neighborhood  of 
the  wing  surface  only,  within  an  extremely  narrow  boundary  layer,  the 
veloeity  drops  rapidly  from  its  valué  in  the  free  stream  to  zero.  The 
turbulent  fluctuations  may  be  small,  but  there  is  no  doubt  that  their 
intensity  has  a  considerable  influence  on  the  occurrence  of  the  separation 
that  leads  to  stalling. 

Even  at  angles  of  incidence  far  below  the  critica!  valué  a'g  a  small 
región  of  dead  air  may  be  observed  hehind  the  wing,  due  to  a  separation 
very  cióse  to  the  trailing  edge  on  the  upper  surface  of  the  wing  (see 
Fig.  188a).  While  the  formation  of  such  a  región  of  dead  air  increases 
the  profile  drag,  as  was  mentioned  in  Sec.  V.5,  it  leaves  the  lift  prac- 
tically  unchanged.     This  can  be  explained  by  the  fact  that  in  the  con- 

tinuous  flow  around  an  airfoil  the 
theoretical  valúes  of  the  veloeity 
near  the  trailing  edge  do  not  differ 
much  from  the  veloeity  V  of  the 
undisturbed  stream.  Accordingly, 
the  pressure  near  the  trailing  edge 
does  not  differ  much  from  the 
atmospheric  pressure,  and  the  for- 
mation of  a  small  región  of  dead  air  near  the  trailing  edge  has  only  a  very 
small  influence  on  the  lift.  The  influence  on  the  moment  coefñcient  with 
respect  to  the  leading  end  may  sometimes  be  more  marked,  because  of  the 
comparatively  great  distance  by  which  the  small  changes  of  pressure 
near  the  trailing  end  have  to  be  multiplied. 

The  phenomenon  that  develops  when  the  stalling  angle  is  reached 
and  exceeded  has  quite  a  different  character.  The  separation  point  *S 
of  this  discontinuous  flow  pattern  lies  on  the  upper  contour  of  the  profile, 
near  the  leading  end,  a  little  behind  the  point  P  where  the  veloeity 
of  the  continuous  flow  pattern  assumes  its  greatest  and  accordingly 
the  pressure  its  smallest  valué  (Fig.  189).  As  the  angle  a'  increases 
beyond  a^,  the  stream  withdraws  more  and  more  from  the  upper  part 
of  the  contour,  thus  leaving  more  and  more  space  for  the  dead-air  región. 
The  formation  of  this  región  can  be  understood  in  connection  with  the 
boundary-layer  theory. 

In  the  case  of  the  continuous  flow,  the  fluid  partióles  in  the  boundary 
layer  beyond  P  have  to  work  their  way  against  two  kinds   of  resistance, 

(1)  the  shearing  stress  due  to  the  friction  at  the  surface  of  the  airfoil  and 

(2)  the  increase  of  pressure  that  corresponds  to  the  decrease  of  the 
veloeity  of  the  free  stream  from  its  máximum  valué  at  P.  (Note 
that  the  negative  pressure  gradient  is  the  forcé  per  unit  of  volume  acting 
on  the  fluid.)  This  pressure  resistance  increases  with  the  angle  of 
incidence  since  the  difference  between  the  pressure  valúes  at  any  two 
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points  of  the  upper  contour  of  the  profile  increases  with  this  angle.  At  a 
certain  incidence  a  =  a'g  the  partióles  of  the  boundary  layer  are  no 
longer  able  to  overeóme  the  combined  resistances  and  evade  by  separating 
from  the  surface  of  the  airfoil,  thus  starting  the  formation  of  the  región 
of  dead  air  shown  in  Fig.  1886.  If  the  boundary  layer  is  laminar,  the  fluid 
in  this  layer  moves  in  accordance  with  the  Navier-Stokes  equations 
(see  Sec.  IV.  1)  and  its  behavior  upstream  of  the  separation  point  P  is 
accessible  to  mathematical  investigation.     As  has  been  stressed  in  Sec. 
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IV.4,  in  this  mathematical  treatment  the  valúes  of  velocity  and  pressure 
in  the  free  stream  are  supposed  to  be  known.  If  these  free-stream  valúes 
are  taken  from  experiments,  the  boundary-layer  theory  furnishes  the 
position  of  the  point  of  separation  in  good  agreement  with  the  observa- 
tions.  Greater  difíiculties  arise  when,  with  increasing  speed,  the  flow 
in  the  boundary  layer  becomes  turbulent.  This  case  will  be  considered 
later. 

Owing  to  the  development  of  a  región  of  dead  air  under  stalling 
conditions,  the  lift  coefficient,  in  general,  does  not  continué  to  increase 
with  the  angle  of  attack  but  decreases  after  having  reached  a  certain 
máximum  valué  Ct     .     The  question  of  how  the  valué  of  Cl^^^  is  influ- 
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enced  by  the  shape  of  the  profile  and  by  the  Reynolds  number  has 
obviously  great  practical  importance.  The  valué  of  Cl^^^  seems  to  be 
independen!  of  the  aspect  ratio,  which  agrees  with  the  fact  that  the 
separation  is  essentially  determined  by  pressure  differences.  Accord- 
ingly,  the  angle  of  incidence  a'g  at  which  stalling  sets  in  will  depend  on 
the  aspect  ratio  as  required  by  the  reduction  formula  (13)  of  Sec.  VII.2. 
Suppose,  for  example,  that  for  a  certain  profile  Cl^^^  =  1.2.  If,  for 
infinite   aspect   ratio,    the   linear   relation  Cl  =  0.1a'   (a'  expressed  in 


Fio.  191. — Increase  of  stalling  Cl  with  Reynolds  number  (profile  NACA  0015). 

degrees)  is  assumed  to  be  valid  up  to  Cl^^^,  the  stalling  angle  is  as=  12° 
for  yR  =  co .  On  the  other  hand,  as  Eq.  (13),  Sec.  VII.2,  shows,  the  angle 
corresponding  to  Cl  =  1.2  equals  a'g  =  15°  for  yR  =  8  and  a'g  =  16.8° 
for  M  ^  5. 

According  to  the  best  available  experiments,  the  influence  of  the  shape 
of  the  profile  on  the  valué  of  Cl^^^  can  be  summed  up  by  the  following 
statements:  For  the  usual  profiles  there  exists  an  optimum  thickness  {about 
12  to  13  per  cent  of  the  chord  length)  that  gives  the  highest  valué  of  Cl^^^. 
The  valué  of  Cl^^^  increases  suhstantially  with  the  camher  of  the  airfoü 
and  decreases  when  the  radius  of  curvature  at  the  Icading  end  is  reduced 
below  its  normal  valué.     Figure  190  represents  the  results  of  experiments 
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on  airf oils  of  the  five-digit  series  of  the  NACA.  ^  The  relative  máximum 
camber  varied  between  O  and  6  per  cent,  the  relative  thickness  between 
6  and  20  per  cent,  and  the  leading  end  had  the  normal  curvature. 
Valúes  of  Cl^^^  as  high  as  1.8  were  observed.  On  the  other  hand,  it 
must  be  kept  in  mind  that  the  coefRcient  of  profile  drag  a  increases 
considerably  with  camber  and  thickness  (see  Sec.  VII. 4).  Thus  optimum 
.6i 


FiG.  192. — Increase  of  stalling  Cl  with  Reynolds  number  (profile  NACA  23012). 

camber  and  thickness  are  determined  by  a  compromise  between  the 
tendencies  of  raising  Cl^^^  and  keeping  a  small. 

As  to  the  influence  of  the  Reynolds  number  on  Cl^^^,  the  situation  is 
much  less  clear.  Within  the  range  of  valúes  of  Re  usually  encountered 
in  experiments,  the  valué  of  Cl,^^^  increases  with  Re.  Figures  191  and 
192  show  typical  curves  Cl  vs.  a  reduced  to  infinite  aspect  ratio,  the  first 
for  a  symmetrical  profile,  the  second  for  the  successful  profile  23012.  ^ 

1  NACA  Tech.  Rept.  610  (1937). 

2  NACA  Tech.  Rept.  586  (1937). 
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For  this  profile  Cl^^^  increases  from  0.9  at  Re  =  42,400  up  to  1.6  at  Re  = 
3,090,000.  These  valúes  of  Re  are  computed  according  to  the  valúes  of 
velocity,  pressure,  and  temperature  observed  during  the  experiments  in 
the  variable-density  wind  tunnel  at  Langley  Field.  To  be  compared  with 
valúes  in  the  free  atmosphere,  these  valúes  of  Re  must  be  multiplied 
by  the  turbulence  factor  2.64  of  this  tunnel  (Sec.  VII.5).  The  cor- 
responding  effective  Reynolds  numbers  are  thus  found  to  be  112,000  and 
8,200,000.  The  last  valué  corresponds,  for  example,  to  a  wing  of  4  ft. 
chord  length  flying  at  an  altitude  of  3000  ft.  with  a  velocity  of  140  m.p.h. 

From  the  standpoint  of  the  boundary-layer  theory  the  foUowing 
explanation  for  the  influence  of  the  Reynolds  number  is  usually  oífered. 
For  modérate  valúes  of  Re  the  boundary  layer  is  laminar.  At  a'  =  a^. 
separation  will  then  set  in  near  to  the  leading  end,  as  already  explained. 
The  position  of  the  separation  point  S  (Fig.  189)  is  determined  by  the 
following  condition:  As  the  particles  of  the  boundary  layer  move  beyond 
the  point  P  where  the  velocity  reaches  its  máximum  valué,  their  kinetic 
energy  is  gradually  spent  in  overcoming  the  two  kinds  of  resistance 
mentioned  in  the  foregoing.  Separation  occurs  at  the  point  where  the 
entire  kinetic  energy,  which  the  particles  possessed  at  P,  has  thus  been 
spent.  The  presence  of  any  source  of  energy  on  which  the  particles 
of  the  boundary  layer  can  draw  postpones  separation.  By  a  sufficiently 
great  supply  of  energy  to  the  boundary  layer  the  occurrence  of  the 
separation  may  even  be  prevented  entirely.  Now,  for  high  Reynolds 
numbers,  the  flow  in  the  boundary  layer  tends  to  become  turbulent. 
The  fluid  particles  of  the  boundary  layer  and  those  of  the  free  stream 
then  do  not  keep  strictly  apart  as  in  the  laminar  case;  instead,  a  certain 
amount  of  mixing  occurs.  Fluid  particles  of  the  free  stream  entering 
the  boundary  layer  import  an  amount  of  kinetic  energy  that  is  higher 
than  the  amount  exported  by  the  particles  leaving  the  boundary  layer. 
The  turbulence  in  the  flow  of  the  boundary  layer  therefore  tends  to 
postpone  the  occurrence  of  the  separation  and  to  raise  the  valué  of  Cl^^, 

Modern  airplanes  flying  at  high  speed  reach  valúes  of  Re  consider- 
ably  higher  than  those  obtained  in  experiments.  Whether  the  valúes 
of  Cl^^  still  improve  in  this  range  is  uncertain.  In  any  case  it  must  be 
expected  that  the  increase  of  Cl^^^  with  Re  becomes  less  and  less  pro- 
nounced  as  Re  increases. 

What  can  be  done  to  improve  on  stalling  conditions  wiU  be  discussed 
in  the  ncxt  soction. 

2.  High-lift  Devices.  It  has  been  seen  in  the  preceding  section  that 
the  valué  of  Cl^^^  can  be  raised  by  increasing  the  camber.  But  this 
method  of  improving  Cl„^^^  can  be  appHed  within  very  narrow  hmits 
only,  because  of  the  increase  of  the  profile  drag  a  with  the  camber. 
Furthermore,  the  moment  coefficient  Cmo,  which  is  negative  for  the  usual 
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FiG.  193. — HoUow  airfoil  model  for  suctioii 
slit  experiments. 


profiles,  becomes  unduly  great  in  absolute  valué  as  the  camber  increases. 
Consequently,  other  methods  of  improving  Cl^^^  have  been  devised. 
According  to  the  preceding  section,  the  valué  of  Cl^^^  may  be  raised 
either  by  supplying  additional  energy  to  the  boundary  layer  or  by  dimin- 
ishing  the  resistance  against  which  the  partióles  in  the  boundary  layer 
have  to  work  their  way.  By  either 
one  of  these  two  means  the  separa- 
tion  point  S  will  be  displaced  down- 
stream  or,  possibly,  the  occurrence 
of  the  separation  prevented. 

As  already  mentioned,  the  resist- 
ance against  which  the  partióles  of 
the  boundary  layer  progress  consists 
in  the  friction  along  the  solid  surface 
of  the  wing  and  the  pressure  resist- 
ance. An  effective  means  of  reducing  the  pressure  resistance  was  proposed 
by  L.  Prandtl,  as  follows:  A  narrow,  spanwise  slit  in  the  upper  surface  of 
the  wing  (Fig.  193)  establishes  a  communication  between  the  air  flowing 
along  the  back  of  the  wing  and  the  air  in  the  interior  of  the  wing,  where 
a  suitable  underpressure  is  maintained  by  means  of  a  pump.  At  the 
location  of  the  slit  the  pressure  in  the  boundary  layer  is  thus  reduced,  and 

the  partióles  moving  toward  the  slit 
encounter  a  smaller  pressure  resist- 
ance. Figure  194  shows  the  stream- 
lines  and  the  pressure  distribution  in 
the  neighborhood  of  the  slit.  The 
partióles  of  the  boundary  layer  up- 
stream  of  the  slit  are  suoked  into  the 
interior  of  the  wing,  and  downstream 
of  the  slit  a  new  boundary  layer  is 
formed  of  partióles  that  are  deflected 
from  the  free  stream  toward  the  wing 
surface  and  that  have  not  yet  been  ex- 
posed  to  the  retarding  influenoe  of  the 
friction  at  the  wing  surface.  With 
extremely  thick  profiles  experimental 
valúes  of  d  up  to  5.0  have  been 
obtained  by  this  method,  known  as  boundary-layer  control  by  suction.^ 
The  best  location  of  the  suction  slot  seems  to  be  at  about  50  per  cent 
of  the  chord. 


Fig.  194. — Streamlines  and  pressure  dis- 
tribution near  a  suction  slit. 


iScHRENK,  O.  Z.  Flugtech.  u.  Motorluftschiffahrt,  22,  259  (1931);  NACA  Tech. 
Rept.  385  (1931). 
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Another  possibility  of  preventing  the  formation  of  a  dead-air  región 
is  to  supply  kinetic  energy  to  the  boundary  layer  by  ejecting  a  thin  jet 
of  air  through  a  spanwise  slit  in  the  upper  surface  of  the  wing  (Fig.  195). 
Although  in  a  certain  way  this  procedure,  known  as  boundary-layer 
control  by  pressure  slots,  may  appear  to  be  the  opposite  of  the  suction 

method  just  described,  it  seems  that  the  same 
effect  can  be  produced.  Experimental  valúes 
of  Cl^^^  up  to  3.3  have  been  observed.^  In 
the  form  indicated  in  Fig.  195  this  device  has 
not  been  iised  in  aeronautical  design.  How- 
ever,  these  experiments  may  contribute  to  the 
understanding  of  another  device,  the  slotted 
wing,  introduced  by  G.  Lachmann  and 
Handley-Page  and  widely  used  in  modern  airplanes.  Near  the  leading 
end  a  slot  establishes  a  communication  between  the  two  sides  of  the  wing 
(Fig.  196).  Because  of  the  difference  in  pressure  between  the  upper 
and  lower  wing  surfaces  an  upward  current  develops  in  this  slot.     The  jet 


Auxiliary 
oiirfoil 


Fig. 


195. — Boundary  layer  con- 
trol by  pressure  slot. 


Auxiliary  airfoil 


,'  Main  wing 


Có/of  c/osed) 

Fig.  196. — Clark  Y-profile  with  Handley-Page  slot. 

of  air  emerging  from  the  slot  produces  an  effect  similar  to  that  described 
above.  Figure  197  shows  how  the  curve  Cl  vs.  a  of  a  profile  is  modified 
by  such  a  slot.  Valúes  of  Cl^^^  up  to  1.8  can  easily  be  obtained  in  this 
way. 

It  is  desirable  that  a  high-lift  device  should  permit  of  changing  the 
aerodynamic  characteristics  of  a  wing  during  flight.     In  particular,  for 

'  Katzmatr,  R.  Berichte  der  aeromechanischen  VersuchsanstaÜ  Wien,  1,  57  (1928); 
NACA  Tech.  Mem.  521  (1929). 
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landing  operations,  an  increase  in  the  valué  of  Cl^^^  is  advantageous. 
The  devices  illustrated  in  Figs.  193  and  195  obviously  fulfiU  this  require- 
ment  since  the  pump  necessary  for  the  suction  or  the  ejection  of  air 
may  be  operated  at  will.  In  the  case  of  a  slotted  wing  this  aim  is  less 
easily  accompHshed.  In  normal  flight  the  slot  may  be  closed  either  by 
properly  shaped  sliding  panels  or  by  bringing  the  front  part  of  the  wing 
(auxiliary  wing)  in  contact  with  the  rear  part  (main  wing),  thus  forming 
an  uninterrupted  wing.     In  both  cases  a  certain  compromise  must  be 
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FiG.  197.— Lift  curve  of  the  profile  of  Fig.  196  {AX  =  6). 

worked  out  between  the  ideal  aerodynamic  design  of  the  open  slot  and 
the  kinematic  requirements  of  the  mechanism  used  for  closing  it.  The 
Handley-Page  type  of  slot  is  operated  automatically.  In  normal  flight 
the  auxiliary  wing  is  in  contact  with  the  main  wing;  at  high  angles  of 
attack  the  underpressure  on  the  upper  side  of  the  auxiliary  wing  becomes 
sufficiently  great  to  sepárate  it  from  the  main  wing,  thus  opening  the  slot. 

Other  possibilities  of  increasing  the  lift  during  landing  operations  are 
offered  by  wings  of  variable  shape,  flaps,  and  spoilers.  These  devices  may 
be  used  in  combination  with  one  another  or  with  slots. 

Soaring  birds  can  modify  the  aerodynamic  characteristics  of  their 
wings  to  a  considerable  extent:  the  camber  and  the  área  of  the  wing  are 
changed  by  contracting  or  relaxing  certain  muscles.     (Earlier  airplane 
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types,  like  those  of  the  brothers  Wright  and  the  Austrian  Taube,  used 
deformable  wings  instead  of  wings  with  ailerons.)  Occasionally  an 
experimental  glider  plañe  was  built  whose  wing  profile  could  be  changed 
in  a  continuous  manner  during  flight.  However,  the  aerodynamic 
advantages  of  this  design  proved  too  slight.     W.  Schmeidler  studied  the 


FiG.  198. — Plain  split  flap. 

possibilities  offered  by  a  wing  of  variable  area.^     Here,  also,  the  weight 
and  the  complexity  of  the  necessary  mechanism  were  prohibitive. 

All  forms  of  flaps,  the  most  widely  used  high-lift  devices,  constitute 
various  compromises  between  the  wish  to  modify  the  shape  of  the  wing 

in  an  aerodynamically  efficient  manner  and 
the  necessity  of  keeping  the  mechanism  by 
which  this  change  of  shape  is  effected  sufíi- 
ciently  simple.  Various  arrangements  are  in 
use.  Figure  198  shows  the  split  flap,  which 
usually  extends  over  about  20  per  cent  of  the 
chord  length.  In  normal  flight  the  flap  is 
flush  with  the  lower  surface  of  the  wing;  in 
use,  it  is  rotated  about  its  leading  edge  hy 
angles  up  to  about  45°.  Figure  199  shows  the 
influence  of  a  split  flap  on  the  aerodynamic 
characteristics  of  the  NACA  profile  23012  for 
Re  =  3, 100,000.  The  flap  extends  over  20  per 
cent  of  the  chord  length  and  over  the  entire 
span,  the  angle  of  deflection  of  the  flap  is  60°. 
The  valué  of  Cl  ,  which  equals  1.6  for  the 
profile  without  flap,  is  raised  to  2.45  Avhen  the 
flap  is  deflected.  The  additional  increase  in 
^Vsí  ^^^^  would  be  obtained  by  using  higher 
angles  of  deflection  is  very  small.  The  máxi- 
mum valué  of  Cl/Cd,  equaling  23  without  flap, 
is  lowered  to  5.  This  considerable  increase  in  drag  is  welcome  when  the 
split  flap  is  used  for  rcducing  the  landing  speed  but  prevents  the  use  of  the 
spUt  flap  as  a  high-lift  device  for  reducing  the  length  of  the  take-off  run. 
Figure  200  shows  the  trailing-end  flap,  which  can  be  rotated  about 
an  axis  parallel  to  the  span,  similar  to  an  aileron.     If  the  wing  is  not 
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1  Z.  Flugtech.  u.  Motorluftschiffahrt,  22,  325  (1931). 


Sec.  X.2]  HIGH-LIFT  DEVICES  269 

interrupted  by  the  fuselage,  the  flap  extends  over  the  central  part  of  the 
wing,  or  else  two  symmetrical  flaps  are  used.  For  sufficiently  small 
angles  of  deflection  of  the  flap,  the  theory  of  thin  airfoils  (Sec.  VI 1 1. 6) 
may  be  apphed  to  the  wing  with  deflected  flap.  Within  the  framework 
of  this  theory,  the  coefíicients  of  hft  and  moment  depend  hnearly  on  the 
ordinates  of  the  mean  camber  hne.  Consequently,  the  changes  ACz,  and 
ACa/o  of  these  coefíicients,  produced  by  deflecting  the  flap  throiigh  the 


FiG.  200. — NACA  23012  with  trailiiig-end  flap. 

angle  5,  can  be  found  as  the  valúes  of  the  coeíRcients  of  lift  and  moment 
for  the  broken  camber  line  of  Fig.  201.  If  X  denotes  the  ratio  of  the 
flap  chord  to  the  total  wing  chord  and  <p  the  angle  defined  by  eos  ^p  = 
1  —  2X,  the  result  furnished  by  the  thin-wing  theory  can  be  written  as 

ACl  —  28((p  -\-  sin  V?  —  Att) 
and 

AC.i/o  =   —  i  á(sin  if  -{-  i  sin  2^) 

In  evaluating  these  formulas  the  angles  (p  and  5  must  be  expressed  in 
radians.  The  valúes  of  ACl  and  ACm„  obtained  from  these  formulas 
refer,  of  course,  to  a  wing  of  infinite  aspeot  ratio.  For  a  flap  extend- 
ing  over  20  per  cent  of  the  chord  length  (X  =  0.2),  the  formulas  give 
ACl  =  2.25  and  ACm^  =  —0.645.  The  experimental  evidence  does  not 
agree  too  well  with  these  theoretical  })redictions.  For  a  fixed  angle  of 
attack  of  the  main  wing,  the  curve   [<— ;ic-->j 

ACl  vs.  5  is  not  a  straight  line  but   k -| c >j 

has  the  character  indicated   in   Fig.   [ :^ 1 

202.     Even  for  small  angles    5,    the    ¿J 
theory  leads  to  an  overestimate  of  Cl. 
Furthermore,  for  a  fixed  valué  of  5  ^'«-  201.— Trailing  flap  skeleton. 

and  varying  angle  of  attack  of  the  main  wing  the  valué  of  ACl  is  not  quite 
constant,  as  should  be  the  case  according  to  the  theory.  The  valué  of 
Cl^^  obtainable  with  a  given  wing  can  be  raised  to  about  1.9  bj^  a  trailing- 
end  flap  deflected  through  an  angle  of  30°.  Valúes  of  the  same  order  of 
magnitude  can  also  be  obtained  with  strongly  cambered  profiles.  But  the 
flap  has  the  advantage  of  combining  high  valúes  of  the  lift  coefficient 
with  the  small  valúes  of  the  profile  drag  prevailing  with  undeflected  flap. 
While  in  the  case  of  an  ordinary  trailing-end  flap  any  leakage  through 
a  gap  between  main  wing  and  flap  seems  to  be  highly  detrimental,^  a 

iSee  NACA  Tech.  Rept.  554  (1936). 
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combination  of  a  Jlap  and  a  properly  ahayed  slot  (Fig.  203)  proves  to  be 
very  efficient.  For  the  NACA  profile  23021  and  a  flap  length  of  aboiit 
0.25c,  the  valué  of  Cl^^^  was  raised  to  2.55  at  5  =  30°  and  to  2.7  at  5  =  60° 
as  compared  with  Cl^^  =1.4  for  the  airfoil  without  slot  and  flap.^ 
It  seems  that  there  is  a  tendency  toward  separation  near  the  leading  end 
of  the  flap  and  that  this  tendency  is  counteracted  by  the  thin  jet  of  air 


0°   10°  20°  30'  40°  50°  60"  70°  80*90' 
Flap  anq\t,6 

Fio.   202. — I.ift  increase  due  t.(j  trailiiig-end   flap;   angle  of  attack  uf  main  wing  is  10°. 


Fi(5.  203. — Flap  and  slot  iu  combination;  slot  airangement  for  best  Cl^,.,  at  60°  flap  angle. 


Fig.  204. — Múltiple  flap  arrangement. 

flowing  through  the  slot  from  the  lower  to  the  iipper  side  of  the  wing. 
The  Veneiian  hlind  flap  (Fig.  204)  is  a  combination  of  several  slots  and 
flaps,  but  it  seems  that  such  complicated  devices  do  not  pay,  for  the  valué 
of  Cl^^  is  not  increased  beyond  2.8. 

The  Fowler  flap  (Fig.  205)  combines  the  effects  of  increased  camber 
and  increased  wing  área.  Referred  to  the  original  wing  área,  máximum 
lift  coefficients  of  2.45,  2.85,  and  3.17  have  been  observed  with  Fowler 
flaps  of  20,  30,  and  40  per  cent,  respectively;  the  angles  of  deflection 
for  which  these  valúes  of  Cl  were  obtained  were  30,  40,  and  40°, 
respectively. 

'  NACA  Tech.  Rept.  677  (1939). 
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Devices  that  aim  at  an  increase  of  drag  rather  than  of  lift  are  spoüers 
and  hrakes.  They  are  used  in  modern  fighter  planes  for  reducing  the 
terminal  speed  of  a  dive.  Figure  206  shows  these  flaplike  devices, 
called  spoilers  if  on  the  iipper  side  of  the  wing  and  brakes  if  on  the  lower. 

3.  Pressure  Distribution.  For  most  performance  computations  it 
is  siifficient  to  know  the  total  lift  and  the  total  drag  of  a  wing.     For 


0.02SC 


Via.  205. — Fowler  flap  (experimental  setup). 

problems  of  structural   analysis,   however,   information   concerning  the 
distribution  of  pressure  o  ver  the  wing  surface  is  indispensable. 

a.  Chordwise  Distribution.  For  given  valúes  of  V  and  a  the  two- 
dimensional  airfoil  theory  furnishes  the  velocity  valúes  along  the  contour 
of  the  profile.  From  these  the  pressure  valúes  can  be  computed  by 
means  of  Bernoulli's  equation.  The  curves  of  Fig.  207  show  the  theo- 
retical  distribution  of  the  pressure  over  the  two  sides  of  the  NACA  profile 
4412,  as  it  flies  at  the  angle  of  attack 
a  =  8°.     The  ordinates  are  the  valúes 


Spoiler 


oí  P  =  (p  ~  po)/q,   where  po   is   the 

pressure  in  the  undisturbed  flow  and  q 

the  dynamic  pressure  corresponding  to 

the  speed  of  flight  V.     The  área  be- 

tween  the  two  curves,  multiplied  by 

q  and  chord  length  c,  gives  the  lift  per 

unit    of    span,    that   is,   L'  =  dL/dy. 

The  points  above  the  horizontal  axis 

correspond  to  the  underpressure  that 

occurs  on  the  upper  side  of  the  airfoil ; 

below  are  the  points  representing  the 

overpressure   on  the  lower  side.     Experimental   evidence  confirms,    in 

general,  the  shape  of  the  theoretical  curves.     The  points  indicated  in  Fig. 

207  represent  the  observed  distribution^  of  P.     The  absolute  valúes  of  P 

found  in  the  experiment  are  uniformly  smaller  than  those  predicted  b}^ 

the  theory. 

Since  the  upper  surface  of  the  wing  contributes  more  to  the  lift  than 
the  lower  one,  protuberances  and  other  irregularities  in  the  form  of  the 


Brake 

Fig.  206. — Spoiler  and  brake. 


1  NACA   '¡\ch.  Rept.  563  (1936). 
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wing  surface  on  the  upper  side  may  be  expected  to  make  themselves  more 
felt  than  on  the  lower  side. 

The  theory  of  thin  airfoils  (Sec.  VIÍI.6)  does  not  describe  the  situa- 
tion  concerning  the  over-  and  underpressure  correctly.  Actually,  with  the 
notations  of  Sec.  VIII. 6  the  velocity  vakíes  at  the  two  sides  of  the  airfoils 
are  V  ±  ^T'.     Neglecting  the  square  of  the  small  vortex  density  Y',  the 
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í'iG.  208. — Distribution  of  rcsultant  pressure  along  the  chord  of  an  infiíiitoly    thin  sym- 

metrical  airfoil. 

squares  of  the  velocity  valúes  on  the  two  sides  of  the  airfoil  can  be 
written  as  F^  ±  r'F.  According  to  Bernoulli's  equation  the  under- 
pressure 7?_  =  po  —  p  at  the  upper  side  would  thus  equal  the  overpressure 
/)+  =  p  —  po  at  the  lower  side.  Although  this  does  not  coincide  with 
the  facts,  the  chordwise  distribution  of  the  sum  p+  +  p_  =  pFF',  as 
furnished  by  the  theory,  gives  a  fairly  good  approximation  for  the  lift 
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distribution.     Figure  208  shows  the  theoretical  distribution  for  a  thin 
symmetrical  airfoil  (straight  meg^  camber  line). 

While  the  total  Uft  is  comparatively  independent  of  the  shape  of  the 
profile,  as  we  know,  the  distribution  of  the  underpressure  on  the  upper 
side,  particularly  near  the  leading  end,  is  very  sensitive  to  the  variation  of 
the  curvature.  A  well-rounded  leading  end  makes  this  distribution  much 
more  uniform  and  is  therefore  advantageous  with  respect  to  deferring  the 
stalling  point. 
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FiG.  209. — Spanwise  lift  distribution. 

h.  Spanwise  Distribution.  The  spanwise  lift  distribution  can  be 
determined  by  giving  the  valué  L'  —  dL/dy  for  all  valúes  of  y  between  O 
and  B/2.     Instead,  the  sectional  lift  coefficient 

2dL     ^    2U_ 
pV-  dS  ~  pV^c 

It  was  seen 


CL(y)  = 


(1) 


where  c  is  the  chord  length  at  the  distance  y  can  be  used. 
in  Eq.  (11'),  Chap.  IX,  that  dL  equals  pVT(y)  dy;  thus 


U  =  pVT(y),        CrXy)  = 


2T(y) 
Ve 


(10 


Here  T(y)  is  the  circulation  in  the  section  y. 

In  Sec.  IX. 7  a  method  has  been  developed  that  allows  us  to  compute 
the  r-distribution  for  any  wing  of  given  plan-form  and  twist.  If  the 
wing,  in  particular,  is  untwisted,  i.e.,  if  the  angle  of  incidence  a'  is  constant 
over  the  span,  it  turns  out  that,  for  each  definite  plan-form,  T,  and  thus 
L',  is  proportional  to  a'.  In  Fig.  209  the  curves  L'  or  V  vs.  y  are  plotted 
for  several  plan-forms.     The  scale  of  the  ordinates  in  each  case  is  chosen 
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in  such  a  way  as  to  give  an  equal  valué  to  the  área  that  represents  the 
total  lift  L  =  jL'  dy.  One  of  the  curves  shows  the  elliptic  wing  distri- 
bution  (Sec,  IX. 5). 

The  spanA^^se  lift  distribution  observed  in  experiments  generally 
follows  closely  the  predictions  of  the  theory,  with  the  possible  exception 
of  the  immediate  vicinity  of  the  wing  tips,  where  the  experimental  valúes 
frequentl}^  are  higher  than  the  theoretical  ones.  Figure  210  shows  a 
typical  result.^ 

Sometimes,  in  wing  design,  a  problem  arises  that  is  "in verse"  to  the 
problem  discussed  in  Sec.  IX.7  and  is  therefore  easier  to  solve.     Assume 

1.2 

■c  1.0 
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FiG.  210. — Lift  distribution  for  a  rectangular  wing. 
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that  a  plan-form  has  been  selected  and  that  it  is  desired  to  realize  a  certain 
spanwise  lift  distribution  {e.g.,  with  a  view  to  keeping  the  bending 
moments  on  the  wing  within  certain  limits).  This  can  be  achieved  by 
giving  the  wing  an  appropriate  twist.  The  procedure  to  be  followed  in 
computing  the  twist  may  briefly  be  described  as  follows. 
With  the  notation  used  in  Chap.  IX, 


eos  «^  =  -  — 


2^ 
B 


the  intended  load  distribution  may  be  given  in  the  form  of  a  trigonometric 
expression 


V 


2pV^B 


yli  sin  .^  +  ^42  sin  2(^  +  /I3  sin  3(p  + 


(2) 


The  coefficients  Ai,  A2,  A3,  .  .  .  can  easily  be  computed  if  L'  is  originally 
given  as  a  polynomial  in  y  or  in  some  other  way.     Then,  it  follows  from 


NACA  Tech.  Rept.  585  (1937). 


aJ  =  A 
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Eq.  (36),  Chap.  IX,  that  the  angle  of  incidence  a' (y)  or  a/  in  the  section 
determined  hy  y  or  (p  must  have  the  valué 

{2B  ^      1    \    .        ^    .    (2B  ^     2   \    .     _ 

1  I  ^^  +  - —  )  sin  <p  +  A^A-^  +  -. —  I  sm  2^? 
\K^       sin  íp/  \K^       sin  ip/ 

+  As  (P  +  -v^  )  sin  3^  +  •  •  •     (3) 
\Ap       Sin  ip) 

Here  ÜT^  equals  xc^  =  7rc(?/)  for  thin  profiles  and,  in  general,  is  given 
by  formula  (30),  Chap.  IX.  The  diíferences  of  the  a^-values  for  varying 
ip  determine  the  twist  of  the  wing.  It  is  understood  that  the  lift  distri- 
bution  (2)  will  occur  only  in  one  definite  state  of  (normal)  flight. 

Problem  1.  Compute  the  twist  for  a  rectangular  wing  if  it  is  required  that  the 
lift  per  unit  of  span  shall  decrease  linearly  from  its  valué  in  the  median  plañe  to  zero 
at  the  wing  tips. 

Problem  2.  í'ind  the  twist  for  a  wing  of  trapezoidal  form  under  the  assumption 
that  the  section  load  decreases  from  the  median  plañe  toward  the  wing  tips  propor- 
tional  to  y2. 

4.  Influence  of  Compressibility.  In  the  preceding  discussion  of 
theoretical  and  experimental  results  concerning  the  flow  past  a  wing,  the 
air  has  been  considered  as  incompressible.  This  is  certainly  justified 
as  long  as  the  velocity  does  not  exceed  250  to  300  ft./sec.  For  example, 
under  standard  conditions  the  atmospheric  pressure  at  sea  level  is 
2116.2  Ib./ft.-,  while  the  dynamic  pressure  (see  Table  2,  page  32) 
corresponding  to  a  velocity  of  300  ft./sec.  is  found  to  equal  107  Ib./ft.^ 
if  the  air  is  assumed  to  be  incompressible.  (The  stagnation  overpressure 
would  equal  109  Ib./ft.^  if  the  air  is  considered  as  a  perfect  gas  flowing 
under  adiabatic  conditions;  see  Table  3,  page  34.)  In  this  case  the 
pressure  at  the  stagnation  point  is  therefore  only  about  5  per  cent  greater 
than  in  the  imdisturbed  stream,  and  the  increase  in  density  p  is  of  the 
same  order  of  magnitude.  In  most  computations  such  density  variations 
may  safely  be  neglected.  But  at  a  velocity  of  500  ft./sec.  the  valué 
of  the  dynamic  pressure  is  297  Ib./ft.^  for  the  incompressible  fluid,  and 
the  increase  of  pressure  and  density  at  the  stagnation  point  thus  reaches 
about  14  per  cent.  Even  then  the  theory  of  the  incompressible  fluid 
may  be  relied  on  to  furnish  an  approximately  correct  over-all  picture,  but 
in  the  study  of  finer  details  the  compressibility  of  the  air  must  be  taken 
into  account. 

The  theory  of  compressible  fluids  is  not  developed  far  enough  to 
answer  satisfactorily  the  questions  of  practical  importance.  This  is 
largely  due  to  the  tremendous  mathematical  difficulties  caused  by  the 
fact  that  the  problem  is  no  longer  linear.  Because  of  this  fact  the 
method  of  superposition  of  flow  patterns  that  is  constantly  used  in 
the  theory  of  incompressible  fluids  fails.     For  example,  the  flow  around  an 
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airfoil  has  been  studied  in  Secs.  VIII.  1  to  4  as  the  result  of  the  super- 
position  of  a  uniform  flow  and  a  circulating  and  a  bicirculating  motion 
and  in  Sec.  VI 1 1. 5  as  the  sum  of  a  uniform  flow  and  the  motion  induced 
by  certain  vortex  sheets.  Since  this  powerful  method  of  superposition 
can  no  longer  be  appUed,  the  theory  of  compressible  fluids  must  be  built 
up  along  entirely  diíferent  Unes.  So  far,  only  a  few  first  steps  have 
been  made,  and  a  complete  discussion  of  even  these  is  beyond  the  scope 
of  this  book.  Only  a  very  elementary  approach  will  be  presented,  which 
leads,  however,  to  useful  conclusions  regarding  the  effect  of  compressibil- 
ity  on  the  aerodynamic  characteristics  of  an  airfoil. 

The  two-dimensional  steady  irrotational  flow  of  an  incompressible  fluid 
is  governed  by  two  equations,  the  condition  of  continuity,  V  dn  =  const. 
along  each  streamline  (Sec.  II.  1),  and  the  condition  of  vanishing  rotation, 

V/R  -  dV/dn  =  0  (Sec.  II.4).  In 
applying  these  equations  to  the  flow 
around  an  airfoil  it  is  preferable  to 
denote  the  velocity  of  the  fluid  partióle 
under  consideration  by  v  and  to  reserve 
V  for  the  velocity  of  the  undisturbed 
stream.  Moreover,  since  the  rates  of 
change  of  v  in  the  directions  tangential 
and  normal  to  the  streamline  will  now 
be  studied  simultaneously,  the  symbol 
dV /dn  will  be  replaced  by  dv/dn;  and 
dv/ds  will  be  used  to  denote  the  rate  of  change  of  v  in  the  direction  of  the 
streamline.  If  ??  denotes  the  angle  that  the  velocity  vector  at  a  point  P 
makes  with  a  fixed  direction  (Fig.  211),  the  curvature  of  the  streamhne 
at  P  equals  \/R  =  dñ/ds.  The  condition  of  vanishing  rotation  thus  takes 
the  form 


FiG.  211. 


an  as 


The  condition  of  continuity  can  be  written  in  a  similar  form.  On  the 
positive  normal  of  the  streamline  through  P  (Fig.  211),  take  the  point  P' 
at  the  distance  dn  from  P.  The  tangcnt  of  the  streamline  at  P'  forms 
the  angle  ñ  +  (dé/dn)  dn  with  the  fixed  direction.  Consequently,  th(! 
stream  filamcnt  determined  bj^P  and  P'  has  the  width  dn  -\-  {dé/dn)  dn  ds 
at  the  distance  ds  from  PP'.  According  to  the  condition  of  continuity 
the  product  of  this  width  and  the  corresponding  velocity  v  -\-  (dv/ds)  ds 
must  equal  v  dn.  Multiplying  the  two  expressions  and  retaining  the 
terms  of  first  order  only,  we  obtain 


dv  M 

ds  dn 


O 


(5) 
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The  differential  relations  (4)  and  (5)  for  the  magnitude  v  and  the 
direction  ■&  of  the  velocity  vector  embody  all  general  conditions  imposed 
on  a  two-dimensional  steady  irrotational  flow  of  an  incompressible  fluid. 
Together  with  the  boundary  conditions  of  each  particular  problem,  they 
determine  the  flow  pattern. 

In  the  case  of  a  two-dimensional  steady  irrotational  flow  of  a  compres- 
sible  fluid,  nothing  has  to  be  changed  in  Eq.  (4),  which  expresses  only  the 
kinematic  condition  of  irrotationality.  As  regards  (5),  it  must  be  kept 
in  mind  that  the  condition  of  continuity  now  reads  pv  dn  =  const.  (see 
Sec.  II.  1).     Accordingly,  v  in  (5)  must  be  replaced  by  pv.     This  leads  to 

-^ \-  pv  ^-  =  O         or         —  +  -  —  +  r  -—  =  O  (6) 

ds  dn  ds        p  ós  ón 

The  differential  relations  (4)  and  (6)  involving  three  variables,  v,  ú,  and 
p  are  no  longer  sufíicient  for  the  determination  of  the  stream  pattern. 
This  difficulty  is  not  overeóme  bj^  bringing  in  Bernoulli's  equation,  since 
this  contains  a  new  variable,  the  pressure  p.  In  addition,  an  assumption 
already  introduced  and  discussed  in  Sec.  II. 2  must  be  used.  According 
to  this  assumption  there  exists  a  one-to-one  correspondence  l^etween  the 
valúes  of  pressure  and  density,  for  example,  the  isothermal  relation 
y/p  =  const.  or  the  polytropic  relation  p/p"  =  const.  Whatever  this 
relation  may  be,  it  is  assumed  that  to  each  pressure  valué  p  corresponds 
a  definite  valué  of  p  as  well  as  of  the  derivative  dp/dp.  Since,  in  any 
case,  p  increases  with  p,  this  derivative  is  positive  and  may  be  denoted 
by  a^: 

As  is  easily  seen,  a  has  the  dimensions  of  a  velocity.  For  reasons  that 
will  be  given  at  the  end  of  this  section,  the  quantity  a  is  called  the  velocity 
of  sound.  Its  valué  depends  on  the  valué  of  the  pressure  p  and  may, 
therefore,  vary  from  point  to  point.  Under  standard  equilibrium  con- 
ditions the  velocity  of  sound  in  air  at  sea  level  is  1116  ft./sec.  In  the  case 
of  a  compressible  fluid  in  motion,  where  a  varies  with  the  position  in 
space,  it  is  better  to  refer  to  a  as  the  local  velocity  of  sound. 

If  the  influence  of  gravity  is  neglected,  Bernoulli's  equation  may  be 
written  in  the  differential  form 

dv       dp 
[see  Eq.  (3),  Chap.  II].     It  follows  from  (7)  that  dp  =  a^  dp.     Henee, 

ds  (9s 


dv    .      .,dp 
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V  dp 
p  ds 


v^  dv 
a^  ds 
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(8) 


The  dimensionless  ratio  v/a  is  called  the  Mach  number  and  is  usually 
denoted  by  M: 


V  _    ^      l(íp  _ 
a  'Sjfip 


M 


(9) 


For  an  incompressible  fluid  (dp  =  0),  the  velocity  of  sound  is  infinite, 
and  the  Mach  number  everywhere  zero. 

Substituting  from  (8),  we  write  (G)  in  the  form 


ds  dn 


(10) 


For  a  compressible  fluid  this  equation  replaces  (5),  wliich  appUes  only 
to  an  incompressible  fluid,  while  (4)  is  valid  in  both  cases.     The  com- 


*-JC 

FiG.  211a. 

parison  of  (5)  and  (10)  shows  that  the  factor  (1  —  M^)  of  the  first  term  in 
(10)  constitutes  the  only  difference  between  the  two  sets  of  differential 
relations.  Now,  in  general,  M  is  not  a  constant  but  depends  on  the 
pressure  p,  which,  itsclf,  can  be  expi-essed  in  terms  of  v  by  means  of 
Bernoulh's  equation.  Since  Ai  thus  is  a  rather  complicated  function  of 
V,  the  analogy  between  (5)  and  (10)  is  not  so  cióse  as  it  may  appear  at 
first  sight.  However,  there  is  a  vcry  important  case  where  this  (U)r- 
respondence  between  the  compressible  and  incompressible  fluid  problem 
leads  to  useful  conclusions. 

Consider  the  flow  round  a  slightly  cambei-ed  thin  airfoil  flying  at  a 
small  angle  of  attack  (P^ig.  211a).  Taking  the  direction  of  the  positive 
a;-axis  parallel  ])ut  opposite  to  the  direction  of  the  velocity  V  of  the 
undisturbed  stream,  we  wi-ite  the  velocity  components  in  the  x-  and 
7/-direction  as  —V-{-Vx  and  Vy,  respectively.  According  to  the  natui-e 
of  the  flow,  Vx  and  Vy  will  be  small  as  compared  with  V.  In  the  foUowing, 
terms  of  liigher  order  in  v^/V  and  Vy/V  will  be  neglectod  consistently. 
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Sin  ce  the  tangent  of  the  angle  §  eqiials  —Vy/V,  this  angle  is  small,  too. 
The  magnitude  of  the  velocity,  in  this  order  of  approximation,  is 

V  =   V  —  Vx, 

and  the  derivatives  occurringin  (4)  and  (10)  equal  —dv^/ds,  and  —dvr/dn, 
respectively.  The  four  derivatives  occurring  in  (4)  and  (10)  can  there- 
fore  be  considered  as  small  quantities  of  first  order.  If  quantities  of 
higher  order  are  to  be  neglected,  the  factors  v  and  (1  —  M~)  occurring  in 
these  equations  must  be  replaced  by  the  valúes  V  and  (1  —  MI)  that  they 
assume  in  the  undisturbed  stream.  In  fact,  the  difference  V  —  v  =  Vx 
being  of  the  first  order,  its  products  with  the  derivatives  of  á  are  of  the 
second  order  and  have  to  be  omitted.  Similarly,  the  difference  MI  —  M^, 
which  originates  in  the  difference  between  V  and  v,  will  be  small,  of  the 
first  order  at  least.  On  the  other  hand,  since  §  is  small,  the  directions 
of  ds  and  dn  nearly  coincide  with  the  directions  of  the  negative  x-  and 
í/-axes,  respectively.  Again  neglecting  higher  order  terms,  we  may 
replace  d/ds  and  d/dn  by  —d/dx  and  —d/dy,  respectively.     Equations 

(10)  and  (4)  thus  finally  take  the  form 

(I  -M¡,^^-Vf  =  0 

dy  dx 

In  the  case  of  an  incompressible  fluid,  M»  equals  zero.  Within  the  frame- 
work  of  the  present  approximation  the  equations  of  the  compressible 
fluid  therefore  differ  from  those  of  the  incompressible  fluid  only  by  the 
valué  of  one  constant,  (1  —  MI),  instead  of  1. 

Equations  (11)  allow  us  to  derive  the  stream  pattern  of  a  compressible 
fluid  from  that  of  an  incompressible  one.     Assuming  il/o  <  1 ,  set 

1  -  MI  -  X-^ 

and  introduce  in  (11)  new  independent  variables  Xi  =  x  and  yi  =  \y. 
Then,  upon  dividing  the  first  equation  by  X^'  and  the  second  by  X,  Eqs. 

(11)  take  the  form 

dvx  _  V  d{M)  ^  Q 

dxi       X2    dyi 

dVx^Y_  djM)  ^  Q  ■   ^'^^ 

dyi       X^    dxi 

These  are  exactly  the  equations  for  an  incompressible  flow,  if  Vx  and 
X??  are  considered  as  the  new  unknowns  and  Vi  =  V/X^  as  the  velocity 
at  infinity.  But  when  an  x-y-p\sLne  is  subject  to  the  affine  transformation 
Xi  =  X,  yi  =  Xy,  all  curves  that  had  originally  the  slope  ??  transform 


280 


ADDITIONAL  FACTS  ABOVT  WWfíS 


ISec.  X.4 


into  curves  with  the  slope  di  =  X??.  Thus  it  is  seen  that  the  two  sets  oí 
equations  (11)  and  (12)  define  a  one-to-one  eorrespondence  between 
certain  stream  patterns  of  a  compressible  and  of  an  incompressible  flow, 
Avhich  can  be  formiilated  in  the  foUowing  way:  7/  in  an  incompressible 
fluid  flow  with  velocity  Vi  at  infinity  the  slope  úi  of  the  streamlines  and  the 
ratio  Vx/Vi  are  everywhere  small,  there  exists,  approximately ,  a  compressible 
fluid  flow  with  the  mean  Mach  number  il/o  and  the  velocity  (1  —  Ml)Vi 
at  infinity  of  which  the  streamlines  are  the  afine  images 


X   —   Xi, 


y  = 


Vi 


of  the  original  streamlines  and  for  which  the  additional  x-velocity  Vx  at  each 
point  is  the  same  as  in  the  original  flow  pattern.  (See  Fig.  212,  where  X 
is  assumed  l/\/2.) 


Aíx,yJ  A  andAj  are  corresponding  points 
when  x=X/,  y^yi/Vl-MS 


-  -  Actual  a/rfo/'l  compr.  f/Oiv 
— < V 

-^ lí 

'Aff/ne  image  ofa/rfo/¿  ¡ncompr.  f/ov^ 
X 


Fig.  212. — Compressible  and  incompressible  fluid  flow. 

This  eorrespondence  allows  iis  to  estímate  the  influence  of  compres- 
sibility  on  the  lift  and  the  moment  coefficients  for  an  airfoil  of  modérate 
thickness  and  camber  at  small  angles  of  attack.  In  fact,  neglecting 
gravity,  the  Bernoulli  equation  in  its  differential  form  reads  (Sec.  II. 2) 
for  each  streamline 


dv    ,    1  dp       „ 

V  —  -\-  -  -£  =  O, 


dp  =  —pv  dv 


(13) 


ds        p  ds 

In  the  framework  of  the  present  approximation  v  can  be  replaced  by 
—  V-\rVx  where  Vx  is  small.  Then,  calling  po  and  po  the  valúes  at  infinity 
(which  are  the  same  on  all  streamlines)  and  omitting  all  terms  of  higher 
order,  we  find 

dp  =  +poV  dvx,         p  =  Po  +  PoVÍ  dvx  (14) 

In  the  incompressible  image  of  the  flow  the  same  relation  holds,  only 
with  the  V  replaced  by  Vi  =  F/X^.  Thus  it  is  seen  that  the  pressure 
difference  for  any  two  points  on  the  airfoil,  e.g.,  one  point  on  the  lower 
side  and  one  point  on  the  upper  side,  is  multiplied  by  X^  as  one  passes 
f  rom  the  incompressible  stream  pattern  to  the  corresponding  compressible 
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fluid  flow.  The  lift  and  moment  being  determined  by  these  pressure 
differences,  one  has  L  =  X^Li  and  AI  =  X^i/i.  The  lift  and  moment 
coefíicients  are  reduced  to  the  respective  velocity  squares,  V^  and  VI, 
thus: 


Cl 


=  X' 


\xv       X2 


and 


C  A/, 


1^ 

X2 


(15) 


In  the  afñne  transformation  the  angle  of  attack  changes  according  to 
«1  =  Xa.     Therefore  the  slope  of  the  Cl  vs.  a-curve  is 

1  (JCl,       1  dCL, 


úCl 
da 


=  X 


X'  dai         X  dai 


(16) 


The  wing  theory  for  incompressible  flow  leads  to  the  result  that  the 
slope  of  the  Ci-curve  is  constant  with  respect  to  a  (below  stalling)  and 
only  slightly  dependent  on  the  shape  of  the  profile.  Thus  the  main 
outcome  of  the  present  argument  is  as  foUows:  The  slope  of  the  Cl  vs. 
a-curve,  which  is  about  2^  for  infinite  span  in  an  incompressible  fluid,  is 
multiplied  by  the  factor  1/X  =  l/v^l  ~  ^H  under  the  influence  of  com- 
pressibility .  This  result  is  due  to  H.  Glauert  (1928).  At  an  air  speed 
V  =  600  ft./sec.  the  increase  is  18.5 
per  cent  at  sea  level  and  25  per  cent  at 
an  altitude  of  30,000  ft. 

Moreover,  the  complete  Cl  vs. 
a-curve  could  be  derived  for  each 
Afo-value  if  the  curve  were  known  for 
Mo  =  O  (incompressible  case),  for  an 
airfoil  whose  thickness  and  camber  are 
X  times  as  great  as  those  of  the  actual 
profile.  One  would  simply  have  to 
multiply  the  abscissas  by  1/X  and  the 
ordinates  by  1/X^  (Fig.  213).  A  similar 
rule  applies  to  the  moment  coefficient 
Cm.  The  position  of  the  aerodynamic 
center  is  not  changed. 

It  cannot  be  expected  that  this 
primitive  attempt  furnishes  more  than 
a  first  approximation.  The  assump- 
tions  that  ú-  and  Vx/V  are  small  fail 
entirely  near  the  stagnation  point  at  the  leading  edge.  At  the  stag- 
nation  point,  v  vanishes,  and  thus  Vx/V  equals  1;  and  somewhere  at 
the  nose  of  the  profile  t?  must  be  90°.  However,  for  Mach  numbers 
Mo  up  to  about  0.6  experimental  evidence  confirms  to  a  large  extent 
the  theoretical  result.     Figure  214  shows  the  observed  valúes  of  the  slope 


Fig.  213. — Lift  at  high  velocities. 
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I 


ratio  {dCL/da) :  {dCLjdaí)  for  a  thin  propeller  profile  of  about  6  per  cent 
thickness.^     The  dotted  line  corresponds  to  the  valúes  of 


1/X  =  1/Vl  -  MI 
It  is  seen  that  the  rough  theory  underestimates  sUghtly  the  influence  of 
compressibihty  for  ilfo  <  0.6,  while  at  higher  ilf o  the  character  of  the 
curve  changes  thoroughly.     The  same  situation  prevails,  in  a  still  more 
outspoken  form,  in  other  experiments. 

A  more  detailed  discussion  of  the  compressible  fluid  flow  is  beyond 
the  scope  of  this  book.  It  should  be  mentioned  once  more  that  the 
enormous  diíRculties  of  such  a  theory  he  in  the  fact  that  the  equations 
of  motion  for  the  compressible  flow  are  no  longer  linear,  so  that  the 
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method  of  superposing  solutions,  which  was  used  in  Chap.  VIII  for 
the  irrotational  incompressible  flow,  is  inapplicable.  Only  very  few 
results,  at  a  great  expense  of  mathematical  work,  have  been  reached  so  far. 
It  remains  to  explain  why  a  is  called  the  velocity  of  sound.  Consider  a 
narrow  cylindrical  pipe  fiUed  with  air  engaged  in  axial  oscillatory  motion 
about  a  state  of  equilibrium.  Letting  the  a--axis  coincide  with  the  axis 
of  the  pipe,  denote  the  velocity  at  the  point  x  and  at  the  time  t  by  u(x,i) 
(see  Fig.  215).  According  to  Eq.  (16),  Chap.  III,  the  acceleration  equals 
du/dt  =  du/dt  +  u  du/dx,  while,  according  to  the  argument  preceding 
Eq.  (3),  Chap.  II,  the  resultant  prcssure  forcé  per  unit  of  volume  is 
—  dp/dx.     The  equation  of  motion  therefore  reads 


(du  du\  _  _  dp 

Tt  ^  '^dxj  ~        dx 


(17) 


1  Quoted  from  Th.  v.  Kármán,  Compressibility  Effects  in  Aerodynamics,  Jour. 
Aeronaut.  Sel,  8,  345  (1941). 
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The  condition  of  continuity  requires  that  the  time  rate  of  decrease  of 
the  mass  contained  in  the  portion  between  the  fixed  control  sections  x  and 
X  -\-  dx  equals  the  surphis  of  the  rate  at  which  mass  leaves  this  portion 
over  tlie  rate  at  which  mass  enters  it.  Now  per  iinit  of  cross-sectional 
área  this  siirphis  equals  [d{pu)/dx]  dx,  while  the  time  rate  of  decrease  of 
mass  is  —{dp/dt)  d.r  times  cross  section.  The  condition  of  continuity 
thus  takes  the  form 

«M)  +  |  =  0        or        p|íf  +  «|í  +  ^  =  0  (18) 

dx  di  dx  dx         dt 

If  the  velocity  u  is  considered  as  small,  terms  such  as  dp/dx  are  small, 
too.  The  terms  u  du/dx  and  u  dp/dx  then  are  of  a  higher  order  and  may 
be  neglected.  Replacing  ^/j/^a:  by  a-  dp/dx  [see  (7)],  we  write  (17)  and 
(18)  as 

du  a~  dp  „  d  log  p 

=     —    ■ —    =     —  d^ " 

dt  p  dx  dx 

du  _         \  dp  _         d  log  p 
dx  p  dt  dt 

Here  a^  may  be  considered  as  a  constant  equaling  the  valué  of  d-p/dp  for 
the  state  of  equilibrium  about  which  the  air  is  oscillating.  In  fact,  the 
variation  of  dy/dp  due  to  the  small  changes  of  pressure  and  density  occur- 
ring  in  the  motion  under  consideration  leads  to  terms  that  are  small  of 
higher  order.  Differentiating  the  first  equation  (18)  with  respect  to  re, 
the  second  with  respect  to  <,  and  subtracting,  we  obtain 

df'  dx"- 

This  differential  equation  is  satisfied  when  log  p  is  anj'  function  of  one 
variable  z  =  x  —  ai.     In  fact,  if  log  p  —  f{z)  it  follows  that 

d\o^p_dfdz_  df         d-'  log  p  ^  d_df^     ^d^l 

dt  dz  dt  dz  df'  didz       "  dz'^ 

and,  in  the  same  way,  the  second  derivative  with  respect  to  x  equals 
d'^-j/dz"-.  Now,  if  p  depends  on  z  only,  p  and  u  also  will  have  the  same 
valúes  at  such  points  of  the  a;-í-plane  for  which  a;  —  ai  is  the  same.  But 
z  =  X  —  ai\^  the  abscissa  with  respect  to  a  reference  system  that  moves 
along  at  the  velocity  a  in  the  a;-direction.  This  shows  that,  whatever 
phenomenon  (p,  p,  w-distribution)  prevails  in  the  pipe,  it  will  be  steady 
with  respect  to  a  reference  system  which  progresses  at  the  rate  a.  Sound 
is  such  an  oscillation  phenomenon,  and  thus  it  is  proved  that,  in  a  one- 
dimensional  continuum,  sound  is  propagated  at  the  rate  a  =  -y/dp/dp. 
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By  a  more  general  analogous  computation  it  can  be  shown  that  the  same 

is  true  for  the  propagation  in  any  direction  of  a  three-dimensional  space. 

Under  adiabatic  conditions,  with  p/p^-^  =  C,  since  p/p  =  RT  we  have 

a^  =  ^  =  0"^  =  lAC^  =  1.4^  ^  lART 
clp  dp  p  p 

This  gives,  with  R  =  53.3  ft./°F.,  the  sound  velocity  a  =  1116  ft./sec. 
for  T  =  518°  (sea  level)  and  a  =  995  ft./sec.  for  T  =  411°  (30,000  ft. 
altitude).  The  valúes  of  the  sound  velocity  in  standard  atmosphere  are 
given  in  the  last  column  of  Table  1  (page  10) . 

Problem  3.  Compare  the  aerodynamic  characteristics  of  thin,  slightly  cambered 
airfoils  at  V  =  180  ft./sec.  and  V  =  670  ft./sec. 

Problem  4.  Indícate  the  manner  in  which  the  dimensional  analysis  of  Chap.  IV 
must  be  modified  when  compressibüity  is  taken  into  account. 

Problem  5.  Determine  the  velocity  of  sound  in  standard  atmosphere  at  10,000 
and  20,000  ft.  altitude. 

*Problem  6.  An  airfoil  moves  with  a  speed  of  550  ft./sec.  at  a  given  angle  of 
attack,  at  sea  level  and  at  10,000  ft.  altitude.  Estímate  the  ratio  of  the  lift  coeíRcients 
and  the  ratio  of  the  lift  valúes. 


Part  Three 
PROPELLER  AND  ENGINE 

CHAPTER  XI 
THE  PROPELLER 

1.  Basic  Concepts.  A  propeller  blade  may  be  considered  as  a  strongly 
twisted  wing.  The  cross  sections  of  the  blade  are  essentially  of  the 
same  shape  as  those  of  a  wing,  with  well-rounded  leading  end  and  sharp 
trailing  end.  Propeller  sections,  however,  particularly  those  near  the 
hub,  have  usually  a  greater  relative  thickness  than  wing  sections,  and 
profiles  with  a  straight  lower  contour  are  preferred.  Aside  from  such 
minor  details,  the  difference  between  the  geometry  of  a  propeller  blade 
and  that  of  a  wing  consists  mainly  in  the  fact  that  the  orientation  of 
the  profiles  of  a  propeller  changes  considerably  as  one  proceeds  from 
the  hub  toward  the  blade  tip.  The  angle  /3  that  the  chords  of  the  blade 
sections  form  with  a  plañe  perpendicular  to  the  axis  of  the  propeller 
is  much  greater  for  the  sections  near  the  hub  than  for  those  near  the  blade 
tip  (Fig.  216).  As  will  be  seen  later,  this  large  twist  of  the  blade  is 
necessary  in  order  to  ensure  that  each  blade  section  operates  at  a 
favorable  angle  of  attack.  Structural  considerations  are  responsible  for 
increasing  the  thickness  of  the  profiles  toward  the  hub. 

In  action,  a  propeller  performs  a  twofold  motion:  it  participates 
in  the  forward  motion  of  the  airplane  (velocity  V)  and  rotates  about  its 
axis.  Under  normal  conditions  the  direction  of  this  axis  of  rotation 
may  be  considered  as  eoinciding  with  the  direction  of  flight.  Any  blade 
section,  then,  has  the  velocity  component  V  in  the  direction  of  the  pro- 
peller axis  and  a  rotational  velocity  component  u  parallel  to  the  plañe 
of  the  cross  section  and  perpendicular  to  the  propeller  axis.  In  the 
cross  sections  shown  in  Fig.  216,  the  velocity  components  V  and  u 
appear  as  vertical  and  horizontal,  respectively.  The  component  V 
obviously  has  the  same  valué  for  all  cross  sections,  while  the  component 
u  is  proportional  to  the  distance  r  from  the  propeller  axis.  The  rotational 
speed  of  the  propeller  can  be  given  by  either  the  number  n  of  revolutions 
per  second  or  the  angular  velocity  co  =  27rn.     Thus, 

u  =  ro3  =  27rrn  (1) 
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The  angle  7  between  the  plañe  of  rotation  and  the  resultan!  velocity 
is  determined    bj'^ 

V       V  V 

tan  7  =  -  =  —  =  TT—  (2) 

u        rcú       2-Krn 

This  angle  is  thus  seen  to  decrease  with  increasing  r.     By  /3  we  denote  the 

angle  between  the  plañe  of  rotation  and  some  well-defined  reference  line 

of  the  blade  section   (the  so-called   "chord").     If  the  blade  element 

between  the  radii  r  and  r  -\-  dr  \s  considered  as  a  wing  element  of  the 

spanwise  extensión  dr,  the  angle  of  attack  for  this  blade  element  will  be 

a  =  ^  —  y.     If  the  reference  line  coincides  with  the  zero  lift  direction 

of  the  profile,  its  angle  with  the  plañe  of  rotation  will  be  called  /3'  and  then 

a'  =  /?'  —  7  is  the  angle  of  incidence.     For  a  given  propeller  the  distri- 

bution  of  the  valúes  of  /?  or  ^'  along  the  radius  of  the  blade  is  known. 

The  angle  of  attack  for  any  blade  element  is  then  determined  when  one 

valué  of  7,  for  example,  the  valué  at  the  blade  tip,  is  known. 

If  d  denotes  the  diameter  of  the  propeller,  the  angle  at  the  blade  tip 

is  given  by 

2V       1  V 

tan  7i  =  — r  = -¡ 

<jid        TT  na 

and  the  valúes  of  7.  a,  and  a   at  the  distaiice  r  from  the  axis  are  found 
from 

F  d    V        d  ,  ,.. 


and 

q;  =  /3  —  7  =  /3  —  are  tan 


(jLLX 

\2iTr  ndj 
\27rr  ndJ 


(3') 
«'  =  ^'  -  7  =  /3'  -  are  tan  (  £-  :^' 


The  dimensionless  quantity  V /nd  —  v  tan  71  is  called  the  advance 
ratio  of  the  propeller.  If  two  propellers  of  the  diameters  d  and  d'  are 
geometrically  similar,  corresponding  blade  sections  {i.e.,  blade  sections 
at  such  distances  r  and  r'  from  the  axes  that  r' /r  —  d' /d)  have  the  same 
shape  and  the  same  orientation  (determined  by  /S),  while  their  chord 
lengths  are  proportional  to  the  propeller  diameters.  The  angles  of  attack 
of  corresponding  blade  sections  will  then  have  the  same  valué  if  and  only 
if  the  advance  ratio 

•^  =  ^  (*> 

is  the  same  for  both  propellers. 

The  concept  of  the  advance  ratio  makes  it  possible  to  apply  the 
dimensional  analysis  of  Sec.   TV. 2  to  propellers.     Consider  a  series  of 
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geometrically  similar  propellers  operating  each  at  the  same  advance  ratio 

J.     According  to  the  second  equation  (3),  corresponding  blade  sections 

then  possess  the  same  angle  of  attack.     Moreover,  the  magnitude  of  the 

resultant   velocity   at    corresponding   blade 

sections  is  proportional  to  nd.     In  fact,  the 

translational  velocity  V  equals  the  product 

of  J  and  nd,  and  the  rotational  velocity  u  at 

the  distance  r  from  the  propeller  axis  equals 

the  product  of  2xr/(¿  and  nd.     The  propeller 

diameter  d  may  be  taken  as  the  referen  ce 

length    occurring    in   the   definition   of   the 

Reynolds  number  and  d^  as  the  reference  área 

occurring   in  formula   (5),   Sec.   IV.2.     The 

laws   of  similarity  require,   then,  that  any 

component  of  the  forcé  that  the  air  exerts  on 

the  propeller  operating  at  a  given  advance 

ratio  J  can  be  written  as  the  product  of  the 

reference    área    d'^,    the    dynamic    pressure 

corresponding   to   the   velocity    nd,    and    a 

coeíficient  that  depends,  for  a  given  shape, 

only  on  the  Reynolds  number. 

The  propeller  thrust  T,  that  is,  the  forcé 
in  the  direction  of  the  propeller  axis,  is  of 
primary  importance.  According  to  what  has 
just  been  explained  the  thrust  can  be  written 
as 


A-A 


1 

\ 

^ 

V        *       * 

T  =  p{nd)WCT  =  pnH'Cv 


(5) 


B-B 


where  the  factor  ^  occurring  in  the  definition 

of  the  dynamic  pressure  has  been  absorbed  in 

the  thrust  coefficient  Ct.     For  propellers  of  a 

given  shape  operating  at  a  given  advance 

ratio  J  the  coeíficient  Ct  depends  only  on  the 

Reynolds    number.     That    is,    the   propeller 

thrust  T  equals  the  product  of  pnM^  and  the 

thrust  coefficient,  which  depends  on  the  shape 

of  the  propeller,  on  the  advance  ratio  J,  and  on 

the  Reynolds  number.     The  advance  ratio  / 

here  plays  a  role  similar  to  that  of  the  angle 

of  attack  a  in  airfoil  theory.     In  fact,  according  to  (3),  the  angles  of 

attack  of  all  blade  sections  are  uniquely  determined  by  J  when  the  shape 

of  the  propeller  is  given. 


C-C 


FlG. 


blade  and 
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Another  important  quantity  is  the  resulting  moment,  with  respect  to 
the  propeller  axis,  of  the  forces  that  the  air  exerts  on  the  propeller. 
This  moment  is  known  as  the  'propeller  torque  and  will  be  denoted  by  Q. 
According  to  the  laws  of  similarity,  the  formula  for  Q  has  an  analogous 
structure  to  that  for  T  but  contains  an  additional  factor  which  has  the 
dimensión  of  a  length  (page  80).  If  the  propeller  diameter  d  is  taken  as 
this  factor,  the  torque  appears  as 

Q  =  p7iH^Cq  (6) 

where  the  torque  coefficient  Cq  depends  on  /,  Re,  and  the  shape  of  the 
propeller. 

It  is  in  most  instances  preferable  to  consider  the  product  uQ  rather 
than  Q.  This  product  represents  the  rate  at  which  work  is  done  by 
the  torque  Q ;  it  is  called  the  propeller  power  and  will  be  denoted  by  P. 
Since  O)  =  2Tn, 

p  =  2xnQ  =  pnM^2TCQ  =  pnWCp  (7) 

where  the  power  coefficient  Cp  has  been  introduced  for  the  product  27rCg. 
According  to  (7),  the  propeller  power  equals  the  product  of  pnH^  and  the 
power  coefficient  Cp,  which  depends  on  the  shape  of  the  propeller,  the  advance 
ratio,  and  the  Reynolds  number. 

It  is  easily  seen  that  the  forces  which  the  air  exerts  on  the  propeller 
are  statically  equivalent  to  the  thrust  T  and  the  couple  of  moment  Q 
acting  in  a  plañe  perpendicular  to  the  propeller  axis.  In  fact,  consider  an 
element  dS  of  the  surface  of  a  two-blade  propeller  (Fig.  217a).  The  forcé 
exerted  on  dS  can  be  resolved  into  the  components  dFi  and  dFo,  the  first 
being  parallel  and  the  second  perpendicular  to  the  propeller  axis.  This  is 
true  irrespective  of  whether  the  forcé  exerted  on  dS  is  normal  to  this 
surface  element  or  not.  The  attitude  of  a  propeller  blade  with  respect  to 
the  axial  and  rotational  motion  does  not  cliange  if  the  blade  is  rotated 
about  the  axis.  The  forcé  acting  on  the  element  simply  participates  in 
the  rotation.  Now,  in  the  case  of  a  two-blade  propeller  the  second  blade 
coincides  with  the  first  when  this  is  rotated  through  180°.  Thereforc,  the 
forcé  exerted  on  the  element  dS'  of  the  second  blade  that  corresponds  to 
dS  has  the  components  dF[  equal  to  dFi  and  dF'^  equal  and  opposite  to 
dF2.  The  forces  dFi  and  dF[  have  the  resultant  2  dFi  acting  along  the 
propeller  axis.  The  line  joining  the  points  of  application  of  the  forces 
dF2  and  c/Fg  is  perpendicular  to  the  propeller  axis.  These  two  forces  are 
therefore  equivalent  to  a  couple  acting  in  a  plañe  perpendicular  to  the 
axis.  Summing  up  the  contributions  from  all  pairs  of  symmetrically 
situated  surface  elements,  the  forces  exerted  on  the  propeller  are  seen  to 
be  equivalent  to  a  resultant  forcé  acting  along  the  propeller  axis  and  a 
resultant  couple  acting  in  a  plañe  perpendicular  to  this  axis.     A  similar 
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line  of  reasoning  can  be  applied  to  a  propeller  with  three  or  more  blades 
if  it  is  supposed  that  the  blades  are  identical  in  shape  and  make  equal 
angles  with  one  another  (see  Fig.  2176).  Here,  the  forcé  components 
dFi,  dF'^,  dF'^'  parallel  to  the  plañe  of  rotation  and  acting  on  corresponding 
blade  elements  sum  up  to  an  equilateral  triangle,  their  vector  sum  is 
zero,  and  their  action  results  in  a  moment  in  the  plañe  of  rotation. 

Another  notation  that  is  useful  in  the  discussion  of  propeller  problems 
is  the  propeller  efficiency.  The  power  that  must  be  transmitted  to  the 
propeller  in  order  to  obtain  the  desired  angular  velocity  was  seen  to  be 


(aJ 


Fig.  217. — Symmetry  of  forces  upon  the  blades. 


P  =  coQ.  On  the  other  hand,  the  product  of  thrust  T  and  the  velocity 
of  flight  F  measures  the  power  that  is  available  for  the  propulsión  of  the 
airplane.     The  ratio  of  power  output  to  power  input 


TV 
P 


TV 


2TrQ  n 


is  called  the  efñciency  of  the  propeller.     According  to  (5)  and  (7), 

pn^d'CrV 


V  = 


CrV_  ^  Ctj 

Cp nd       Cp 


(8) 


(9) 


pn'd'Cp 
The  propeller  efficienc]j  equals  the  product   of  the  advance  ratio  and  the 
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ratio  of  the  coefficients  of  thrust  and  power.     The  efficiency  77  here  plays  a 
role  similar  to  that  of  the  ratio  D/L  or  the  gliding  angle  e  in  airfoil  theor^^ 

Problem  1.  If  a  propeller  is  considered  as  an  airfoil  of  área  A  ( =  blade  área) 
moving  at  the  velocity  of  the  blade  element  that  has  the  distance  3d/8  from  the  axis, 
how  should  one  define  the  thrust,  torque,  and  power  coefficients? 

Problem  2.  If  blade  setting  and  angle  of  attack  at  the  point  r  =  3á/8  are  called 
/3i  and  ai,  study  the  relation  between  advance  ratio  J  and  «i  for  constant  valúes  of 
/3i  =  15,  30,  and  45°. 

Problem  3.     Assume  that  the  blade  setting  of  a  propeller  is  determined  by 


tan  ¡i  = 


27rr 


with  constant  p.     Compute  the  average  valué  of  a  for  a  given  J,  neglecting  terms  of 
higher  order  in  a. 

2.  Geometry  of  Propellers.     In  its  shape  the  propeller,  often  called 
the  airscrew,  is  closely  related  to  helical  surfaces.     If  the  motion  of  a 
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FiG.  218. — Helical  curve. 

rigid  body  can  be  considered  as  composed  of  a  rotation  about  a  certain 
axis  and  a  simultaneous  proportional  translation  in  the  direction  of  this 
axis,  the  body  is  said  to  perform  a  helical  motion.  During  one  complete 
revolution,  all  points  of  the  body  progress  by  the  same  amount  p  in  the 
direction  of  the  axis  of  rotation.  The  length  p  is  called  the  yitch  of  the 
helical  motion.  Consider  a  point  A  of  the  body  that  has  the  distance  r 
from  the  axis  of  rotation.  The  path  of  ^  is  a  helix  of  the  pitch  p,  traced 
on  the  circular  cylinder  of  the  radius  r  whose  axis  coincides  with  the  axis  of 
rotation,  Let  ylo  and  Ai  be  two  consecutive  points  on  this  hehx  lying  on 
the  same  generatrix  of  the  cylinder  (Fig.  218).  If  the  cylindrical  surface 
between  the  cross  sections  through  ^0  and  A\  is  ciit  open  along  the  gen- 
eratrix AoAi  and  developed  on  a  plañe,  the  helix  is  transformed  into  the 
diagonal  of  a  rectangle  of  the  basis  27rr  and  the  height  p.  The  slope  ^  of 
the  heUx  against  any  cross-sectional  plañe  of  the  cylinder  is  thus  seen 


I 


Sec.  XI.2] 


GEOMETRY  OF  PROPELLERS 


291 


to  be  connected  with  the  pitch  p  and  the  radius  r  by 

p  =  27rr  tan  j8 


(10) 


Since  p  has  the  same  valué  for  the  helical  paths  of  all  points  of  a  rigid 
body  performing  a  helical  motion,  the  slope  of  the  various  paths  is  pro- 
portional  to  1/r. 

Any  rigid  segment  of  a  straight  or  curved  line  performing  a  helical 
motion  generates  a  helical  surface.  The  simplest  case  is  that  of  the  helical 
surface  generated  by  a  straight  line  that  intersects  the  axis  of  rotation 
at  right  angles.  Consider  a  narrow  strip  of  this  helical  surface,  lying 
between  two  neighboring  positions  of  the 
generating  line  (Fig.  219).  The  points 
A,  B,C,  .  .  .  on  this  line  describe  hélices 
that,  within  the  narrow  strip  under  con- 
sideration,  may  be  regarded  as  short 
straight  segments  A  A'  BB',  CC,  .  .  . 
forming  the  respective  angles  j8  with  a 
plañe  perpendicular  to  the  axis  of  rota- 
tion. This  strip  of  a  helical  surface 
could  be  used  as  a  sort  of  skeleton  for  a 
propeller  blade,  the  lines  AA',  BB',  CC, 
.  .  .  carrying  the  chords  of  the  blade 
sections.  If  a  propeller  blade  of  infini- 
tesimal thickness  designed  in  this  manner 
operates  at  the  advance  ratio  J,  the  angle  of  attack  of  the  blade  section  at 
the  distance  r  from  the  propeller  axis  is  given  by  the  first  equation  (3'), 
where,  according  to  (10),  j8  =  are  tan  pll-wr.     Thus, 

a  =  are  tan  -^ are  tan  ^ —  (11) 

2-Kr  2Trr  ^     ' 

If,  in  particular,  the  advance  ratio  is  such  that  Jd  =  p  ov  J  =  p/d,  the 
angle  of  attack  becomes  zero  for  all  blade  elements.  In  this  case  the 
points  ^ , -B,  C,  .  .  .  move  in  the  directions  ^A',  J55',  CC,  .  .  .  ,  respec- 
tively;  the  helical  strip  used  as  the  skeleton  of  the  propeller  blade  moves 
along  the  generating  helical  surface  in  very  much  the  same  way  as  a 
plañe  strip  could  move  along  its  own  plañe.  Equation  (11)  shows 
that  for  any  valué  of  the  advance  ratio  diíferent  from  p/d  the  angle  a 
will  necessarily  vary  with  r. 

Actually,  propeller  blades  are  not  shaped  exactly  in  the  manner 
outlined.  They  are  not  exact  helical  surfaces  with  a  constant  pitch  of 
all  elements  but  rather  are  composed  of  helical  elements  with  slightly 
varying  pitch.  The  reason  for  this  is  as  follows:  It  has  been  seen  that 
for  each  airfoil  section  there  exists  an  optimum  angle  of  attack  for  which 


Fig.    219. — Infinitesimal    strip    of    a 
helical  surface. 
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the  ratio  of  lift  to  drag  attains  its  máximum  valué.  The  designer  of  a 
propeller  may  try  to  obtain  for  every  blade  section  the  corresponding 
optimum  angle  when  the  propeller  operates  at  the  design  advance  ratio, 
or  at  the  advance  ratio  at  which  the  máximum  efficiency  is  desired. 
If  the  same  profile  is  adopted  for  all  blade  sections,  the  optimum  angle 
of  attack  has  the  same  valué  for  all  sections.     Now,  according  to  (11),  a 
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FiG.  220. — Pitch  distribution  at  constant  angle  of  attack. 

constant  valué  of  a  (except  a  =  0)  cannot  be  obtained  with  a  constant 
pitch  p.     In  fact,  since  a  =  /3  —  7  and  tan  ^  =  p/27rr,  tan  7  =  Jd/2Trr, 


tan  i3  =  tan  (a  -|-  7)  = 


tan  a  +  tan  7 


or 


V 


27rr 


1  —  tan  a  tan  7 
tan  a  +  Jd/2Trr 


1  -  {Jd/%rr)  tan  a  ^^^^ 

In  order  to  obtain  a  constant  angle  of  attack  a,  the  pitch  p  must  vary 
with  r  according  to  (12).  If  the  dimensionless  quantities  y  =  p/d  and 
X  =  2r/d  are  introduced,  Eq.  (12)  becomes 


y  =  TTX 


tan  a  +  J /ttx 


=  J 


\  -\-  TTX  tan  a/J 


I  —  J  tan  (x/tx  \  —  J  tan  a/irx 


(13) 
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Usually,  the  valúes  of  /3  and  p  at  r  =  Sd/8  are  given  as  the  nominal 
valúes  of  blade  setting  and  pitch  for  the  entire  propeller.  These  /3-  and 
íZ-values  are  connected  by  p/d  =  |^  tan  /3. 

In  Fig.  220  the  p/d-Y&lues  according  to  (13)  are  plotted  against  x  for 
a  =  3°  and  6°  and  various  /-valúes.  The  nominal  p/d  appears  on  the 
vertical  Sit  x  =  0.75. 

Figure  221  gives  the  comparison  between  the  theoretical  curve  and  the 
pitch  distribution  of  an  actual  propeller.  For  a  =  4.5°  and  the  three 
J-values  0.35,  0.45,  and  0.55,  Eq.  (13)  leads  to  the  three  (nearly  straight) 
lines  seen  in  the  graph.     The  curved  solid  line  represents  the  pitch 
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-Pitch  distribution  of  an  actual  propeller  compared  with  pitch  distribution  at 
constant  angla  of  attack. 


distribution  of  a  propeller  tested  by  the  NACA^  with  nominal  p/d  =  0.65, 
nominal  /3  =  15.4°.  There  are  several  reasons  why  the  actual  pitch 
distribution  differs  from  that  corresponding  to  (13).  Contrary  to  what 
has  been  assumed  in  the  foregoing,  the  blade  sections  generally  are  not 
formed  according  to  the  same  profile.  It  has  alreadj^  been  mentioned 
that  for  structural  reasons  the  relative  thickness  of  the  blade  sections 
increases  considerably  toward  the  hub.  The  optimum  angle  of  attack 
thus  varies  with  r.  Furthermore,  a  certain  compromise  must  be  worked 
out  between  the  aim  to  obtain  the  highest  possible  efñciency  for  the  design 
advance  ratio  and  the  desire  to  avoid  too  sharp  a  drop  of  the  eíficiency 
for  other  valúes  of  the  advance  ratio. 


1  NACA  Tech.  Rept.  340  (1930). 
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The  propeller  whose  pitch  distribiition  is  shown  in  Fig.  221  would 
best  fit  the  condition  of  a  constant  a  —  4.5°  at  an  advance  ratio  J  =  0.45, 
that  is,  for  example,  V  —  180  ft./sec,  d  —  10  ft.,  n  =  40/sec.  It 
would  be  still  useful  within  a  range  of  /  of  about  0.40  to  0.50.  But,  if  a 
much  wider  range  of  /  has  to  be  covered,  it  proves  impossible  to  arrive 
at  a  compromise  that  is  satisfactory.  Therefore,  in  modern  airplanes, 
controUable-püch  propellers  are  used  more  and  more  widely.  The  blade 
setting  of  such  a  propeller  can  be  changed  during  the  flight  by  rotating 
each  blade  about  an  axis  that  intersects  the  propeller  axis  at  right 
angles.  The  effect  of  such  a  rotation  consists  in  changing  the  /3-values 
of  all  blade  sections  by  the  angle  through  which  the  blade  has  been 
rotated.  In  Fig,  221  the  dotted  curved  lines  correspond  to  the  same 
blade  as  the  solid  one,  but  to  a  blade  setting  increased  by  3°  and  decreased 
by  3°,  respectively.  It  is  obvious  that  in  this  way  the  theoretical  con- 
ditions  for  varying  advance  ratio  can  be  much  better  satisfied. 

Although  the  pitch  distribution  may  be  considei'ed  as  the  most 
important  geometric  characteristic  of  a  propeller  design,  the  questions  of 
profile  and  plan-form,  predominant  in  wing  design,  play  a  certain  role, 
too.  Structural  reasons  influence  the  cholee  of  the  profiles  to  a  much 
greater  extent  than  is  the  case  with  wing  profiles.  Near  the  hub,  rather 
thick  profiles  must  be  used  since  there  the  centrifugal  forces  as  well  as  the 
bending  moments  are  particularly  high.  Fortunately,  the  región  near 
the  axis  has  minor  importance  for  the  aerodynamic  forces,  as  will  be 
seen  later.  Experience  also  shows  that  the  influence  of  the  plan-form 
on  the  aerodynamic  characteristics  of  a  propeller  is  rather  small.  If  the 
chord  length  of  the  blade  sections  were  constant,  the  plan-form,  which  is 
defined  as  the  contour  of  the  projection  of  the  blade  on  a  plañe  perpen- 
dicular to  the  propeller  axis,  would  slightly  widen  from  the  axis  toward 
the  tip  since  the  sections  near  the  tip  are  set  at  smaller  angles  than  those 
near  the  hub.  Generally,  the  chords  are  made  to  decrease  rapidly  over 
the  outermost  quarter  of  the  blade  radius  in  order  to  avoid  too  high 
centrifugal  stresses  and  bending  moments.  Thus  the  typical  plan-form 
is  obtained,  which  is  widest  at  about  r  =  3d/8  and  narrows  toward  the 
hub  as  well  as  toward  the  blade  tip. 

A  sufficiently  detailed  representation  of  the  shape  of  a  propeller 
blade  requires  a  considerable  amount  of  drafting.  Figure  222  shows  the 
example  of  a  metal  blade  of  10  ft.  5  in.  diameter.  Besides  the  projections 
on  a  plañe  normal  to  the  propeller  axis  (plan-form)  and  on  a  plañe 
parallel  to  the  axis  as  well  as  to  the  main  direction  of  the  blade,  10  blade 
sections  are  shown.  Near  the  hub  the  developed  plan-form  is  also  given. 
This  diagram  shows  the  variation  of  the  true  chord  length  with  r,  whereas 
the  plan-form  gives  the  projections  of  the  chord  lengths  on  a  plañe  per- 
pendicular to  the  axis.     The  drawings  must  be  supplemented  by  tables 
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giving  offsets  for  the  upper  and  lower  boundaries  of  the  profiles.  Figure 
223  shows  the  distributions  of  chord  length  c  and  máximum  thickness  t 
of  the  blade  sections,  as  well  as  the  pitch  distribution. 

For  wooden  propeller  blades,  which  are  built  up  from  boards  of  about 
1  in.  thickness,  the  longitudÍ7ial  sections  of  the  blade,  t.e.,  the  intersections 
of  the  blade  surface  with  planes  normal  to  the  axis,  must  also  be  drawn. 
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FiG.  223. — Pitch,  thickness,  and  chord  distribution. 

Figure  224  shows  an  example.  In  the  design  of  these  longitudinal  sec- 
tions, attention  should  be  paid  to  the  careful  fairing  of  all  transitions 
since  the  flow  is  extremely  sensitive  to  any  lack  of  continuity  in  the 
curvature  of  the  blade  surface. 

Problem  4.  A  variable-pitch  propeller  is  designad  in  such  a  way  that  at  the 
ad vanee  ratio  /  =  0.8  the  angle  of  attack  has  the  constant  valué  a  =  4°.  If  at  the 
advance  ratios  0.6  and  1.0,  respectively,  the  propeller  blade  is  sct  so  as  to  give  a  =  4° 

at    the    point    r  =  d/4,   what   are   the   highest 
and  lowest  valúes  of  a  within  the  range  r  =  Cid 
0.5d? 


to  r 

3.  Propeller    Characteristics.     It   has 

FiG.  224. — Longitudinal  sections  of      ,  -     -      i     •         ii         r  ■  ii,    i.     au 

a  propeller  blade.  ^ecn    stated    m    the   íoregomg   that   the 

coefíicients  of  thrust  and  power  (or  torque) 
of  a  given  propeller  depend  on  the  advance  ratio  J  and  the  Reynolds 
number  Re.  Since  the  influence  of  Re  is  of  minor  importance,  the  curves 
showing  Ct  and  Cp  (or  Cq)  as  functions  of  J  are  called  the  propeller 
characteristics.  The  points  of  these  curves  correspond  to  experimental 
results  übtained  with  a  fixed  valué  of  Re. 

According  to  (5)  and  (7)  the  two  coefíicients  are  defined  by 

T  P 

Ct  =  -^.,         Cp  =  -W.  (14) 


pn^d^ 


pnW 
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Let  US  first  consider  a  propeller  with  a  modérate  nominal  blade 
setting  (up  to  about  15°)  so  that  the  angles  of  incidence  involved  are 
essentially  below  stalling.  As  a  first  result  we  may  state  the  following: 
With  increasing  advance  ratio,  the  coefficients  Ct  and  Cp  hoth  decrease. 
This  is  seen  in  Fig.  225,  which  gives  the  characteristic  curves  of  the 
propeller  of  Fig.  222.  ^  According  to  (3)  the  angle  of  incidence  a'  of  all 
blade  elements  of  a  given  propeller  decreases  with  increasing  J.  Since 
the  aerodynamic  forces  on  an  airfoil  increase  with  a'  (the  lift  linearly,  the 
drag  according  to  a  quadratic  law),  the  decrease  in  Cr  and  Cp  with 
increasing  /  is  to  be  expected. 
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Fia.  225. — Characteristic  curves  of  the  propeller  of  Fig.  222  at  a  nominal  blade  setting 

of  15.5°. 

As  is  seen  from  Fig.  225  the  line  representing  the  thrust  coefficient 
is  only  slightly  curved  and,  as  a  first  approximation,  may  be  considered 
as  a  straight  line  that  intersects  the  axis  at  the  abscissa  Ji.  In  a  certain 
way  the  valué  Ji,  where  Ct  =  O,  may  be  compared  to  the  zero  lift  angle 
of  an  airfoil.  Assume  that  the  propeller  blade  is  a  narrow  strip  of  a 
helical  surface  of  thickness  zero  and  of  constant  pitch  pi.  It  has  already 
been  seen  that,  if  such  a  helical  strip  moves  at  the  advance  ratio  Ji  =  pi/d, 
the  angle  of  incidence  is  zero  over  the  entire  blade,  i.e.,  each  straight 
blade  section  progresses  in  its  own  direction  through  the  surrounding  air, 
very  much  like  an  indefinitely  thin  píate  moving  in  its  own  plañe.  In 
this  case,  if  no  skin  friction  interferes,  T  as  well  as  Q,  and  consequently  P, 
would  vanish  at  the  advance  ratio  pi/d  and  would  change  signs  when  this 
valué  of  J  is  surpassed. 

1  NACA  Tech  Rept.  339  (1930). 
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Since  the  assumptions  of  zero  friction,  zero  thickness,  and  constant 
pitch  are  not  fulfilled  for  actual  propeller  blades,  some  modifications  take 
place.  The  valúes  of  J  that  correspond  to  Cr  =  O  and  to  Cp  =  O, 
respectively,  will  not  coincide.  Skin  friction  at  least  will  absorb  a 
torque  moment  even  where  no  thrust  exists.  For  positive  valúes  of 
Ct  and  Cp  the  efficiency  -q  is  defined  by  (9).  Since  necessarily  77  <  1,  it 
follows  that  JCt  <  Cp.  Now,  for  advance  ratios  exceeding  the  valué  Ji 
for  zero  thrust  the  definition  of  17  loses  its  meaning,  but  up  to  J  =  Ji 
the  relation  JCt  <  Cp  holds.  Thus  it  is  seen  that  the  valué  Ji  of  the 
advance  ratio  at  which  Cp  becomes  zero  must  be  greater  than  Ji 
(see  Fig.  225). 

The  product  pi  =  Jid  is  often  called  the  effective  pitch  of  the  propeller 
because  for  an  indefinitely  thin  propeller  of  constant  pitch  pi  and  diam- 
eter  d  the  advance  ratio  for  zero  thrust  was  seen  to  be  Ji  =  pi/d.  The 
effective  pitch  may  be  considered  as  an  aerodynamically  defined  average 
of  the  various  pitch  valúes  occurring  along  the  blade,  For  conventional 
designs  the  effective  pitch  does  not  differ  too  much  from  the  nominal 
pitch,  i.e.,  the  pitch  at  r  =  dd/S. 

The  curve  representing  the  power  coefficient  as  a  function  of  the 
advance  ratio  is  of  rather  parabolic  character  as  seen  in  Fig.  225.  The 
vértex  of  the  parábola  corresponds  generally  to  comparatively  small 
valúes  of  J.  Insofar  as  Ct  is  approximately  linear  and  Cp  a  quadratic 
function  of  J,  there  exists  a  certain  analogy  between  the  curves  showing 
these  coefficients  as  functions  of  the  advance  ratio  and  the  curves  repre- 
senting the  coefficients  of  lift  and  drag  of  an  airfoil  as  functions  of  the 
angle  of  attack.  This  analogy  is  by  no  means  accidental,  as  will  become 
clear  later. 

The  dotted  curve  in  Fig.  225  represents  the  efficiency  r¡  defined  by  (9) 
as 

_TV        Ct  j- 
"^  ~    P    ~  Cp'^ 

It  is  obvious  that  íj  =  O  for  J  =  O  as  well  as  for  J  =  Jx.  Somewhere 
between  these  two  valúes  of  the  advance  ratio  the  efficiency  -q  must  have  a 
máximum,  which,  of  course,  is  smaller  than  1.  As  a  rule,  this  máximum 
lies  nearer  to  J  =  Ji  than  to  J  =  0.  If  J^  denotes  that  valué  of  the 
advance  ratio  for  which  the  efficiency  assumes  the  máximum  valué  rjm, 
the  difference  Ji  —  Jm  usually  is  not  greater  than  about  25  per  cent  of  J\. 
In  general,  valúes  of  the  advance  ratio  occurring  in  flight  will  be  rather 
cióse  to  Jm-  The  difference  J\  —  J  [or  the  ratio  {Ji  —  J)/Ji  expressed 
in  per  cent]  is  known  as  the  slip  of  the  propeller.  If  the  advance  ratio 
of  the  propeller  is  conceived  as  the  counterpart  of  the  angle  of  attack  of  an 
airfoil,  the  slip  Ji  —  /  corresponds  to  the  angle  of  incidence  a'  =  a  —  «o. 
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For  zero  slip,  thriist  and  efficiency  are  both  zero.  For  not  too  large  slip 
valúes,  the  thrust  and,  in  a  less  pronounced  way,  the  efficiency  are 
proportional  to  the  slip. 

The  higher  the  speed  for  which  a  propeller  is  designed,  the  greater  the 
angles  ¡3  at  which  the  blades  are  set.  Now,  with  increasing  valúes  of 
(3,  the  pitch  p  oí  all  elements  and,  consequently,  the  effective  pitch  pi 
and  the  advance  ratio  for  zero  thrust  Ji  =  P\/d  will  increase,  too. 
Figure  226  shows  the  characteristics  of  such  a  high-speed  propeller.  The 
Cr-curve  differs  in  shape  from  that  of  Fig.  225:  the  almost  linear  increase 
of  Ct  with  decrcasing  J  toward  the  left  from  J  =  J\  ends  at  a  certain 
point;  from  thcre  on  toward  J  —  Q  the  thrust  coefficient  remains  prac- 
tically  constant.  This  behavior  can  easily  be  understood  from  the 
analogy  between  the  Ct  vs.  J-curve  of  a  propeller  and  the  Cl  vs.  a-curve 
of  an  airfoil.     For  small  valúes  of  /  the  angle  defined  by  (3)  is  nearly 
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Fiü.  226. — Characteristic  curves  of  a  high-speed  propeller. 

proportional  to  J .  For  large  valúes  of  /3  and  small  valúes  of  J  the  angle 
of  attack  a  =  /3  —  7  will  therefore  exceed  the  stalling  angle.  When  this 
occurs,  the  lift  coefficient  of  the  blade  section  will  not  increase  with  a 
further  increase  of  a,  that  is,  with  a  further  decrease  of  J.  Since  Ct 
depends  essentially  on  Cl,  this  explains  the  fact  that  the  Ct  vs.  J-curve 
runs  more  or  less  horizontal  to  the  left  of  a  certain  J-value.  The  Cp  vs. 
J-curve  is  likewise  aííected  by  the  transition  to  "beyond  stalling" 
conditions.  The  shape  of  both  curves  to  the  left  of  the  stalling  J  varíes 
strongly;  it  is  very  sensitive  to  changes  of  profile  and  plan-form,  and 
depending  on  the  blade  setting.  No  general  properties  have  been 
established,  but  most  experiments  agree  in  showing  both  Ct  and  Cp 
first  slightly  decreasing.  then  again  increasing  toward  the  left  (see  next 
section).  This  indefiniteness  is  of  course  connected  with  the  strongly 
varying  character  of  the  Cl  vs.  a-curves  of  airfoil  sections  when  the 
stalling  point  is  exceeded,  but  it  is  also  caused  by  the  fact  that  the 
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stalling  conditions  are  not  reached  at  the  same  time  by  all  blade  elements. 
For  regular  flight  conditions  only  the  región  below  stalling  need  be 
considered  for  propellers  as  well  as  for  Avings. 

One  important  difference  between  propeller  and  airfoil  coefficients 
must  not  be  overlooked.  Wing  and  airfoil  coefficients  refer  to  the  actual 
área  of  the  wing  and  can  therefore  be  expected  to  change  only  slightly 
with  the  plan-form  (aspect  ratio).  But  in  the  definitions  of  thrust  and 
power  coefficients,  Ct  and  Cp,  the  square  of  the  diameter,  (P,  was  used 
as  reference  área  rather  than  the  blade  área.  It  follows  that  both  Ct 
and  Cp,  at  least  within  a  restricted  range,  will  be  proportional  to  the  ratio 
A/<P  (propeller-blade  área  to  diameter  squared).  In  fact,  this  holds  true 
if  with  the  usual  blade  forms  a  two-blade  propeller  is  replaced  by  a  pro- 
peller with  three  blades  of  the  same  shape.  Experiments  show  that  in 
this  case  the  ratio  Ct/Cp  or  the  efficiency  CtJ/Cp  drops  not  more  than 
about  2  per  cent,  while  Ct  and  Cp  approximately  multiply  by  |.  This 
does  not  mean,  however,  that  one  can  increase  ad  libitum  the  amount 
of  thrust  and  power  simply  by  using  more  blades  or  higher  blade  width  c 
(chord  length  of  the  profiles)  since  the  mutual  interference  of  the  blades 
becomes  more  and  more  marked  in  both  cases.  Average  valúes  of 
A/(P  for  two-  and  three-blade  propellers  will  be  given  in  the  next  section. 
More  than  four  blades  have  almost  never  been  used  in  practical  flight. 

Various  secondary  circumstances  influence  the  propeller  character- 
istics  to  a  certain  extent.  For  example,  in  modern  planes  the  propellei- 
tip  speed  reaches  or  even  exceeds  the  velocity  of  sound.  Under  sucli 
conditions  compressibility  effects  become  more  and  more  pronounced, 
and  the  similarity  laws  that  underlie  the  definition  of  the  propeller 
coefficients  are  no  longer  valid.  Experiments  on  full-scale  metal  pro- 
pellers of  low  pitch  under  standard  pressure  have  shown  that  the  effi- 
ciency t]  remains  practically  vmaffected  up  to  tip  speeds  of  1000  ft./sec. 
Above  this  limit  the  efficiency  relative  to  that  at  lower  speeds  falls  off 
at  a  rate  of  about  10  per  cent  per  100  ft./sec.  increase.  Apart  from  the 
loss  of  efficienc}^,  tip  speeds  approaching  and  exceeding  the  velocity  of 
sound  have  to  be  avoided  because  of  the  inconvenient  noise  such  pro- 
pellers produce. 

A  very  serious  problem,  which  can  only  be  mentioned  here,  arises 
from  the  interference  of  the  fuselage  on  which  the  propeller  is  mounted. 
If  the  shapes  of  both  the  propeller  and  the  fuselage  are  kept  constant,  the 
extent  of  mutual  interference  will  depend  on  the  relative  size  of  the  two 
bodies.  It  can  be  expected  that,  mounted  on  the  same  fuselage,  pro- 
pellers of  greater  diameter  will  be  less  affected.  If  experiments  of  this 
kind  are  carried  out  in  the  wind  tunnel,  care  must  be  taken  to  establish 
an  appropriate  notion  of  combined  efficiency  tj^.  The  propeller  thrust 
T  measured  as  the  tensión  in  the  crankshaft  at  the  section  A  A  (Fig.  227) 
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will  differ  from  the  resultant  forcé  Tr  acting  on  the  propeller-fuselage 
combination  and  measured,  say,  at  BB.  The  difference  T"  —  7"^  is  the 
actual  drag  exerted  on  the  fuselage  under  the  combined  influence  of  the 
air  flow  with  an  air  speed  V  and  of  the  rotating  propeller.  If  the  first 
component  Dp,  the  parasite  drag  of  the  fuselage,  is  known  from  ordinary 
drag  tests,  the  increment  D'  can  be  found  from  the  equation 

T  -  Tr  =  Dp-{-  D'         or         T  -  D'  =  Tr  +  Dp  (15) 

Each  of  the  quantities  T  —  D'  and  Tr  +  Dp  can  be  considered  as  the 
combined  thrust  valué,  and  therefore  the  eíRciency  r]c  can  be  defined  as 

Ve  =  ^4^  ^  -  ^"^^  V  (16) 

Tests  on  a  regular  open  cockpit  fuselage  with  a  máximum  (rectangular) 
cross  section  of  about  35  to  45  in.  and  propeller  diameter  of  8  to  10.5 

B 


FiG.  227. 

ft.  showed  that  the  variations  in  the  propeller  coefficients  were  quite 
small.  The  combined  efficiency  increased  by  about  1  per  cent  for  a 
10  per  cent  increase  in  diameter. 

Problem  5.  A  propeller  of  diameter  d  that  develops  the  thrust  T  when  operating 
at  the  advance  ratio  J  and  at  N  r.p.m.  is  to  be  replaced  by  a  pair  of  equal  propellers 
of  the  same  shape,  operating  at  the  advance  ratio  J  and  producing  together  the 
thrust  T.  The  velocity  V  being  the  same  in  both  cases,  determine  the  diameter  d' 
and  the  rotational  speed  A'^'  of  these  two  propellers.  Prove  that  the  total  power 
required  by  the  two  propellers  equals  the  original  propeller  power. 

Problem  6.  Define  thrust  and  power  coefficients  C'j.  and  Cp  referring  to  the 
actual  propeller  blade  A  and  to  the  actual  velocity  at  the  distance  r  =  {\/2w)d.  The 
solidity,  i.e.,  the  ratio  A  to  dV/4,  may  be  given  as  S/x/tt.  Instead  of  /,  use  the  valué  of 
tan  7  at  the  indicated  r  as  the  variable  parameter.  Give  the  relations  between  these 
new  characteristics  and  the  Ct,  Cp,  and  rj  vs.  J-curves. 

Problem  7.  Assume  that  the  Ct  vs.  /-curve  is  a  straight  Une  and  the  Cp  vs. 
/-curve  a  parábola  with  its  vértex  at  /  =  0.  Discuss  the  corresponding  Tj-curves, 
and  find  the  limits  for  the  slope  of  the  straight  line  and  the  parameter  of  the  parábola, 
in  particular  under  the  assumption  that  /i  =  0.8  and  /2//1  =  1.06  (/i,  J2  abscissas 
of  the  intersections  with  the  /-axis). 
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F*roblem  8.  How  does  the  77-curve  change,  if  the  Unes  considered  in  the  preceding 
problem  start  only  at  /  =  Jst  and  both  Ct  and  Cp  are  constant  between  /  =  O  and 
/  =  JJ 

4.  Quantitative  Analysis.  In  the  case  of  airfoil  characteristics  it 
was  possible  to  give  a  fairly  complete  quantitative  description  for  the 
various  curves,  Cl  vs.  a,  Cd  vs.  a,  etc.  Three  parameters  alone  are 
involved  as  long  as  conditions  below  stalling  only  are  considered — the 
slope  A;  of  the  Cl  vs.  a-line,  the  zero  lift  drag  a,  and  the  coefficient  1/6  of 
the  quadratic  term  in  the  expression  for  Cd  (see  Chap.  VII).  All  these 
parameters  vary  only  in  a  narrow  range;  if  the  aspect  ratio  ^-R  is  given,  we 
can  even  consider  k  and  h  as  entirely  known,  the  first  being  about  27r 
divided  by  1  +  2/JR,  the  second  equal  to  about  ir/R.  Now,  in  the  prob- 
lem of  propeller  characteristics  there  is  a  much  greater  variety.  Even 
if  we  assume  that  the  same  profile  is  used  for  all  blade  sections,  the 

yfprop.  axis  dired ion) 
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FlG.  228. — Kesohltioil  of  forcos  ticí'in(r  on  the  i('i>rcsciit;itiv'i'  hlarlo  (>leintMit. 

valúes  of  blade  vvidth  c  and  of  blade  setting  ¡3,  both  varying  along  the 
blade  according  to  some  formula,  add  to  the  diversity.  However,  a 
rough  survey  of  all  possible  forms  covering  the  essential  features  of  the 
curves  can  be  obtained  in  the  following  way. 

We  assume,  for  the  purpose  of  a  first  approximation,  that  the  entiro 
propeller  acts  as  an  airfoil  the  total  área  of  which  is  concentrated  at  a 
certain  distance  r  from  the  axis,  which  is  set  at  the  definite  angle  j3 
against  the  plañe  of  rotation,  and  which  participates  in  the  motion  com- 
bined  of  an  axial  translation  with  velocity  V  and  a  rotation  with  angular 
speed  (jú.  That  is,  all  blades  are  replaced  by  one  blade  element  at  the 
distance  r  to  which  is  attributed  the  blade  área  of  the  propeller  or  rather 
a  ñctitious  propeller  área  A.  This  approach  may  be  called  the  method  of  a 
representative  blade  element.  It  is  of  course  not  a  method  of  precise 
performance  computation  for  a  propeller  but  a  simple  way  to  obtain 
general  Information  about  the  shape  of  the  characteristic  curves. 

In  Fig.  228  the  short  solid  line  OP  represents  the  propeller  section 
or,  better,  its  zero  lift  direction,  forming  the  angle  ^'  with  the  direction 
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Ox  oí  the  rotational  velocity  reo.  The  resultant  velocity  in  direction 
OV,  under  the  angle  y,  has  the  magnitude  F/sin  y  =  rw/cos  y  [see 
Fig.  216  and  Eq.  (2)].  The  airfoil  element  is  subject  to  a  drag  in  the 
direction  O  A  of  magnitude  Cd(p/ 2,)  A  (roí /eos  yY  and  to  a  lift  in  the  direc- 
tion AB  the  magnitude  of  which  is  Ci,(p/2)A(rco/cos  7)^.  The  compo- 
nents  of  these  forces  in  the  direction  Oy,  which  represents  the  direction 
of  the  forward  speed  V,  are 

—  Cd7^A\ — ^)   sin  7         and         Cl  ^  A  ( — —]    eos  7     (17), 
2       \cos  7/  2       \cos  7/ 

Avhile  the  components  in  direction  xO,  that  is,  opposite  to  the  rotational 
speed  reo,  ec^ual 

Cn  g  A  f  ^'^  y  eos  7         and         C,  %  A  {^^  sin  7       (17') 
2       \cos  7/  2       \cos  7/ 

The  two  forces  (17)  furnish  the  propeller  thrust  T: 

T  =  Crpn~d'  =  (C,  eos  7  -  C,>  sin  7)  o"  -^  (  ^^^  )  (18) 

2       \cos  7/ 

The  forces  (17')  when  multiphed  by  reo  give  the  propeller  power  P: 

P  =  Cppn'd'  =  (Cl  sin  7  +  Ci>  eos  7)  §  ^  ( -^- )    ''co        (18') 

i¡         \COS  7/ 

From  relations  (18)  and  (18')  we  can  find  expressions  for  Ct  and  Cp, 
using  co  =  27rn  and  the  abbreviations 

as  foUows: 

„         Cl  eos  7  —  C/;  sin  7  _,  „         Cl  sin  7  -(-  Cd  eos  7  _  .        ,_^. 

Cr  =  ^ K-jj.,         Cp  =  s \V     (20) 

cos-^  7  cos''  7 

Here  7  equals  /3'  —  a'  where  ^'  is  the  blade  setting  and  a  the  variable 
angle  of  incidence  (see  Fig.  228).  As  Cd  and  Cl  are  known  functions 
of  a' ,  Eq.  (20)  determine  Cr/\-yí  and  Cp/\^¡s.  as  functions  of  a'.  Adding 
the  relation  that  follows  from  Eq.  (2), 

j        V       rw  tan  7       27rr  ,  ,   ,        ,^,         ,.  ,^-. 

J  =  — ,  =  , — -  =  —r-  tan  7  =  X  tan  (/3    —  a  )  (21) 

mi  tul  a 

we  have  J/\  also  as  a  fun(;tion  of  a'.  Thus  we  are  in  a  position  to 
compute  and  to  plot  the  Ct  vs.  J-  and  Cp  vs.  J-curves,  except  for  the 
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scale  factors  XV  for  Ct,  XV  for  Cp,  and  X  for  J.     The  efRciency  curve 
17  vs.  J  can  be  found  from 

_  CtJ  _  Cl  eos  7  —  Cd  sin  7  XV  -V  ,  _  Cl  —  Cp  tan  7     ,22n 

"^  ~  "C7  ~  Cl  sin  7  +  Co  eos  7  XV        "^  ^  "  Cx  +  Cz,  cot  7     ^  ^ 

in  connection  with  (21).     The  17-formula  inchides  no  scale  factor. 

How  the  computation  can  be  carried  oiit  is  shown  in  Fig.  229,  and 
the  results  are  given  in  Fig.  230.     In  Fig.  229  the  polar  diagram  of  the 


Fig.  229.  — (Computation  of  the  propeller  coefl&cients  from  the  polar  diagram  of  the  repre- 

sentative  blade  elemcnt. 

airfoil  profile  is  plotted  with  equal  scales  for  Cd  and  Cl  and  with  the 
points  marked  corresponding  to  a'  =  O,  3,  6°,  etc.  A  vertical  straight 
Une  in  the  distance  OC  =  X  is  added.  To  any  point  A  of  the  polar  curve 
(•orresponds  a  definite  velocity  direction  OF,  which  forms  the  respective 
ungle  a'  with  OP  and  which  intersects  the  vertical  Une  through  C  m.  Ai 
and  the  vertical  Une  through  A  in  A 2.  Then  CAx  =  X  tan  7  =  J  and 
A2A  —  C L  —  Cl)  tan  7.  If  OA3  is  drawn  perpendicular  to  OV  and  A^ 
lies   on   the   vertical   Une   through   A,    we  have   AA^  =  Cl  -\-  Cd  cot  7 


Sec.  XI.4] 


QUANTITATIVE  ANALYSIS 


305 


and  thus  77  =  AA2/AA3.  To  obtain  Cr/y'iJi  and  Cp/\^n,  one  has  to  draw 
A2T  ±  OV,  giving.4¡7'  =  CT/r-^i  and  QR  \\  OV,  supplyingQfí  =  Cp/XV- 
This  approach  supplies  fairly  good  information  about  the  character 
of  the  Ct,  Cp,  and  rj  vs.  J-curves  of  a  propeller,  as  long  as  below-stalhng 
conditions  prevail  over  the  main  part  of  the  blade,  i.e.,  for  not  too  large 


Cr/\% 


5    10 12 14     20    252729       35      40  4244 
IS"  30°  45' 

FiG.  230. — Propeller  coefficients  computed  from  an  assumed  characteristic  of  the  represen- 
tativo section  (Eqs.  20  to  22). 

valúes  of  the  shp  Ji  —  J.  The  curves  in  Fig.  230  are  plotted  under  the 
assumptions  Cl  =  0.1a',  Cd  =  0.02  +  0.0002a'2  (^/  [^  degrees)  up  to 
about  a'  =  13°.  This  corresponds  to  an  average  airfoil  of  an  aspect 
ratio  of  about  15.  The  three  famihes  of  curves  show  in  the  indicated 
región  all  the  characteristic  properties  seen  in  Fig.  231,  which  gives 
the  experimental  results  on  a  three-blade  propeller  with  Clark  Y-section 
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and  10  ft.  diameter.^  As  to  the  angles  indicated  in  the  tvvo  figures,  it 
must  be  noted  that  /3  in  Fig.  231  is  the  nominal  blade  setting,  i.e.,  the 
angle  of  the  profile  chord  at  r  =  3(i/8,  while  j8'  in  Fig.  230  is  the  angle 
of  the  zero  lift  direction  at  the  representative  section.     Since  this  section 
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FiQ.  231. — Coeffioients  of  a  three-blade  propcUer  with  Clark  Y-section  (d  =  10  ft.). 

is  in  general  a  little  closer  to  the  axis,  a  difference  jS'  —  j8  up  to  about  5° 
may  occur  under  average  conditions.  The  main  result  is  that,  hdow 
stalling,  the  valúes  of  Ct  and  Cp,  and  therefore  of  r],  asfunctions  of  J  depend 
essentially  on  three  parameters,  the  "solidüy"  expressed  in  ¡x,  the  relative 
distance  of  the  representative  element  expressed  in  X,  and  the  blade  setting  /3' 

1  NACA  Tech.  Rept.  658  (1939). 
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af  the  representative  element;  the  parameters  X  and  ¡x  enter  the  equations 
only  as  scale  factor s. 

Comparison  with  various  test  results  show  that,  for  modern  propellers, 
X  is  cióse  to  2.2,  about  in  the  range  2.1  to  2.3,  and  that  ¡x  varíes  between 
about  0.012  and  0.016  for  a  two-blade  propeller  and  0.018  to  0.024  in  the 
case  of  three  blades.  With  ^  =  0.014  the  fictitious  propeller  área  A 
follows,  from  (19),  as  0.028d^,  that  is,  considerably  smaller  than  the  actual 
blade  área.  This  can  easily  be  understood  since  the  blade  región  near 
the  axis  has  a  comparatively  small  aerodynamic  effect. 

The  situation  is  much  more  complicated  where  incidences  beyond  the 
stalling  vahíe  are  involved.  The  sharp  drop  of  the  Cl  vs.  a-line  at  the 
stalling  point  is  due,  as  was  seen  in  Sec.  X.l,  to  the  fact  that  the  flow 
separates  on  the  upper  side  of  the  profile.  Now,  in  the  case  of  a  propeller 
the  stalling  condition  will  not  be  reached  simultaneously  for  all  blade 
elements.  As  .7  decreases,  a  dead-air  región  may  develop  at  one  section 
and  then  gradually  spread  over  the  whole  blade.  Within  this  transition 
the  lift  coefficient  mil  still  increase  for  one  part  of  the  blade,  while  it 
decreases  for  the  remainder  farther  outside  toward  the  blade  tips.  Since 
the  more  distant  elements  act  at  greater  speed,  it  can  be  expected  that 
the  resultant  CL-value  will  rather  increase  up  to  a  certain  limit.  In 
order  to  keep  in  accordance  with  the  experimental  Cr-curves  the  left-hand 
parts  of  the  curves  in  Fig.  230  are  plotted  under  the  assumption  that 
Cl  goes  up  very  slowly  to  about  1.7,  while  the  Cc-values  follow  a  parabolic 
law  Cd  =  0.0005a:^  —  0.002q:  —  0.017,  according  to  experiments  on 
plates  at  higher  angles  of  incidence.  It  must  be  admitted  that  our 
knowledge  about  the  behavior  of  a  high-pitch  propeller  at  small  valúes  of 
the  advance  ratio  is  very  incomplete,  but  the  practical  interest  in  this 
behavior,  far  removed  from  the  usual  working  conditions,  is  not  great. 

Returning  now  to  the  región  below  stalling,  the  fact  that  all  Ct-  and 
Cf>-curves  are  nearly  straight  lines  in  this  región  suggests  the  following 
simplification  of  Eqs.  (20)  and  (21),  which  will  be  useful  for  the  purpose 
of  airplane  performance  computation.  In  this  range  one  can  obviously 
consider  a  as  a  small  angle,  thus  replacing  sin  a'  by  a  and  eos  a'  by  1. 
Moreover,  the  zero  lift  drag  coefficient  a  may  be  regarded  as  a  small 
quantity  of  the  same  order.  If  we  write  Cl  =  ka'  and  then  disregard 
all  magnitudes  of  higher  order,  the  three  expressions  (20)  and  (21) 
become  linear  in  a' : 

J  =  \  (tan  /3'  -  -^X 

\  cos2  /37  ^23) 

^         .„    ka'  —  a  tan  /?'  „         ^  ,    ka'  tan  0'  -\-  a 

Ct  =  XV ^7 '         Cp  =  XV 37 

eos  jS  eos  /3 
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Here  a'  can  be  eliminated,  and  the  following  linear  equations  for  Cr  cmi 
Cp  result: 

Ct  =  \fik  eos  j3'(Ji  -  J)  with  Ji  =  X  tan  i3'  (l  -  r — V^  ) 

\  tc  eos    fj  / 

/  a      \     (2^) 

Cp  =  X^fik  sin  /3'(J2  -  J)  with  J2  =  X  tan  /3'  (  1  +  ,     .   ,  ^, ) 

\         k  sin^  /3  / 

It  is  seen  that  J2  >  Ji,  as  it  must  be.  For  not  too  small  jS',  Eqs.  (24) 
give  a  fairly  good  estimate  for  the  most  important  parts  of  the  character- 
istics.  Note  that  the  slopes  Ct/{Ji  —  J)  and  Cpl{J%  —  J)  are  inde- 
pendent  of  a.  We  can  derive  from  (24)  an  expression  for  the  efficienoy 
as  fimction  of  J: 

CtJ       cot  /3'  J(Ji  -  J)  ,-., 

'^  =  -C7  =  -X"  ^VT^^J-  (25) 

This  gives  the  general  type  of  the  correct  curve  with  r;  =  O  at  J  =  O  and 
J  =  Ji  and  one  máximum  in  between,  the  valué  of  which  is  smaller 
than  1. 

For  performance  computation  and  other  purposes,  also,  the  polar 
diagram  of  the  propeller  will  pro  ve  useful.  We  define  it  as  a  Une  the 
coordinates  of  which  are 

Such  coefficients  as  Ct/J^  and  Cp/J'^,  which  refer  the  propeller  f orces  to  V- 
rather  than  to  {nd^,  are  used  in  propeller  theory  (see  Sec.  XII. 3)  and  in 
certain  practical  problems  (see  Sec.  XVI. 1,  etc.).  If  the  method  of  a 
representative  blade  element  is  applied,  it  follows,  from  (20)  and  (21), 
that 

Cl  eos  7  —  Cd  sin  7  .     Cl  sin  y  -\-  Cd  eos  7      .„_, 

sm^  7  sm^  7 

Below  stalling,  with  small  a  and  a  and  not  too  small  /3',  and  if  all  terms 
of  higher  order  are  disregarded,  this  amounts  to 

X  =  ~J^~.  (ka'  cot  13   -  a),         y  =  J^,  (ka'  +  a  cot  0')       (28) 
sm  ^  sm  /3 

and  henee,  by  elimination  of  «', 

y  =  ^  t->  ^'  (-  +  sw)  (29) 

To  check  this  equation  we  have  plotted  in  Fig.  232  the  Cp/J^-values 
against  Ct/J"^  corresponding  to  the  experimental  results^  on  the  propeller 
»  NACA  Tech.  Rept.  339  (1930),  p.  15. 
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of  Fig.  222  with  a  nominal  blade  setting  of  15.5°.  A  fairly  well  approxi- 
mating  straight  Une,  like  that  in  the  figure,  has  a  slope  of  X  tan  ^'  =  0.64 
and  an  intersection  point  on  the  y-axis  at  the  distance 

.       tan  i3' 
\na   .   -  ,,  =  0.01 
sin^  /3 

This  agrees  with  the  assumptions  X  =  2.1,  ¡jl  =  0.015,  a  =  0.026,  ití'  =  17°, 
which  seem  to  fit  the  data  of  the  actual  propeller. 

The  computations  of  this  section  are  not  meant  to  supply  a  theory 
of  the  propeller.  They  rather  draw  the  conclusions  from  the  geometry 
of  a  blade  element  only  and  want  to  serve  a  double  purpose.  First, 
they  explain  the  general  form  of  the  characteristic  curves  as  found 
by  experiments.     Second,  they  will  furnish  a  basis  for  simple  assumptions 


Cp/y0.05 


0.05  0.10  0.15 

Fig.  232. — Polar  diagram  for  the  propeller  of  Fig.  222  at  a  nominal  blade  setting  of  15.5°. 

about  propeller  performance  to  be  used  in  the  performance  computation 
of  the  airplane. 

Problem  9.  If  a  two-blade  propeller  of  10  ft.  diameter  whose  solidity  is  given  by 
A/2d^  lying  between  0.013  and  0.015  rotates  at  n  =  25  r.p.s.  and  the  blade  setting  is 
chosen  such  that  the  propeller  operates  each  time  at  20  per  cent  slip,  that  is, 

(/,  -  /)//i  =  0.20, 

what  thrust  and  power  valúes  can  be  expected  at  the  velocities  V  =  150,  200,  250, 
and  300  ft. /sec? 

Problem  10.  Compute  and  plot  the  curves  for  CtI\'^íx  and  Cp/X'^y.  vs.  //X  under 
the  assumption  that  up  to  a'  =  0.25  the  lift  and  drag  coeíficients  are  given  as 

Cl  =  5.3a',         Cu  =  0.022  +  0.03CÍ. 

Blade  settings  of  the  representative  element  /3'  =  12  and  24°. 

Problem  11.  Derive  the  polar  diagram  from  the  results  of  Prob.  10,  for  X  =  2.2 
and  /i  =  0.18,  and  compare  it  with  the  straight  line  obtained  by  the  simplified  formula 

(29). 
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5.  Propeller  Sets  and  Variable -pitch  Propeller.     Propeller  Charts. 

For  a  propeller  of  a  given  shape,  the  curves  Ct  vs.  J  and  Cp  vs.  J  contain 
all  the  information  that  is  required  in  performance  computations.  It 
has  been  seen  that  these  curves  depend  on  the  shape  of  the  propeller 
but  are  independent  of  its  size  as  measured  by  the  diameter.  Among  the 
parameters  determining  the  shape  of  a  propeller,  the  blade  setting  has  the 
most  marked  influence  on  the  characteristics:  with  increasing  blade 
setting  the  advance  ratio  for  máximum  efñciency  is  increased,  i.e.,  the 
practically  important  parts  of  the  characteristics  are  shifted  toward 
the  right.  Next  comes  the  solidity  ratio  {n),  which  constitutes  a  measure 
for  the  mean  valué  of  mc/d,  where  m  is  the  number  of  blades  and  c  the 
width  (chord)  of  the  blade:  the  coefficients  of  thrust  and  power  increase 
nearly  proportional  to  the  solidity  ratio,  at  least  within  the  usual  range 
of  this  ratio.  The  distribution  of  the  valúes  of  ^  and  of  c/d  along  the 
blade  (which  find  their  expression  in  the  parameter  X)  and  the  shape  of 
the  blade  profiles  are  of  minor  importance,  In  the  preceding  sections 
the  influence  of  the  blade  setting  as  well  as  that  of  the  solidity  ratio  has 
already  been  discussed  to  a  certain  extent. 

A  more  systematic  experimental  study  of  the  effect  of  changing  the 
blade  setting  is  desirable  since  this  question  dominates  the  cholee  of  a 
suitable  propeller  for  specified  performance  requirements.  The  sim- 
plest  way  of  exploring  the  situation  is  to  determine  experimentally  the 
characteristics  of  a  so-called  ''propeller  set."  The  individual  propellers 
of  such  a  set  are  frequently  descri'bed  as  having  different  blade  settings 
but  as  being  "otherwise  the  same  shape."  What  is  meant  by  this  some- 
what  vague  expression  is  that,  at  any  given  valué  of  r/d,  the  shape  of  the 
blade  section  and  the  valué  of  c/d  are  the  same  for  all  members  of  the  set, 
while  the  blade  settings  fi  have  different  valúes.  The  general  type  of  the 
variation  of  ^  along  the  blade  would  have  to  be  more  or  less  the  same  for 
all  members  of  a  set. 

An  equivalent  for  a  propeller  set  is  a  single  propeller  all  of  whose 
blades  can  be  rotated  simultaneously  through  the  same  angle  about  their 
longitudinal  axes,  i.e.,  axes  running  along  the  blades  and  perpendicular 
to  the  propeller  axis.  In  this  case  the  settings  of  all  blade  sections  are 
changed  by  the  same  amount,  and  the  members  of  the  set  are  character- 
ized  by  the  position  of  the  blades,  defined,  for  example,  by  the  nominal 
blade  setting  /3„  at  r  =  Sd/8.  Today  such  propellers  are  widely  used.  If 
the  blade  setting  can  be  modified  only  on  the  ground,  the  propeller  is 
called  an  adjustahle-püch  propeller.  If  the  pilot  can  modify  the  blade 
setting  in  flight,  for  example,  when  changing  from  level  ñight  to  climb, 
the  propeller  is  called  a  controllahle-püch  propeller.  Both  cases  are 
included    in    the    expression    "variable-pitch    propeller."     A    diagram 
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representing  the  characteristics  for  a  propeller  set  or  for  one  variable-pitch 
propeller  at  various  blade  settings  is  called  a  propeller  chart. 

Figure  233  shows  the  simplest  form  of  a  propeller  chart — the  two 
families  of  curves  Ct  vs.  /  and  Cp  vs.  J  for  an  adjustable-pitch  propeller 
(Hamilton-Standard    lCl-0).     The    propeller   has   three   blades   and  a 
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FiG.  233. — Basic  propeller  chart.     Hamilton  lCl-0,    d  =  10.04  ft.,  three  blades. 

diameter  of  10.04  ft.;  with  the  exception  of  the  vicinity  of  the  hub  the 
blade  sections  have  the  Clark  Y-profile.  Figure  234  shows  the  distribu- 
tion  of  the  chord  length  c  and  the  thickness  t  of  the  blade  sections  and  the 
pitch  distributions  corresponding  to  various  valúes  of  the  nominal  blade 
setting  0n-* 

*  NACA  Tech.  Rept.  594  (1937).  It  should  be  noticed  that  the  left-hand  parts  of 
the  curves  for  higher  pitch  are  hardly  covered  by  the  experiments,  which  mainly 
extend  over  the  regions  of  incidences  below  staUing.  No  use  is  made  of  these  parts 
in  the  following  computations. 
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For  practical  purposes  it  is  often  preferable  to  use  charts  for  some 
combinations  of  the  quantities  Ct,  Cp,  J  instead  of  the  basic  Ct  and 
Cp  vs.  J-curves.  The  efficiency  rj  =  CtJ/Cp  is  such  a  combination, 
Another  useful  quantity  is  the  power-speed  coefficient  Cs  defined  as 


Cs   = 
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Fio.  234. — Geometric  characteristics  for  the  piopeller  of  Y\%.  233. 

This  coefficient  has  the  advantage  that  for  each  p  its  valué  is  known  from 
the  airplane  design  data  (speed  Y ,  brake  horsepowcr  P,  and  number  n  of 
revolutions  per  second)  before  the  choice  of  the  propeller  diameter  has 
been  made.  If  the  basic  propeller  characteristics  are  known,  the  curve 
Ca  VS.  J  can  immediately  be  derived  from  the  curve  Cp  vs.  J.  For  a 
given  Cs  it  then  furnishes  the  corresponding  advance  ratio  J  =  Y Ind 
from  which  the  propeller  diameter  can  be  determined  as  d  =  Y/nJ. 
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Combined  with  the  curve  rj  vs.  J,  the  Cs  graph  (that  is  Cs  and  17  vs.  J) 
gives  the  thrust  T  oí  the  propeller  as  7"  =  vP/V-  Figure  235  shows  the 
curves  Cs  and  r?  vs.  J  corresponding  to  the  same  adjustable-pitch  pro- 
peller as  the  curves  of  Fig.  233.     Note  that  a  considerable  portion  of  the 
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Fig.  235. — Speed-power  coefficient  Cs  and  efficiency  t]  vs.  advance  ratio  J  for  the  propeller 

of  Fig.  233. 

curve  Cs  vs.  J  is  practically  a  straight  line  passing  through  the  origin. 
This  is  to  be  expected,  since  Cs  is  proportional  to  J  and  only  to  the  fifth 
root  of  1/Cp.  Since  Cp  decreases  with  increasing  J,  the  curve  Cs  vs.  / 
deviates  upward  from  the  straight  line  through  the  origin.     The  advance 
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ratio  for  which  this  deviation  becomes  marked  increases  with  the  nominal 
pitch  of  the  propeller. 

For  certain  purposes  another  way  of  representing  propeller  char- 
acteristics  is  useful.  Two  relations  between  three  variables  may  be 
represented  graphically  either  in  the  usual  way  by  two  curves  or  by  one 
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of  Fig.  233. 


curve  that  relates  in  its  coordinates  two  variables  and  carries  a  scale 
giving  the  corresponding  valúes  of  the  third  variable.  The  polar  diagram 
of  an  airfoil  is  of  this  kind,  the  curve  showing  Cl  vs.  Cd  and  the  scale 
on  the  curve  giving  the  valúes  of  the  angle  of  attack  a.  In  the  case  of  a 
propeller,  Cp  may  be  plotted  vs.  J,  and  this  curve  may  be  graduated 
according  to  Ct-  If  a  set  of  such  graduated  curves  is  plotted  correspond- 
ing to  the  variation  of  a  fourth  paramcter,  the  points  carrying  the  same 
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valué  of  the  third  variable  can  be  joined  and  then  form  another  family 
of  curves  (contour  map  for  the  third  variable). 

A  chart  of  this  kind  is  shown  in  Fig.  236.  Here  the  points  on  the 
various  curves  Cp  vs.  J  that  correspond  to  the  same  valué  of  Ct  are 
joined  by  (dotted)  curves.  In  the  figure  these  curves  are  drawn  for  the 
valúes  Ct  =  0.02,  0.04,  0.06,  etc.  The  chart  thus  consists  of  two  families 
of  curves  plotted  in  a  coordínate  system  with  J  as  abscissa  and  Cp  as 
4.4 
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of  Fig.  233. 

ordinate.  The  curves  of  the  first  family  correspond  each  to  a  certain 
blade  setting  and  show  Cp  vs.  J .  Along  the  curves  of  the  second  family, 
the  blade  angle  varies,  and  Ct  has  a  constant  valué. 

Figure  237  shows  another  example  of  a  propeller  chart  of  the  same 
type.  Here  two  families  of  curves  are  drawn  in  a  coordínate  system  with 
J  as  abscissa  and  Cs  as  ordinate.  The  curves  of  the  first  family  cor- 
respond again  each  to  a  different  blade  setting  and  show  Cs  as  function 
of  J,  while  along  each  curve  of  the  second  family  t\  has  a  constant  round 
valué. 

In  addition  to  the  curves  of  these  two  families,  the  6es¿  performance 
curve  (dotted  Une  in  Fig.  237)  can  be  drawn,  joining  the  points  with 
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horizontal  tangent  on  the  curves  rj  =  const.  A  chart  of  this  kind 
may  be  drawn  either  f  or  a  set  of  individual  propellers  or  f or  a  controllable- 
pitch  propeller.  In  both  cases  the  various  curves  Cs  vs.  J  correspond  to 
certain  round  valúes  of  the  nominal  pitch. 

The  chart  (Fig.  237)  can  be  used  in  the  following  way:  For  the  given 
speed  of  flight  V,  the  brake  horsepower  P  of  the  engine,  the  engine  speed 
n,  and  the  density  p  at  the  altitude  under  consideration,  the  valué  of  Cs 
is  first  computed  according  to  (30).  The  point  A  with  the  ordinate 
Cs  on  the  best  efñciency  curve  has  as  abscissa  J  =  V/nd,  so  that  the 
propeller  diameter  d  is  determined  hy  d  =  V/nJ.  Finally,  the  necessary 
nominal  pitch  is  found  by  observing  on  or  near  which  Cs-J-curve  the 
point  A  lies.  This  procedure  determines  that  propeller  of  the  set  under 
consideration  which  possesses  the  greatest  efficiency  for  the  given  valúes 
P,  n,  V,  and  p.  If  the  propeller  pitch  cannot  be  controlled  during  flight 
and  a  definite  cholee  has  to  be  made  for  all  conditions,  a  compromiso 
must  be  worked  out  between  the  requirements  of  level  flight,  take-off, 
climbing,  etc. 

For  special  purposes,  e.g.,  for  computing  the  máximum  range  or  the 
take-off  run,  other  ways  of  representing  the  propeller  characteristics 
may  be  preferable  (see  Secs.  XVI.  1  and  2).  But  it  may  be  noted  that 
each  of  the  Figs.  233  and  235  to  237  supplies  the  complete  Information 
concerning  the  set  or  the  variable-pitch  propeller  under  consideration. 
If  one  of  these  charts  is  given,  the  others  can  be  derived  by  simple 
transformations. 

Problem  12.  Using  the  chart  of  Fig.  237,  determine  the  optimum  diameter  d  and 
the  optimum  blade  setting  /3„  of  an  adjustable-pitch  propeller  if  P  =  550  hp., 
n  =  24  r.p.s.,  and  V  =  200  m.p.h.  at  5000  ft.  altitude. 

Problem  13.  Determine  the  efficiency  of  the  propeller  of  the  preceding  problem. 
How  is  this  efficiency  influenced  by  (a)  an  increase  of  5°  in  /3„;  (b)  a  drop  of  25  hp.  in  P? 

Problem  14.  Determine  the  efficiency  of  the  same  propeller  for  V  =  175  m.p.h. 
and  225  m.p.h.  How  do  these  efficiency  valúes  compare  with  the  optimum  valúes 
obtainable  by  choosing  the  optimum  diameters  corresponding  to  the  given  velocities? 


CHAPTER  XIT 
OUTLINE  OF  PROPELLER  THEORY 

1.  Blade-element  Theory.  It  was  stated  at  the  beginning  of  Chap. 
XI  that  a  propeller  blade  may  be  considered  as  a  strongly  twisted  wing. 
The  adoption  of  this  point  of  view  leads  to  a  manner  of  computing  the 
forces  acting  on  a  propeller  blade  from  experimental  airfoil  data  that  is 
known  as  the  blade-element  theory. 

Figure  238  shows  a  cross  section  of  the  blade  in  the  same  way  as  it 
was  considered  in  Fig.  216  and  later  in  Fig.  228.  The  forcé  which 
the  air  exerts  on  the  blade  element  of  the  spanwise  extensión  dr  is  the 
resultant  of  two  component  forces,  lift  and  drag,   perpendicular  and 


(¿ri 


FiG.  238. — Resolution  of  forces  acting  on  a  propeller  section. 

parallel,  respectively,  to  the  velocity  with  which  the  element  moves 
through  the  air.  This  velocity  appears  in  Fig.  238  as  a  vector  with 
the  horizontal  component  reo  =  27rrn  and  the  vertical  component  V.  The 
square  of  the  resulting  velocity  equals 


y 2  _^  ^2^2  =  F2  +  (27rnr)2  =  nW 


J-+     ^ 


m. 


(1) 


where  J  denotes  the  advance  ratio  introduced  in  Eq.   (4),  Chap.  XI. 
The  angle  between  the  velocity  vector  and  the  horizontal  axis  is 


7  =  are  tan  —  =  are  tan  ^ — j~, 
reo  2Tr/cí 


(2) 


If  ¡3  denotes  again  the  angle  between  the  plañe  of  rotation  and  some 
well-defined  reference  line  of  the  blade  section  (the  so-called  "chord"), 
the  angle  of  attack  is  a  =  ¡3  —  y.     The  forcé  exerted   on  the  blade 
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element  under  consideration  coiild  then  be  computed  if  the  aerodynamic 
characteristics  of  the  blade  profile,  i.e.,  the  coefñcients  Cl  and  Cd  as 
functions  of  a,  were  known.  Since  the  characteristics  of  an  airfoil 
depend  on  the  aspect  ratio,  the  question  arises  which  aspect  ratio  should 
be  assumed  in  the  actual  case.  One  may  think  of  defining  the  aspect 
ratio  by  means  of  the  blade  área  and  the  blade  length  in  the  same  way 
in  which  the  aspect  ratio  of  a  wing  is  defined  by  área  and  span.  How- 
ever,  all  sections  of  a  wing  move  with  the  same  velocity,  while  for  a 
propeller  the  sections  near  the  blade  tip  move  with  a  much  higher  velocity 
than  those  near  the  hub.  Because  of  the  corresponding  difference  in  the 
flow  patterns,  there  is  no  reason  to  beheve  that  the  formulas  representing 
the  influence  of  the  aspect  ratio  on  the  aerodynamic  characteristics  of  an 
airfoil  (see  Sec.  Vil. 2)  would  be  of  much  valué  in  connection  \úi\\  a 
propeller  blade.  In  fact,  the  difficulty  in  appreciating  the  influence 
of  the  aspect  ratio,  or,  in  other  terms,  the  mutual  interference  of  the 
various  parts  of  one  propeller,  furnishes  a  serious  objection  against  the 
blade-element  theory.  In  the  next  two  sections  a  theory  will  be  devel- 
oped  that  partly  filis  this  gap  and  that  finally  leads  to  an  improved 
method  of  computation  (Sec.  4  of  this  chapter)  taking  into  account 
the  mutual  interference  of  the  blade  elements.  At  present,  approximate 
valúes  of  the  airfoil  coeíficients  corresponding  to  some  large  aspect  ratio 
may  be  used  for  computing  the  f orces  acting  on  the  blade.  The  influence 
of  the  Reynolds  number  may  be  neglected  in  this  approximation.  (A 
similar  problem  arises  when  the  experimental  results  obtained  with  a 
rectangular  airfoil  without  twist  are  to  be  applied  to  a  twisted  wing  of 
arbitrary  plan-form.  Here  Prandtl's  wing  theory  gives  the  solution. 
It  will  be  seen  that  the  momentum  theory  discussed  in  Sec.  4  of  this 
chapter  leads  to  implications  of  a  similar  kind  in  the  case  of  a  propeller.) 

In  the  foUowing  it  is  assumed  that,  for  all  blade  sections,  Cl  and  Cd 
are  known  functions  of  the  angle  a.  The  aerodynamic  forces  can  then  be 
computed  in  the  same  way  as  it  was  seen  in  Sec.  XI. 4  for  the  " represen ta- 
tive"  blade  element.  Since  jS  is  given  by  the  known  shape  of  the  blade 
and  7  can  be  computed  from  (2),  the  angle  of  attack  a  =  ^  —  y  can  be 
determined  for  any  blade  section.  According  to  the  lift  and  drag  formu- 
las of  Sec.  VI.  1  the  blade  element  between  the  radii  r  and  r  -\-  dr  experi- 
ences  the  foUowing  infinitesimal  lift  and  drag  forces : 


dL  =  Cl^  nW 

dD  =  Cu  ^  nW 


c  dr 

(3) 
c  dr 


where  c  denotes  the  chord  length  of  the  blade  section  under  consideration 
and  the  dynamic  pressure  has  been  computed  with  the  velocity  valué 
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from  (1).  As  is  seen  from  Fig.  238,  the  forcé  dL,  which,  by  definition,  is 
perpendicular  to  the  velocity  vector,  makes  the  angle  7  with  the  direction 
of  the  propeller  axis ;  the  forcé  dD  is  parallel  to  the  resulting  velocity  and 
perpendicular  to  dL.  It  will  be  useful  to  decompose  the  resultant  of 
these  two  f orces  into  the  components  dT  and  dU  parallel  and  perpen- 
dicular to  the  propeller  axis.  These  components  are  given  by  (see 
Fig.  238) 

dT  =  dL  eos  7  —  dD  sin  7,         dU  =  dL  sin  7  +  dD  eos  7        (4) 

The  component  dT  has  the  direction  of  V,  that  is,  the  direction  of 
flight,  and  thus  represents  the  contribution  of  the  blade  element  to 
the  propeller  thrust.  The  total  propeller  thrust  T  is  obtained  by  sum- 
ming  the  contributions  dT  from  all  elements  of  the  m  blades  of  the 
propeller.  Substituting  from  (3)  in  (4)  and  taking  the  integral  over  one 
propeller  blade,  we  have 


T  =  m  ^  nH"^ 


d/2 

{C L  eos  y  —  Cd  sin  7)c  dr       (5) 


d/2 


Here  Cl  and  Cd  are  supposed  to  be  known  functions  of  a  =  /3  —  7, 
which,  in  turn,  is  a  known  function  of  r  by  virtue  of  (2)  and  the  known 
propeller  shape  (distribution  of  j8).  The  chord  length  c  is  also  a  known 
function  of  r.  Thus  the  integral  in  (5)  can  be  evaluated.  Using  the 
dimensionless  ratio  r/d  as  the  variable  of  integration,  we  rewrite  (5)  as 

T  =  m^  nW  I  J'  +  Í27r  H  {Cl  eos  y  -  Co  sin  y)  ^d  U  j  (6) 
Compared  with  Eq.  (5),  Sec.  XI.  1,  this  furnishes  the  thrust  coefficient 


_  m 


í    J2  +  (^27r^y     (C^  eos  7  -  C^  sin  7)  ^  d  (^)         (7) 


This  equation  shows  that  Ct  depends  exclusively  on  the  advance  ratio  J, 
once  the  propeller  shape  (i.e.,  the  blade  profiles,  the  distribu tions  of  /3 
and  c/d  along  the  blade,  and  the  number  of  blades  m)  is  given  and  the 
influence  of  Reynolds  number  on  Cl  and  Cd  is  disregarded. 

A  certain  difficulty  arises  from  the  fact  that  in  the  región  extending 
from  r  =  O  (propeller  axis)  to  a  certain  ri  (root  of  the  blade)  the  cross 
sections  of  the  propeller  normal  to  the  longitudinal  axis  of  the  blade 
do  not  have  the  shape  of  an  airfoil  section  at  all.  For  this  región  no 
valúes  of  a,  /3,  Cl,  etc.,  can  be  assigned.  The  integral  of  (6)  extended 
from  Ti/d  to  ^  will  furnish  the  thrust  of  the  blades  proper.  The  core 
of  the  propeller  body,  consisting  of  the  hub  and  the  transitions  between 
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hub  and  blades,  experiences  an  axial  air  resistance  that  must  be  sub- 
tracted  from  the  thrust  furnished  by  the  blades.  (This  has  nothing  to 
do  wth  the  so-called  "effective  thrust,"  which  is  defined  as  the  difference 
between  T  and  the  increase  in  drag  that  the  slip  stream  of  the  propeller 
produces  on  the  airplane  body.) 

The  drag  of  the  propeller  core  may  be  written  as 


D, 


FMiCz). 


(8) 


where  A  i  is  the  frontal  área  of  the  propeller  core  and  Cd,,  a  drag  coefñcient 
that  will  not  differ  much  from  1  (see  Sec.  V.2).  The  corrected  valué  of 
Ct  becomes,  therefore, 


C, 


"2 


Ti/d 


(Cl  eos  y  —  Cd  sin  l)  -id 


ái 

í¿2 


(9) 


where  Co,  has  been  assumed  equal  to  1.  In  most  cases  the  additional 
term  is  insignificant.  For  example,  assume  Ai  to  be  a  rectangle  of  18  in. 
length  and  6  in.  width  (that  is,  ri  =  9  in.),  and  let  the  propeller  diameter 
equal  d  =  10  ft.  At  J  =  0.7  the  second  term  on  the  right  side  of  (9)  is 
then  about  0.002. 

The  other  component,  dU,  of  the  forcé  acting  on  the  blade  element 
of  Fig.  238  has  the  moment  r  dU  with  respect  to  the  propeller  axis.  It 
contributes  to  the  propeller  torque  Q  and  to  the  power  P,  which  can  be 
written    as 


Q 


=  m   /  rdU,         P  =  o¡Q  =  caní  j  r  dU  =  2irnni    í 


rdU 


Proceeding  in  the  same  way  as  above,  we  find  that 

d/2 


P  =  2iTnm  -^  n'^d'^ 


J2  + 


(-,;)^ 


{Cl  sin  y  -{-  Cd  eos  y)rc  dr     (10) 


Here  the  same  difficulty  as  before  arises  bccause  of  the  propeller 
core.  However,  since  the  elements  of  the  core  move  with  a  comparatively 
small  velocity  and  the  arm  r  of  the  drag  encountered  by  such  elements  is 
small,  the  core  will  not  furnish  any  considerable  contribution  to  the 
propeller  torque.  Accordingly,  the  región  from  r  =  O  to  r  =  ri  may 
simply  be  omittcd  from  the  integral  of  Eq.  (10).  Introducing  r/d 
again  as  the  variable  of  integration  and  taking  account  of  the  definition 
of  the  power  coefñcient  [Eq.  (7),  Sec.  XI.  1],  we  obtain 


Cp  =  Trm 


ri/d 


(C.  Sin  7  +  C.  eos  7)  ¿14^ 


(11) 
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Here  again  the  coefíicient  Cp  appears  as  a  function  of  the  advance  ratio 
only,  once  the  propeller  shape  is  known. 

Equation  (7)  shows  the  prevaihng  influence  of  the  hft  coefficient  on 
Ct.  In  fact,  except  for  the  elements  near  the  hub,  the  angle  7  is  usually 
small  so  that  eos  7  is  considerably  greater  than  sin  7.  In  (7)  the  Hft 
coefRcient  Cl  is  multipHed  by  eos  7,  while  the  drag  coefRcient  Cd,  which 
is  much  smaller  than  d,  is  multipUed  by  the  comparatively  small  sin  7. 
Thus  Ct  depends  largely  on  the  lift  coefficient  of  the  blade  sections. 
No  similar  statement  can  be  made  concerning  the  power  coefficient  Cp, 
since  in  (11)  the  larger  coefficient  Cl  is  multiplied  by  the  smaller  factor 
sin  7  and  the  smaller  coefficient  by  the  greater  factor  eos  7. 

For  the  purposes  of  actual  computation  it  is  preferable  to  replace 
the  factor  J^  +  {2rr/dy  hy  J\l  +  cot^  7)  =  JVsin2  ^  ^nd  to  write  (9) 
and  (11)  in  the  form 

d/2 

2d' 


C  r  — 


(       f  Cl  coi  y  —  Cdj          .  \ 

m   /      ; c  dr  —  Al] 

J  smy                           ) 

d 

I 


d/2 

n  J"^     f      Cl  -\-  Cd  Cot  7  - 

Cp  =  7rm-7^    /      ; crdr 

d^   I  sm  7 


(12) 


As  an  example,  consider  the  adjustable-pitch  propeller  shown  in 
Fig.  222.  This  figure  contains  10  blade  sections  corresponding  to  r  =  9.5, 
11.5,  19.5,  23.5,  .  .  .  ,  59.5  in.  The  propeller  was  tested  in  a  wind 
tunnel  at  various  valúes  of  the  advance  ratio  J.  In  the  experiment  the 
blade  was  set  so  that  ^  =  15.5°  at  r  =  47.5  in.  Since  the  figure  gives 
(8  =  20.1°  for  this  valué  of  r,  all  ;8-values  of  the  figure  must  be  diminished 
by  4.6°.  If  the  effective  portion  of  the  blade  is  assumed  to  begin  with 
r  =  8.5  in.,  the  profile  given  for  r  =  9.5  in.  may  be  considered  as  the  mean 
profile  of  the  blade  portion  between  r  =  8.5  in.  and  r  =  10.5  in.,  the 
profile  for  r  =  11.5  in.  as  the  mean  profile  of  the  portion  between  r  =  10.5 
in.  and  r  =  14.5  in.,  etc.  While  these  first  two  portions  of  the  blade 
have  the  lengths  of  2  in.  and  4  in.,  respectively,  the  following  portions 
are  6  in.  long,  with  the  exception  of  the  last  one,  whose  effective  length 
may  be  estimated  as  5  in.  because  of  the  rounding  off  of  the  blade  tip. 
The  computation  shown  in  Table  8  is  carried  out  for  the  advance  ratio 
J  =  0.6.  The  valúes  of  cot  7  are  computed  according  to  cot  7  =  l-wr/Jd. 
From  this  the  valúes  of  cot  7  and  1/sin  7  are  determined.  The  angles  of 
attack  are  computed  according  to  a  =  /3  —  7. 

The  aerodynamic  characteristics  of  the  various  blade  profiles  are 
not  given  in  the  ]<¡ ACÁ  Report  339,  from  which  the  other  data  for  this 
example  are  taken.  For  the  purposes  of  the  present  illustrative  compu- 
tation it  has  been  assumed  that  Cl  =  ka'  with  A;  =  0.1  for  a  in  degrees 
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and  that  a'  =  a  +  3°.  The  first  assumption  corresponds  almost  to  ac 
infinite  aspect  ratio  [see  Eq.  (12a),  Sec.  VII.2];  the  second  represents  a 
resonable  estimate  of  the  valué  of  «o  and  has  been  found  to  yield  results 
in  good  agreement  with  the  measured  thrust  and  power  coefficients. 
Since  Cd  is  of  minor  importance,  it  has  been  assumed  to  have  the  con- 
stant  valué  0.02  over  the  larger  part  of  the  blade,  which  represents  an 
average  valué  of  the  profile  drag  of  profiles  of  the  kind  used  for  the 
propeller  blade.  The  assumption  of  a  constant  Cu,  too,  corresponds 
to  an  infinite  aspect  ratio.  This,  however,  should  not  imply  that  Cd 
is  supposed  to  be  so  small  at  the  high  angles  of  attack  near  the  hub. 
But  these  blade  elements  ^vith  their  small  r  contribute  very  little  to  the 
resultant  forces. 

The  columns  giving  Cl  cot  y  —  Cd  and  Cl  +  Cd  cot  7  are  computed 
according  to  these  assumptions.  Upon  taking  into  account  the  chord 
lengths  c  and  the  lengths  Ar  of  the  blade  portions,  the  expressions 


(— ) 

\sm  7/ 


{Cl  cot  7  —  Cd)c  Ar 


and 

B  =  {  -.^—  )  {Cl  +  Cd  cot  7)cr  Ar 


\sin  7/ 


are  computed  as  shown  in  columns  (14)  and  (15)  of  Table  8.  Summing 
up  of  the  entries  in  these  two  columns  furnishes  approximate  valúes  of  the 
integráis  of  Eqs.  (12) :  1,263  in.^  for  the  first  and  18,527  in.^  for  the  second. 
With  J"  =  0.6  and  d  =  125  in.  and  an  estimated  Ai  =  90  in.^,  this  leads  to 

Ct  =  ^  ^^^^^^  (2  X  1,263  -  90)  =  0.0281 
Cp  =  2t  ^3 18,527  =  0.0214 

in  sufficiently  good  accordance  with  the  experimental  results  shown  in 
Fig.  225.     The  corresponding  valué  of  the  efficiency  is 

rj  =  J  ^  =  0.79 

a  little  less  than  the  experimental  valué  of  almost  0.81. 

A  careful  study  of  this  and  similar  examples  will  reveal  how  the 
blade-element  theory  works  and  what  modifications  must  be  made  in 
order  to  fulfill  various  conditions.  A  few  remarks  about  the  computation 
of  the  propeller  efficiency  from  the  standpoint  of  the  blade-element 
theory  may  be  added. 
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In  Sec.  XI.  1  the  propeller  efficiency  Avas  introduced  as  t;  =  VT/P. 
The  blade-element  theoiy  suggests  an  analogous  notion,  the  element 
efficiency 

"nei  -  -^p-  (Id) 

where  dT  and  dP  are  the  contributions  that  the  blade  portion  between 
r  and  r  +  dr  furnishes  to  thrust  and  power,  respectively.     In  Sec.  VII.l 


"761 


1.0 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 

0.1 
O 


FiG.  239. — Blade-element  efRciency. 

the  ghding  angle  e  of  a  profile  has  been  defined  by  tan  e  =  Cd/Cl.     The 
use  of  this  concept  permits  Eqs.  (4)  to  be  written  in  the  form  (see  Fig.  238) 
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Now,  dP  =  rü¡  dU  and  tan  7  =  F/rco.     Therefore, 

V  dT        F     ^  ,      ,     ,  tan  7 

'ící  =  Ut  =  ~  COt  (7  +  e)   = ■ r 

reo  dU       roo  tan  (7  +  e) 


(14) 


Some  curves  rid  vs.  7  for  constant  valúes  of  e  are  shown  in  Fig.  239. 
For  6  =  0,  we  ha  ve  -qd  =  1  independen  tly  of  7.  It  can  easily  be  proved 
that  the  curves  are  symmetrical  with  respect  to  the  Hne  7  =  7r/4  —  e/2. 
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For   7  =  0  and  7  =  7r/2  —  e,    we  have   riei  =  0.     For  7  =  7r/4  —  e/2, 
the  element  efficiency  tjei  assumes  its  máximum  valué 


(rieiU.  =  )^ ^  =  ) %  ^  1—^  ~  1  -  2e         (15) 


1    +6 


the  last  two  expressions  being  approximate  valúes  valid  for  small  e  only. 
The  T7ercurve  for  any  e  <  ei  Hes  above  the  rjei-curve  for  €1  in  the 
entire  range  of  7  from  O  to  7r/2.  On  the  other  hand,  it  follows  from  (4') 
that  dU  and  henee  dP  are  positive  as  long  as  e  <  7r/2.  Since  the  pro- 
peller  efficiency  equals 

^TV  =  /^^^  ^  hei  dP 
'^        P  jdP  jdP 

this  efficiency  cannot  exceed  the  greatest  valué  that  rjei  assumes  along 
the  blade,  as  long  as  all  dP  are  positive.  Since  for  e  =  O  the  element 
efficiency  is  r]ei  =  1,  the  propeller  efficiency,  too,  would  be  equal  to  1  if  e 
were  equal  to  zero  all  along  the  blade.  That  is,  within  the  framework 
of  the  blade-element  theory,  the  propeller  efficiency  would  equal  1  if 
Cd  =  O  for  all  blade  sections.  On  the  other  hand,  when  e  has  a  small 
positive  valué  for  all  blade  sections,  it  is  seen  from  (15)  that  the  greatest 
valué  of  rjei  cannot  exceed  the  valué  of  1  —  2emai,  where  e^ax  denotes  the 
greatest  e  occurring  along  the  blade.  Therefore,  an  upper  limit  for  the 
propeller  efficiency  would  be  77  <  0.92  for  e  ^  0.04  and  rj  <  0.90  for 
€  ^  0.05.  But  even  if  e  has  the  constant  valué  0.05  over  the  entire  blade 
length,  t;  can  never  reach  the  valué  0.90  since  7  cannot  assumc  the 
corresponding  valué  7r/4  —  e/2  for  more  than  one  blade  section.  The 
valúes  of  7  start  from  about  90°  at  the  blade  root  and  drop  to  rather  small 
amounts  near  the  blade  tip,  so  that  an  average  ordinate  rather  than  the 
máximum  of  the  respective  curve  should  be  taken. 

In  the  case  of  the  propeller  considered  in  the  foregoing,  e  is  far  from 
being  constant  and  small.  In  fact,  for  a'  =  O,  we  have  e  =  90°,  and  for 
negative  valúes  of  a'  the  gliding  angle  exceeds  90°.  For  such  valúes  of  e 
the  curve  i^ei  vs.  7  has  a  much  more  complicated  shape  (see  Prob.  2 
below).  According  to  (13)  dU  and  henee  dP  then  are  negative,  which 
means  that  the  blade  element  under  consideration  works  as  a  wind 
motor  rather  than  as  a  propeller. 

Summing  up,  we  may  state  that  the  hlade-element  theory  furnishes  the 
valúes  of  Ct  and  Cp  to  within  +10  per  cent  if  suitable  airfoil  data  are  used. 
As  has  been  already  explained,  it  seems  impossible  to  reach  a  higher 
accuracy  because  of  the  uncertainty  regarding  the  proper  valúes  of  the 
aspect  ratio.     Moreover,  the  blade-element  theory  does  not  give  a  satis- 
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factory  account  of  how  the  energy  losses  (appearing  in  the  difference 
1  —  77)  are  to  be  subdivided  into  friction  losses  and  losses  determined  by 
the  geometry  of  the  problem ;  the  valué  of  e  taken  f rom  airf  oil  experiments 
ineludes  both  kinds  of  losses.  Finally,  the  theory  is  open  to  the  objec- 
tion  that  it  furnishes  Ct  and  Cp  proportional  to  the  blade  width  c  and  to 
the  number  m  of  blades.  It  would  therefore  seem  that,  by  increasing  the 
blade  área,  thrust  and  power  of  a  propeller  could  be  increased  in  the  same 
ratio,  a  conclusión  that,  obviously,  is  unacceptable.  The  approach 
discussed  in  the  following  sections  will  provide  certain  answers  to  these 
questions. 

Problem  1.  How  would  the  assumption  a'  =  a  +  2°  (instead  oí  a'  =  a  -\-  3°) 
influence  the  result  of  the  sample  computation  carried  out  in  the  foregoing? 

Problem  2.  Plot  and  discuss  the  curves  riei  vs.  y  corresponding  to  e  =  90,  105, 
and  120°.     Discus.s  also  the  meaning  of  7)  for  negative  7. 

Problem  3.  Compute  thrust  and  power  for  the  propeller  shown  in  Fig.  222  at  the 
advance  ratios  J  =  0.5  and  0.7.  Take  the  blade  setting  as  in  the  text,  ¡3  =  15.5°  at 
r  =  47.5  in. 

Problem  4.  Compute  thrust  and  power  for  the  same  propeller  at  /  =  0.8  under 
the  assumption  that  all  blade  angles  are  increased  by  a  constant  so  as  to  make  the 
nominal  blade  setting  30°. 

2.  Momentum  Theory,  Basic  Relations.  A  satisfactory  propeller 
theory  should  enable  the  designer  to  compute  the  characteristic  curves 
(Ct  vs.  J  and  Cp  vs.  J)  for  a  propeller  of  a  given  shape.  The  blade- 
element  theory  solves  this  problem  by  assuming  rather  arbitrarily  that 
each  blade  element  operates  independently  of  all  the  other  elements  as 
if  it  were  an  element  of  an  airfoil  of  infinite  (or  large)  span  engaged  in  a 
uniform  rectilinear  motion.  It  is  obvious  that  this  theory  cannot  give 
more  than  a  rough  approximation.  Moreover,  the  blade-element  theory 
does  not  furnish  any  indication  concerning  the  limits  that  are  set 
to  the  propeller  efficiency  independently  of  the  propeller  shape,  while 
general  experience  leaves  no  doubt  that  such  limits  exist.  In  the  case 
of  a  wing  of  finite  span  one  finds  a  mínimum  valué  of  the  drag  (the  induced 
drag)  depending  on  the  aspect  ratio  but  independent  of  the  shape  of  the 
profile  and  of  the  viscosity  of  the  fluid.  Similarly,  in  the  motion  of  a 
propeller  there  is  a  certain  loss  of  energy  determined  by  the  diameter 
and  by  the  advance  ratio  only.  In  fact,  it  will  be  seen  that  the  greater 
part  of  the  energy  loss  in  the  operation  of  a  propeller  would  occur  even 
if  the  propeller  were  to  opérate  in  a  perfect  fluid. 

The  momentum  theory,  which  will  be  discussed  in  this  and  the  following 
sections,  assumes  the  air  to  be  a  perfect  fluid.  It  gives  a  propeller 
efficiency  that,  under  all  conditions,  is  less  than  1.  On  the  other  hand, 
the  momentum  theory  does  not  attempt  to  solve  the  complete  propeller 
problem  stated  above  and  must  be  supplemented,  for  practical  purposes, 
by  certain  concepts  of  the  blade-element  theory.     What  the  momentum 
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theory  achieves  is  to  furnish  one  relation  hetween  the  three  variables  Ct,  Cp, 
and  J,  a  relation  that  is  supposed  to  be  valid  for  any  propeller  inde- 
pendently  of  the  number  of  blades,  their  profiles,  plan-form,  etc.  No 
account  whatever  is  taken  of  the  shape  of  the  propeller  body.  The  theory 
replaces  this  body  by  an  ideal  mechanism,  the  so-called  "actuator  disk." 
The  action  that  this  disk  is  supposed  to  exert  on  the  fluid  represents  the 
main  features  of  the  action  exerted  by  the  propeller.  The  momentum 
theory  was  inaugiu*ated  by  W.  J.  M.  Rankine  in  1865. 

Figure  240  serves  to  explain  the  idealization  made  in  replacing  the 
propeller  by  an  actuator  disk.  The  figure  shows  a  longitudinal  section 
of  the  stream  of  air  in  front  and  in  the  rear  of  the  propeller.  All  cross 
sections  are  supposed  to  be  of  circular  form.  In  particular,  the  cross 
section  a-a  where  the  propeller  is  located  has  the  diameter  d  (=  propeller 
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FiQ.  240. — Illustrating  the  idealizations  introduced  by  the  momentum  theory. 

diameter),  and  the  disk  of  área  S  =  ■Kd'^/4.  is  supposed  to  represent  the 
propeller.  In  flight  the  propeller  would  move  toward  the  right  with  the 
velocity  V.  In  Fig.  240  the  inverse  motion  is  shown  where  the  propeller 
is  at  rest  and  air,  coming  from  the  right,  streams  toward  it  with  the 
initial  velocity  V.  The  cross  section  ao-ao  is  taken  at  a  great  distance 
upstream  of  the  actuator  disk,  mathematically  speaking  at  infinity,  and 
the  section  ai-ai  at  a  great  distance  downstream.  It  is  assumed  that  all 
particles  of  air  which  have  passed  or  will  pass  through  the  actuator  disk 
form  a  body  of  revolution  whose  longitudinal  section  is  bounded  by  the 
lines  I  and  V  of  the  figure.  Since  the  velocity  of  the  air  is  increased 
by  the  propeller,  this  body  of  revolution  must  have  a  smaller  diameter 
downstream  than  upstream. 

In  the  case  of  an  actual  propeller  rotating  with  the  angular  velocity 
co  =  21771  the  flow  is  not  strictly  steady  but  is  quasi-steady  (Sec.  III. 4), 
even  periodic,  with  mn  periods  per  second  where  m  is  the  number  of 
blades.  However,  the  idealized  flow  pattern  studied  in  the  momentum 
theory  is  supposed  to  be  strictly  steady,  at  least  outside  an  infinitesimal 
región  surrounding  the  actuator  disk.     It  has  been  seen  in  Sec.  III. 5 
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that  in  a  strictly  stead}^  continuous  flow  no  exchange  of  power  between 
the  perfect  fluid  and  a  rigid  body  immersed  in  it  is  possible.  To  account 
for  the  energy  exchange  occurring  in  the  case  of  a  propeller,  the  momen- 
tum  theory  has  to  introduce  another  assumption:  The  regions  upstream 
and  downstream  of  the  propeller  are  supposed  to  be  separated  hy  an 
infinitesimal  región  in  which  sudden  changes  of  pressure  and  velocity  occur. 
That  is,  the  flow  between  the  boundaries  shown  in  Fig.  240  is  assumed  to 
be  continuous  except  in  the  immediate  neighborhood  of  the  actuator 
disk,  where  the  following  discontinuities  are  admitted: 

1.  The  pressure  has  different  valúes  on  the  two  sides  of  this  disk, 
p  on  the  upstream  side  and  p  +  p'  downstream.  The  integral  ¡p'  dS 
extended  over  the  disk  área  represents  the  propeller  thrust  acting  toward 
the  right. 

2.  The  fluid  partióles  passing  through  the  disk  región  can  here 
abruptly  change  their  velocity  component  u  tangential  to  the  circular 
paths  described  by  the  points  of  the  rotating  propeller. 

The  assumption  of  a  steady  (not  periodic)  motion  outside  the  disk 
región  will  obviously  be  the  better  justiñed  the  larger  the  number  of 
blades,  since  the  number  of  periods  per  second  increases  with  m.  This 
is  why  the  theory  of  the  actuator  disk  is  often  referred  to  as  the  theory 
of  a  propeller  with  an  infinite  number  of  hlades.  Note  that  even  within 
the  concept  of  an  infinite  m  the  flow  inside  the  zone  swept  by  the  pro- 
peller blades  cannot  converge  toward  a  steady  flow  since  the  pressure 
on  the  two  sides  of  each  blade  preserves  different  valúes.  Otherwise,  no 
torque  moment  would  exist. 

In  the  cross  section  a-a,  on  the  downstream  side  of  the  actuator  disk, 
the  velocity  components  parallel  to  the  propeller  axis,  in  the  radial, 
and  in  the  tangential  directions  will  be  denoted  by  V  -\-  v,  w,  and 
u,  respectively.  On  the  upstream  side  only  V  -}-  v  and  w  exist,  while  the 
tangential  component  u  vanishes  as  will  be  proved  later.  The  subscripts 
O  and  1  will  be  used  to  denote  the  valúes  that  all  variables  assume  at  the 
sections  ao-ao  and  ai-ai,  respectively.  At  the  first  of  these  two  sections 
the  pressure  equals  the  atmospheric  pressure  po.  Furthermore,  one  has  to 
assume  vo  =  O,  wo  =  O,  uo  =  O,  since  at  a  largo  distance  upstream  of  the 
actuator  disk  the  velocity  has  the  direction  of  the  propeller  axis  and  the 
magnitude  V. 

The  flow  is  supposed  to  have  rotational  symmetry  in  the  sense  that 
the  variables  v,  w,  u,  p  are  functions  of  the  abscissa  x,  measured  in  the 
direction  of  the  propeller  axis,  and  of  the  radial  distance  r  from  this 
axis,  but  are  indopendent  of  the  position  of  the  point  under  consideration 
on  the  circle  of  radius  r.  Accordingly,  any  streamline  will  coincide  with 
certain  other  streamlines  when  rotated  about  the  propeller  axis.  Any 
such  group  of  streamlines  covers  a  surfacc  of  rcvolution  which  in  Fig.  240 
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is  represented  by  pairs  of  curves  like  d,  d'  or  e,  e'.  Because  of  the  rota- 
tional  symmetry  of  the  flow  pattern,  a  ring  of  the  radius  r  and  the 
width  dr  can  be  taken  as  the  typical  element  of  the  disk  área  S.  The 
área  of  this  ring  equals  dS  =  2irr  dr. 

The  following  theorems  can  be  apphed  to  the  flow  under  considera- 
tion:  BernouUi's  theorem;  the  momentum  theorem  for  the  direction  of 
the  propeller  axis ;  the  moment  of  momentum  theorem  with  respect  to  this 
axis;  the  energy  theorem  for  quasi-steady  flow. 

1.  Consider  first  the  moment  of  momentum  theorem  for  the  direction 
of  the  propeller  axis.  Let  the  control  surface  consist  of  the  surfaces 
of  revolution  generated  by  the  neighboring  streamlines  d  and  e  and  of 
the  corresponding  annular  elements  in  the  plañe  ao-ao  and  in  some  other 
cross-sectional  plañe  6-6  upstream  of  the  actuator  disk.  The  normáis  of 
this  control  surface  either  intersect  the  propeller  axis  or  are  parallel 
to  it.  As  the  fluid  is  supposed  to  be  perfect,  the  thrusts  exerted  by 
the  surrounding  fluid  on  the  mass  within  this  control  surface  act  in  the 
direction  of  the  normáis,  and  their  moment  with  respect  to  the  propeller 
axis  will  thus  be  zero.  If  dQ  denotes  the  flux  of  mass  across  the  annular 
element,  the  moment  of  momentum  theorem  states  that  the  change  of 
ru  dQ  between  the  entrance  and  exit  sections  equals  the  sum  of  all 
moments  of  thrust,  i.e.,  equals  zero  in  the  present  case.  As  Uq  —  O,  it 
follows  that  the  tangential  velocity  component  u  is  zero  everywhere  upstream 
of  the  actuator  disk. 

A  similar  result  is  obtained  when  two  cross  sections  downstream  of 
the  actuator  disk  are  considered  instead  of  two  upstream  sections.  The 
diíference  between  rcUc  dQ  at  some  downstream  section  c-c  and  riUi  dQ  at 
the  section  ai-ai  must  vanish.  That  is,  downstream  of  the  actuator  disk 
the  moment  of  the  velocity  vector  with  respect  to  the  propeller  axis  has  a 
constant  valué  for  each  particle. 

TcUc  =  riUi  =  ru  (16) 

If  one  of  the  cross  sections  of  the  control  surface  is  taken  upstream 
and  the  other  downstream  of  the  actuator  disk,  the  two  surfaces  of 
revolution  together  with  the  two  annular  elements  in  the  planes  6-6  and 
c-c  do  not  constitute  a  complete  control  surface.  The  part  of  the  pro- 
peller surface  lying  between  two  radii  r  and  r  -\-  dr  must  be  added.  If 
dM  is  the  moment  of  the  thrusts  that  the  fluid  exerts  on  this  part  of  the 
rotating  rigid  body,  the  moment  of  momentum  theorem  states  that  the 
increase  of  moment  of  momentum  between  the  entrance  and  exit  sec- 
tions equals  dM.*  As  w  =  O  upstream  of  the  disk,  this  increase  equals 
rcUc  dQ  or  ru  dQ,  where  dQ  is  given  by 

dQ  =  p(V  +  v)  dS  =  2tp{V  +  v)r  dr.  (17) 

*  Since  the  letter  Q  is  used  in  connection  with  the  flux,  the  propeller  torque  will  be 
denoted  by  M  in  this  section. 
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Thus  the  third  and  last  conclusión  drawn  from  the  moment  of  momentum 
theorem  reads 

dM  =  p{V  +  v)ru  dS        M  =  pfiV  +  v)ru  dS  (18) 

2.  Next  consider  Bernoulli's  theorem  applied  first  to  a  streamline 
between  the  cross-sectional  planes  ao-ao  and  a-a  (immediately  upstream 
of  the  actuator)  and  then  to  the  prolongation  of  this  streamline  between 
a-a  (immediately  downstream  of  the  actuator)  and  ai-ai.  With  the 
notations  already  introduced,  we  have,  for  the  first  part, 

I  F2  +  po  =  I  [(y  +  vy  +  «^2]  +  p  (19) 

and,  for  the  downstream  part, 
^  [(7  +  y)2  +  í^2  +  w^]  +  P  +  p'  =  I  [(V  +  vir  +  wl-{-  ul]  +  p,     (20) 

Bernoulli's  equation  cannot  be  applied  to  the  total  length  of  the  stream- 
line between  the  cross-sectional  planes  ao-ao  and  ai-ai  because  of  the 
unsteady  character  of  the  flow  in  the  immediate  vicinity  of  the  actuator 
disk.  (As  regards  the  moment  of  momentum  theorem  the  situation  is 
different  since  this  theorem  applies  to  quasi-steady  flows,  too.) 

The  distance  between  the  cross-sectional  planes  ao-ao  and  a-a  as  well 
as  that  between  a-a  and  ai-ai  is  supposed  to  be  very  large.  If,  at  the  same 
time,  the  diíferences  between  the  cross-sectional  áreas  So,  Si,  and  S  are 
supposed  to  be  small,  the  equation  of  continuity  shows  that  the  velocities 
V  and  Vi  are  small,  too.  Therefore,  the  slope  of  the  streamlines  against 
the  propeller  axis,  which  is  proportional  to  the  diíferences  ro  —  r,  r  —  ri, 
etc.,  and  inversely  proportional  to  the  distances  between  ao-ao,  a-a,  ai-ai  is 
small  of  the  second  order.  Accordingly,  the  radial  velocity  components 
w  which  are  proportional  to  this  slope  are  small  of  the  second  order,  too. 
The  squares  w"^  and  wl  can  therefore  be  neglected  in  (19)  and  (20),  even 
if  terms  of  the  second  order  like  y^  are  retained. 

The  tangential  velocity  components  u  and  Ui  will  be  supposed  to  be 
of  the  same  order  as  v  and  vi.     Then,  according  to  (16),  the  difference 

2     _  9  0    11  ■         1  .9/-.  A    ^1    +    ^ 


ul  =  u^l^í  -  y  =  u^{r,  -  r)  ^^ 


is  small  of  the  third  order  and  can  be  neglected  in  (20). 
Equations  (19)  and  (20)  thus  reduce  to 


P  T/.     >     „     _    P 


V'  +  Vo  =  ^(V  -hvy  +  p  (19') 
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I  (F  +  a;)2  +  p  +  p'  =  I  (F  +  v,y  +  p, 


Adding  and  solving  for  p',  we  find 


V'  =  pvi  y   +^)  +  V\  -  Pe 
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(21) 


Since  the  thrust  dT  exerted  on  the  element  dS  of  the  actuator  disk 
equals  p'  dS,  the  result  supplied  by  the  BernoulH  equations  is 


dT  = 


=  pvi  (v  +  '^jdS+  (pi  -  po)  dS 
T  =  p  j  vJv-^'^^dS-{-  j  (p,-  po) 


(22) 


dS 


The  significance  of  the  second  integral  will  be  discussed  below. 

3.  Next  consider  the  momentum  theorem  for  the  direction  of  the  pro- 
peller  axis,  appHed  to  the  two  control  surfaces  shown  in  Fig.  241,  i.e.,  to 


«/ 


Pj-Po- 


\  Pi. 


¡P+P'-Po^ 


Uj' — jr 


CCo 


Fig.  241. — Control  surfaces  for  the  application  of  the  momentum  equatioii. 

the  total  bulk  of  the  fluid  upstream  and  downstream  of  the  disk  zone.  In 
the  case  of  the  moment  of  momentum  equation  the  fluid  pressures  acting 
on  control  surfaces  of  this  type  did  not  furnish  any  contribution,  since 
their  moment  with  respect  to  the  propeller  axis  is  zero.  Now,  however, 
these  thrusts  must  be  taken  into  account.  The  resultant  of  these  thrusts 
equals  the  resultant  produced  by  the  overpressures  p  —  po,  since  a 
uniform  pressure  po  acting  on  all  elements  of  a  closed  surface  has  the 
resultant  zero.  Let  Po  and  Pi  denote  the  resultants  of  the  overpressures 
acting  on  the  surfaces  of  revolution  I,  V  upstream  and  downstream  and  on 
the  cross  sections  ao-ao  and  a\-a\,  respectively. 

Because  of  the  rotational  symmetry  these  resultants  have  the  direction 
of  the  propeller  axis.     For  the  two  control  surfaces  the  resultant  thrusts, 
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considered  as  positive  if  acting  in  the  direction  of  flight,  then  equal 
/(?>  —  Po)  dS  +  Pq  and  —  J(p  +  p'  —  Po)  dS  +  Pi,  respectively.  The 
flux  of  momentum  across  the  upstream  control  surface  equals 

-¡{V  +  v)dQ  +  ¡VdQ, 

where  the  first  integral  corresponds  to  the  section  a-a  and  the  second 
to  the  section  üq-üq  [see  the  discussion  preceding  Eq.  (4),  of  Sec.  III. 2]. 
With  dQ  =  p{V  -\-  v)  dS,  the  momentum  equation  applied  to  the  upstream 
control  surface  furnishes 

jip  -  po)  dS  +  Po=^  -PÍv{V  +  v)  dS  (23) 

Similarly,  for  the  downstream  control  surface, 

-j{p  +  p'  -  Po)  dS-{-P,=  -pj(vi  -  v){V  +  v)  dS  (24) 

By  adding  these  equations  a  new  expression  for  T  =  jp'  dS  is  obtained : 

T  =  jp'  dS  =  píiV  +  v)v,  dS  +  Po+  Pi  (25) 

(It  might  be  asked  why  the  momentum  theorem  is  not  applied  to  a 
fluid  mass  including  the  zone  of  the  actuator  disk.  Since  there  is  no 
sudden  increase  of  the  axial  velocity  component  at  the  disk,  the  momen- 
tum theorem  applied  to  the  región  between  two  planes  immediately 
upstream  and  downstream  of  the  disk  would  only  yield  dT  =  p'  dS,  a 
relation  that  has  already  been  used.) 

Information  concerning  Po  and  Pi  may  be  obtained  by  solving  (23) 
and  (24)  with  respect  to  these  quantities  and  introducing  p  —  po  from 
(19')  and  (p  +  p')  from  (20').  Thus,  after  some  rearranging  of  terms, 
one  finds 


Po  = 


^    í  i;2  dS,         P,  =  ^    í  {v-  vO'  rf*S  +  j   (px  -  Po)  dS     (26) 


These  relations  show  that  the  overpressure  along  I,  I'  cannot  simply  be 
assumed  to  vanish.  This  assumption,  made  in  some  presentations  of  the 
momentum  theory,  would  give  Po  =  O  in  contradiction  to  the  first  equa- 
tion (26),  which  shows  that  Po  is  negativo.  On  the  other  hand,  some 
assumptions  concerning  Po  and  Pi  and  the  valué  of  pi  —  po  have  to  be 
made  within  the  f ramework  of  the  present  theory,  which  does  not  attempt 
to  give  a  complete  solution,  i.e.,  an  evaluation  of  the  distribution  of 
velocity  and  pressure  based  on  the  differential  equations  of  hydro- 
dynamics.  It  seems  plausible  that  at  a  large  distance  downstream  of  the 
propeller  the  pressure  in  the  wake  will  approach  the  outside  pressure  po. 
At  least  the  average  (integral)  valué  oí  pi  —  po  may  be  supposed  to 
vanish.  If  one  accepts  this,  both  quantities,  Po  and  Pi,  become  small 
of  the  second  order  and  of  opposite  sign.     It  may  then  appear  justified 
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to  neglect  the  sum  Po  +  P\  in  (25).  As  a  matter  of  fact,  the  usual 
momentum  theory  is  based  on  the  assumptions  that  the  integral  of 
(pi  —  Po)  dS  and  the  sum  Po  +  Pi  can  be  regarded  as  zero. 

Comparing  now  the  thrust  valúes  as  given  by  (22)  and  (25),  we  have 

I  vi(v-{-^^jdS=   j  vi(V  +  v)dS       or         i  v^vdS  =  ^   í  v\dS     (27) 

If  V  and  V\  can  be  assumed  to  be  constant  over  the  cross  section,  the 
last  equation  would  furnish 

V  =  i?'i  (28) 

Another  way  of  arriving  at  this  result  is  to  apply  the  momentum  equation 
to  the  fluid  within  some  interior  stream  surface  d,  d'  (Fig.  240)  and  to 
assume  that  for  any  such  surface  the  expressions  corresponding  to 
{pi  —  Po)  dS  and  toPo  +  Pi  are  zero.  The  relation  dT  —  p{V  +  v)vi  dS, 
corresponding  to  (25),  would  then  hold  true  for  any  annular  element  dS, 
and  comparison  with  the  first  equation  (22)  would  furnish  (28).  We 
thus  have  the  following  important  result:  If  it  is  assumed  either  that  the 
additional  velocities  v  and  Vi  are  uniformly  distributed  over  the  circular 
cross  section  or  that  there  is  no  resultant  mutual  pressure  interference 
between  the  annular  layers  of  the  fluid,  one  can  conclude  that  one  half 
of  the  total  increase  Vi  in  axial  velocity  produced  by  the  propeller  occurs 
upstream  of  the  actuator,  the  oiher  half  downstream. 

4.  Finally  apply  the  energy  equation,  in  the  form  derived  in  Eq.  (27), 
Sec.  III. 5,  to  the  total  bulk  of  fluid  between  the  cross-sectional  planes 
ao-tto  and  ai-ai.  This  flow,  as  a  whole,  can  be  considered  as  quasi-steady 
(periodic).  The  increase  in  total  head  between  the  sections  ao-ao  and 
Oi-ffi  equals 

Pi  -  Po    ,    {V  +  vx)'  +  w\  +  u\  _  F2 
7  2^  2g 

=  P^  ~  P"  -I-  ^^i(27  +  Vi)  -\-  wl-i-  ul 
7  2gr 

where  wl  is  small  of  the  fourth  order  and  may  be  neglected,  while  ul  may 
be  replaced  by  u^  since  the  difference  between  these  two  quantities  is  of 
the  third  order.  The  pressure  difference  contributes  to  the  energy 
equation  a  term  of  the  form  (l/p)/(pi  —  po)  dQ  =  J(pi  —  po)(F  +  v)  dS. 
If  V  is  assumed  to  be  constant  over  the  cross  section,  this  integral  must 
vanish  according  to  the  hypothesis  already  introduced.  In  the  general 
case,  /(pi  —  Po)  dQ  =  O  would  constitute  an  independent  assumption. 
The  gravity  of  the  fluid  being  neglected,  the  power  imparted  to  the  fluid 
by  the  propeller  may  then  be  written  as 


P  =  p/(F  +  .)[.(f  +  "^)  +  ^ 


dS  (29) 
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Equations  (18),  (22),  (27),  and  (29)  are  the  basic  relations  of  the 
momentum  theory.  They  relate  the  velocities  v,  Vi,  u  (all  of  them 
functions  of  r)  to  the  thrust  T,  the  torque  M,  and  the  power  P  of  the 
propeller. 

Problem  5.  Show  that  the  equations  of  the  momentum  theory  as  given  in  the 
foregoing  include  the  assumption  that  the  flow  upstream  of  the  actuator  disk  is 
irrotational  but  do  not  imply  this  assumption  for  the  wake. 

*Probleni  6.  Show,  from  the  form  of  the  streamiines,  that  the  pressure  cannot 
possibly  be  constant  along  the  border  /,  V  of  the  upstream  flow. 

3.  Momentum  Theory,  Conclusions.  The  basic  equations  of  the 
momentum  theory  established  in  the  preceding  section  are  not  sufficient 
or  intended  to  determine  the  unknown  functions  v,  V\,  u  of  the  radius  r. 
To  determine  these  unknowns,  it  would  be  necessary  to  set  up  the 
differential  equations  governing  the  motion  of  the  fluid  and  to  solve  them 
on  the  basis  of  a  given  propeller  shape.  However,  Eqs.  (18),  (22),  (27), 
and  (29)  yield  relations  between  T,  M,  and  P  if  appropriate  assumptions 
concerning  v{r),  Vi{r),  and  u{r)  are  introduced. 

The  simplest  set  of  plausible  assumptions  is  the  following:  (1)  The 
axial  velocity  components  v  and  Vi  are  assumed  to  be  constant  over  the 
respective  cross  sections.  (2)  The  tangential  velocity  components  u 
immediately  downstream  of  the  actuator  disk  are  assumed  to  be  pro- 
portional  to  the  distance  r  from  the  propeller  axis:  u  =  reo'.  These 
assumptions  obviously  amount  to  replacing  the  variables  v,  Vi  and  u/r 
by  certain  average  valúes.  The  first  assumption  leads  to  v  =  V\/2  by 
virtue  of  (27),  as  already  explained.  According  to  the  second  assumption 
one  can  compute 

d/2  d/2 

w2  d^  =  27r   /  wV  dr  =  2irc^'^   (  r^  dr  =  27ra,'2 1  (^Y  =  ^'  S 


í  u^dS  =  27r   í  v?r  dr  =  27rco'2    \ 
o  o 

d/2  d/2 

í  rudS  =  2x   í  rH  dr  =  27raj'   j  r^  dr  =  "^  S 


(30) 


Let  US  now  collect  the  equations  needed  in  the  further  development 
of  the  momentum  theory:  (I)  Eq.  (22),  where  the  integration  can  be 
performed  since  vi  is  assumed  to  be  constant  with  respect  to  r;  (II)  Eq. 
(18),  transformed  by  introducing  v  =  í;i/2,  the  second  relation  (30),  and 
P  =  ilfco;  (III)  Eq.  (29),  transformed  by  introducing  v  =  V\I2  and  the 
first  relation  (30).     Thus, 


(f  +  ^). 


T  =  pS\Y  -V'-^\v,  (I) 
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P  =  p^(f  +  |)[(7  +  ^^).  +  .'^ 


8 

(IIT) 


+    CO'2  — 


Elimination  of  Vi  and  üj'  between  these  equations  furnishes  a  relation 
between  T,  P,  V,  w,  and  d  that  embodies  the  main  result  of  the  momentum 
theory.  For  given  valúes  of  V,  co,  and  d  a  relation  between  T  and  P  will 
thus  be  obtained. 

Let  US  first  consider  a  simple  transformation  of  (III).  In  (III) 
the  first  term  on  the  right-hand  side  is  a  múltiple  of  the  right-hand  side 
of  (I),  while  the  second  term  is  a  múltiple  of  the  right-hand  side  of  (IT); 
thus, 

P  =  7'  (f  +  ^)  +  P  ¿  (Illa) 

From  this  equation  the  valué  of  TV /P  can  be  computed.  In  the 
preceding  discussion  this  expression  was  called  the  efficiency  of  the 
propeller.  However,  since  in  the  present  argument  all  frictional  losses 
are  disregarded,  it  seems  preferable  to  introduce  a  special  term  for  the 
valué  of  TV /P  furnished  by  the  momentum  theory.  In  the  following 
this  valué  is  called  the  induced  efficiency  and  denoted  by  7?i.  Making 
use  of  (Illa),  we  find  the  following  first  expression  for  the  induced 
efficiency : 

_  TV        1  -  coV2co  ,„^. 

Another  expression  for  ra  can  be  obtained  by  multiplying  (I)  by  V  and 
dividing  by  (II).  With  /  =  V/nd  and  co  =  2irn,  the  result  can  be  written 
as 

_TV  _  ^Vv,  _  4Jv,  _   2       v,/V  ,_. 

"f'-    P    -  cccc'd'  ~  Wd~  T-'^    w'/co  ^'^  ^ 

The  Equations  (31)  and  (32)  show  the  importance  of  the  ratios  Vi/V  and 
ü)'/o3.  Note  that  Vi  is  the  axial  and  a'  the  angular  velocity  that  the 
actuator  disk  imparts  to  the  fluid. 

Equations  (I)  to  (III)  may  be  given  a  dimensionless  form.  Instead 
of  the  former  thrust  and  power  coefficients  new  dimensionless  parameters 
will  be  used,  the  thrust  loading  r  and  the  power  loading  a.  These  param- 
eters are  defined  by 

2T  _    2P  .__. 

"■  ~  pv^s'      "  "  p]ñs  ^"^"^^ 

(It  is  seen  that  these  definitions  foUow  the  general  pattern  for  dimen- 
sionless forcé  and  power  coefficients  more  closely  than  the  definitions  of 
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Ct  and  Cp.  However,  r  and  a-  lose  their  meaning  for  F  =  O,  that  is,  in 
the  case  of  a  propeller  running  while  the  airplane  is  at  rest  on  the  ground.) 
The  parameters  Ct  and  Cp  are  connected  with  t  and  a  by 


^"^       P7i^d'       pVW       8 

^''~  pnH'  ~~  pVW~  S,'^  "" 
Note  that  the  ratio  r/o-  equals  the  induced  efficiency 


(34) 


VT        JCt       r  .„.,. 

1?^  =  -^  =  -FT-  =  -  (-54  ) 


P       c 


Introducing  the  dimensionless  parameters  t  and  a,  Eqs.  (I)  to  (III) 
can  be  written  as 

Now  we  can  carry  out  the  eUmination  of  Vi/V  and  w'/^  in  order  to 
find  the  announced  relation  between  t,  <r,  and  J,  which  represent,  in  a 
dimensionless  form,  the  quantities  T,  P,  V,  d,  and  w.  First  solve  (F) 
for  V\/V. 


(?)• 


+  2^==r         or         ^=V^n-l 


where  only  the  positive  root  of  the  quadratic  equation  for  Vi/V  may  be 
retained.  Then  introduce  this  valué  of  Vo/V  into  (IT),  and  solve  with 
respect  to  co'/oj. 


03 


/2  c  2JV  2J 


co         ttM  +  v,/2V        TrKVr  +1  +  1) 


=  ^-(Vr+l-    1) 


since  (\/'r  +  1  +  1)(Vt  +  1  —  1)  =  T.  Finally,  divide  both  sides  of 
the  second  form  of  (III')  by  t,  and  introduce  the  valúes  for  Vi/V  and 

O}'  /ü)'. 

-  =  -  -  uv^^n  + 1)  +  -,\  (vnn  -  1)        (35) 

This  is  the  desired  relation  between  t,  -m,  and  J.  As  t  and  a  are  equiva- 
lent  to  Ct  and  Cp,  this  result  may  be  stated  in  the  following  form :  The 
momentum  theory  leads  to  a  definite  relation  hetween  the  coefficients  of  thrust 
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and  power,  or  between  one  of  these  coefficients  and  the  induced  efficiency,  for 
each  valué  of  the  advance  ratio.  This  relation  is  independent  of  the  pro- 
peller  shape. 

In  general,  the  last  term  in  (35)  is  small  as  compared  with  the  preced- 
ing  term.     Thus,  as  a  first  approximation, 

2 

(35a) 


Vr  +  1  +  1 

A  second  approximation  may  be  obtained  by  introducing  (35a)  on  the 
right-hand  side  of  (35).     Thus 

-  =  i(\/rTl  +  1)  +  ,A  (V^+l  +  DKV^^n  -  1) 


=  i(V.+  i  +  i)(i+g) 


Since  JV/27r^  will  be  small  as  compared  with  1,  this  relation  is  equivalent 
to 


''■      V^Tl  +  1  V      2x9 


(356) 


Relation  (35a)  follows  from  (I)  and  (III)  if  the  rotational  velocity  u  is 
completely  neglected  from  the  beginning;  it  has  been  derived  in  this  way 
by  W.  J.  M.  Rankine.  Relation  (356)  has  been  established  by  Th.  Bienen 
and  Th.  v.  Kármán.  Figure  242,  which  corresponds  to  (35)  rather  than 
to  (356),  shows  some  curves  rji  =  const.  in  a  diagram  using  J^  as  abscissa 
and  T  as  ordinate.  The  dotted  hyperbolas  are  curves  of  constant  Ct. 
Since  in  the  momentum  theorj^  frictional  losses  are  disregarded  entirely, 
relation  (35)  and  Fig.  242  must  be  interpreted,  not  as  giving  eíRciency 
valúes  in  accordance  with  actual  experiments,  but  rather  as  giving  the 
highest  efficiency  that,  eventually,  could  be  approached  under  par- 
ticularly  favorable  conditions.  The  result  already  stated  can  also  be 
expressed  in  this  f orm :  The  momentum  theory  gives  for  each  valué  of  thrust 
loading  and  advance  ratio  an  upper  limit  for  the  efficiency  that  cannot  he 
exceeded  whatever  the  shape  of  the  propeller.  For  example,  it  is  seen  from 
Fig.  242  that  at  an  advance  ratio  J  =  0.4  a  propeller  with  the  thrust  load- 
ing T  =  1.18  {Ct  =  0.074)  cannot  possibly  have  an  efficiency  exceeding 
80  per  cent.  If,  for  the  same  advance  ratio,  the  thrust  loading  is  raised 
to  T  =  4.0  (Ct  =  0.251),  the  greatest  possible  efficiency  is  lowered  to 
about  60  per  cent.  In  a  general  way,  the  diagram  shows  that  higher 
eíficiencies  are  bound  to  small  load  factors. 

Experimental  evidence  agrees  with  the  conclusions  of  (35).  Figures 
243  and  244  compare  the  results  obtained  from  Eq.  (35)  with  the  experi- 
mental results  obtained  in  the  case  of  the  propeller  whose  characteristics 
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were  given  in  Fig.  225.  In  Fig.  243  the  curve  marked  rj  represents  the 
actual  efficiency  computed  from  the  experimental  characteristics  accord- 
ing  to  í7  =  JCt/Cp)  the  curve  marked  tjí  corresponds  to  Eq.  (35),  the 
thrust  loading  t  =  SCrAJ^  being  computed,  for  each  advance  ratio, 
from  the  observed  valúes  of  Ct.     It  is  seen  that  -m  is  everywhere  greater 


.6 


2.0 


0.8       .  1.2 

Fig.  242. — Thrust  loading  vs.  square  of  advance  ratio  for  constant  efficiency  according  to 

Eq.  (3.5). 


than  r¡.  In  Fig.  244  the  observed  valúes  of  Cp  are  confronted  with  the 
valúes  of  JCt/i)í  that  represent  according  to  the  present  theory  the  valúes 
of  Cp  if  no  frictional  losses  occurred.  As  is  to  be  expected,  JCr/tM  is 
everywhere  smaller  than  Cp,  the  difference  constituting  a  measure  for  the 
frictional  losses. 


Problem  7.     Compute  the  induced  efficiency  as  function  of  J  undcr  the  assump- 
tion  that  the  Cr  vs.  /-curve  is  a  straight  line  Cr  =  a{J \  —  J).     Compare  the  valúes 
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of  77i  at  /  =  0.75/1  with  the  ??- valúes  estimated  according  to  the  method  of  the  repre- 
sentative  blade  element  (Sec.  XI.4). 

Problem  8.     Plot  and  discuss  the  curves  77»  vs.  t  for  constant  J.     Also,  draw  the 
lines  Cp  =  const.  in  this  diagram. 


Problem  9.  If  Eq.  (35)  is  solved 
for  j?i,  one  finds  two  valúes.  Explain 
why  one  must  be  discarded,  and  give 
the  explicit  formula  for  the  other. 

Problem  10.  Setting  rn  =  a/r,  Eq. 
(35)  becomes  a  relation  between  a  and 
T  for  each  constant  J.  Plot  these 
curves  a  vs.  t  and  discuss  their  relation 
to  the  polar  diagram  of  the  propeller 
(Sec.  XI.4). 

Problem  11.  Develop  a  fornuila 
for  Tji  as  function  of  r  for  small  valúes 
of  T. 

4.  Modified  Momentum  The- 
ory.  Various  attempts  have  been 
made  to  improve  on  the  momen- 
tum theory  by  taking  into  account 
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FiG.  24.3. — Induced  efRciency  eomputed  from 

the    finite    number    of   blades,    the    observad  Cr-values,  eompared  with  the  actual 

'  emciency. 

variation  of  y,  Vi,  and  w'  o  ver  the 

cross  section,  certain  kinds  of  friction  losses,  etc.  The  following  trait  is 
common  to  all  these  investigations :  The  integral  form  of  Eqs.  (I)  to  (III) 
is  replaced  by  a  certain  differential  form.     That  is,  it  is  stated  that  for 

r.. each  annular  disk  element  relations 

for  dT  and  dP  exist  which  are  ana- 
logous  to  Eqs.  (I)  to  (III).  This 
imphes  the  introduction  of  certain 
new  hypotheses. 

As  regards  (I),  the  correct  dif- 
ferential form  was  given  in  the 
first  equation  (22).  If  it  is  now 
assumed  that  pi  equals  po  on  all 
streamlines,    the   simple   formula 

\ 02 ¿ ¿ 08 [O  P,  ""'fr^  ^"^^^  f  ^^*^^^.^^- 

j  As  to  (iij,  the  correct  expression 

FiG.    244.— Power    coefficient    as    computad  for    dM   =   dP/cú    WaS    dcríved    in 

'::ZitlZ\Z%7:nT  '^""'""'  "'"'  *'"'  d»);  wHh  the  excepüon  ot  the 

replacement    of   v   by   yi/2,    this 
agrees  with  the  differential  form  of  (II)  to  be  used  now.     The  equaUty 

V  =  yi/2  could  be  based,  as  already  mentioned,  on  the  assumption  that 

V  and  Vi  are  constant  over  the  entire  cross  section.  However,  this  would 
not  serve  the  purpose  of  the  generalization  that  is  now  intended.     On 
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the  other  hand,  for  variable  v  and  Vi,  it  has  already  been  seen  that  the 
relation  v  =  Vi/2  can  be  justified  by  assuming  that  there  is  no  resultant 
pressure  interference  between  adjacent  st  eam  layers. 

The  following  two  assumptions  will  now  be  made:  (1)  On  each  stream- 
Une  the  final  pressure  pi  equals  the  pressure  valué  po  of  the  undisturbed 
air.  (2)  The  resultant  thrust  between  two  adjacent  stream  layers 
of  rotational  symmetry  is  zero.  Under  these  conditions,  Eq.  (18)  can 
be  written  in  the  form  (II")  below.  As  to  Eq.  (III)  there  is  no  difficulty 
in  applying  the  energy  theorem  for  quasi-steady  motion,  as  derived  in 
Sec.  III. 5,  to  each  annular  element  of  the  disk  and  the  corresponding 
stream  layer  separately.  Once  the  assumption  pi  =  po  has  been  made, 
the  pressure  term  in  (29')  drops  out  and  (29)  can  be  written  down  for 
the  power  element  dP  by  omitting  the  integral  sign. 

In  this  highly  hypothetical  differential  form  the  momentum  theory  of 
the  propeller  is  based  on  the  following  three  equations,  where  dS  =  2nr  dr 
refers  to  an  annular  element  of  the  disk  área: 

dT  =  p(v  -\-'^^  V,  dS  (I") 

dP  =  p  í  7  +  1^  j  r^coo;'  dS  (11") 

(III") 

Here  vi  and  co'  may  still  depend  on  r.  Corresponding  to  (31)  and  (32) 
one  now  obtains  two  formulas  for  the  induced  efficiency  of  the  disk  element, 
one  from  (III")  and  one  dividing  (I")  by  (11"). 

_VdT  _1  -coV2a;   _    VVi  ,_. 

'^'''  -~dr-  1  +  v,/2v  -  ¥;^'  ^^""^ 

The  latter  equation  defines  a  relation  between  the  two  ratios  yi/2F  and 
to'/2w.     Upon  introducing  /  =  V /nd,  this  relation  can  be  written  as 

Thus,  the  differential  form  of  the  momentum  theory  restricts  the 
range  of  admissible  functions  V\{r)  and  co'(r).  For  example,  it  is  not 
possible  to  have  both  Vi  and  co'  constant  over  the  disk.  Moreover,  if  v\ 
has  any  finite  valué  at  r  =  O,  the  ratio  co'/oj  would  become  infinite.  It 
is  very  doubtful  whether  these  results  are  legitímate.  One  can  try  to 
find  suitable  forms  for  the  functions  Vi{r)  and  w'(r)  that  satisfy  (36');  one 
can  even  ask  for  the  "best"  distributions,  i.e.,  for  those  leading  to  the 
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highest  resultant  eíRciency  -m.  But  all  such  computations  are  open  to 
the  objection  that  they  are  based  on  the  rather  artificial  assumption  of 
the  complete  absence  of  interference  between  the  stream  layers.  In  the 
following,  use  will  be  made  of  (36)  only  for  the  purpose  of  deriving  a 
modified  set  of  equations,  replacing  (I")  and  (II"))  which  takes  into 
account  f riction  f  orces  in  a  certain  approximate 
way. 

The  last  equality  in  (36)  admits  of  a  simple 
geometric  interpretation.  If  the  ring  of  the 
radius  r  and  the  width  dr  transmits  the  power 
dP,  it  experiences  on  its  área  dS  a  moment 
dM  =  dP/(j}.  Since  the  ñow  pattern  is  sup- 
posed  to  possess  rotational  symmetry,  the 
moment  will  be  unif  ormly  distributed  over  the 
ring  área.  This  means  that  at  each  point  of 
the  ring  a  tangential  forcé  of  the  magnitude 
dP/ro}  dS  per  imit  of  área  is  acting  (Fig.  245).  y^^  245.^^ngentiai  forcé 
On  the  other  hand,  the  same  annular  element     component  suppiying  the 

r    ,1         !•   1  •  -ir  r  xi-         torque  moment  dM. 

OÍ  the  disk  experiences  an  axial  torce  oí  the 

magnitude  dT/dS  per  unit  of  área  acting  normal  to  the  ring  plañe  which 
is  seen  in  Fig.  245.  Denote  by  y'  the  angle  that  the  resultant  of  these 
two  f orces  makes  with  the  propeller  axis.     Then,  using  (36), 

X     /  dT  rw  r(co  —  wV2)         Vi  /o^\ 

COt   T       =      ,D/  =    -Tr    1)iel    =    -^n^. JfT     =    }  (37) 

dP/roj        V  F  +  yi/2  reo 

The  last  two  expressions  follow  from  (36). 

Figure  246  shows  how  the  direction  y'  can  be  found  by  plotting  a  right 
triangle  ABC  with  the  sides  ZB  =  r(co  -  a)72)  and  BC  =  V  -\-  Vi/2. 
The  forcé  that  the  air  exerts  on  the  blade  element  is  therefore  seen  to  be 
perpendicular  to  a  velocity  vector  that,  in  the  partly  inverse  flow  consid- 
ered  in  the  present  analysis,  has  the  components  V  +  í^i/2  and  r(aj  —  coV2) 
parallel  and  perpendicular,  respectively,  to  the  propeller  axis.  In  the 
actual  ñow,  the  relative  velocity  of  the  air  with  respect  to  the  propeller 
in  the  two  cross  sections  ao-ao  upstream  and  ai-ai  downstream,  has  the 
axial  components  V  and  V  -\-  vi  and  the  tangential  components  roo  and 
r-(aj  —  oi'),  respectively.  If  the  forcé  that  a  perfect  fluid  exerts  on  a  rigid 
body  is  considered  as  a  "lift,"  i.e.,  as  acting  perpendicular  to  an  effective 
velocity,  Eq.  (37)  and  its  geometrical  interpretation  show  that,  in  the 
present  case,  this  effective  velocity  equals  the  arithmetic  mean  of  the  relative 
velocities  upstream  and  downstream  of  the  propeller.  The  analogy  between 
this  effective  velocity  and  that  appearing  in  the  theory  of  the  wing  of 
finite  span  will  be  discussed  later. 


342 


OUTLINE  OF  PROFELLER  THEORY 


[Sec.  XII. 4 


In  Fig.  246  the  points  E  and  D  are  determined  by  EC  =  V,  DE  =  reo, 
and  DE  perpendicular  to  EC,  so  that  the  angle  CDE  equals  y  as  defined  by 
Eq.  (2),  Sec.  XI. 1.  The  angle  ACD  then  is  y'  -  y,  and  (37)  shows  that 
AD  is  perpendicular  to  AC.  Indeed,  in  the  triangle  ADF  we  have 
AF  =  vi/2,  DF  =  rcoV2  and  thus  cot  DAF  =  Vi/rco',  that  is,  ¿DAF  =  y'. 


A  r((V-aj'/2)  B 

Fig.  246. — Directions  of  air  reaction  and  effective  relative  velocity  according  to  Eq.  (36). 

If  the  resultant  forcé  were  perpendicular  to  the  velocity  vector 
resulting  from  Y  and  reo,  instead  of  from  Y  +  Vxl2  and  r(co  —  coV2),  the 
element  efñciency  would  equal  1,  since,  in  this  case, 


P/rco 


?'Í0 

Y 


—  -^        that  is 


YT  =  P 


and 


P 


=  1 


The  angular  deviation  7'  —  7  thus  accounts  for  the  loss  of  energy  which 

is  admitted  in  the  momentum  theory, 
although  this  theory  so  far  neglects  all 
frictional  losses.  This  suggests  a  way 
to  supplement  the  theorj''  by  an  addi- 
tional  assumption  designed  to  take 
account  of  the  influence  of  friction. 

It  seems  reasonable  to  assume  that 
the  forcé  perpendicular  to  the  mean 
relative  velocity  corresponds  to  a  lift  dlj 
experienced  by  the  blade  element  and 
ihal  the  addition  0/  a  drag  dD  parallel  to 
this  velocity  would  correspond  to  the  actual 
presence  of  friction  forces.  The  drag 
dD  will  (;hange  the  resulting  forcé  as 
indicated  in  Fig.  247.  The  Une  of 
action  is  rotated  through  an  angle  e  and 
the  magnitude  becomes  dL/cos  e,  where 
tan  e  ==  dD/dL.  The  figure  shows  that, 
because  of  the  drag  dD,  the  thrust  component  of  the  forcé  is  diminished  by 
r//>  sin  y'  tan  e,  the  tangcntial  ('()in])onent  increased  by  dL  eos  7'  tan  e. 
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Fio.  247. — Additional  drag  forcé 
parallel  to  the  effective  relative 
velocity. 
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But  dL  sin  7'  =  dP/ro)  and  dL  eos  7'  =  dT,  where  dP  and  dT  are  the 
uncorrected  valúes.     The  new  valúes  consequently  are  given  by 

dP 

dT'  =  dT  -  €—,        dP'  =  dP  +  era;  dT  (38) 

reo 

where  e  is  supposed  to  be  small  so  that  tan  e  could  be  replaced  by  e. 

Introducing  the  valúes  of  dT  and  dP  given  by  (I")  and  (11")  and 
assuming  Vi,  u,  and  e  to  be  constant  over  the  disk  radius,  we  find 


r  = 

P'  = 


(f  +  flj  (..  -  ec'r)  rf^  =  p,S  (f  +  ^)  (..  -  ^) 
(f  +  ^)/  r.(rco'  +  ..O  dS  ^  ,S.  (f  +  ^)  (^^^  +  ^-^^) 


(38a) 


The  assumptions  Vi  =  const.  and  w'  ==  const.  are  now  allowed  since 
with  the  introduction  of  friction  forces  the  energy  equation  (III")  and 
thus  the  first  expression  for  ruei  in  (36)  lose  their  validity.  The  corrected 
propeller  efficiency  accordingly  equals 

^   rV_  ^    F;     Vi  -  ecoW/3     _   8F¿'i    1   -  ew'd/3v, 
'^  P'     ~  cüdo,'d/8  +  eVi/S  ~  coco'(/2  ]   +  Sev,/3o:'d  ^   ^ 

Comparing  with  (32),  we  find  that  the  first  factor  on  the  right-hand 
side  equals  tjí  and  that  the  ratio  Vi/w'd  can  be  replaced  by  tttjí/AJ.  Thus, 
taking  account  of  the  fact  that  e  is  small,  we  may  write  the  expression 
for  7]  as 


1  -  AJe/Zir-qi 
V  =  Vi 


^Stt  r]i         3    J 


(39a) 


1  +  27rT;,e/3J 

This  corrected  valué  of  the  efficiency  is  denoted  simply  by  tj,  since  it 
contains  friction  losses  and  thus  is  comparable  to  the  efficiency  of  an 
actual  propeller.  The  valúes  of  i]  as  given  by  (39)  agree  to  a  certain 
extent  with  the  experimental  evidence.  In  the  case  of  the  numerical 
example  of  Sec.  1  of  this  chapter  the  observed  valué  of  Ct  at  the  advance 
ratio  /  =  0.6  equals  Ct  =  0.028.  According  to  (34)  the  corresponding 
valué  of  T  equals  r  =  SCt/tJ"^  =  0.198,  and  (356)  gives  rn  =  0.95. 
Equation  (39a)  then  furnishes  r]  =  0.80  for  e  =  0.05  and  rj  =  0.83  for 
e  =  0.04,  while  the  observed  valué  was  0.81.  It  appears  justified  to 
assume  that  the  average  valué  of  e  for  the  profiles  of  the  propeller  under 
consideration  lies  cióse  to  0.05,  although  valúes  of  e  beyond  90°  occur 
near  the  hub.  [It  would  seem  correct  to  identify  the  observed  valué  of 
Ct  with  that  corresponding  to  T'  rather  than  to  T.  However,  the  first 
equation  (38a)  can  be  written  as 


('-'3xO=K'-'¿^) 


r  =  Til  -  e^)  =   Til   -  e^)  (40) 
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This  shows  that  in  the  case  of  the  present  example  the  difference  between 
T  and  T'  is  only  about  one  per  cent.] 

Figures  248  and  249  show  the  curves  -q  =  const.  for  e  =  0.04  and 
e  =  0.05  in  the  coordinate  system  used  in  Fig.  242.  This  diagram  can 
be  used  for  determining  the  propeller  diameter  so  as  to  obtain  the  best 
efficiency  under  given  conditions.  If  a  propeller  is  to  be  selected  for  an 
airplane,  the  required  thrust  T,  the  velocity  of  flight  V,  and  the  number 
of  revolutions  per  second  n  may  be  considered  as  given.  From  these 
data  alone  neither  r  ñor  J  but  only  the  ratio  t//^  can  be  computed. 


T 


2T 


8  W 

.7* 


(-H) 


pSV"      V  "  TT  p 

In  Figs.  248  and  249  this  ratio  determines  a  straight  line  through  the 
origin.     It  is  seen  that  for  the  point  of  contact  of  this  line  with  a  certain 
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Fig.  249. —  r  vs.  J^  for  constant  jj  at  e  =  0.05. 


Fig.  248. —  t  vs.  J^  for  constant  7;  at  t 

curve  f\  =  const.  the  efficiency  7/  reaches  its  greatest  valué.  The  cor- 
responding  propeller  diameter  can  be  computed  from  either  the  abscissa 
or  the  ordinate  of  this  point  since 


d 


nJ 


\tv 


,72, 


(42) 


If  this  valué  of  d  is  admissible  from  the  structural  point  of  view,  it 
represents  the  best  possible  cholee  of  the  diameter.  Since  the  diameter 
is  the  only  parameter  characterizing  the  propeller  shapc  that  appears  in 
the  momentum  theory,  no  furthcr  indications  regarding  the  best  possible 
propeller  can  be  expected. 
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As  already  mentioned,  other  refinements  of  the  momentum  theory 
aim  at  taking  account  of  the  variation  of  v,  Vi,  and  w'  over  the  propeller 
radius.  Note,  for  example,  that  with  constant  Vi  and  co'  the  element 
efficiency  rjiei  is  not  constant  over  the  radius.  It  may  be  asked  what 
relation  must  be  assumed  between  r  and  7?  in  order  to  obtain  a  constant 
element  eíRciency.  It  is  doubtful  whether  the  considerable  work  required 
by  this  kind  of  computation  is  really  worth  while.  It  should  be  kept  in 
mind  that  Eqs.  (I")  to  (III")  contain  the  assumption  of  the  mutual 
independence  of  the  annular  disk  elements  or  the  corresponding  stream 
tubes.  The  approximate  character  of  this  assumption  sets  a  limit  to  the 
accuracy  of  the  results  that  may  be  obtained  from  any  theory  based  on 
relations  (I")  to  (III"). 

Problem  12.  Compute  the  efficiency  of  a  propeller  according  to  (39a)  if  its 
diameter  is  10.5  ft.,  the  engine  speed  20  r.p.s.,  the  air  speed  V  =  200  ft./sec,  and  the 
thnist  T  =  820  Ib. 

Problem  13.  Discuss  the  relation  between  17  and  /  that  follows  from  (39a)  if 
the  Ct  vs.  /-curve  is  assumed  as  Ct  =  const.  (Ji  —  J).  Compute,  in  particular,  the 
efficiency  at  /  =  0.75/i. 

*Problem  14.  Find  the  relation  between  rn  and  t  that  replaces  (35)  in  the  case 
where  the  relations  (I")  and  (III")  are  accepted  and  17,  e¡  is  assumed  to  be  constant 
over  the  blade  section. 

*Problem  15.  Find  the  relation  between  77,  Ct,  and  /  that  results  from  the  follow- 
ing  assumptions:  Equation  (I)  of  the  momentum  theory  is  accepted.  Instead  of  (II) 
and  (III)  it  is  assumed  that  the  power  P  is  spent  to  produce  an  increase  of  icinetic 
energy  in  the  wake  that  corresponds  to  the  axial  velocity  increase  V\  and  a  rotational 
velocity  co'  =  X„.     Discuss  suitable  valúes  for  X. 

5.  The  Two  Theories  Combined.  A  combination  of  both  the  blade- 
element  and  the  momentum  theories  can  be  based  on  the  following  idea: 
It  has  been  assumed  in  the  first  approach  that  each  blade  element  between 
two  radii  r  and  r  +  dr  experiences  a  lift  and  a  drag  forcé,  dL  and  dD, 
acting  normal  and  parallel  to  the  vector  of  relative  velocity  of  the  air 
against  the  element.  This  velocity  was  assumed  to  consist  of  the  axial 
component  V  and  the  rotational  component  reo  and  to  make  the  angle  7 
with  the  plañe  of  rotation  so  that  thrust  and  power,  dT  and  dP,  can  be 
computed  according  to  (4)  with  dP  —  reo  dU.  Now,  in  the  differential 
form  of  the  momentum  theory,  it  was  seen  that  if  no  friction  is  admitted 
the  thrust  on  the  propeller  element  acts  perpendicular  to  a  velocity 
vector  composed  of  an  axial  velocity  V  +  Vi/2  and  a  rotational  velocity 
r(a)  —  coV2),  forming  an  angle  7'  with  the  plañe  of  rotation.  Moreover, 
the  quantities  Vi  and  o'  were  connected  with  dT  and  dP  by  relations 
(I")  and  (II").  Confronting  these  two  approaches,  one  may  venture 
the  following  working  hypothesis: 

Assume,  first,  that  dT  and  dP  can  be  computed  according  to  (4)  fro^n 
such  lift  and  drag  f orces  as  are  produced  hy  a  velocity  with  the  components 
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V  +  yi/2  and  r(co  —  coV2);  second,  that  relations  (I")  and  (II")  between 
dT,  dP,  and  Vi,  co'  still  hold. 

Using  the  abbreviations  for  the  inflow  factors 


I 


a  = 


Vi 


b  = 


(43) 


27  2co 

and  setting  dS  =  27rr  dr,  Eqs.  (I")  and  (11")  take  the  form 

dT  =  47rp72(l  +  a)ar  dr,         dP  =  47rpco2F(l  +  a)br^  dr        (44) 

On  the  other  hand,  Eqs.  (4)  combined  with  (3),  if  y  is  replaced  by  y' 
and  Vr  written  for  the  resultant  velocity,  become  (Fig.  250) 

^  V^,{Cl  eos  y'  -  Cn  sin  y')c  dr 

^  (45) 


dT 


dP  =  ro}dU  =  m^  o}V^,{Cl  sin  y'  +  Cn  eos  y')cr  dr 


rcúd-b) 

Fig.  250. — Inflow  factors  a  and  h. 

Here,  the  factor  w  (number  of  blades)  was  added.     The  coefficients  Cl 
and  Cu  are  considered  as  given  functions  of  the  incidence,  and  for  this 
valué  the  effective  incidence  a"  =  ^'  —  y'  has  to  be  substitiited. 
Introducing  the  sohdity  of  the  propeller  área  at  the  radius  r, 


s  = 


me 
2^r 


and  using  the  obvious  relations 

V        sin  y'           reo 

eos  y' 

Vr           1    +  a                Vr 

1  -  b 

the  comparison  of  (44)  and  (45)  leads  to 

a                 «        /^      .      / 

n         •  - 

1  +  a 
b 


4  sin^  y 


-,  {Cl  eos  y'  -  Cd  sin  7') 


(46) 


(47) 


(48) 


\  —  b       4  sin  7'  eos  7 


,  (Cl  sin  7'  +  Cd  eos  7') 
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If  the  shape  of  the  propeller  is  given,  i.e.,  the  valué  of  s  for  each  r 
and  the  angle  ^'  which  the  zero  hft  direction  of  each  profile  makes  with  the 
plañe  of  rotation,  \ve  have  in  (48)  two  equations  for  the  three  unknowns 
a,  b,  and  y'.  A  third  equation  is  supplied  by  the  relation  between  7' 
and  the  advance  ratio, 

h 


,         ,        V 1 +a 

tan  7    ==  —  1 r 

rco  1  —  o 


j    d    I  -\-  a 


27rr  1 

d    I  +  a 


tan  7'     (49) 


Now  the  computation  of  thrust  and  power  for  a  propeller  of  given 
shape  at  a  given  advance  ratio  can  be  carried  out  in  the  foUowing  way: 

For  some  tentative  valúes  of  7',  the  effective  incidence  a"  —  ^'  —  7', 
the  two  inflow  factors  a  and  h  from  (48),  and  the  right-hand  side  in  the 
second  equation  (49)  are  computed.  The  valúes  of  the  latter  expression 
are  plotted  vs.  7',  and  from  this  graph  the  7'-value  corresponding  to 
the  given  /  is  found.  The  actual  valúes  of  a  and  h  are  thus  determined. 
Then,  if  thrust  and  power  coefi&cients  for  the  element  are  introduced  by 

dT  ,.  dP  ^^^^ 


dCr  = 


pnH' 


dCp  = 


pnM^ 


and  X  is  written  for  2r/d,  Equations  (44)  supply 


dCr 
dx 


=  7rJ-a(l  +  a)x, 


dCp 

dx 


7rV6(l  +  a)x^ 


(51) 


The  curves  showing  the  right  hand  sides  of  (51)  as  functions  of  x  are 
known  as  the  thrust  and  poiver  grading  curves.  If  the  effective  blade 
begins  at  r  =  ri,  2ri/d  —  Xi,  one  has 


C, 


dC, 
dx 


dx, 


C, 


dC, 
dx 


dx 


(52) 


-0.7 


0.6 


19^ 


The  coefíicients  Ct  and  Cp  are  thus  found  as  the  áreas  between  the  grading 
curves  and  the  axis  of  abscissas,  within 
the  range  of  abscissas  from  a:i  to  1. 

As  an  example  the  same  propeller 
may  be  taken  of  which  the  design  was 
described  in  Fig.  222  and  for  which  the 
coeíRcient  Ct  and  Cp  at  the  advance 
ratio  J  =  0.6  have  been  computed  in 
Sec.  1  of  the  present  chapter.  The 
same  assumptions  for  the  aerodynamic 
characteristics  of  the  profile  will  be 
used.  Table  9  shows  the  computation 
of  dCr  and  dCp  for  the  blade  section  No.  6,  r  =  35.5  in.,  c  =  8.17  in., 
/3  =  19.3°.     For  J  =  0.6  the  angle  7  for  this  section  is  18.6°  as  given  in 


zo-^ 


21' 


-/' 


K).5 

Fig.  251. — Interpolation  for  y'. 
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TaBLE    9. COMPUTATION   FOR   A    PrOPELLER   ElEMENT 

Blade  section  No.  6 
r  =  35.5  in.  |3  =  19.3°  c  =  8.17  in. 

X  =  2r/d  =  0.568  /3'  =  22.3°  _   2  X  8.17    ^ 

TTX  =  1.785  *  ~  27r  X  35.5  ~ 
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0.0732 


cot 
y' 

a"° 

Cl 

Cd 

Cl   X 
cot  y' 

-  Cd 

Cl  + 
Cd   X 
cot  y' 

a 

b 

1  -b 
Eq. 

(48) 

a 

b 

J 

Eq. 

(49) 

y'" 

1  +  a 
Eq. 

(48) 

19 
20 
21 

2.90 
2.75 
2.60 

3.3 
2.3 
1.3 

.33 
.23 
.13 

.02 
.02 
.02 

.937 
.613 
.318 

.388 
.285 
.182 

.0526 
.0328 
.0162 

.00752 
.00555 
.00356 

.0555 
.0339 
.0165 

.00746 
.00552 
.00354 

.579 
.624 
.674 

19.5 

2.82 

2.8 

.28 

.02 

.770 

.336 

.0422 

.00653 

.0440 

.00649 

.600 

column  (3)  of  Table  8.  Accordingly,  19,  20,  and  21°  are  taken  as  tentative 
valúes  for  y'.  The  valúes  of  J  obtained  in  the  last  column  are  plotted 
against  y'  in  Fig.  251,  and  y'  =  19.5°  is  found  to  correspond  to  the  given 
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Fig.  252. — Thrust  grading  curve. 

J  =  0.6.     The  last  line,  corresponding  to  y'  =  19.5°,  is  then  added  to  the 
table.     With  the  valúes  a  =  0.0440,  b  =  0.00649,  Eqs.  (51)  furnish 


dCj 
dx 


=  0.0295, 


dCp 
dx 


=  0.0231 


The  results  of  these  computations,  found  in  the  same  way  for  all 
blade  sections,  are  plotted  against  x  in  Figs.  252  and  253.     As  previously, 
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the  effective  blade  is  assumed  to  begin  with  ri  =  8.5  in.,  that  is,  with 
xi  =  0.136.  Evaluation  of  the  two  áreas  between  x  ^  0.136  and  x  =  O 
gives,  finally, 

Ct  =  0.0236,         Cp  =  0.0191 

0.05 


O       0.1       02      0.3       0.4      05      05      0.7       08       0.9      1.0 
x=2r/of 

FiG.  253.— Power 


mg  curve. 
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FiG.  254. — Comparison  between  y  and  y'. 

If  the  drag  of  the  hub  portion  is  taken  into  account  in  the  same  way  as 
in  Sec.  1  of  this  chapter,  the  thrust  coefficient  will  be  diminished  to 
Ct  =  0.0226. 

Figure  254  gives  the  comparison  between  the  angles  y  iised  in  the 
piimitive  blade-element  theory  and  the  angles  y'  used  in  the  present 
refined  theory.     Tt  is  seen  that,  for  the  major  part  of  the  blade,  y' 
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exceeds  y  by  almost  1°.  The  ef¥ective  angle  of  incidence  a"  is  therefore 
smaller  than  the  a'  used  in  the  first  approach.  This  explains  why  the 
new  valué  of  Ct  is  somewhat  smaller  than  that  found  by  the  primitive 
blade-element  theory. 

An  actual  test  of  the  accuracy  of  the  predictions  of  the  two  theories 
would  require  that  aerodjoiamic  characteristics  be  used  which  are  based 
on  experiments  for  each  single  profile  occurring  in  the  blade. 

Problem  16.  Compute  power  and  thrust  for  the  propeller  given  in  Fig.  222  at  the 
ad vanee  ratios  /  =  0.5  and  0.7  using  the  method  of  the  preceding  section,  and  compare 
the  results  with  those  of  Prob.  3. 

Problem  17.  Make  the  same  computation  for  J  =  0.8  under  the  assumption  that 
all  blade  anglas  are  increased  by  a  constant  so  as  to  have  the  nominal  blade  setting 
equal  to  30°. 

6.  Additional  Remarks.  A  complete  solution  of  the  propeller  problem 
would  require  finding  the  velocity  and  pressure  distribution  in  the  whole 
space  as  caused  by  the  helicoidal  motion  of  the  propeller.  Such  an 
investigation  should  be  based,  as  it  was  in  the  case  of  the  wing  theory 
(Chaps.  VIII  and  IX),  on  the  principies  of  the  mechanics  of  a  perfect 
fluid  (hydraulic  hypothesis,  Sec.  IV. 3).  Not  much  has  been  done  in 
this  direction;  but  Joukowski,  later  Prandtl,  and  in  a  more  detailed  way 
S.  Goldstein  extended  the  ideas  that  proved  efñcient  in  the  three-dimen- 
sional  wing  theory  to  find  some  interesting  results  for  the  case  of  the 
propeller. 

According  to  the  classical  potential  theory  the  disturbance  caused 
by  the  motion  of  a  rigid  body  of  regular  shape  in  a  perfect  fluid  at  rest 
can  be  considered  as  induced  by  a  vortex  sheet  coinciding  with  the  sur- 
face  of  the  body.  If  the  body  is  finite,  it  can  be  seen  that  the  thrusts 
exerted  by  the  fluid  on  it  can  result  in  a  couple  only  but  do  not  lead 
to  a  resultant  forcé  (D'Alembert's  paradox,  Chap.  IX).  Then,  in  the 
case  of  a  wing  with  a  sharp  trailing  edge,  it  has  been  discovered  (Lan- 
chester,  Prandtl),  that  the  perfect  fluid  motion  must  show  a  certain  kind 
of  discontinuity :  the  vortex  sheet  that  induces  the  disturbance  velocities 
must  be  assumed  to  extend  into  the  free  stream  and  tend  toward  infinity 
so  that  its  effect  is  the  same  as  that  of  an  infinite  body  whose  surface 
consists  of  the  actual  wing  surface  plus  the  two  (coinciding)  sides  of  the 
trailing  vortex  sheet  (see  Sec.  IX.3). 

In  the  case  of  a  moving  propeller  the  vortex  Unes  on  the  body  run 
essentially  on  both  sides  of  the  blades  in  a  radial  direction.  At  the  blade 
tip  they  must  turn  backward  and  form  in  the  slip  stream  a  kind  of  heli- 
coidal Une  (Fig.  255).  If  a  great  number  of  blades  is  assumed,  the 
whole  cylinder  of  diameter  d  (or  some  surface  of  revolution  with  the  same 
axis)  behind  the  propeller  will  be  covered  by  a  vortex  sheet.  This  vortex 
sheet  or  the  corresponding  vorticity  can  then  be  analyzed  into  one 
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sheet  consisting  of  vortex  lines  parallel  to  the  axis  of  the  propeller  and 
another  sheet  consisting  of  circles  in  the  cross-sectional  planes.  For 
reasons  of  symmetry  the  first  type  of  vortex  will  induce  circumferential 
velocities  and  the  second  type  velocities  essentially  parallel  to  the  axis. 
The  same  is  true  if,  in  closer  analogy  to  the  wing  theory,  vortex  lines 
are  assumed  to  spring  from  all  points  of  the  trailing  edge  of  the  blade 
rather  than  from  the  tip  only.  Now  the  basic  hypothesis  of  Prandtl's 
wing  theory  comes  into  play.  It  will  be  assumed  that  the  flow  around 
each  profile  is  such  as  if  it  were  the  cross  section  of  an  airfoil  of  infinite 
span  subject  to  an  outside  flow  whose  velocity  is  composed  of  the  actual 
velocities  of  the  element,  V  and  reo,  plus  the  induced  components  Vi/2 
in  the  axial  and  —  raj'/2  in  the  tangential  direction. 

Thus  it  is  seen  that  this  theory,  if  carried  out  completely,  should 
supply  the  distribution  over  the  blade  of  the  Vi-  and  co'-values,  which  were 
introduced  in  the  preceding  sections.     On  the  other  hand,  the  relations 


FiG.  255. — Vórtices  trailing  from  the  propeller  tips. 

between  Vi,  w'  and  the  thrust  and  power  elements  dT,  dP,  as  derived  from 
the  momentum  theorems  and  Bernoulli's  equation,  must  remain  valid  as 
far  as  the  simplifying  assumptions  used  in  their  derivation  are  justified. 
It  follows,  therefore,  that  the  outcome  of  the  whole  vortex  conception  cannot 
go  much  beyond  what  was  presented  in  Sec.  5  of  this  chapter  as  the  comhined 
hlade-element  and  momentum  theory.  The  use  of  airfoil  characteristics 
for  infinite  span  in  that  computation  may  be  regarded  as  established 
by  the  present  point  of  view.  Besides,  the  expressions  "induced" 
velocities  for  Vi  and  rw'  and  "induced"  efficiency  for  the  efficiency  as 
computed  on  the  basis  of  these  additional  velocities  (Sec.  4  of  this  chap- 
ter), now  appear  legitímate.  Note  that  the  distributions  of  Vi  and  co' 
over  the  blade  length  are  completely  determined  by  the  shape  of  the 
propeller  if  the  method  described  in  Sec.  5  of  this  chapter  is  accepted. 

Another  question  which  may  be  briefly  discussed  here  concerns  the 
mutual  interference  between  the  successive  blades  of  one  propeller,  the 
so-called  "múltiple  interference."  A  part  of  this  effect  can  be  studied, 
in  first  approximatioD,  as  a  problem  in  two-dimensional  wing  theory. 
Consider  in  the  x-y-p\a.ne,  instead  of  a  single  airfoil  section,  a  so-called 
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"cascade"  of  airfoüs,  i.e.,  an  endless  sequence  of  equal  and  equally 
spaced  airfoils  (Fig.  256).  Such  a  cascade  corresponds  roughly  to  the 
successive  blade  elements  of  a  propeller  if  the  spacing  s  is  made  to  equal 
27rr/m  where  m  is  the  number  of  blades.  If  the  cascade  is  subject 
to  a  uniform  airflow  with  the  velocity  V  making  an  angle  a'  with  the  zero 

lift  direction  of  the  profile,  there  must  be  a  Hft  forcé  V  normal  to  V ,  act- 
ing  on  each  single  airfoil  per  unit  of  span.     The  lift  coefíicient 

2L' 


Cl  = 


)V^c 


will  then  depend  on  the  shape  of  the  profile,  the  angle  /3'  between  the 
profile  and  the  axis  of  the  cascade,  the  ratio  c/s,  and  the  incidence  a'. 
The  mathematical  problem  of  finding  Cl  was  solved  by  Joukowski  under 
the  assumption  that  the  profile  reduces  to  a  straight  line  of  length  c 


Fig.  256. — Airfoil  oascade. 

under  the  angle  /3'.  In  this  case,  as  was  seen  in  Sec.  VIII. 6,  the  lift 
coefficient  for  a  single  profile  and  small  a'  is  2Ta'.  The  exact  solution 
given  by  Joukowski  for  a  cascade  with  s  =  27rr/m  is 

^  .       ,  4r   tanh  x  ,     . 

Cl  =  27r  sm  a' ^ — 57-  (53) 

me   sin  /3 

where  x  has  to  be  computed  by  eliminating  p  and  q  from  the  following 
three  equations 

sin  7)  ■  TTlC 

sin/i  X  =  sin  ¡3'  tan  q,        sin  q  = ^.7        x  sin  /3'  +  p  eos  13'  =  -r-     (54) 

eos  /3  4r 

The  result  of  this  computation  is  represented  in  Fig.  257,  which  gives 
the  valúes  of  Cl/2x  sin  a  for  various  blade  settings  /3'  and  solidity  ratios 
wc/27rr.  In  vicw  of  thcse  rcsults  and  the  actual  inaccuracy  of  all  assump- 
tions  used  in  convcntional  propeller  computations,  it  appears  to  be  legití- 
mate to  neglect  the  multiplane  interference  in  all  practical  cases  of 
two-  three-,  or  four-blade  propellers.  Another  approach  to  the  inter- 
ference problem,  based  on  concepts  of  the  three-dimcnsional  wing  theory 
and  supplying  an  effect  of  opposite  sign,  confirms  this  conclusión. 
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This  section  may  be  concluded  with  some  remarks  on  the  propeller 
moving  at  advance  ratio  O,  that  is,  the  propeller  rotating  in  a  bulk  of  air 
at  rest.  In  the  case  of  a  vertical  axis  this  is  the  problem  of  the  lifting 
airscrew,  which  plays  the  decisive  role  in  the  design  of  a  helicopter. 
There  is  no  difficulty  in  applying  the  primitive  blade-element  theory 
(Sec.  1  of  this  chapter)  to  the  case  F  =  O,  /  =  O  if  the  airfoil  character- 
istics  are  known  for  the  total  range  of  incidences  from  zero  up  to  the 
máximum  ^S'-value.  As  to  the  momentum  theory,  one  of  its  basic 
hypotheses  fails,  viz.,  the  assumption  that  Vi/V  is  a  small  quantity. 
Nevertheless,  it  is  usual,  and  apparently  not  quite  unjustified,  to  apply 
its  principal  results,  simply  setting  F  =  O  in  the  equations.  If  we  do 
I.IO 
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FiG.  257. — Multiplane  inteiference.      (From  H.  Glauert  in  W.  F.  Durand,  "  Aerodynamic 

Theory,"  Vol.  4,  p.  230.) 

so  and  cali  To,  Po  the  valúes  of  thrust  and  power  at  F  =  O,  Eqs.  (I)  to 
(III)  now  read 


.í  o    —    po  "ñ 

p  Q  Vi      /  d^ 

ro  =  p*!)  -^  coco   -^ 

Solving  the  first  equation  for  ¿'i  and  the  second  for  co',  we  obtain 

16Po 


Vi   = 


pS  pSviwd- 

and,  introducing  this  in  the  thh'd. 


16Po 

(0^2 


\2pS 


2pSTq 


Po  =  r, 


lJl(i+P¡A\ 

\2p¿lV         TlcoWj 


(lo) 

(lio) 

(IIIo) 

(55) 
(56) 
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The  dimensionless  parameters  r;,  a,  t  used  in  Sec.  3  of  this  chapter 
cannot  be  applied  here  since  r?  equals  zero  and  a,  t  become  infinite.  The 
thrust  and  power  coefficients,  however,  Ct  and  Cp,  remain  useful ;  besides, 
an  induced  figure  of  merit  is  conveniently  introduced  as 


Cp 


Po\2pS 
The  dimensionless  form  of  (56)  is  thus  found  to  be 

Mi 


=  1  4-1^ 


1+Í^ 
^  t'  h! 


(57) 


(58) 


which  replaces  Eq.  (35).  The  second  term  in  (58)  is  small  as  compared 
with  the  first.  Thus  mí  is  in  first  approximation  equal  to  1,  and  in 
second  approximation  one  has 


.         4Cr 


(58') 


In  Fig.  258  the  induced  figure  of  merit  is  plotted  vs.  Ct  according  to  (58). 
(There  exists  another  branch  of  this  curve,  which  is  omitted  since  it 
corresponds  to  valúes  of  co'  greater  than  w.) 
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Fig.  258. — Figure  of  merit,  experimental  and  theoretical  valúes. 

The  figure  of  merit  for  small  Cr-values  changes  entirely  if  friction 
losses  are  taken  into  account  according  to  the  modified  momentum 
theory  discussed  in  Sec.  4  of  this  chapter.  If  V  is  set  zero  in  Eqs.  (38a) 
and  a  definite  figure  of  merit  introduced  by 


_r_   \r_ 

^  ~  P'  ^2pS 


(59) 
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one  finds  immediately  that 

(1  -  eo^'d/Svd^  ..r,, 

^  =  ^^    1  +  8ev,/S.'d  ^^^^ 

On  the  other  hand,  from  (55)  and  (57),  the  ratio  o}'d/2vi  can  be  computed, 
and  this  gives  for  n,  from  (60), 


(1  -  ht/fjnr-     •  1  -  d/^i 
M  =  Mi     1  _|_  4 — jr-  '^  1    I    4 — Tf  (60a) 

1  +  feMi/^  1  +  f  eMt/¿ 

The  curved  lines  in  Fig.  258  show  n  vs.  Ct  for  e  =  0.04  and  e  =  0.05. 
The  five  points  marked  by  crosses  correspond  to  experimental  results 
found  by  H.  Glauert.^  A  complete  computation  of  a  helicopter  airscrew, 
as  required  for  design  purposes,  would  have  to  follow  the  lines  of  the 
method  given  in  Sec.  5  of  this  chapter. 

Problem  18.  A  propeller  of  12  ft.  diameter  supplies  a  thrust  of  2400  Ib.  when 
rotating  at  n  =  20/sec.  without  forward  speed.  Compute  the  required  power  (a) 
neglecting  all  friction  losses;  (6)  assuming  «  =  0.05.  Give  also  the  figure  of  merit  in 
both  cases. 

Problem  19.  What  thrust  would  be  supplied  by  the  propeller  of  the  preceding 
problem  if  at  the  same  speed  the  power  dropped  to  70  per  cent  of  its  first  valué? 

*Problem  20.  Give  an  estimate  of  how  the  thrust  coefficient  Ct  of  a  propeller 
would  chaiige  because  of  the  two-dimensional  blade  interference  as  given  in  Eqs.  (53) 
and  (54).  Assume  a  three-blade  propeller  with  a  representative  blade  element  of 
0'  =  22°,  a'  =  5°,  and  c/r  =  I 

^  Rejpt.  and  Mein.  1132,  Aeronautical  Research  Comniittee,  London,  1928. 


CHAPTER  XIII 
THE  AIRPLANE  ENGINE 

1.  The  Engine  at  Sea  Level.  The  airplane  engine  converts  the 
thermal  energy  produced  by  burning  of  fuel  into  mechanical  work.  This 
work  is  done  by  rotating  the  propeller  against  the  resisting  aerodynamic 
torqiie  moment.  The  propeller  is  driven  either  directly  on  the  engine 
shaft  or  indirectl}^  by  means  of  a  reduction  gear.  At  present  the  only 
engine  type  employed  in  aircraft  is  the  internal-combustion  reciprocating 
engine.^  Gas  turbines,  which  seem  promising  in  many  respects,  are  not 
yet  beyond  the  experimental  stage.  Most  widely  used  is  the  four-stroke- 
cycle  gasoline  engine  with  carburetor  and  spark  ignition.  Diesel  engines 
burning  heavier  oil,  without  carburetor  and  without  spark  ignition, 
operating  at  a  four-  or  two-stroke  cycle,  have  also  been  used  successfully. 

Gasoline  is  the  most  volatile  part  of  the  petroleum  distillate,  improved 
by  certain  chemical  processes.  The  usual  gasoline  is  a  mixture  of  several 
components,  hexane  (C6H14)  being  the  prevailing  one.  Hexane  is  the 
lightest  part  of  the  petroleum  distillate ;  its  specific  gravity  with  respect  to 
water  is  0.685.  The  various  commercial  brands  of  gasoline  have  slightlj' 
higher  specific  weights,  ranging  up  to  0.70.  In  the  process  of  the  dis- 
tillation  of  petroleum,  hexane  is  followed  by  kerosene;  the  heavier  com- 
ponents that  come  next  include  Diesel  oil  of  a  specific  weight  of  0.84  to 
0.88. 

Heat  energy  is  measured  in  British  thermal  units  (B.t.u.),  1  B.t.u. 
being  defined  as  the  heat  energy  necessary  to  raise  the  temperature  of  1  Ib. 
of  water  by  1°F.  One  B.t.u.  is  equivalent  to  778  ft.-lb.  mechanical 
energy.  The  complete  combustión  of  1  Ib.  petroleum  supplies  19,000 
to  20,000  B.t.u.,  which  corresponds  to  14,800,000  to  15,560,000  ft.-lb. 
The  exact  valúes  for  hexane  are  19,250  B.t.u.  or  14,980,000  ft.-lb.  The 
combustión  energy  H  oí  1  Ib.  of  a  fuel  has  the  dimensión  energy  per  pound 
and  can  be  measured  either  in  B.t.u.  per  pound  or  in  foot  pounds  per 
pound,  that  is,  in  feet.  For  gasoline,  H  =  19,300  B.t.u./lb.  or  15,000,000 
ft.  may  be  taken  as  an  average  valué. 

For  the  complete  combustión  of  a  given  fuel  a  definite  amount  of 
oxygen  is  required.  The  theoretical  valué  for  1  Ib.  hexane  is  3.53  Ib.  oxy- 
gen.     Since,  under  standard  conditions,  1  Ib.  air  contains  0.232  Ib.  oxygen 

^  Jet  propulsión,  which  makes  the  use  of  a  propeller  unnecessary,  is  not  discussed 
here.  Likewise,  the  fact  that  the  engine  power  is  often  used  partly  for  other  than 
propulsión  purposes  is  disregarded. 
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(Sec.  1.5),  the  amount  of  air  required  for  the  complete  combustión  of  1  Ib. 
hexane  would  be  3.53/0.232  =  15.2  Ib.  air.  Experience  shows  that  a 
somewhat  higher  ratio  x  of  weight  of  air  to  weight  of  gasoline  gives  better 
results.  For  modern  engines,  x  =  18  may  be  taken  as  an  average  valué. 
The  quantities  H  and  x  determine  the  size  of  an  engine  designed  to 
supply  a  given  power.     Let  n  be  the  number  of  revolutions  and  n'  the 
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number  of  cycles  per  second  (for  the  two-stroke-cycle,  n'  =  n]  for 
the  four-stroke-cycle,  n'  =  ^n).  In  each  cycle  a  certain  volume  v,  the 
displacement  of  the  pistons,  is  filled  by  a  mixture  of  fuel  and  air.  If  y 
denotes  the  specific  weight  of  the  outside  air,  yv/x  is  approximately  the 
weight  of  the  fuel  entering  the  cylinders  in  each  cycle.  However,  for 
the  following  reasons  a  correction  factor  must  be  introduced:  The  resist- 
ances  in  the  intake  valves,  the  carburetor,  etc.,  cause  a  difference  of 
pressure  between  the  air  outside  and  inside  the  cylinders.  Moreover,  the 
temperature  in  the  cylinders  differs  from  that  of  the  outside  air.     Both 
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these  facts  make  the  effective  valué  of  the  specific  weight  for  the  air  that 
filis  the  cylinders  a  little  smaller  than  7.  Finally,  the  air  entering  the 
cylinders  necessarily  contains  fluid  partióles  (about  2  per  cent  by  volume) . 
All  these  circumstances  are  taken  into  account  by  the  introduction  of  the 
volumetric  efficiency  rjy,  so  that  the  weight  of  fuel  in  each  cycle  has  to  be 
written  r)j,yv/x.  For  modern  engines,  rj^  can  be  taken  as  about  80  per 
cent.     The  thermal  energy  produced  per  second  thus  equals 

Pí  =  77.  —  n'y  (1) 

X 

With  the  average  valúes  of  H,  x,  and  tj^  given  and  the  standard  valué  of 
7  =  0.0765  Ib./ft.^,  this  energy  equals  65.6n'y  B.t.u./sec.  =  51,030n'y 
ft.-lb./sec,  where  v  must  be  expressed  in  cubic  feet. 

The  work  done  by  the  pistón  is  shown  in  the  so-called  "indicator 
diagram,"  in  which  the  pressure  in  the  cylinder  is  plotted  against  the 
position  of  the  pistón.  Figure  259  shows  the  indicator  diagram  of  a 
normal  four-stroke  gasoline  engine.  The  four  branches  (1  to  4)  of  the 
curve  correspond  to  the  four  strokes — intake,  compression,  expansión 
(firing),  exhaust.  The  ratio  of  the  gas  volumes  at  the  beginning  and  the 
end  of  the  compression  stroke  is  called  the  compression  ratio.  The  área 
enclosed  by  the  two  loops  of  the  curve  (difference  of  the  upper  and  lower 
loops)  gives  the  work  done  in  one  cycle  per  unit  of  pistón  área.  If  the 
length  of  the  stroke  is  denoted  by  s,  the  inner  diameter  of  the  cylinder  by 
d,  and  the  number  of  cylinders  by  m,  the  displacement  v  introduced 
above  equals 

V  =  ms^  (2) 

If  pi  is  the  so-called  "indicated  mean  effective  pressure,"  i.e.,  if  the 
área  of  the  indicator  diagram  equals  piS,  the  work  per  cylinder  and  cycle  is 
ird^PíS/á.     The  total  work  per  second  equals  therefore 

Pi  =  mn'  j  d^piS  =  piTi'v  (3) 

This  is  called  the  indicated  power  sincc  it  is  computed  from  the  Informa- 
tion contained  in  the  indicator  diagram. 

The  number  of  cylinders  used  for  one  engine  is  determined  by  the 
limitations  imposed  on  both  stroke  and  diameter  for  various  reasons. 
The  stroke  must  be  kept  within  certain  limits  since,  for  a  given  engine 
speed,  the  accelerations  and  inertia  forces  of  the  reciprocating  parts 
increase  proportionally  to  the  stroke.  The  diameter  must  be  not  too 
large  in  order  to  ensure  that  the  heat  produced  at  the  pistón  head  is 
carried  off  to  the  walls,  which  are  undcr  the  influence  of  the  cooling 
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system.  A  power  of  about  100  hp.  is  at  present  considered  as  the  prac- 
tical  limit  for  one  cylinder. 

The  power  Pbr  delivered  at  the  crankshaft  (brake  power)  is  smaller 
than  Pi  because  of  various  friction  losses  at  the  pistón,  connecting  rod, 
crankpin,  etc.     The  ratio 

Vm  =  y:  (4) 

is  called  the  mechanical  efficiency.  The  valué  17^  =  0.85  may  be  taken 
as  an  average. 

The  ratio  of  the  brake  power  Pbr  to  the  total  thermal  energy  produced 
in  fuel  burning  is  known  as  the  thermal  efficiency.  From  Eqs.  (1)  to  (4) 
the  thermal  efficiency  Pbr/Pt  is  found  as 

ty.  =  -p^  -=  7j,„-p-  =  nn.^^^-j^Vi  (5) 

The  highest  valué  of  mean  indicated  pressure  jpi  reached  so  far  in  gasoline 
engines  of  the  usual  type  is  about  200  Ib./in.^  =  28,800  Ib./ft.^  With 
the  average  valúes  given  above,  Eq.  (5)  then  furnishes  a  máximum 
thermal  efficiency  r¡t  of  about  45  per  cent.  With  an  average  valué  of 
Pi  =  165  Ib./in."  the  thermal  efficiency  is  reduced  to  37  per  cent.  The 
practical  range  of  ry,,  including  carburetor  losses,  etc.,  extends  from  25  to 
35  per  cent,  in  exceptional  cases  even  more. 

An  important  formula  for  computing  the  power  from  the  dimen- 
sions  of  the  engine  is  obtained  by  combining  (3)  and  (4).  Introducing 
the  hrake  mean  effective  pressure  pe  =  VmPi,  we  write 

Pbr    =    VmPi    =    VmPiH'v    ^    PeU'v  (6) 

It  is  customary  to  express  Pe  in  pounds  per  square  inch,  v  in  cubic  inches, 
and  P  in  horsepower.  Since  1  hp.  —  550  ft.-lb./sec,  Eq.  (6)  then  takes 
the  form 

P"r^  =  At^     (Pe  in  lb./in.2  and  v  in  in.^)     (6') 

If  2400  r.p.m.  is  taken  as  an  average  valué  of  the  engine  speed,  we  have 
n'  =  20  for  the  four-stroke  cylinder.  With  Pe  =  165  Ib./in.^  (a  rather 
high  valué  of  the  effective  mean  pressure),  (6')  gives  P^^  =  v/2  (v  in 
cubic  inches).  That  is,  the  brake  horsepower  is  numerically  equal  to 
one-half  the  displacement,  expressed  in  cubic  inches.  This  simple 
formula  gives  a  rough  idea  of  the  power  obtainable  from  an  engine  of  a 
given  size. 

The  precise  valué  of  pi  depends  on  the  details  of  the  thermal  process 
in  the  cylinder,  the  most  important  factor  being  the  compression  ratio. 
By  increasing  this  ratio  from  5  to  7.5  the  mean  indicated  pressure  may  be 
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raised  by  as  much  as  35  per  cent.  The  detonation  tendency  of  the  fuel 
sets  a  limit  to  the  apphcation  of  high  compression  ratios.  The  resistance 
against  detonation  is  measured  by  the  so-called  "octane  rating."  An 
octane  rating  of  100  per  cent  means  that,  with  respect  to  knocking,  the 
fuel  behaves  exactly  as  a  certain  standard  liquid,  the  iso-octane.  If  the 
knocking  properties  of  a  fuel  are  that  of  a  mixture  of  p  per  cent  iso-octane 
with  (100  —  p)  per  cent  heptane,  the  fuel  has  the  octane  rating  p.  A 
marked  progress  in  aircraft  engine  performance  at  sea  level  can  at  present 
be  expected  onlj^  from  an  improvement  along  this  line,  i.e.,  with  respect 
to  the  antiknock  properties  of  the  fuel. 

The  power  output  of  an  engine  depends  on  two  operation  variables, 
the  speed  n  and  the  throttle  setting,  which  controls  the  manifold  pressure. 
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FiG.  260. — Brake  moment  vs.  engine  speed. 

Recent  engines  sometimes  also  have  controllable  air-fuel  mixture.  We 
may  leave  this  out  of  consideration  and  assume  that  no  changes  in  mixture 
occur  other  than  unavoidable  ones,  caused  by  the  change  of  speed  and 
the  intake  manifold  pressure. 

At  first  glance  it  may  seem  that  the  speed  n  (or  the  number  n'  of 
cycles  per  second)  should  not  influcncc  pí.  At  least,  the  carburetor  is 
designed  with  the  aim  of  supplying  the  cylinder  with  a  gas  mixture  of 
constant  air  to  fuel  ratio  and  constant  pressure  independent  of  the 
number  of  cycles  per  second  and  thus  to  secure  an  invariable  indicator 
diagram  for  all  speeds.  However,  a  certain  variation  cannot  be  avoided, 
since  valves  and  channels  are  designed  for  certain  speeds  and  will  work 
less  cfíiciently  under  different  conditions.  Moreover,  the  mechanical 
efficiency  will  vary  with  the  speed.  The  mean  effective  pressure  pe  as  a 
function  of  n  thus  will  possess  a  máximum  for  a  certain  design  speed 
and  will  decrease  slightly  for  smaller  as  well  as  for  higher  speeds  (Fig.  260). 
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According  to  (6)  the  torqiie  moment  Mhr  transmitted  to  the  crankshaf  t 
equals 


M, 


Pbr 


Pbr 

2Trn 


27r  71 


vpe 


(7) 


where  n'/n  equals  i  for  the  four-stroke  cycle  and  1  for  the  two-stroke 
cycle.  If  Pbr  is  plotted  against  n  (Fig.  261),  the  slope  of  the  tangent 
from  the  origin  to  the  curve  Pbr  vs.  n  indicates  the  máximum  torque, 
and  the  abscissa  of  the  point  of  contact  gives  the  corresponding  speed. 
The  design  speed,  or  rated  speed  (for  the  throttle  setting  under  consider- 
ation),  usually  exceeds  the  speed  corresponding  to  Mm^x-  If  Po,  no  denote 
the  rated  vahies  of  Pbr  and  n  and  if  Pi  corresponds  to  ni  =  O.S^o,  the  ratio 
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Pi/Po  is  often  called  the  power-drop  factor.  This  factor  usually  ranges 
from  0.75  to  0.85.  If  the  straight  line  joining  the  points  Po,  no  and 
Pi,  ni  is  considered  to  coincide  practically  with  the  curve  Pbr  vs.  n  at  the 
point  Po,  no,  the  máximum  torque  will  be  reached  for  a  speed  smaller  than 
no,  equal  to  no,  or  greater  than  no,  according  to  whether  the  power-drop 
factor  is  greater  than,  equal  to,  or  smaller  than  0.80,  respectively.  In 
most  cases,  within  the  comparatively  narrow  range  of  speeds  used  in 
aircraft  operation  the  curve  Pbr  vs.  n  can  be  considered  rectilinear. 

A  complete  picture  of  the  operation  conditions  needed  in  connection 
with  performance  computations  is  given  by  the  family  of  the  curves  Pbr 
vs.  n  for  all  manifold  pressures  obtainable  by  throttling.  Figure  262 
shows  these  curves  for  a  600-hp.  engine  of  modern  design.     In  the  charts 
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supplied  by  engine  manufacturers  another  type  of  representation  is 
frequently  preferred.  For  a  constant  valué  of  the  speed  in  r.p.m.  the 
power  Pbr  is  plotted  against  the  manifold  pressure.  Such  curves  are 
shown  in  Fig.  263;  they  refer  to  the  same  engine  as  the  curves  of 
Fig.  262. 

A  quantity  that  is  of  importance  for  some  performance  computations 
is  the  fuel  consumption  per  unit  of  power  and  time  (work).     This  quantity 

c  has  the  dimensión  of  weight/work 
or  1/length;  it  depends  on  all  vari- 
ables determining  the  mean  effective 
pressure,  above  all  on  the  compression 
ratio  and  on  the  ratio  x  that  charac- 
terizes  the  mixture  of  air  and  fuel. 
Experience  shows  that  from  the  point 
of  view  of  fuel  consumption  the  opti- 
mum  operating  conditions  correspond 
to  a  comparatively  leaner  mixture 
than  that  which  would  be  best  from 
the  point  of  view  of  power  output.  In 
the  present  context  it  will  sufíice  to 
state  that  the  specific  fuel  consump- 
tion expressed  in  pounds  per  hp-hour 
varies  between  0.45  and  0.55  for 
modern  aircraft  engines  of  the  car- 
buretor  and  spark-ignition  type. 
Under  exceptionally  good  conditions 
e  ven  smaller  valúes  ha  ve  been  reached 
with  modern  high-powered  engines 
using  high-octane  fuel.  To  this  must 
be  added  a  consumption  of  lubrication 
oil  of  about  0.02  to  0.05  Ib./hp.-hr. 
For  the  purposc  of  more  accurate  computation  of  range  and  endurance 
the  variabiUty  of  the  ratio  c  (that  is,  the  fuel  consumption  per  unit  of 
power  and  time)  with  engine  speed  and  engine  output  must  be  considered 
(see  Sec.  XVI.  1). 

Finally,  the  engine  weight  per  unit  of  power  output  is  of  interest  in 
aircraft  design.  This  figure  has  dropped  enormously  since  the  early  days 
of  aviation.  The  ratio  of  engine  weight  to  rated  brake  horsepower  was 
about  6  to  8  Ib./hp.  in  1910  and  about  2  in  1920  and  now  is  actually,  for 
modern  air-cooled  engines,  below  1.2  Ib./hp.  Still  more  favorable  valúes 
can  be  expected  with  the  recently  inaugurated  use  of  fuels  of  higher 
octane  rating. 
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Fig.  262. — Brake  power  vs.  engine  speed 
for  various  manifold  pressures. 
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Problem  1.  Compute  the  tliermal  eíRciency  of  an  airplane  engine  of  12  cylinders, 
6  in.  diameter,  and  8  in.  stroke,  which  supplies  700  hp.  at  1250  r.p.m.  The  combus- 
tión energy  of  the  fuel  is  H  =  19,000  B.t.u.;  the  air  to  fuel  ratio  18:1. 

Problem  2.  An  engine  has  to  be  designed  that  suppHes  1000  hp.  at  2400  r.p.m. 
The  ratio  bore  to  stroke  is  limited  to  4:5.  Give  suitable  number  and  dimensions  of 
the  cylinders,  if  the  mean  effective  pressure  is  known  to  be  145  Ib./in.^ 


20     22     24     26     28     30     32     34     36    38    40 
Absolufe  mcinifolcl  pressure,ín.Hg. 

FiG.  263. — Brake  power  vs.  manifold  pressure  for  various  engine  sijeeds. 

Problem  3.     Prove  that  the  theoretical  valué  of  fuel  consumption  per  horsepower- 
hour  is 

c  =  13,750  -^  vv 

Xpe 

where  y  is  the  specific  weight  of  the  air  in  pounds  per  cubic  foot,  pe  the  mean  effective 
pressure  in  pounds  per  square  inch,  x  the  air  to  fuel  ratio,  and  rjv  the  volumetric 
efficiencJ^ 

Problem  4.     If  the  power  P  is  considered  a  linear  function  of  to  in  the  range  from 
Til  =  0.8?io  to  7i2  =  1.25no  and  the  power-drop  factor  is  /,  prove  that 
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2.  The  Engine  at  Altitude.  The  power  output  of  an  internal-combus- 
tion  engine  depends  on  the  atmospheric  conditions  under  which  the 
engine  operates.  From  thermodynamic  considerations  the  mean  indi- 
cated  pressure  must  be  expected  to  vary  in  proportion  to  the  quotient  of 
pressure  p  and  the  temperature  T  of  the  mixture  at  the  beginning  of  the 
compression  stroke.  If  these  quantities  are  assumed  to  have  essentially 
the  same  valúes  as  in  the  surrounding  air,  the  mean  indicated  pressure 
Pi,  and  henee  for  a  given  engine  speed  n  the  indicated  power  Pi,  should 
be  proportional  to  the  quotient  p/T  of  the  surrounding  air.  By  the 
equation  of  state  this  quotient,  in  turn,  is  proportional  to  the  density 
of  the  surrounding  air.  If  the  ratio  of  Pi  at  altitude  h  to  Pi  at  sea  level 
at  the  same  speed  is  ealled  the  indicated  power-altitude  factor  and  denoted 
by  \p{h),  it  would  then  be 

^^^'^  -  iMO)  -  pKO)  -  ^  -  '^  ^^^ 

The  valué  of  the  density  ratio  o-  for  any  given  altitude  in  the  standard 
atmosphere  can  be  found  from  Table  I  (page  10). 

The  experimental  evidence  suggests  that  ^  varies  in  proportion  to 
0-",  where  n  is  slightly  higher  than  1.  H.  L.  Stevens  found  Pi  to  be 
proportional  to  p^**^.  Since,  in  the  standard  atmosphere,  the  pressure  p 
is  proportional  to  o-víi-x/?)  _  ^1.235  [-ggg  gq  {\\)^  Sec.  1.2],  the  indicated 
power-altitude  factor  is  then  seen  to  equal 

^(/i)     ==     ((,1.235)1.05    ^    ^1.29  (-9) 

Some  American  tests  gave  ypQi)  proportional  to  pressure  and  inversely 
proportional  to  the  square  root  of  T.  This  is  the  same  as  proportional 
to  the  square  root  of  p/p,  according  to  the  equation  of  state.  Some 
investigators  found  ^p  to  be  proportional  to  p^~''p'',  with  a  ranging  from 
i  to  ^.  This  gives  for  standard  atmosphere  with  the  above  given  relation 
between  p  and  a 

^{h)   =   {a^'-^^^y-^a^  =  ,ri-235-o.235a  =   I  ^11^^     |»r  «  =  J      (9') 

Figure  264  shows  the  curves  representing  the  various  expressions  for  ^(/i). 
In  view  of  the  complexity  of  the  phenomcnon  and  the  wide  range  of 
varying  engine  design  it  is  not  surprising  that  there  is  some  discrepancy 
between  the  results  found  by  the  various  investigators. 

For  performance  computations  the  brake  power  Pbr  is  more  important 
than  the  indicated  power  P,.  If  the  mechanical  losses  are  assumed  to  be 
jndependent  of  the  atmospheric  conditions,  the  formula  of  the  hráke 
power-altitude  factor  <p(h),  that  is,  the  ratio  of  brake  power  at  altitude  h 
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to  brake  power  at  sea  level  at  the  same  engine  speed,  can  be  seen  to  have 
the  form  (see  Prob.  6) 

Ve(Ji)  _  M,r{h)  _  PUh)  _  rPih)  -C 


<p(h)  = 


(10) 


p,(0)       MUO)       PUO)         1  -  C 

In  order  to  agree  with  the  experiments  on  certain  t^ypes  of  ordinary 
engine  the  C  in  this  formula  should  be  taken  as  follows: 


C  =  0.15 


if  \j/  is  computed  according  to  \¡/  =  a 


C  =  0.05  to  0.08  if  \p  is  computed  according  to  ;/'  =  o-^ 
C  =  0.02  to  0.06  if  \p  is  computed  according  to  i/»  =  <r' 
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FiQ.  264. — Indicated  power-altitude  factor  i¡/{h)   =  a"-. 


The  formula 


^W  = 


Ar(0) 


0.15 


1  -  0.15 


=  1.176<r  -  0.176 


(ii; 


may  be  considered  as  an  acceptable  approximation  under  average  con- 
ditions.  Figure  265  shows  how  the  factor  ^  depends  on  the  altitude  /? 
in  the  standard  atmosphere.  The  factor  is  seen  to  equal  \  for  an  altitude 
of  about  20,000  ft.  and  0.11  at  40,000  ft.  Such  a  reduction  of  the  power 
output  with  altitude  would  make  high-altitude  flying  practically  impos- 
sible.     In  order  to  keep  the  power  output  at  a  reasonable  level  some 
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provisions  have  to  be  made  for  adapting  the  engine  to  the  atmospheric 
conditions  at  high  altitudes.  A  number  of  different  patterns  have  been 
developed  during  the  last  thirty  years.  Today  the  most  widely  employed 
method  is  known  as  the  supercharging  oí  aireraft  engines. 

Supercharging  is  also  a  means  of  improving  the  power  output  of  an 
engine  at  sea  level.  The  idea  is  to  increase  the  charge  weight  per  cycle 
by  compressing  the  mixture  before  it  reaches  the  cyHnder.  In  a  normal 
engine  the  mixture  is  inducted  into  the  cylinder  by  the  suction  of  the 
pistón,  and  the  pressure  within  the  cylinder  during  the  suction  stroke 
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FiG.  265. — Brake  power-altitudo  factor. 

is  a  little  below  the  atmospheric  pressure.  Therefore,  the  weight  of  the 
charge  in  one  cycle  is  a  little  smaller  than  the  amount  of  air-fuel  mixture 
that  would  fill  the  cylinders  at  atmospheric  pressure,  the  small  pressure 
difference  being  the  main  reason  for  the  introduction  of  the  volumetric 
efficiency  in  (1).  It  is  clear  that  much  more  favorable  conditions  will 
result  if  the  mixture  is  forced  into  the  cylinder  by  overpressure.  In 
this  way,  by  applying  small  overpressure  only,  the  volumetric  efficienc}^ 
can  be  brought  up  to  100  per  cent.  With  higher  valúes  of  the  induction 
pressure,  produced  in  an  appropi-iate  typc  of  compressor,  even  consider- 
ably  higher  charges  can  be  inducted  into  the  cylinder  at  each  cycle. 
When  used  on  the  ground  this  method  of  increasing  the  power  per  cycle 
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often  proves  superior  to  the  use  of  a  higher  compression  rate,  since  the 
valué  of  the  pressure  at  the  end  of  the  compression  stroke  can  be  kept 
at  a  lower  level. 

When  used  in  altitude  flying,  supercharging  makes  the  fuel  intake 
practically  independent  of  the  atmospheric  conditions,  as  long  as  the 
compressor  dehvers  the  air  at  a  constant  pressure  to  the  cyhnder  and 
the  power  consumption  by  the  compressor  does  not  rise  too  high.  Oper- 
ated  at  sea  level  a  compressor  of  the  usual  supercharger  size  requires 
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FiG.  266. — Exhaust-driven  turbosupercharger. 

only  6  to  10  per  cent  of  the  total  power  output  of  the  engine.  An  ideal 
solution  of  the  supercharging  problem  is  supplied  by  a  turbocompressor 
driven  by  the  energy  of  the  exhaust  gases  of  the  engine.  The  higher  the 
altitude,  the  greater  the  difference  in  pressure  between  the  exhaust 
gases  and  the  outside  and  the  greater,  consequently,  the  compressor 
effect.  The  scheme  of  a  power  plant  with  exhaust  turbosupercharger, 
as  used  for  the  first  time  about  twenty-five  years  ago  and  now  developed 
to  high  perfection,  is  shown  in  Fig.  266.  Using  this  arrangement  ene 
can  keep  the  power  output  of  the  engine  nearly  constant  up  to  a  con- 
siderable altitude. 

A  useful  device,  often  employed  in  modern  aircraft  to  boost  the  intake 
pressure,  takes  advantage  of  the  so-called  "ram  effect."     It  consists  in 
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exposing  the  intake  opening  to  the  pressure  of  the  relativo  wind  that 
is  produced  by  the  velocitj^  of  flight.  With  appropriate  design  the 
ram  effeet  may  appreciably  increase  the  quantity  of  air  going  into  the 
supercharger. 

It  is  obvioiis  that  no  compressor  can  dehver  the  air  at  a  constant 
pressure  completely  independent  of  its  intake  pressure.  The  best 
superchargers  of  aircraft  engines  supply  a  constant  or  nearly  constant 
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power  output  up  to  a  definite  altitude,  which  is  called  the  cntical  altitude 
of  the  engine.  From  there  on,  the  power  output  decreases  with  increas- 
ing  altitude  in  very  much  the  same  way  as  it  decreases  for  a  normal 
engine  from  h  =  O  on.  Figure  267  shows  the  curves  altitude  vs.  brake 
power  for  an  engine  opcrating  at  a  constant  speed,  (a)  without  super- 
charger; (b),  (c),  (d)  supercharged  Avith  increasing  drive  ratio,  cor- 
responding  to  critical  altitudes  of  7000,  11,500,  and  17,000  ft.  Note 
that  the  upper  parts  of  these  curves  are  practically  parallel:  the  decrease 
in  power  output  beyond  the  critical  altitude  occurs  at  about  the  same 
rate  as  foi-  the  nonsupercharged  engine.      If  o-i  denotes  the  density  ratio 
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at  the  critical  altitude,  the  power  output  at  higher  altitudes  (o-  <  o-J 
can  be  given  approximately  by  a  formula 


(pQi)  =  ]  for  <T  ^  tri,  ip{h)  = 


PUO) 


CTl 


foro-^cTi      (12) 


which  is  represented  in  Fig.  268  for  c  =  0.15  and  ai  corresponding  to 
h  =  10,000,  15,000,  20,000,  and  25,000  ft.  The  curves  on  the  right-hand 
side  of  Fig.  267  give  the  power  required  for  driving  the  compressor  at 
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Fig.   268. — Brake  power-altitude   factor  for   an   engine  supercharged   to   various   critical 

altitudes. 

the  various  altitudes.  The  power  output  of  the  engine  decreases  slightly 
even  before  the  critical  altitude  is  reached.  This  is  due  to  a  series  of 
minor  factors,  like  the  imperfect  balance  between  the  power  available  in 
the  exhaust  and  the  power  required  by  the  compressor. 

Figure  269  shows  the  power-altitude  chart  of  the  Pratt  and  Whitney 
Wasp  R-1340  (without  supercharger).  This  chart  supplements  the  sea- 
level  charts  of  Fig.  263.  In  Fig.  269  the  curves  falling  from  left  to  right 
correspond  to  various  engine  speeds  and  to  fuUy  opened  throttle.  For  a 
given  speed,  the  corresponding  curve  represents  brake  power  P^r  (ordinate) 
as  a  function  of  the  altitude  h  in  the  standard  atmosphere  (abscissa). 
The  curves  falling  from  right  to  left  correspond  to  various  valúes  of  the 
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manifold  pressure  (expressed  in  inches  mercury).  The  chart  thus  gives 
the  brake  power  for  full  throttle  at  a  given  altitude  and  speed  and 
indicates  at  the  same  time  the  corresponding  manifold  pressure  (point  B). 
In  order  to  obtain  the  power  corresponding  to  another  throttle  setting, 
the  following  procedure  is  recommended:  From  the  sea-level  diagram 
Fig.  263  determine  the  power  corresponding  to  the  given  speed  and  to  the 
manifold  pressure  as  already  found.  On  the  ordinate  axis  of  Fig.  209 
mark  the  point  A  corresponding  to  this  power  valué.  The  straight  line 
connecting  this  point  to  the  point  B  already  found  is  assumed  to  repre- 
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Fia.  209. — Power-altitude  chart.      {Pratt  &  Whitney  Aircraft.) 

sent  the  power  P  for  all  intermedíate  altitudes  h  at  constant  speed  and 
constant  manifold  pressure.^ 

Problem  5.  Certain  experimcnts  show  that  the  mean  indicated  pressure  p,  in 
an  engine  changos  proportional  to  the  1.15  power  of  the  atmospheric  pressure  if  the 
tomperaturc  is  constant  and  proportional  to  the  —0.5  power  of  the  absolute  tempera- 
ture  in  the  atmosphere  whcn  tested  at  constant  atmospheric  pressure.  What  follows 
for  the  power-altitude  factor  4>{h)  in  standard  atmosphere  if  it  is  assumed  that  the 
effects  of  p  and  T  are  independent? 

Problem  6.  Prove  that  if  the  mechanical  losses  in  an  engine  are  independent  of 
the  altitude  the  relation 

_  ^w  -  c 

*'(")         \  -  C 

must  hold  between  the  two  altitude  factors.     Explain  the  significance  of  C 

1  Wasp,  Jr.  B,  Wasp  Hl  and  Hornet  E  Series  Engines,  "Operator's  Handbook" 
3d  ed.,  p.  72,  Pratt  &  Whitney  Aircraft,  East  Hartford,  Conn. 
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Problem  7.  What  critical  altitude  must  be  used  for  a  supercharged  engine  if  it  is 
required  to  supply  70  per  cent  of  ita  sea-level  power  at  40,000  ft.  altitude? 

Problem  8.  Plot  the  curves  showing  -y/a  Pbr  vs.  n  for  a  supercharged  engine, 
critical  altitude  17,500  ft.  Assume  that  Mbr  vs.  n  is  parabolic  with  its  máximum  at 
Wo  =  40  per  second  and  dropping  5  per  cent  when  n  increases  to  45  per  second. 

3.  Engine  Vibrations.  In  performance  computation  and  in  all 
similar  problems  the  torque  moment  delivered  at  the  crankshaft  of  an 


Sense  of 
rotation 


FiG.  270. — Power  transfer  from  pistón  to  crankshaft. 

engine  under  invariable  conditions  (constant  speed,  constant  air  density, 
etc.)  is  considered  as  constant  in  time.  It  is  actually  not  exactly  con- 
stant, however,  but  is  subject  to  small  periodic  changes  within  each 
revolution  of  the  engine.  These  changes  cause  torsional  oscillations, 
which  may  be  of  great  importance  in  connection  with  the  elastic  proper- 
ties  of  the  crankshaft  and  other  parts  of  the  plañe.  Control  of  engine 
vibrations  is  one  of  the  vital  problems  in  the  design  of  aircraft  power 
plants. 
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The  periodic  variations  of  the  torque  moment  M  are  essentially  due 
to  two  facts.  (1)  According  to  the  indicator  diagram  (see  Fig.  259), 
the  thrust  exerted  on  the  pistón  inside  the  cyhnder  changes  considerably 
during  each  cycle.  (2)  The  transfer  of  power  from  the  pistón  to  the 
crankpin  is  diííerent  in  each  position  of  the  pistón.  In  Fig.  270  the 
skeleton  of  the  transfer  mechanism  for  a  single  cyhnder  is  shown.  In 
the  position  A  A,  at  the  distance  x  from  the  left  end  of  the  stroke,  with 
the  crank  rotating  counterclockwise,  the  gas  pressure  on  the  working  side 
of  the  pistón  corresponds  to  the  ordinate  p,  at  the  abscissa  x,  oí  either 
the  compression  or  the  exhaust  branch  of  the  diagram.  It  is  seen  from 
the  figure  that  in  this  position  of  the  pistón  the  torque  moment  acting 
on  the  crankshaft  is  negative  (cloekwise),  while  its  mean  valué,  the  aver- 
age  over  a  full  cycle,  must  necessarily  be  positive.     When  the  pistón 


0°  180°        360°        540°         720° 

Fio.  271. — Torque  moment  vs.  crank  angle  for  a  single  eylinder  of  a  four-stroke  engine. 

reaches  one  of  its  extreme  positions,  at  the  beginning  or  end  of  each  stroke, 
the  torque  is  zero. 

During  one  full  cycle  the  torque  hits  the  zero  mark  four  times,  goes 
through  negative  valúes  during  the  intake,  the  compression,  and  the 
exhaust  strokcs,  and  is  positive  only  in  the  expansión,  or  firing,  stroke 
(Fig.  271).  The  relation  between  the  instantaneous  valúes  of  gas 
pressure  p  or  pistón  thrust  pd-r/á  and  torque  moment  M  is  determined 
by  the  elemcntary  rules  of  statics  and  need  not  be  explained  here.  Sufíice 
it  to  say  that,  using  a  well-known  procedure  devised  by  J.  v.  Radinger 
(1892),  one  can  also  take  into  account  the  inertia  f orces  connected  with 
the  rcciprocating  masses  and  thus  find  the  precise  magnitude  of  the  torque 
M  at  any  position  t?  of  the  crank  arm,  at  least  in  the  case  of  uniform 
rotation. 

Such  largo  variations  of  torque  as  those  seen  in  Fig.  271  would  be 
most  detrimental  to  the  purpose  that  an  aircraft  engine  has  to  serve. 
In  fact,  no  internal-combustion  engine  consists  of  one  eylinder  only. 
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If  several  pistons  work  on  the  same  crankshaft,  care  is  taken  to  space 
the  firing  strokes  and  thus  shift  the  cycles  in  such  a  way  that  a  much 
more  uniform  torque  diagram  results.  For  example,  in  the  case  of  six 
cylinders  the  cycles  will  start  at  distances  of  120°  crank  angle,  and  the 
superposition  of  six  curves  equal  to  that  of  Fig.  271,  each  shifted  by 
120°,  gives  the  picture  shown  in  Fig.  272.  Here  the  torque  oscillates 
between  two  positive  valúes  only,  and  the  period  of  the  oscillations  is 
reduced  to  one-third  of  one  revolution.  In  the  case  of  m  cylinders  the 
frequency  of  oscillations  is  w/2  times  the  frequency  of  revolutions. 
With  in-line  engines  the  firing  order  is  achieved  by  appropriately  spacing 
the  directions  of  the  crank  arms.  With  radial  engines  where  all  cylinders 
of  one  row  opérate  on  the  same  crankpin,  an  odd  number  of  cylinders  is 
used  in  each  row,  and  then  the  angle  between  adjacent  cylinders  is  niade 
equal  to  half  the  firing  interval. 

The  effect  of  the  torque  on  the  motion  of  the  engine  can  be  judged 
by  the  following:  Let  M  be  the  periodically  changing  moment  given 
as  a  function  of  the  crank  angle  ■&,  and  Mo  its  mean  valué  over  a  period, 

Mo  =  ~  M(i})  di)  (13) 

o 

The  forcé  opposing  the  engine  moment  is  the  propeller  torque  Q,  which 
may  show  a  slight  periodic  change  due  to  the  interference  with  the  air- 
plane  body  but  can  practically  be  considered  as  a  constant.  Its  valué 
then  must  equal  ilf o,  and  M  —  ilfo  is  the  resulting  moment  producing 
angular  acceleration  of  the  rotating  mass.  If  J  denotes  the  moment  of 
gyration  of  the  crankshaft  and  all  masses  connected  with  it,  the  equation 
of  motion  reads 

J^  =  M-Mo  (14) 

If  we  multiply  the  right-hand  side  by  rft?  and  the  left-hand  side  by 
{d'd/dt)  dt,  we  have  to  the  left  the  derivative  of  ^{dd/dt)-,  and  integration 
supplies 

I  (u  -  M.)  d,  =  ij  |(f );  -  (f);|  =  mil  -  ¿?)   (15) 

In  Fig.  273  the  curve  M  —  Mo  vs.  ??  corresponding  to  the  example 
given  in  Fig.  272  is  supplemented  by  the  integral  curve  j(M  —  Alo)  dü. 
Equation  (15)  expresses  the  fact  that  the  difference  between  the  greatest 
and  the  smallest  ordinates  of  this  integral  curve,  multiplied  by  2/J, 
equals  the  máximum  difference  of  the  (squared)  angular  velocities  which 
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occur  during  each  period.  To  keep  this  velocity  oscillation  on  a  low 
level  there  exists  one  classical  method — to  increase  J  by  using  a  flywheel. 
As  this  is  unpractical  in  the  case  of  an  airplane  engine  because  of  the 
considerable  weight  of  an  efficient  flywheel,  other  methods  have  been 
sought.     One  of  the  most  successful  devices  currently  used  in  modern 

Torque 


Averoig_e_ 
torque 


350         480         600         720 

Fia.  272. — Resultant  torque  vs.  crank  angle  for  a  six-cylinder  four-stroke  engine. 
M-Mr 


2  ^'&/vax  "min. ) 


FiG.  273. — Torque  variation  relative  to  average  torque,  and  integral. 

aircraft  is  the  so-called  "tuned  pendulum,"  first  presented  by  E.  S.  Taylor 
in  1936. 

The  tuned  pendulum  in  its  simplest  form  consista  of  a  comparatively 
sinall  mass  Wi  {B  in  Fig.  274),  which  is  allowed  to  move  along  a  circular 
path  BiB<¿.  in  a  sht  incised  into  a  disk  rigidly  connected  with  the  rotating 
crankshaft.     The  center  A  of  the  circular  are  BxBi  has  a  distan  ce  r  froni 
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the  center  O  of  the  rotation.     The  radius  of  the  are  may  be  called  /. 

The  scheme  of  this  motion  is  shown  in  Fig.  275,  where  O  A  =  r,  AB  =  I, 

and  í>  is  the  angle  O  A  with  a  fixed  direction  and  <p  the  angle  between  O  A 

and  AB.     The  reaction  of  mi  (which 

also   may   be   considered   a  mathe- 

matical  pendulum  suspended  in  A) 

on   the   disk  consists  of  a  forcé  S 

in  the  direction  of  AB,  if  friction  in 

the  slit  is  neglected.     The  moment 

of    this   forcé    with   respect   to   the 

center  O  is  rS  sin  tp,  so  that  Eq.  (14) 

has  to  be  replaced  by 

J^  =  M  -  Mo  +  rS  sin  <p      (16) 

To  find  S  we  have  to  apply  to  the 
mass  mi  Newton's  equation,  stating 
that  the  product  of  mass  times  the 
acceleration  vector  equals  the  sum  of 
all  forces  acting  on  the  mass.  The 
forces  are  S  in  the  direction  BA  and  gravity  migr  in  the  vertical  direction. 
The  acceleration  of  the  end  point  B  of  the  vector  OB,  which  is  the  sum 
of  the  vectors  O  A  and  AB,  can  be  computed  in  the  following  way :  First, 

the    vector   OA    oí   length   r 


Fio.  274. 


Pendulum  damper  reduced  to 
its  simplest  form. 


ReacHon  S 


Fig.  275. — Scheme  of  pendulum  damper. 

a^  =  l{^  +  <p)2  in  the  direction  BA. 
endpoint  B  has  thus  the  components 
In  direction  BB' : 


rotates  with  the  angular  ve- 
locity  di}/dt  =  ¿.  The  ac- 
celeration of  its  end  point  A 
therefore  consists  of  a  tan- 
gential  component  ai  =  ré  in 
the  direction  A  A'  normal  to 
OA  and  of  a  radial  compo- 
nent a2  =  ré"^  in  the  direction 
AO.  In  the  same  way  the 
vector  AB  oí  length  I  rota- 
ting  with  the  angular  velocity 
d(t?  i-ip)  /dt  =  ^  +  ip  adds 
an  acceleration  a^  =  l(é  +  ip) 
in  the  direction  BB'  normal 
to  AB  and  an  acceleration 
The  resulting  acceleration  of  the 


ai  eos  <p  +  a2  sin  ¡p  -\-  az  =  ré  eos  (p  -{■  r^^  sin  ip  -\-  l{^  -{■  <p) 
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In  direction  BA : 

—  ai  sin  ^  +  «2  eos  (p  -\-  a^  =  —ré  sin  ^  +  ré-  eos  <p  -{-  l{é  -\-  <i>y 

If  the  reference  line  00'  is  considered  as  horizontal,  the  angle  between 
the  gravit}^  and  the  direction  BB'  is  (??  +  ^).  Accordingly,  the  two 
equations  of  motion  for  the  mass  mi  are 

mi[rb  eos  (p  +  rí?2  sin  (p  -\-  l{§  -\-  ¡p)]  =  —rriig  eos  {-&  -\-  cp) 
mi[  —  ré  sin  cp  +  r??^  eos  (j?  +  Z(¿  +  (p)']  =  *S  +  niig  sin  (??  +  ^)     (17) 

These  equations  must  be  used  to  express  (p  and  S  in  terms  of  ■§;  then  (16) 
will  supply  the  equation  for  é. 

The  following  assumptions  may  be  introduced  in  order  to  simphfy 
the  mathematical  treatment:  (1)  We  negleet  the  influenee  of  gravity  since 
its  amoimt  is  small  as  eompared  with  the  inertia  forces.  (2)  We  consider 
(p  and  its  derivatives  as  small,  thus  writing  (p  for  sin  <p  and  1  for  eos  v?. 
(3)  We  assume  that  d^  differs  only  slightly  from  coi  where  co  =  2Trn  is 
the  mean  angular  speed  of  the  shaft.  Thus  é  is  nearly  co  and  ??V  liíis  to 
be  replaced  by  co-^  if  terms  of  higher  order  are  discarded.  The  first 
equation  (17)  then  takes  the  foi-m 

ni  +  rcoV  +  l(^  +  ¿p)  =0  (18) 

while  the  seeond  supplies  mi(r  +  0^^  =  S,  all  other  terms  being  of  higher 
order.     Combined  with  (16)  this  gives 

j'é  -  mir(r  +  /)coV  =  M  -  Mo  (19) 

Equations  (18)  and  (19)  can  be  integrated  if  the  torque  disturbance 
M  —  Mo  is  resolved  into  harmonio  components,  i.e.,  into  terms  of  the 
form  Ay  sin  vi9  ^^  A^  sin  vcot,  with  appropriate  valúes  for  v.  The  main 
term  will  correspond  to  ^'  =  w/2  according  to  what  was  said  in  the 
foregoing.  Upon  introducing  one  single  term  of  this  kind  on  the  right- 
hand  side  of  (19)  the  solution  can  be  written  as 

<p  =  ;po  sin  vci}t,         é  —  oit  =  ■&()  sin  vojt  (20) 

where  the  amplitudes  (Pq  and  í?o  follow  from 

—  í/^co Vi?o  +  rcoVo  —   P~(joH{áo  +  </9o)   =  O  .„. . 

—  v-ío-Júo  —  rriirir  -\-  /')coVo  =  A;, 

Equations  (21)  are  derived  by  introducing  (20)  in  (18)  and  (19)  and 
dividing  all  terms  by  sin  voit.     The  first  equation  (21)  yields 

_  éov\r  +  /) 

<P0  —    —, VtV^ 
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and  this  combined  with  the  second  gives  the  solution  for  the  amplitude 
t?o  of  the  torsional  vibration: 

A, 

-       ./    -4- 

1  -  vH/r 


^0    =     -       2     2 


J  +  ¥^^-^^^  (22) 


If  no  pendulum  is  iised,  i.e.,  for  Wi  =  O,  this  reduces  to  í?o  =  —A^/v'^oo-J, 
which,  of  course,  could  also  be  derived  immediately  from  (16)  or  from 
(19)  with  mi  —  S  —  0.  The  influence  of  the  mass  Wi  is  thus  seen  to 
consist  of  an  apparent  increase  of  the  moment  of  gyration  J.  The  increase 
is  proportional  to  mi  and  inversely  proportional  to  1  —  vH/r,  and  becomes 
infinite  if  the  ratio  r/l  is  made  to  equal  v'^.  In  this  case,  ??o  =  0;  that 
is,  no  torsional  oscillation  results  from  a  torque  disturbance  proportional 
to  sin  v()3t.  Thus  we  see  that  the  pendulum  can  he  "tuned"  in  such  a  way 
as  to  make  completely  inefficient  the  torque  disturbance  of  one  certain  fre- 
quency,  while  the  effect  of  all  disturbance  components  with  lower  frequencies 
is  weakened  by  an  apparent  increase  of  J ,  which  is  proportional  to  the  mass 
Wi  of  the  pendulum. 

The  actual  construction  of  the  tuned  pendulum  must  be  somewhat 
modified  in  order  to  achieve  a  possibly  frictionless  relative  motion  of 
the  mass  mi  in  a  pathway  of  very  small  radius  of  curvature,  etc.  But  the 
mechanical  conditions  remain  essentially  the  same  as  those  developed  in 
the  preceding  argument. 

There  exists  another  source  of  engine  vibrations,  also.  If  the  effective 
length  of  the  crankshaft,  i.e.,  in  the  case  of  a  radial  engine  the  distance 
between  the  propeller  (or  the  reduction  gear)  and  the  middle  of  the 
crankpin,  is  considerable,  the  elasticity  of  the  shaft  must  be  taken  into 
account.  The  angle  of  rotation  for  the  propeller,  5,  is  then  different 
from  the  ^  for  the  crankshaft  and  the  torque  moment  conferred  on  the 
propeller  proportional  to  ^  —  8.  Let  K  denote  the  torque  that  would 
produce  a  twist  of  1  rad.  and  Jp  the  moment  of  gyration  of  the  propeller. 
The  equation  of  motion  for  the  propeller  is  then 

Jp8  =  -K{8  -  é)  -  Mo  (23) 

while  Eq.  (19)  for  the  crank  becomes 

Jcí?  ^  K(8  -  d)  -\-  M  +  mir(r  +  l)o}^<p  (24) 

Here  Je  is  the  moment  of  gyration  of  the  crank  jaws,  counterweights,  etc. 
The  mass  of  the  shaft  itself  is  disregarded.  As  a  third  equation,  for  the 
damper,  we  have  (18)  unchanged.  For  a  single  harmonic  term  Ap  sin  vcjot 
in  the  expression  for  the  torque  deviation  M  —  Mo  the  solution  of  (18), 
(23),  and  (24)  has  the  form 

8  —  íot  =  8o  sin  vcút ?^>        ^  —  wt  =  ^0  sin  vcat,        <p  =  (po  sin  vut     (25) 
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The  amplitudes  5o,  t?o,  <^o  of  the  forced  vibrations  are  determined  by 
three  linear  equations,  which  we  obtain  by  introducing  (25)  in  the  three 
diíferential  equations  and  dividing  by  sin  v(j)t. 

{K  -  v'-ío^Jp}8o  -  K^ü  =  O 
-K8o  +  (K  -  í'2a,2j-c)t?o  -  niir{r  +  /)a;Vo  =  A,  (26) 

-(r  +  l)vWúo  +  co2(r  -  pH)<po  =  O 

We  multiply  the  first  equation  by  K/{K  —  v-oj-Jp)  and  the  last  by 
Wi(r  +  l)/{l  —  vH/r)  and  sum  up.     This  gives 

and  after  rearranging,  with  J  =  Je  -{-  Jp, 
A 


^0  -   -    00 


mi(r  +  ly  1  1  ' 

«^  +   1  _  ^2¿/^  ^-  '^^K/p^Jp  -  ij  ^''^^ 

Here  the  first  two  terms  in  the  bracket  are  the  same  as  in  (22).  The  last 
term,  which  vanishes  for  a  rigid  shaft  (K  =  00),  is  in  general  negative, 
except  for  very  small  engine  speed  03.  The  main  result  is  that  a  pendulum 
tuned  for  a  certain  frequency  v,  that  is,  with  r/l  =  v"^,  makes  the  correspond- 
ing  shaft  vibration  inefficient,  independently  of  the  torsional  elasticity  (since 
the  second  term  in  the  bracket  becomes  infinite). 

For  a  brief  numerical  discussion  of  torsional  vibrations  we  choose  a 
nine-cylinder  single  row  radial  engine  of  about  1000  rated  horsepower  at 
1800  r.p.m.  Adequate  valúes  for  the  moments  of  gyration  would  be 
Jp  =  175  (metal  propeller)  and  Je  =  15  Ib.-in./sec."^,  while  K  may  be 
estimated  as  5,000,000  Ib.-in.  The  principal  frequency  of  the  torque 
fluctuation  is  given  by  v  —  ^.  Then,  if  no  damper  is  used  (mi  =  0), 
Eq.  (27)  can  be  rearranged  in  the  form 

,9    =  -        -^-  n'^  -  X/47rWp 

"  At^v^u^Jc  n2  -  KJ/4T^v^JpJc  ^  ^ 


In  our  case  this  gives 


4^  =  -0.0000836     ""'  ~  ^^-^ 


A,  n2(n2  -  452) 

These  valúes  are  shown  in  Fig.  276  against  engine  speed  n  up  to  n  =  40. 
It  is  seen  that  at  n  =  -\/452  =  21.3  sec.~^  the  ordinate  becomes  infinite. 
This  is  the  resonant  point  where  the  natural  frequency  of  torsional 
vibrations  coincides  with  vn.  The  average  torque  moment  at  n  =  30, 
Pi„  =  1000  hp.,  is  12  X  550,000/607r  ^  35,000  Ib.-in.  If  we  assume  that 
the  amplitude  of  the  torque  oscillation  reaches  30  per  cent  of  the  mean 
valué,  we  have 

A,  =  10,500  Ib.-in.,         t?o  =  -0.0019     for  n  =  30  sec.-' 
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The  static  twist  angle  would  be  35,000/^"  =  0.007.  Since  the  first 
Eq.  (26)  shows  that  5o  is  small  as  compared  with  úo,  the  additional  stress 
in  the  crankshaft  the  upper  Hmit  of  which  is  proportional  to  |t?o  —  5o| 
comes  near  to  one-third  the  stress  as  computed  for  static  conditions. 
(The  negative  sign  of  éo  indicates  that  the  moment  and  twist  oscillations 
have  a  phase  difference  of  one-half  period.) 

If  a  pendulum  damper,  tuned  to  r/l  =  (|)2,  is  appHed,  the  ampHtudes 
5o,  t?o  should  theoretically  be  zero  for  all  engine  speeds.     The  theory, 
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FiG.  276. — Torsional  amplitude  vs.  engine  speed. 


however,  disregards  several  minor  influences,  such  as  friction  and  finito 
valúes  of  all  deviations.  Thus,  we  can  expect  only  that  the  amplitudes 
will  be  kept  at  a  low  level  and  the  danger  of  the  resonant  point  removed. 
A  quantitative  conclusión  can  be  drawn  from  Eq.  (27)  if  we  ask  for 
the  influence  of  this  damper  on  a  disturbance  of  a  different  frequenc3^ 
In  most  cases  a  first  order  disturbance,  j'  =  1,  "vvill  arise  from  the  master 
rod  construction  used  in  most  radial  engines.  If  a  pendulum  of  10  Ib. 
weight  is  used  with  r  =  8  in.  and  consequently  /  =  0.395  in.,  the  second 
term  in  the  bracket  of  (27)  will  be  10  X  8.395 V0.951  X  32.17  =  23. 
The  resonant  engine  speed  according  to  (28)  lies  now  at  a  \\  times  higher 
valué,  i.e.,  at  n  =  4.5  X  21.3  =  95.8  sec.~S  and  the  last  term  in  the 
bracket  has  the  negative  valué  —845.  Thus  it  is  seen  that  there  is  no 
danger  of  resonance  in  the  case  of  a  first  order  disturbance  and  that  the 
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damper  will  have  a  slight  unfavorable  influence  decreasing  the  amount 
845  -  190  =  655  by  23,  that  is,  by  3.5  per  cent. 

*Problem  9.  Compute  the  difference  between  máximum  and  mínimum  speed  for 
an  engine  of  m  cylinders  under  the  assumption  that  the  torque  contribution  from  one 
cyhnder  is  given  by 

.1/  =  O  O  <  í?  <  TT  intake 

M  =  Mi  sin  t?  TT  <  i9  <  27r  compression 

M  =  M-í  sin  j?  27r  <  ??  <  Stt  expansión 

M  =  O  Stt  <  j?  <  47r  exhaust 

Discuss  the  influence  of  the  number  of  cylinders  and  of  the  ratio  {M^  +  Mi)/Mo. 

*Problem  10.  Compute  the  amphtude  of  the  main  torsional  vibration  due  to  the 
elasticit}^  of  the  crankshaft  under  the  assumptions  of  the  preceding  problem.  The 
engine  speed  is  n  =  21  per  sec,  the  number  of  cylinders  rn  =  9,  the  nominal  engine 
power  700  hp.,  the  moments  of  gyration  /,,  =  150,  Je  =  20  Ib.  in.  sec. 2,  and  the  stiff- 
ness  factor  K  =  5,000,000  Ib.  in. 


Part  Four 
AIRPLANE  PERFORMANCE 

CHAPTER  XIV 
THE  GENERAL  PERFORMANCE  PROBLEM 

1.  Introduction.  The  performance  of  an  airplane  is  the  result  of  the 
cooperation  of  three  vital  factors,  the  wing,  the  propeller,  and  the  engine. 
Two  passive  forces  have  to  be  overeóme,  the  weight  and  the  parasite 
resistance  of  the  airplane  body.  It  is  the  characteristic  difference 
between  the  airplane  and  any  other  kind  of  vehicle  (cars,  boats,  airships) 
that  power  must  be  supplied  to  balance  the  weight.  This  implies  that 
the  character  of  the  performance  problem  in  aviation  is  entirely  different 
from  that  in  the  other  cases. 

Only  steady,  straight  flight,  with  all  forces  in  equilibrium,  is  con- 
sidered  in  the  performance  computation. 

Speaking  first  of  lev  el  flight,  i.e.,  flight  in  a  straight  line  perpendicular 
to  the  direction  of  gravity,  the  weight  (W)  is  balanced  by  the  lift  forcé 
(L),  which  is  due  to  the  motion  of  the  wing.  As  we  know,  the  wing 
implies  a  certain  drag  (D)  invariably  connected  with  the  lift.  The  wing 
drag  combined  with  the  parasite  drag  of  the  airplane  gives  the  total 
drag  (Dto).  To  overeóme  this  forcé,  which  acts  parallel  and  opposite  to 
the  direction  of  flight,  a  propeller  is  used  which  supplies  a  thrust  (T) 
in  the  direction  of  flight.  Now,  the  propeller  thrust,  as  we  learned  in 
Part  Three,  is  invariably  connected  with  the  torque  moment  (Q)  of  the 
propeller,  a  moment  acting  about  the  propeller  axis  in  the  sense  opposite 
to  that  of  rotation.  We  have  to  balance  this  moment,  and  we  do  this  by 
using  an  engine.  The  brake  moment  (Mbr)  of  the  engine  acts  in  the  sense 
of  the  rotation.  Therefore,  three  equations  must  be  fulfilled,  if  uniform 
level  flight  is  to  be  maintained.     These  equations  are 

W  =  L,        Dto  =  T,        Q  =  hhr  (1) 

A  fourth  equation,  which  states  the  equilibrium  of  the  pitching  moments 
on  the  airplane,  will  be  discussed  later  (Chap.  XVII).  It  has  no  immedi- 
ate  relation  to  the  performance  problem. 

Out  of  the  six  quantities  in  (1),  four,  i.e.,  all  except  the  first  and  the 
last,  are  aerodynamic  forces  which  we  consider  (neglecting  the  influence 
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of  the  Reynolds  number)  as  proportional  to  the  density  of  the  air  and 
to  the  square  of  the  velocity.  The  first  and  the  last,  W  and  Mbr,  are 
physical  forces.  As  the  drag  is  connected  with  the  Hft  and  the  propeller 
thrust  with  the  propeller  torque,  the  three  equations  link  weight  and 
engine  moment.  Even  in  the  ideal  case  of  no  parasite  drag  and  no  friction 
(wing  drag  reduced  to  induced  drag  only)  a  certain  engine  power  would  be 
necessary  to  carry  the  weight,  while,  in  the  case  of  all  land  vehicles, 
boats,  and  airships  in  horizontal  uniform  motion,  power  is  required 
only  for  overcoming  the  resistance  forces  due  to  friction,  i.e.,  solid-body 
friction,  and  water  and  air  resistance,  respectively. 

A  complete  symmetr}"  in  the  performance  theory  would  prevalí  if  the 
torque  moment  M^r  supplied  by  the  engine  were  a  constant,  as  is  the 
weight  W,  instead  of  being  dependent  on  the  air  density  p  and  the  engine 
speed  n.  Since  the  four  inner  variables  L,  Dio,  T,  Q  are  all  proportional 
to  p  and  to  a  velocity  square,  F^  and  n',  respectively,  the  system  (1) 
would  then  admit  a  solution  with  constant  valúes  of  pV^  and  pn^,  what- 
ever  p  is.  This  means  that  with  constant  Mbr  we  could  fly  at  any  altüude, 
but  that  flight  speed  and  engine  speed  would  both  increase  proportion- 
ally  to  the  square  root  of  l/<x  {a  =  density  ratio  p/po).  Note  that  in 
this  idealization  the  presence  of  air  friction  is  not  excluded.  In  reality, 
however,  a  limit  is  set  to  the  ascensión  to  indefinite  heights,  with  ever 
increasing  speeds,  even  if  the  engine  could  be  kept  working  invariably  at 
any  level,  since  it  is  impossible  to  have  an  engine  supply  a  torque  inde- 
pendent  of  the  engine  speed.  This  is  due  to  the  friction  between  the 
moving  parts  of  the  engine,  including  throttling  losses  in  the  channels 
through  which  the  fuel,  the  fuel-air  mixture,  and  the  exhaust  pass.  In 
the  present  state  of  development  the  friction,  particularly  that  between 
the  pistón  rings  and  cylinder  walls,  proves  the  decisive  factor  in  limiting 
further  progress  in  airplane  performance. 

In  our  general  performance  computation,  we  shall  consider  Mbr  as  a 
function  of  both  density  p  and  engine  speed  n,  as  laid  down  in  the  pre- 
ceding  chapter.  In  many  restricted  problems,  however,  the  assumption 
of  a  constant  Mbr  or  an  Mbr  depending  on  p  only  will  be  used  as  a  sufíicient 
approximation. 

It  is  usual,  but  of  course  unessential,  to  multiply  the  second  and 
third  of  Eqs.  (1)  by  the  factors  V  and  w  =  27rn,  respectively,  so  as  to 
have  equations  between  power  quantities  rather  than  forces  or  moments, 

W  =  L,         VDto  =  VT,        wQ  =  c^Mbr  or  P  =  Pbr  (!') 

where  P  is  written  for  uQ  in  accordance  with  Chap.  XI  and  Pbr  is  the  brake 
power  of  the  engine.  The  product  VDto  is  called  the  required  power  and 
the  product  VT  the  available  power.  The  three  level-flight  equations  can 
then  be  reduced  to  a  single  one  by  the  following  consideration. 
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For  a  given  p,  the  two  aerodynamic  forces  L  and  Dio  can  both  be 
expressed  as  functions  of  the  two  variables  V  and  a,  where  a  is  the 
angle  of  attack  (or  angle  of  incidence)  of  the  wing.  It  is  supposed,  of 
course,  that  the  wing  área  S  and  the  parasite  área  Sp  of  the  plañe  are 
known  as  well  as  the  characteristics  of  the  wing.  If  we  use  the  equation 
TF  =  L  to  elimínate  a,  we  find  Dto  and  thus  also  VDto  as  a  function  of  V 
alone.  On  the  other  hand,  for  a  given  p,  the  quantities  T  and  Q  are 
functions  of  n  and  J,  w^here  /  is  the  advance  ratio  of  the  propeller. 
Here,  of  course,  the  propeller  diameter  and  the  characteristics  of  the 
propeller  must  be  known.  Instead  of  J  and  n  we  may  introduce  /  and  V, 
since  V  =  Jnd  {d  =  propeller  diameter).  For  a  given  p,  the  engine 
moment  Mbr  or  the  engine  power  Pbr  are  known  functions  of  n,  or,  what  is 
the  same,  of  J  and  V.  Thus  we  can  use  the  last  of  the  three  equations 
to  elimínate  /  and  to  express  T  and  FT'  as  function  of  V  alone.  Then 
the  only  remaining  equation  to  be  fulfilled  in  level  flight  is 

VDto  =  VT  or  Pre  =  Pa.  (2) 

where  both  sides  of  the  equations,  for  a  given  p,  are  functions  of  V 
and  of  the  airplane  and  propeller  parameters.  The  curves  showing  Pre 
and  Pav,  respectively,  as  functions  of  V  are  known  as  the  power  curves  of 
the  plañe.     This  method  can  be  summarized  as  follows: 

7/  the  first  equation  (1)  is  used  to  eliminate  a  in  the  expression  for  Dio 
and  the  last  to  eliminate  J  in  the  expression  for  T,  the  level  flight  is  deter- 
mined  by  the  single  equality  (2),  power  required  equal  to  power  available, 
where  both  Pre  and  Pav  are  functions  of  V,  of  p,  of  the  parameters  S,  Sp,  and 
d,  depending  on  the  characteristic  curves  of  the  wing,  the  propeller,  and  the 
engine. 

It  will  be  shown  in  the  next  section  how  the  functions  Pre  and  Pau 
can  be  computed  from  the  given  airplane,  propeller,  and  engine  data, 
supplying  an  equation  for  V  that  gives  the  exact  answer  to  the  per- 
formance problem  for  level  flight.  This  will  also  include  the  answer  to 
the  question  of  ceiling  altiiude,  which  can  be  defined  as  the  altitude  beyond 
which  no  level  flight  is  possible.  Meanwhile,  a  remark  may  be  added  on 
how  the  two  functions  Pre{V)  and  Pav{V)  can  be  used,  at  least  to  a 
certain  degree  of  approximation,  in  the  case  of  a  slightly  inclined  fiying 
path,  climbing  or  flat  descent. 

Figure  277a  shows  the  vector  diagram  of  the  four  forces  W,  L,  Dio,  and 
T  in  equilibrium  at  level  flight.  If  the  velocity  direction  is  no  longer 
perpendicular  to  the  direction  of  gravity  but  is  slightly  inclined  at 
the  angle  é  as  shown  in  Fig.  2776,  the  propeller  thrust  can  still  be  supposed 
to  act  (nearly)  in  the  direction  of  V.  Lift  L  and  drag  Dio  are  defined 
as  the  components  of  the  aerodynamic  forces  normal  and  parallel  to  V. 
If  the  motion  is  to  be  uniform,  the  four  forces  must  be  in  equilibrium 
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It  follows  from 


and  thiis  combine  to  the  trapezoid  shown  in  Fig.  2776 
this  diagram  that 

T  -  D,o  =  W  sin  t? 


(3) 


If  we  multiply  both  sides  by  V  and  consider  that  V  sin  z?  is  the  vertical 
component  of  the  velocity  or  the  dimbing  rate,  which  can  be  written  as 


F  sin  í?  = 


dh 
dt 


we  find 


Pre=   W 


dh 
dt 


(4) 


(5) 


As  to  the  first  term  (Pav),  there  is  not  much  objection  to  using  the 
same  function  of  V  as  in  the  level-flight  computation.     Only  the  small 


Fiü.  277. — Balance  of  f orces,  (o)  in  level  flight,  (6)  in  a  flat  climb. 

angle  between  propeller  axis  and  velocity  V,  which  is  due  to  the  chango 
in  angle  of  attack,  is  neglected.  But  in  the  expression  for  Pre  in  (2)  the 
relation  W  =  L  was  used,  which  now  should  be  replaced  by 


L  =  F  eos 


(6) 


as  seen  in  Fig.  277b.  However,  if  t>  is  small,  eos  ú  differs  from  1  only 
by  a  quantity  of  second  order.  Thus  a  small  error  only  will  be  incurred 
if  we  use  in  (5)  for  Pre  the  function  of  V  f ound  in  the  way  already  described 
for  the  case  of  level  flight.  Summing  up,  we  have  the  f ollowing  statement : 
For  slightly  inclined  uniforní  flight,  Eq.  (5),  or 

(5') 

ca7i  he  used  for  determining  the  (positive  or  negative)  dimbing  rate,  with  the 
expressions  for  Pav  and  Pre  as  introduced  in  the  case  of  level  flight. 
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This  practically  solves  the  problem  for  unif orm  climbing  since  usually 
small  I?  only  are  involved  in  this  case.  In  particular,  one  can  answer  in 
this  way  the  third  fundamental  performance  question  asking  for  the  máxi- 
mum climbing  rate  at  each  altitude  (which  leads  to  another  definition  of 
ceiHng  altitude,  viz.,  the  height  at  which  the  máximum  climbing  rate  =  0). 
As  to  the  conditions  of  downward  flight,  the  results  have  to  be  corrected, 
in  general,  with  respect  to  Eq.  (6),  unless  the  (negative)  valúes  of  d^  are 
sufficiently  small.  The  case  of  gliding  and  diving  at  a  considerable  angle 
will  be  discussed  in  Sec.  XVI. 3. 

2.  Power-required  and  Power-available  Curves.  According  to 
what  was  said  in  the  preceding  section,  the  power  required,  that  is, 
Pre  =  VDto,  can  be  computed  as  a  function  of  V  if  the  following  data  are 
known:  the  total  weight  W,  the  wing  área  S,  and  the  two  wing  character- 
istics  showing  Cl  and  Cd  (lift  and  drag  coefiicients)  as  functions  of 
incidence;  then  the  parásito  área  Sp  of  the  plañe;  and  finally  the  air 
density  p. 

In  performance  computation,  the  density  p  is  considered  as  invariably 
linked  to  the  level  altitude  h,  according  to  the  p,  p,  T'-distribution  in 
the  standard  atmosphere  (Sec.  1.3).  Consequently,  p  or  the  density 
ratio  a  =  p/po,  where  po  =  0.002378  slug/ft.^,  is  regarded  as  indicating 
the  altitude  at  which  the  horizontal  (or  slightly  inclined)  flight  takes 
place. 

The  parasite  área  Sp  refers  to  the  complete  airplane  except  the  wing. 
We  disregard  the  fact  that  the  shape  of  the  airplane  body  does  not 
exactly  satisfy  the  symmetry  conditions  stated  in  Sec.  V.l,  which  led  to 
the  definition  of  parasite  drag.  That  is,  we  assume  that,  in  spite  of  its 
deviating  from  the  supposed  double  symmetry  (existence  of  a  symmetry 
axis  coinciding  with  the  F-direction),  the  total  aerodynamic  action 
exerted  on  the  airplane  in  unif  orm  flight  reduces  to  a  single  forcé  parallel 
and  opposite  to  V.  How  its  magnitude  can  be  computed  or  estimated 
for  a  given  airplane  design  has  been  discussed  in  Sec.  V.5.  The  slight 
changes  of  this  forcé  due  to  the  variation  of  the  angle  of  attack  are 
disregarded.  (An  additional  pitching  moment  due  to  the  deviation 
between  the  fuselage  axis  and  the  direction  of  flight  will  be  discussed  in 
Sec.  XVII. 3.)     If  the  magnitude  of  the  parasite  drag  is  written  as 

Í>P  =  I  V'Sp  (7) 

according  to  Eq.  (3),  Chap.  5,  the  factor  Sp  is  called  the  parasite  área 
of  the  airplane.  Numerical  data  about  actual  valúes  of  Sp  are  given  in 
Sec.  XV.4. 

The  wing  área  S  is  the  área  to  which  the  lift  and  drag  coefñcients 
refer.     The  forces 
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L  =  ^  V^SCl,        i)  =  i  V^SCd  (8) 

normal  and  parallel  to  the  velocity  direction  may  be  taken  from  experi- 
ments  with  a  model  of  the  actual  wing  or  computed  on  the  basis  of  wing 
theoiy  or — in  most  cases — may  be  f  ound  by  combining  both  methods.  We 
suppose  here  that  the  two  coeflBcients  Cl  and  Cd  are  given  as  functions 


Cl 


~ 

j 

/ 

2.0 

1 

n 

y 

u. 

/ 

1 

' 

,/ 

/ 

1.5 

y 

-^ 

k 

/ 

0 

ó 

/ 

\ij 

fí  1 

/ 

/ 

i 

\ 

r. 

/ 

r 

\ 

1.0 

/ 

3 

0. 

/ 

/4 

Cz. 

/ 

/ 

/ 

f 

yco 

j 

/ 

/ 

5 

0.5 

i 

{ 

4 

0. 

t 

/ 

/ 

.A 

í 

V 

ifr 

/> 

yr 

/ 

^ 

^ 

/ 

y^9 

0 

/ 

ti 

no^ 

n 

y 

/ 

/.. 

-4°        0° 


4° 


16°      20°     24"      28° 


Fu;.  278. — Lift  and  drag  coefficients  vs.  angle  of  attack.     Clark  Y  airfoil,  aspect  ratio  6. 

of  the  angle  of  attack  a  or  the  angle  of  incidence  a!  by  a  diagram,  Fig.  278. 
It  will  be  found,  however,  that  a  little  less  is  needed.  The  polar  diagram 
alone,  without  indication  of  the  a-values  (¿.e.,  the  correspondence  between 
simultaneous  Cv  and  Co-values  alone)  is  sufficient  for  the  present 
purpose. 

The  two  formulas  to  be  used  in  deriving  the  power-required  curve 
Pre  vs.  Y  are 

L  =  ^  Y'^SClÍcc)         and         í),„  =  ^  V^ySCo^a)  +  S^\  (9) 
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The  procedure  of  finding  successive  points  of  the  power-required  curve 
runs  as  follows: 

Step  1 :  Assume  an  a-value,  take  from  the  Cl  vs.  a-curve  the  valué  of 
Cl,  and  compute  from  TF  =  L: 


V 


2W 

rSCl 


(a) 


Step  2:  Take  from  the  Cd  vs.  a-curve  the  Co-value  for  the  same  a,  and 
compute  from  Pre  =  VDt„ : 


Pre  =  ^  V'[SCn(a)  +  S,] 


(b) 


using,  of  course,  the  F-value  found  in  step  1.     Thus  one  pair  of  cor- 
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FiG.  279. — Power-required  curve. 
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responding  coordinates  V,  Pre  is  determined.  Continuing  in  this  way 
with  a-values  chosen  to  cover  the  whole  range  given  in  the  wing  character- 
istics,  one  can  find  the  Pre  vs.  7-curve  as  shown  in  Fig.  279.  The 
procedure  is  carried  out  here  for  the  typical  characteristics  of  Fig.  278 
using  the  valúes  p  =  po  =  0.0024,  W  =  8000  Ib.,  S  =  300  ft.^,  Sp  =  9  ft.^ 
For  some  purposes  it  may  be  useful  to  add  an  a-  or  a'-scale  to  the  points 
of  the  F-axis.  The  angles  run  opposite  to  V.  The  numerical  results 
are  shown  in  Table  10. 
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The  first  three  columns  include  the  given  figures.  The  fourth  is 
computed  from  Eq.  (a)  and  the  fifth  from  Eq.  (6).  The  curve  is  shown 
in  Fig.  278. 

TaBLE    10. POWER-REQUIRED    CuRVE 


Point  No. 

a,  deg. 

Cl 

Cd 

V,  ft./sec. 

Pre, 

ft.-lb./sec. 

1 

22 

1.42 

0.290 

125 

225,500 

2 

21 

1.48 

0.252 

122.5 

186,500 

3 

20 

1.53 

0.216 

120.5 

154,500 

4 

19 

1.56 

0.192 

119.5 

135,500 

5 

16 

1.44 

0.144 

124 

119,500 

6 

13 

1.26 

0.110 

133 

118,000 

7 

8 

0.93 

0.062 

154.5 

122,000 

8 

3 

0.58 

0.029 

196 

159,500 

9 

0 

0.37 

0.017 

245 

252,000 

10 

-1 

0.30 

0.014 

274 

326,000 

11 

-2 

0.23 

0.012 

313 

464,000 

The  following  three  properties  of  the  Pre  vs.  F-curve  may  be  empha- 
sized.  (1)  Since  Cl  has  a  máximum  valué  (staUing  valué),  it  follows 
from  Eq.  (a)  that  V  has  a  minimum.  That  is,  no  solution  of  the  per- 
formance equation  exists  (no  level  flight  is  possible)  at  velocities  below  a 
certain  minimum.  This  minimum  velocity  is  called  the  stalling  speed 
of  the  plañe,  and  it  depends,  as  we  see,  on  wing  and  plañe  only,  not  on 
propeller  and  engine.  If  we  assume  the  Cl  vs.  a-curve  beyond  the 
stalling  point  as  a  horizontal  line,  the  corresponding  section  of  the  power- 
required  curve  is  a  vertical  straight  line,  since  V  remains  constant.  Tf 
Cl  drops  with  higher  increase  of  a  (as  is  the  case  in  Fig.  278),  the  Pre  vs. 
F-curve  is  convex  toward  the  left,  as  seen  in  our  example.  (2)  If  we 
turn  to  smaller  angles  of  attack,  down  to  zero  lift  angle,  the  velocity  V 
increases  indefinitely  as  is  seen  from  Eq.  (a).  At  the  same  time,  P„ 
must  also  go  to  oo,  since  the  expression  in  the  brackets  is  positive  and 
has  a  positive  lower  bound.  The  right-hand  branch  of  the  Pre-curve 
behaves  for  large  V  like  a  cubic  parábola  y  =  const.  X  x^.  (3)  Since  the 
left  branch  of  the  curve  (small  velocities,  high  incidence)  drops  with 
increasing  V  while  the  right  branch  (larger  velocities,  smaller  angles) 
increases,  there  must  be  a  point  at  which  the  required  power  is  a  mini- 
mum. Besides,  there  must  be  a  point  (to  the  right  side  of  the  former) 
at  which  a  tangcnt  to  the  curve  drawn  from  the  origin  contacts  the  curve. 
The  lattcr  point  marks  the  minimum  of  the  quoticnt  Pre/V  or  of  Dto- 

It  can  easily  be  seen  how  instead  of  the  Cl  and  Cd  vs.  a-curves  some 
other  representative  of  the  wing  characteristics  could  be  used  for  deriv- 
ing  the  power-required  curve,  e.g.,  the  Cl  vs.  a-  and  e  vs.  a-curves.     In 
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particular,  the  use  of  the  polar  diagram  will  be  discussed  in  the  next 
section. 

We  turn  now  to  the  power  avaüahle  Pav  —  VT,  which  depends  on  the 
two  parameters  p  and  d,  air  density  and  propeller  diameter,  on  the 
propeller  characteristics,  and  on  the  engine  chart,  which  shows  Pbr 
as  function  of  n  at  the  given  p  (Fig.  280).  For  propeller  characteristics 
we  may  use  any  combination  of  two  curves  discussed  in  Chap.  XI,  e.g., 
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Fig.  280. — Brake  power  vs.  engine  speed. 


the  power  coefficient  Cp  and  the  efhciency  r¡,  both  plotted  vs.  advance 
ratio  J  (Fig.  281).     The  two  equations  to  be  used  then  are 


P  =  pnWCp{J)         and         Pav  =  Pv(J) 


(10) 


The  successive  points  of  the  Pav  vs.  F-curve  can  now  be  found  in 
three  steps: 

Step  1:  Assume  a  valué  for  propeller  speed  n,  take  from  the  engine 
chart  the  valué  of  Pbr  (for  this  n  if  no  reduction  gear  is  used;  otherwise, 
for  the  respective  n'),  and  compute  Cp  from  the  condition  P  =  Pbr'. 


Cp  = 


pn^d^ 


(c) 
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Step  2:  Take  from  the  Cp  vs.  J-curve  of  the  propeller  the  valué  of  J 
that  corresponds  to  this  Cp,  and  compute 


V  =  Jnd 


(d) 


Step  3 :  Take  from  the  rj  vs.  J-curve  the  efficiency  valué  77  for  the  same 
/  as  found  in  the  preceding  step,  and  compute  the  available  power, 


Pav    —    vPb 


(e) 


using,  of  course,  the  Pbr  secured  in  step  1. 

Thus,  in  (d)  and  (e)  a  pair  of  corresponding  coordinates  V,  Pav 
is  found.  Continuing  in  this  way  and  varying  the  cholee  of  n  within 
the  total  range  of  engine  speeds,  we  obtain  the  whole  Pav  vs.  F-curve. 
The  procedure  is  carried  out  in  Fig.  282  for  d  =  10.5  ft.,  a  typical  pro- 
peller diagram  (Fig.  281,  with  rj^^,  =  0.82  and  Cp  =  0.20  at  J  =  0.65), 
and  a  normal  engine  supplying  650  b.hp.  at  2400  r.p.m.  of  the  propeller 
(according  to  Fig.  280) .  For  some  purposes  the  n-values  may  be  ascribed 
to  the  abscissas  V.  They  run  the  same  way  as  V.  The  numerical 
results  are  included  in  Table  11. 


Table 

Ll. — Power- AVAILABLE  Curve 

Point 
No. 

n,  sec.    1 

Ptr,  ft.- 
Ib./sec. 

Cp 

J 

V 

V,  ft./sec. 

ft.-lb./sec. 

1 

28.3 

276,000 

0.0398 

0.295 

0.565 

87.5 

156,000 

2 

28.8 

279,000 

0.0382 

0.365 

0.650 

110.5 

181,500 

3 

30 

288,000 

0.0349 

0.405 

0.730 

142 

210,500 

4 

32 

302,500 

0.0301 

0.531 

0.783 

178 

237,000 

5 

34 

316,000 

0.0262 

0.585 

0.808 

209 

255,500 

6 

36 

330,000 

0.0230 

0.622 

0.817 

235 

269,500 

7 

38 

344,000 

0.0210 

0.648 

0.817 

258.5 

281,000 

8 

40 

357,500 

0.0182 

0.677 

0.811 

284.5 

290,000 

9 

42 

371,000 

0.0164 

0.696 

0.803 

307 

298,000 

It  can  easily  be  seen  how  instead  of  the  Cp  and  -q  vs.  /-curves  any 
other  equivalent  representation,  for  example,  Cs  and  rj  vs.  J  (Cs  =  speed 
power  coefíicient)  could  be  used.  But,  at  variance  to  the  Pre  case,  in 
general,  a  simplified  procedure  using  the  relation  between  Cp  and  Cr 
or  Cp  and  77  only,  without  the  indication  of  the  J-values,  is  not  possible. 
This  is  feasible,  however,  as  will  be  seen  below,  under  an  assumption  that 
is  approximately  fulfilled  in  almost  all  cases. 

As  to  the  general  character  of  the  power-available  curve  the  foUowing 
can  be  stated:  (1)  If  the  engine  chart  is  prolonged  down  to  n  =  O,  the 
corresponding  Pfcr  =  0;  then,  according  to  Eq.  (d),  V  =  O  and,  according 
to  Eq.  (e),  Pav  =  0.  This  means  that  the  prolongation  of  the  Pav  vs. 
F-curve  passes  through  the  origin.      (2)  On  the  other  hand,  Pbr  has  a 
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máximum  and  goes  to  zero  if  Cp  decreases.  It  follows  that  Pav  must 
decrease  for  larger  V.  This  part  of  the  curve  is  not  shown  in  Fig.  282. 
Generally  speaking,  Pav  vs.  V  will  be,  mthin  the  actual  range,  upward 
convex  as  seen  in  our  example.  (A  section  upward  concave  at  the 
beginning  can  occur.) 
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FiG.   283. — Computation    of   the   power-available    curve    for    a    constant-speed    propellcr. 

The  Paí)-curve  thus  described  holds  for  the  case  of  an  invariable 
propeller.  If  the  propeller  pitch  is  controllahle  by  the  pilot,  no  definite 
Fa«-value  is  determined  as  long  as  no  definite  rule  of  pitch  control  is 
adopted.  Only  one  prescription  is  generally  used  today:  to  control  the 
pitch  in  such  a  way  as  to  keep  the  engine  (and  propeller)  speed  constant. 
In  this  case  the  Pa^-curve  can  be  found  in  the  following  manner:  Consider 
the  propeller  chart  given  in  one  of  the  forms  discussed  in  Sec.  XI. 4. 
Assume,  for  example,  that  the  efficiency  17  and  the  speed  power  coeñicient 
Cs  are  both  plotted  vs.  the  advance  ratio  J  for  each  blade  setting  (Fig. 
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283).  To  the  constant  engine  speed  n  there  corresponds  now  at  any 
altitude  or  p-value  a  definite  brake  power  Pir  =  P-  As  Cs  and  J  are 
defined  by 


Cs=  V 


J  =  V 


nd 


we  know  the  valué  of 


Cs  _   .   '[^ 
J   ~  ^V  P 


(/) 


This  equation  represents  a  straight  Une  of  given  slope  through  the  origin 
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FiG.  284. — Power-available  curve  for  a  constant-speed  propeller. 


350 


in  the  Cs  vs.  J-diagram.  The  Pai^-curve  can  now  be  f ound  by  the  follow- 
ing  two  steps: 

Stey  1:  Assume  a  valué  for  the  instantaneous  blade  setting  jS,  and 
mark  on  the  corresponding  Cs  vs.  J-curve  the  point  of  intersection  with 
the  straight  line  (/) .     Its  abscissa  multiplied  by  the  constant  nd  gi ves  V. 

Step  2:  Take  from  the  77  vs.  J-curve,  for  the  assumed  ^,  the  valué  of  -q 
at  the  abscissa  of  the  marked  point,  and  compute  Pav  =  vP- 

This  procedure  is  carried  out  in  Figs.  283  and  284  for  an  engine  of 
Pbr  =  600  hp.  at  n  =  31  and  a  propeller  diameter  d  =  10.5  ft.  With 
p  =  0.0024  we  ha  ve,  from  Eq.  (/), 


Cs 
J 


=  10.5 


0.0024  X  3P 
600  X  550 


=  1.94 


The  straight  Hne  through  the  origin,  passing  through  the  point  J  =  1.0, 
Cs  =  1.94,  is  drawn  in  Fig.  283.  The  points  of  intersection  with  the 
Cs  vs.  J-cui-ves  for  these  blade  settings  are  marked  1,  2,  3.     Each  of  these 
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points  is  projected  on  the  respective  íj-curve,  and  tbe  projections  are 
marked  1',  2',  3'.     The  following  valúes  have  been  found: 

T.YBLE  12. — Power  Available  for  Constant-speed  Propeller 


Point  No. 

ti 

J 

F,  ft./see. 

V 

Pa., 

ft.-lb./sec. 

1 
2 
3 

15 
20 
25 

0.385 
0.795 
1.110 

125 
259 
361 

0.655 
0.850 
0.845 

214,500 
280,500 
279,000 

The  corresponding  valúes  of  V  and  Pav  are  shown  in  Fig.  284.  The 
curve  has  the  same  general  type  as  in  the  case  of  constant  propeller  pitch, 
increasing  with  V  and  slightly  convex  upward  within  the  range  of  prac- 
tical  flight  conditions.  Except  for  the  scales  (the  factor  nd  for  the 
abscissas  and  the  factor  P  for  the  ordinates)  the  Pav  vs.  V-curve  appears 
immediately  in  the  propeller  chart  as  the  locus  of  the  points  1',  2', 
3', 

Problem  1.  Compute  and  plot  the  power  curves,  using  the  wing  and  propeller 
characteristics  (Figs.  278  and  281)  for  a  plañe  of  6000  Ib.  gross  weight,  wing  área 
180  ft.2,  parasite  área  6  ft.^,  flying  at  8,000  ft.  altitude.  Take  the  propeller  diameter 
á  =  10  ft.  and  the  engine  power  for  any  engine  speed  n  equal  to  one-half  of  that 
indicated  in  Fig.  280. 

Problem  2.  Let  the  gross  weight  in  the  preceding  problem  (a)  increase  to  7000  Ib. ; 
(6)  decrease  to  5000  Ib.,  and  give  the  modified  power-required  curves  in  both  cases. 

Problem  3.  If  the  aspect  ratio  of  the  wing  changes  from  6  to  8,  how  does  this 
influence  the  power-required  curve? 

*F*roblem  4.  Explain  the  procedure  of  finding  the  power-available  curve  in  the 
case  that  two  equal  propellers  are  used  instead  of  one. 

Problem  5.  Find  the  power-available  curve  for  a  controllable-pitch  propeller  with 
the  characteristics  of  Fig.  283,  working  at  1200  r.p.m.  with  an  engine  supplying 
450  hp. 

3.  Dimensionless  Performance  Analysis.  For  many  purposes  a 
slightly  modified  procedure,  which  may  be  called  a  method  of  dimension- 
less performance  analysis,  proves  useful.  It  will  be  briefly  discussed 
in  this  section. 

As  to  power  required,  Pre,  we  introduce  a  basic  velocity  valué  Vi, 


■■-J 


2W 

pS 


(11) 


which  is,  as  can  be  seen  immediately  from  Eq.  (a),  the  flight  velocity  at 
lift  ccefficient  Cl  =  1.     Then  we  set 

V  =  xV,         and         P„  =  yWVi  (12) 

where  obviously  x  =  V/Vy  and  y  =  Pre/WVi  are  dimensionless  quanti- 
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ties.  The  y  vs.  a:-curve  will  be  the  dimensionless  representative  of  the 
power-required  curve.  In  the  left  part  of  Fig.  285  the  polar  diagram  of 
the  wing  is  shown  under  the  following  assumptions:  Both  scales,  for  Cd 
and  for  Cl,  are  equal;  the  Cd  are  plotted  toward  the  left;  the  curve  is 
shifted  to  the  left  by  the  amount  Sp/S  where  Sp  is  the  parasite  área  of 


y'^C^  \y-PreAlV 


Polar  diagr. 

Clark  Y 

Asp.roifio-6 

Sp/S=0.03 


Fig.  285. — Power-required  dimensionless  analysis. 

the  airplane  (wing  excluded).     The  coordinates  of  any  point  on  this 
curve  will  be  called  x' ,  y'.     Thus, 


■x'  -  Cz>  +  ^^         y'  =  Cl 


(13) 


Now,  the  equilibrium  conditions  W  =  L  and  Pre  =  V{D  +  SppV^/2) 
furnish,  if  Fi  is  introduced, 


W  =  ^  (^y  V¡SCl  =  ^  ^'  ^  'SCz,  =  xWy' 


(14) 


Pr^=yD.-^^{^)\ls{c.^fj=^,x^'Jv.s{c.  +  fj 

=  -xWVix' 

The  first  equation  reduces  to  x'^y'  =  1,  while  the  second,  with  Pre/WVi 
=  y,  leads  to  y  =  —xH'.     These  two  relations  can  be  written  as 


x'^y'  —  1 


and 


y 


=    —X^'X     = 


S-r'    =     _ 


y 


(15) 
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They  determine  the  transformation  of  the  polar  diagram  y'  vs.  x'  into 
the  dimensionless  power-required  curve  y  vs.  x  (see  Fig.  285).  The 
second  equation  (15)  expresses  the  fact  that  the  radius  vector  O  A  from 
the  origin  to  the  point  x,  y  is  perpendicular  to  the  radius  vector  O  A' 
which  leads  to  the  corresponding  point  of  the  polar  curve.  The  first 
equation  can  be  interpreted  in  the  following  way:  We  plot,  once  for 
all,  on  our  sheet  the  curve  x'^y  =  1  (C  in  Fig.  285),  which  has  the  x-  and 
?/-axes  as  asymptotes.  Then  we  draw  A'B  parallel  to  x  {B  on  the  curve 
C)  and  through  B  a  straight  line  parallel  to  y,  this  vertical  intersects 
the  line  perpendicular  to  O  A'  at  the  point  A  on  the  power-required 
curve.  In  this  manner,  the  entire  power-required  curve  can  be  deduced, 
point  by  point,  from  the  polar  curve  of  the  wing.  In  particular,  the 
stalling  abscissa  and  the  point  of  mínimum  Pre/F-value  can  be  found 
immediately,  as  seen  in  the  figure. 

Essentially  the  same  procedure  can  be  followed  for  deriving  the 
dimensionless  power-available  curve  from  the  polar  diagram  of  the 
propeller  if  the  assumption  is  made  that  the  torque  moment  of  the  engine, 
Mbr,  is  constant  within  the  speed  range  under  consideration.  As  a  matter 
of  fact,  almost  all  performance  computations  are  carried  out  under  this 
assumption.  If  we  plot  again  the  propeller  polar  curve  toward  the  left 
so  as  to  have 

-^i  =  jT'  2/í  =  jT  (16) 

(for  the  definition  of  the  propeller  polar  diagram,  see  Sec.  XI.4),  the 
equilibrium  conditions 

M,r  =  Q  =  P^^'d'  =  P^JJ^'d' 
Pav  ^  TV  =  pCrnMW  =  p  ^  V'd^ 

can  be  transformed  by  using  a  new  velocity  unit 


(17) 


V.  =  ^^-^  (18) 


pd' 


and  the  dimensionless  variables 


Here,  V2  is  obviously  the  flight  speed  corresponding  to  the  valué  Cp/J^  =  1, 
and  yi  is  l/x  times  the  ratio  blade  tip  speed  to  V2,  if  the  propeller  speed 
is  computed  for  77  =  1,  P„„  =  P.     Introducing  Xi,  yx,  and  x[,  y[  in  (17)  we 
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find 


1        fíVy2TrMbrj^  .,r      , 


■m 


-P<  I  tT  )    ^^^Tjf  ^2  d'  =    -x\2irM,r  ^  X[ 


(20) 


This  gives  the  same  relations  between  Xi,  yi  and  x[,  y[  as  those  found  in 
Eq.  (15): 

x\y[  =1         and         |^  =  -x\x[  =  -  ^j  (21) 

Thus,  the  dimensionless  power-available  curve  could  be  derived  from  the 
propeller  polar  diagram  in  the  same  way  as  was  shown  in  Fig.  285  for 
the  power-required  curve. 

This  procedure,  however,  would  have  a  twofold  disadvantage.  First, 
while  the  valué  Cl  =  1  falls  into  the  usual  range  of  lift  coeíficients 
(about  O  to  1.5),  the  valúes  of  Cp/J"^  are  much  smaller  than  1.  This 
would  imply  that  far-distant  points  of  the  curve  x'^y  =  1  have  to  be  used, 
ün  the  other  hand,  we  wish  to  have  finally  both  Pre  and  Pav  plotted  in 
the  same  coordinate  system,  i.e.,  in  the  same  scales,  while  the  indicated 
method  would  use  abscissas  V/Vi  in  the  first  case  and  F/F2  in  the  second, 
etc.  Both  inconveniences  are  avoided  if  we  introduce,  instead  of  the 
original  propeller  polar  diagram,  a  distorted  one,  plotting 

rather  than  x'i  and  y[  as  defined  in  (16)  (see  Fig.  286).  If,  then,  the 
power  available  is  represented  in  the  coordinate  system  x,  y,  which  was 
used  for  Pre, 

V  P 

the  relations  between  x,  y  and  x' ,  y'  are  again  the  same  as  in  (15).  In 
fact,  introducing  (22)  and  (23)  in  (17),  we  have 

^^^"^       ^2tJ'   ^'\VJ   "^        ^27rJ2p^^^        ^^^^^'^ 

Pav   =   Pj^  VI  I  y-)     V^d'   =   PJI^  ^'"^"1^'   =    -X'XWVI 


whence  (15)  follows  immediately.  In  Fig.  286  the  transformation, 
according  to  the  procedure  already  explained  for  Fig.  285,  is  carried 
out  under  the  assumption  2d^/S  =  0.735,  Wd/irMbr  =  18.3.  This  cor- 
responds  to  an  engine  that  furnishes  600  hp.  at  n  =  36,  to  a  propeller 
diameter  d  =  10.5  ft.,  and  to  the  valúes  already  given  of  W  and  S. 
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Summarizing,  we  can  state  the  following:  The  polar  diagram  of  the 
plañe  and  the  polar  diagram  of  the  propeller,  the  latter  plotted  with  modified 
scales,  give,  when  suhject  to  the  same  simple  transformation  (15),  the  power- 
required  and  power-availahle  curves  in  dimensionless  form.  For  the 
power  available  the  method  is  restricted  to  the  assumption  that  the  engine 
supphes  a  sensibly  constant  brake  moment  within  the  speed  range  under 
consideration. 


fVd^ 


D/sforfed 
polar 
dicugram  of 
propeller 

A' 
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-X.  -  — —' 
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FiG.  286. — Power-availahle  dimensionless  analysis. 


1.5       !.8        2.0 


F*roblem  6.  Plot  the  polar  diagram  for  the  profile  represented  in  Fig.  278,  but 
with  the  aspect  ratio  8  instead  of  6,  and  deduce  the  dimensionless  power-required 
curve. 

Problem  7.  Develop  the  distorted  polar  diagram  and  the  dimensionless  power- 
ava¡lal)le  curve  for  the  propeller  represented  in  Fig.  281  and  the  data  of  Prob.  1,  with 
an  av(!rage  M\,r  =  760  ft.-lb. 

*Problein  8.  Develop  the  theory  of  the  dimensionless  power  diagram  for  the 
case  that  more  than  one  propeller  is  used.  Assume  (a)  two  equal  engines  with  equal 
propellers;  (6)  two  pairs  of  engines  and  propellers,  oach  pair  consisting  of  equal  pieces. 

4.  Discussion  of  Sea-level  Flight.  By  putting  together  the  two 
curves  of  power  reqiiircd  and  power  available  (Fig.  287),  important 
conclusions  can  be  reached.  It  was  seen  in  Sec.  1  of  this  chapter  that 
by  using  the  functions  Pr,{Y)  and  Pa/^)  the  three  equilibrium  conditions 
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for  level  flight  reduce  to  one:  Pav  —  Pre-  Therefore,  horizontal  flight 
at  a  constant  velocity  is  possible  if  and  only  if  the  ordinates  of  the  two 
curves  are  equal.  This  is  the  case  at  two  different  velocity  valúes 
where  the  Pre-  and  Pa«-curves  intersect.  We  cali  these  the  high  speed 
and  the  low  speed  of  level  flight.  It  will  be  seen  that  the  high  speed 
only  is  used  in  normal  flight.  The  respective  abscissas  are  marked  in 
Fig.  287  as  V'i  (lef t)  and  Vi  (right) .  As  we  have  learned  in  the  preceding 
section  how  the  two  power  curves  can  be  derived  from  airplane,  propeller, 
and  engine  data,   the  first  performance  problem,   which  asks  for  the 
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Fig.  287. — Powei-required  and  power-available  curves. 
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magnitude  of  level-flight  velocity,  is  solved,  except  for  the  ambiguity 
of  the  solution.  In  our  example,  as  given  in  the  previous  Figs.  279  and 
282  (fixed-pitch  propeller)  and  now  combined  in  Fig.  287,  the  two 
velocity  valúes  are  Y'i  =  122.5,  Vi  =  257  ft./sec. 

We  find  the  complete  answer,  which  eliminates  the  ambiguity,  by 
considering  first  the  slightly  modified  diagram,  Fig.  288.  Here,  the  left 
end  of  the  power-required  curve  is  a  little  changed  so  as  to  give  an  inter- 
section  A'  within  the  región  where  Pre  decreases  with  increasing  V.  In 
this  case,  the  total  range  of  possible  F-values,  from  stalling  speed  upward, 
can  easily  be  divided  into  three  distinct  parts,  from  Vst  to  V'i,  from  V¡ 
to  Vi,  and  from  Vi  upward.  In  the  first  and  in  the  third  of  these  inter- 
vals,  Pre  is  greater  than  Pav,  while  in  the  second  Pao  prevails.     According 
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to  Eqs.  (5)  and  (5')  the  inner  interval  is  a  región  of  climbing  (positive  é), 
and  the  two  outer  intervals  are  regions  of  descent  (negative  ??).  To  each 
V  there  corresponds  a  certain  angle  of  attack  a,  and  it  is  known  that  a 
decreases  when  V  increases. 

Now,  suppose  a  pilot  is  flying  at  the  high  speed  of  levelflight  and  wants 
to  change  to  a  slight  positive  chmbing.  What  he  can  actually  do  is  to 
opérate  the  elevator  in  such  a  sense  as  to  direct  the  nose  of  the  airplane 
upward.  In  the  first  moment,  before  the  velocity  is  changed,  the  air 
impinges  upon  the  wing  at  a  larger  angle  of  incidence  and  produces  an 
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FiG.  288. — Regions  of  direct  and  reversed  commands. 

increased  lift  and  an  increased  drag.  The  excess  in  hft  gives  the  plañe 
an  upward  acceleration,  while  the  increased  drag  slows  down  the  forward 
speed.  Thus  the  transition  is  found  to  a  new  state  of  steady  flight 
with  an  upward  component  of  velocity,  with  smaller  V  and  higher  angle 
of  incidence,  corresponding  to  points  5],  B2  of  the  power  curves  to  the 
left  of  yl.  As  seen  in  Fig.  289a  and  b  the  angle  through  which  the  plañe 
is  rotated  is  the  sum  of  t?  and  the  increase  in  incidence.  Exactly  the 
opposite  occurs  if  the  pilot  chooses  to  descend  and  turns  the  nose  of  the 
airplane  down.  The  new  state  of  steady  flight  then  corresponds  to 
points  Ci,  C2  of  the  power  curves  at  an  abscissa  to  the  right  of  A.  Figure 
289c  shows  how  the  angles  change. 

This  way  of  using  the  elevator  does  not  Icad  to  the  desired  effect 
in  case  the  pilot  is  originally  flying  at  the  low  speed  of  level  flight.     In 
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fact,  if  he  intends  to  climb  and  turns  the  airplane  nose  up,  he  will  lose 
speed,  as  before,  but  there  is  no  state  of  steady  chmbing  at  a  velocity 
lower  than  ¥[.  In  the  región  V  <  V'i  the  required  power  exceeds  the 
available  power  and  only  descent  is  possible.  In  order  to  change  from 
level  flight  to  a  chmb  the  pilot  would  have  to  push  the  elevator  stick 
forward  to  gain  speed  and  thus  créate  the  conditions  for  a  chmbing 
flight  corresponding  to  points  Di,  D2  of  the  power  curves  to  the  right  of 
A' .  This  phenomenon  is  known  as  the  reverse  of  commands.  As  to  the 
level-flight  speed,  we  have  reached  the  foUowing  conclusión: 

There  is  only  one  level-flight  speed  for  a  definite  airplane  with  definite 
power  plant  under  normally  working  commands.     It  corresponds  to  the 
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right-hand  intersection  of  the  two  power  curves  and  is  called  the  high  speed 
of  level  flight. 

The  situation  of  reversed  commands  subsists  for  all  flying  speeds 
to  the  left  of  a  certain  valué  Vm  between  V  and  V.  Let  us  suppose  a 
pilot  is  flying  upward  at  the  speed  V  indicated  in  Fig.  289,  i.e.,  with  a 
positive  climbing  rate 

an  -Lav  ■íre 

dt  W 


V  sin  § 


(25) 


and  he  wants  to  increase  this  rate.  Then,  the  normal  use  of  commands 
will  consist  in  pulling  the  stick  to  lift  the  nose  of  the  airplane.  This 
will  lead  to  the  desired  effect  if  a  smaller  velocity  and  a  higher  angle  of 
incidence  are  connected  with  a  higher  climbing  rate,  i.e.,  with  a  greater 
distance  between  the  two  power  curves.  Thus  it  is  seen  that  all  points 
to  the  left  of  the  abscissa  of  máximum  distance  between  the  power  curves 
are  points  of  reversed  commands.  Only  the  shadowed  área  in  Fig.  288 
can  be  used  for  normal  flight.     If  we  return  to  Fig.  287,  the  conditions 
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are  the  same  as  for  Fig.  288  at  least  in  the  F-range  from  Vi  down  to  V 
or  cióse  to  V'i.  One  cannot  reach  the  low  speed  of  level  flight  from  the 
región  of  normal  flight  without  passing  through  stages  of  reversed  com- 
mands.  The  slight  change  in  the  left  end  of  the  Prc-ciirve  cannot  have 
any  decisive  influence. 

What  is  said  here  about  the  use  of  commands  is  all  we  can  conclude 
from  considering  the  equilibrium  conditions  as  developed  in  the  present 
chapter.  Any  transition,  however,  from  one  state  of  motion  to  another 
is  a  nonuniform  motion  connected  with  accelerations.  From  this  point 
of  view  the  problem  will  be  discussed  later  in  Chap.  XVIII. 

The  limit  between  normal  and  reversed  commands  is  given  by  the 
abscissa  Vm,  which  obviously  is  the  velocity  of  greatest  climbing  rate. 
In  the  graph,  it  can  be  foimd  as  the  abscissa  where  the  two  power  curves 
have  parallel  tangents.  In  our  example  (Fig.  287)  we  have  Vm  =170 
ft./sec.  and  the  corresponding  P„„  =  230,000  ft.-lb./sec,  Pre  =  130,000 
ft.-lb./sec,  and  thus,  with  W  =  8000  Ib.,  (dh/dt)^..  =  12.5  ft./sec.  It 
is  seen  that  Vm  is  larger  than  the  abscissa  of  the  lowest  point  of  the 
Pr  e-curve. 

The  máximum  climbing  rate  must  not  be  confounded  with  the  máxi- 
mum climbing  angle  or  steepest  climbing  path.  To  find  the  latter  we 
had  better  use  the  curves  representing  T  =  Pav/V  and  Dto  —  Pre/V, 
which  are  preferable  to  the  power  curves  in  dealing  with  various  special 
questions.  Figure  290  shows  the  curves  for  our  example  (Fig.  287). 
Their  ordinates,  which  are  the  quotients  of  the  coordinates  of  the  power 
curves,  can  easily  be  f  ound  by  a  well-known  graphical  procedure.  Accord- 
ing  to  (3), 

sin  t?  =  ^^-^^  (26) 

Therefore,  the  points  of  máximum  distance  here  give  the  máximum  t?  and 
the  abscissa  F^  =  flying  speed  for  steepest  climbing.  In  our  example, 
V'^  =  146  ft./sec,  t?mai  =  4.6°.     In  general,  F^  will  be  smaller  than  Vm. 

Climbing  or  sinking  rates  can  be  computed  in  this  way  from  the  two 
power  curves  as  long  as  the  ú  involved  is  not  too  large.  Up  to  tJ^  =  + 15°, 
the  errors  are  negligible.  As  pointed  out  in  Sec.  1  of  this  chapter,  the 
errors  are  due  to  the  fact  that  in  plotting  the  Pre  vs.  F-curve,  L  was 
equated  to  W  instead  of  to  W  eos  d.  This  affects  the  abscissas  as  well 
as  the  ordinates  of  the  Pr«-curve.  For  ú^  =  30°,  the  correct  Pr^-curve 
would  corrcspond  to  a  weight  valué  reduced  by  13.5  per  cent.  If  we  plot 
the  modified  curve  (dotted  Une  in  Fig.  291),  which  gives  Pre  for  the  gross 
weight  0.865ÍF,  we  can  use  the  diagram — by  means  of  interpolation — 
up  to  angles  of  30°. 

The  Pav-curve  in  each  case  is  drawn  for  a  definite  engine,  with  a 
definite  throttle  setting.     If,  for  example,   a  curve  is  plotted  for  full 
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FiQ.  290. — Thrust  and  drag  vs.  velocity  of  flight. 
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throttle,  the  curves  for  part-throttle  opening  will  run  below  the  first  one. 
Using  an  80,  60,  or  40  per  cent  curve,  etc.,  would  give  all  information 
required  in  practical  computations.  Some  of  these  curves  are  shown  in 
Fig.  291. 

The  case  of  zero  power  (engine  shut  off)  is  of  particular  interest. 
In  this  case,  the  axis  of  abscissas  replaces  the  Pa«-curve,  and  the  cor- 
responding  flying  modes  are  called  gliding.  It  is  obvious  that  here  the 
difference  Pav  —  Pre  is  always  negative;  thus,  with  negative  ??,  sinking 
only  is  possible.  With  the  restriction  to  not  too  large  ??-values,  the 
ordinates  of  the  Pre-curve  are  immediately  a  representation  of  the  sinking 


300 
250 
200 
■1501- 
100 

50 

O 
-2° 

Fig. 


I6« 

\  F 

14» 

\ 

12° 

v^^^. 

"V 

I0°_ 

V         ^^^""--^^^ 

8° 

\„.,^_ 

""Tirxdr^"^    r 

- 

j 1 1 . 1 \ 1 

20 

-O 


0°     2°     4°     6°      8°      10°     12°     14°     16°     18°    20°   22° 

Cí 

291a. — Gliding  velocity  and  gliding  angle  vs.  angle  of  attack. 


rate.  The  slowest  sinking  is  given  by  the  abscissa  Vs,  where  Pre  has  its 
minimum.  The  flattest  gliding  occurs  at  V's,  where  a  tangent  from  the 
origin  contacts  the  curve.  In  our  example,  Vs  =  131,  V'g  =  172  ft./sec, 
and  the  corresponding  valúes  of  —dh/dt  and  of  ??  are  14.6  and  16.4  ft./sec, 
6.5  and  5.5°  (Fig.  291).  A  correction  of  these  valúes  with  respect  to 
CCS  1?  <  1  is  hardly  necessary. 

The  angles  of  incidence  of  the  various  states  of  motion  can  be  read 
off  in  our  diagram  if  there  is  added  to  the  F-scale  on  the  horizontal 
axis  the  a-  (or  a'-)  scale.  The  latter  scale  can  be  determined  by  the 
computations  that  lead  to  the  Pre  vs.  F-curve  according  to  the  procedure 
described  in  Sec.  2  of  this  chapter.  Gliding  angle  i?  and  velocity  V  vs. 
angle  of  attack  a  are  shown  in  Fig.  291a  in  the  range  up  to  about  —  i?  =  15°. 
The  conditions  of  gliding  under  higher  angles  have  to  be  computed  with 
due  consideration  of  the  modified  cquilibrium  equation  L  =  TT  eos  ??. 
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This  will  be  discussed  later  (Sec.  XVI.3)  in  connection  with  landing 
problems. 

For  a  further  discussion  of  the  performance  problem  we  have  to 
study  the  modifications  of  the  power  curves  due  to  changes  in  the  parameters. 
The  influence  of  p,  that  is,  of  altitude,  will  be  the  subject  matter  of  a 
particular  study  in  the  next  section.  Here,  we  shall  discuss  briefly  the 
influence  of  a  change  in  weight  and  in  wing  área  (or  wing  loading)  on 
the  Pre-curve  and  the  influence  of  a  change  of  propeller  diameter,  engine 
moment,  and  propeller  pitch  on  Pav 
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FiG.  292. — Pre-curves  for  varying  weight. 
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Let,  first,  the  weight  W  vary.  Equations  (a)  and  (6)  show  that,  if 
a  point  of  the  Pre-curve  is  identified  by  the  a-value,  its  abscissa  changes  in 
proportion  to  \/W  and  its  ordinate  proportional  to  \/W"^.  Accordingly, 
with  changing  W  all  points  of  the  curve  move  along  cubic  parábolas, 
i.e.,  along  curves  the  ordinates  of  which  are  proportional  to  the  cube 
of  the  abscissas  (Fig.  292).  The  figure  gives  the  P^e-curves  for  O.SOPF 
and  1.20Pr  corresponding  to  the  former  example.  Owing  to  the  increase 
of  the  ordinates  with  increasing  W,  the  climbing  rates  always  go  down. 
Thus  the  máximum  load  an  airplane  can  carry  is  determined  by  the 
requirement  of  a  certain  climbing  rate  for  the  start.  The  influence  of  a 
change  in  weight  on  level-flight  speed  is  much  smaller,  particularly 
for  fast  airplanes.     Tn  the  latter  case,  the  second  term  in  Eq.  (6),  namely, 
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V^Sp,  prevails  in  the  range  of  high  speed,  and  then  it  is  seen  that  the 
curve  Prc  "^  pSpV^/2  is  approximately  independent  of  W  (the  W  influ- 
ences  the  first  term  only,  through  Cd)-  In  general,  a  sHght  decrease  in 
level  speed  will  be  the  consequence  of  increased  W. 

If  the  weight  is  left  constant  and  the  uring  área  increased,  i.e.,  the 
wing  loading  diminished,  Eq.  (a)  shows  that  a  point  with^iven  a  moves 
toward  the  left,  its  abscissa  being  proportional  to  l/\/S.  In  Eq.  (6) 
the  first  term  is  proportional  to  l/\/^  also,  but  the  second  to  S~^;  thus 
the  ordinate  changes  in  the  same  sense,  but  at  a  higher  rate  than  the 
abscissa.     Figure  293  shows  the  Pre-curves  for  a  wing  loading  changed  by 
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FiG.  293. — Prf-curves  for  varying  wing  área. 
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±20  per  cent  as  compared  with  that  of  our  current  example.  The 
influence  on  level-flight  speed  is  small  (as  can  be  explained  as  for  the 
case  of  changing  weight).  The  máximum  climbing  rate  and  still  more 
the  range  of  admissible  Y  (range  between  máximum  climbing  and  high- 
speed  level  flight)  are,  in  general,  reduced  with  increase  of  the  wing 
loading  WI&. 

Turning  now  to  changes  in  the  available  power,  we  first  assume  a 
Jixed-pitch  propeller.  The  effect  on  Pav  of  a  change  in  engine  power 
(throttling  effect)  can  be  estimated  in  the  case  of  an  invariable-pitch 
propeller  in  the  sanie  way  as  the  influence  of  weight  on  the  required  power. 
We  use  the  assumption — approximately  correct  within  the  speed  range 
of  interest — that  the  brake  moment  Mbr  of  the  engine  is  independent 
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of  the  engine  speed. 


Then  we  obtain  from  Eqs.  (c),  (d),  and  (e),  with 


=>/S'  ^-^4 


2TMir 

pCpd' 


=   r,P,r   =   l2TM,r^^^,       (27) 


Here  Cp  and  rj  are  functions  of  the  advance  ratio  J.  It  follows  that  the 
forward  speed  V  is  proportional  to  y/Mbr  for  any  fixed  J  and  Pav  is  pro- 
portional  to  Mir  times  n,  that  is,  to  \/M^^.  Thus  each  point  of  the 
Pav  vs.  F-eurve  moves  along  a  cubic  parábola.  In  Fig.  294  the  power 
curves  for  the  moment  changed  by   ±20  per  cent  are  plotted.     It  is 
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FiQ.  294. — Pac-curves  for  varying  engine  brake  moment. 

immediately  seen  that  level-flight  speed  as  well  as  cHmbing  rates  increase 

with   Mbr. 

A  change  of  the  propeller  diameter  d,  with  the  brake  moment  Mbr 
unchanged,  has  a  similar  effect  on  Pav  as  had  the  change  of  wing  área 
on  Pre.  We  see  from  the  foregoing  equation  that  the  abscissa  V  of  a 
point  identified  by  its  J-value  changes  proportional  to  d~^'-.  On  the 
other  hand,  according  to  Eq.  (e),  with  constant  moment  Mbr,  the  Pa„-value 
is  proportional  to  n,  that  is,  to  d~^-.  Thus  both  coordinates  decrease 
with  increasing  d,  the  ordinates  at  a  higher  rate  than  the  abscissas. 
Figure  295  shows  the  power  curves  of  our  example  for  a  9  and  12  ft. 
propeller  diameter  as  compared  with  the  first  assumption  of  10^  ft.  It 
is  seen  that,  with  the  smaller  propeller,  level-flight  speed  and  climbing 
rate  are  higher;  but  it  should  be  noted  that  since  Mbr  is  assumed  to  be 
unchanged  the  engine  power  is  greater. 
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Finally,  the  influence  of  changing  the  propeller  pitch  on  the  Pav-curve 
should  be  discussed.  We  defer  the  discussion  in  detail  to  the  next 
chapter,  where  analytical  methods  of  performance  computation  will  be 
studied.  But  a  glance  at  Fig.  286,  which  gives  the  dimensionless  power 
curve  derived  from  the  propeller  polar  diagram,  reveáis  the  fact  that 
increasing  pitch  essentially  shifts  the  Pav  vs.  F-curve  toward  the  right. 
It  seems  obvious  that,  all  other  conditions  being  equal,  higher  pitch 
propellers  correspond  to  higher  flight  speed  valúes. 
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Fig.  295. — Por-curves  for  varying  propeller  diameter. 

The  case  of  a  variable-püch  propeller  with  the  engine  speed  kept  con- 
stant  is  governed  by  Eq.  (/)  and  the  definitions  of  the  advance  ratio  and 
the  efficienc}'-,  which  can  be  written  as 


Cs 

J 


=  'l 


pn^ 


2TvMb 


V  =  Jnd,         Pav  =  ■n2,TrnMbr 


(28) 


It  has  already  been  seen  how  the  Pa«-curve  can  be  derived  from  a  propeller 
chart,  including  the  Cs  vs.  J-  and  rj  vs.  /-curves  for  various  blade  settings. 
If  one  of  the  constants  p,  d,  n,  Mbr  is  changed,  the  whole  procedure  as 
already  described  must  be  repeatcd  in  order  to  find  the  modified  Pav  vs. 
F-curve.  Only  if  several  parameters  change  in  such  a  way  that  n'^d^/Mbr 
is  kept  constant  may  the  same  straight  line  through  the  origin  be  used, 
and  then  the  modified  Pa^-curve  can  be  found  by  stretching  the  abscissas 
of  the  original  curve  proportional  to  nd  and  the  ordinates  proportional  to 
nMbr-     Figure  296  shows  the  t/  vs.  J-curves  for  three  valúes  of  the  quantity 
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pnH^/Mhr-  This  family  of  curves  represents,  except  for  the  scales,  all 
Par-curves  that  can  occur  with  propellers  eharacterized  by  the  same 
propeller  chart. 

Problem  9.  In  Prob.  1  find  the  high  and  low  speeds  of  level  flight  and  the  máxi- 
mum climbing  rate.  Compute  the  angle  of  attack  and  the  advance  ratio  of  the 
propeller  for  each  of  these  three  states  of  flight.  In  the  state  of  high-speed  level 
flight,  what  are  the  ratio  of  wing  drag  to  total  drag  and  the  ratio  of  induced  drag  to 
total  parasite  drag? 

Problem  10.  Make  the  same  computations  for  a  gross  weight  of  5000  Ib.  and 
7000  Ib.,  respectively,  as  in  Prob.  2. 
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FlG.  296. — Pav/PbT  V.S.  J  for  vurious  valúes  of  Cs/J  (see  Figs.  283  and  284). 

*Problein  11.  Try  to  find  the  máximum  weight  that  the  airplane  of  Prob.  1  can 
carry  if  a  climbing  rate  of  3  ft./sec.  is  required. 

Problem  12.  How  are  the  answers  to  Probs.  9  and  1 1  affected  if  the  aspect  ratio 
of  the  wing  is  changed  from  6  to  8? 

Problem  13.  In  Prob.  1  assume  that  the  engine  power  for  all  n  is  (a)  reduced  to 
75  per  cent;  (Jo)  increased  to  125  per  cent  of  its  original  valué;  and  compute  the  change 
in  level-flight  speed  and  maximimi  climbing  rate. 

Problem  14.  In  Prob.  1  discuss  numerically  the  influence  of  a  change  in  propeller 
diameter  by  ±  1  ft. 

Problem  15.  If  in  the  example  in  the  text  two  variable-pitch  propellers  are  used, 
both  at  n  =  31,  find  the  propeller  diameter  that  gives  for  F=300  ft./sec.  the  same 
available  power  as  the  single  propeller. 

5.  Altitude  Flight.  The  most  important  modification  of  the  two 
power  curves  is  that  which  takes  place  when  the  air  density  p  is  changed. 
The  discussion  of  flight  at  higher  altitudes  is  based  on  this  modification. 
The  questions  to  be  answered  here  are,  first,  the  same  as  in  the  case 
of  sea-level  flight:  At  what  speed  can  we  fly  in  a  horizontal  path,  and 
what  is  the  highest  climbing  rate?     In  addition,  the  problem  of  ceiling 
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altitude  arises:  What  is  the  máximum  altitude  at  which  flying  with  a 
specified  airplane  is  possible? 

The  jnfluence  of  air  density  p  upon  the  power-required  curve  can 
easily  be  described  usingthe  Eqs.  (a)  and  (6).  We  multiply  each  of  these 
equations  by  \/(t  =  Vp/po-     Then  they  read 


VV^   =    y¡^^'  PreV^r    =    9  (V^^nSCo   +  >Sp) 


(29) 


It  is  usual  to  cali  the  two  products 

VV^    =     Vi  and  PreV^    =   -Prei  (30) 

the  indicated  speed  and  the  indicated  power  required,  respectively.     Upon 
introducing  these  quantities  the  equations  take  the  form 


Vi   =    ^^^  Prei    =    §  VKSCn  +  S,)  (30') 

The  two  expressions  to  the  right  are  now  identical  with  the  expressions 
given  in  Eqs.  (a)  and  (6)  for  V  and  P„  in  the  case  of  sea-level  flight,  i.e., 
in  the  case  p  =  po.  Thus  the  f oUowing  conclusión  has  been  reached :  The 
curve  representing  Pre  as  function  of  V  for  sea-level  conditions  coincides  with 
the  plot  of  Prei  vs.  Vi,  indicated  power  required  vs.  indicated  velocity,  for 
any  altitude.  This  result  can  also  be  put  in  the  following  form:  In 
order  to  obtain  the  Pre  vs.  7-curve  for  the  altitude  with  density  p,  both 
the  abscissas  and  the  ordinates  of  each  point  of  the  sea-level  curve  must 
be  multiplied  by  the  factor  -y/l/a-  =  y/po/p.  In  Fig.  297,  the  power- 
required  curves  are  shown  for  the  altitudes  10,000,  20,000,  30,000,  40,000, 
and  50,000  ft.,  corresponding  to  the  (r-values  0.74  to  0.15. 

Let  US  assume  for  a  moment  that  the  power  available  would  be  inde- 
pendent  of  p.  In  this  case,  it  is  seen  in  Fig.  297  that  the  high  speed 
of  level  flight  (right  point  of  intersection  of  the  two  power  curves) 
first  increases  Avith  increasing  altitude  and  later  becomes  smaller.  The 
distances  between  the  two  power  curves,  and  thus  the  máximum  climbing 
rate,  decrease.  There  is  a  definite  Pre-hne,  which  has  only  one  point  in 
common  with  the  Pai.-curve  (dotted  line,  in  our  case  corresponding  to 
<T  about  0.144,  that  is,  altitude  of  51,200  ft.).  On  this  line  the  high  speed 
and  the  low  speed  of  level  flight  coincide  and  no  positive  difference 
Pav  —  Pre  cxists.  At  thc  altitude  that  corresponds  to  this  Pre-curve,  no 
climbing  is  possible:  it  is  the  ceiling  altitude  he. 

The  curves  A  in  Fig.  298  show  the  level-flight  velocities  (high  speed 
and  low  speed)  as  well  as  the  máximum  climbing  speed  Wm  as  abscissas  to 
the  ordinates  h,  as  deduced  from  Fig.  297.  The  ceiling  valué  he  is 
characterized  by  two  properties,  w^  =  O  and  the  coinciding  of  high  and 
low  speeds.     Although  this  diagram  is  based  on  the  assumption  of  an 
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FiG.  297. — Power-required  curves  at  various  altitudes. 
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invariable   available  power,   it  shows   the   characteristic  traits   of  the 
diagram  for  actual  conditions. 

An  analj^sis  of  the  power-available  curve  for  varying  altitude  (varying 
p)  is  much  more  diíficult  than  that  of  the  power  required,  for,  as  was 
learned  in  Chap.  XIII,  the  reaction  of  an  internal-combustion  engine  to 
a  change  of  air  pressure  and  temperature  is  rather  comphcated.  Let  us 
first  take  up  the  case  of  a  nonsupercharged  engine  combined  with  a 
fixed-pitch  propeller.     As  a  first,   approximate  working  hypothesis  we 
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FiG.  299. — Performance  at  altitude  h,  short-cut  method. 
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assume  that  for  not  too  large  altitudes  h  the  brake-power  altitude  factor 
<p{h)  as  introduced  in  Eqs.  (10)  and  (11),  Chap.  XIII, 


^{h)  = 


MUh)       ypQi)  -  C 


0.15 


M6.(0) 


1  -  C 


0.85 


(31) 


can  be  applied  to  each  of  the  (shghtly  varying)  moment  valúes,  which 
correspond  to  the  various  points  of  the  power-available  curve  for  sea 
level.  If  we  then  consider  Eqs.  (c),  {d),  and  (e),  which  define  the  Pav  vs. 
F-curve,  either  in  their  original  form  or  rearranged  in  (27),  we  see  that 
for  a  given  valué  of  J  the  velocity  V  is  proportional  to  y/Mhr/p  and  Pav 
proportional  to  ilfbr  y/Mhr/p.  Thus,  if  all  valúes  for  sea  level  are  denoted 
by  the  subscript  zero. 


_F     ^         /Mbr  PO  Pav    ^Mir^        JM^r  PO  .OOA 

Vo    y¡Mo  p'      Po     Mo  yJMo  P  ^  ^ 

Introducing  the  ratios  a  and  (p  and  passing  to  the  indicated  valúes  of 
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velocity  and  power,  Vi  =  F\/o-,  Pav  %  =  Pav\/^,  we  find  that 

^  =  V^),         %-■  =  VÍW  (320 

V  o  jT  o 

This  means  that  each  point  of  the  Pav  vs.  F-curve  plotted  for  sea-level 
conditions  has  to  be  moved  on  a  cubic  parábola  through  a  distance  deter- 
mined  by  ipih).  By  using  this  short-cut  method  the  performance  compu- 
tation  for  any  altitude  can  be  carried  out  in  the  following  comparatively 
simple  way  (Fig.  299) : 

We  start  with  the  two  power  curves  for  sea-level  flight  and  note  that 
abscissas  and  ordinates  will  from  now  on  mean  V-\/a  and  P^a  instead 
of  V  and  P.  The  Pre-curve  remains  entirely  unchanged,  as  we  have 
already  learned,  To  find  the  Pai,-curve  for  any  altitude  h  we  compute 
the  valué  <p{h)  and  then  multiply,  for  each  point  of  the  sea-level  curve,  the 
abscissa  by  the  square  root  of  <p{h)  and  the  ordinate  by  the  third  power 
of  this  root.  This  is  carried  out  in  Fig.  299  for  the  altitudes  h  =  2500, 
5000,  7500,  10,000,  and  12,500  ft.  To  find  the  level-flight  speeds  (low 
and  high)  at  each  altitude,  w^e  have  to  take  the  points  of  intersection  of  the 
respective  Pa„-curve  with  the  invariable  P^e-curve  and  divide  the  abscissas 
by  -s/a.  Likewise,  the  máximum  climbing  rate  is  found  by  dividing  the 
greatest  vertical  distance  between  the  two  curves  by  W  s/a.  The  results 
of  this  analysis  for  the  numerical  example  taken  up  in  the  preceding 
section  are  given  in  the  following  table.  For  the  relation  between  a  and  h 
the  standard-atmosphere  (Table  I,  paga  10)  is  used. 


h  =       0 
Vi   =  257 
V'i  =  122.5 

2500 
251 

128 

5000 
245 
130 

7500 
238 
134 

10,000  ft. 
226  ft./sec. 
141  ft./sec. 

\dt  /mas 

10.1 

7.4 

4.9 

2.4  ft./sec. 

These  valúes  are  shown  in  the  curves  B  oí  Fig.  298.  It  will  be  noticed 
that  the  h  vs.  lüma^-curve  is  almost  exactly  linear.  The  ceiling  altitude  is 
found  by  interpolation,  or  from  the  curves  B,  to  be  12,400  ft. 

The  same  method  can  be  used  in  the  case  of  a  supercharged  engine 
where  <p{h)  is  to  be  replaced  by  unity  up  to  the  critical  altitude  and  then 
by  the  expression  (12),  Chap.  XIII, 

,,,       Mbr(h)        o- —  0.15     ,  ,        ,        ,„^, 

"('')=  3?¡X0)  =  ."r^^OJS     íor^<.„h>h     (33) 

where  o-i  is  the  density  at  the  critical  altitude.  The  results  of  this 
computation  are  shown  in  the  two  curves  D,  for  level-flight  velocity  and 
for  máximum  climbing  rate,  in  Fig.  298.     However,  the  working  hypothe- 
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sis  above  introduced,  which  led  to  what  was  called  the  short-cut  method, 
does  not  supply  a  sufficiently  good  approximation  when  higher  altitudes 
are  involved. 

In  fact,  in  order  to  derive  the  Pa„-ciirves  for  altitudes  A  >  O  directly 
from  the  Pa,;-curve  for  sea  level  we  had  to  assume  that  in  multiplying  the 
valué  ilfbr(O)  by  ípQi)  the  valué  Mbr(h)  is  obtained  that  is  valid  at  the 
same  advance  ratio  J.  This  is  not  the  exact  meaning  of  the  power- 
altitude  factor  <p.  As  was  stated  in  Chap.  XIII,  the  product  Mbr(0)<p{h) 
gives  the  brake  moment  at  the  altitude  h  for  the  same  engine  speed  n 
rather  than  for  the  same  advance  ratio.  As  long  as  it  can  be  assumed  that 
Mbr{0)  varies  only  slightly  with  n  and  <p(h)  is  not  too  far  from  1,  the 
difference  may  be  insignificant.     At  any  rate,  there  is  one  and  only  one 
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FiG.  300. — Performance  at  altitude  h,  P„,.-curves  derived  from  the  engine  chart. 

way  to  find  the  correct  solution  to  our  problem,  and  that  is  to  repeat  the 
construction  of  the  Pa^-curve  for  each  altitude,  using  for  each  h  the 
Mbrih)  vs.  n-  or  Pbr{h)  vs.  n-curve  of  the  engine  in  the  same  way  as  it 
was  done  for  h  =  0.  In  Fig.  300  these  Pai-curves  are  shown,  together 
with  the  Prt-curves,  the  latter  following  the  similarity  law  (similarity 
factor  Vo-)  a-s  already  stated.  The  Pa,-curves  in  Fig.  300  are  derived,  in 
the  way  described  in  Sec.  2  of  this  chapter,  from  an  engine  chart  giving 
the  curves  PbrQi)  =  (p(h)PbriO)  as  functions  of  n.  The  results  as  to 
level-flight  speeds  and  máximum  chmbing  rate  are  shown  in  the  curves 
C  of  Fig.  298.  It  is  seen  here  that  the  high  speed  of  level  flight,  the 
climbing  rate,  and  the  ceiling  altitude  all  have  slightly  smaller  valúes 
than  those  obtained  through  tlie  short-cut  method.  The  approximately 
linear  character  of  the  k  vs.  lü^-plot  (beyond  the  critical  altitude)  appears 
as  a  common  characteristic  in  each  approach. 
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In  discussing  the  resiilts  of  performance  computations  at  high  altitudes 
it  must  be  kept  in  mind  that  the  successive  points  on  a  power-available 
curve  correspond  to  increasing  engine  speeds.  On  the  curves  in  Fig.  300 
the  points  are  marked  for  which  n  equals  42.  It  is  seen  that  the  high 
speeds  of  level  flight  from  about  h  =  10,000  ft.  on  are  obtainable  only 
if  the  engine  is  allowed  to  exceed  that  limit.  It  is  different  for  the 
máximum  cUmbing  rate,  which,  in  all  cases,  is  reached  at  smaller  forward 
speeds  and  smaller  engine  speeds. 

From  a  knowledge  of  the  máximum  climbing  rate  Wm  at  each  altitude 
we  may  gain  an  approximate  picture  of  how  a  continued  climbing  flight, 
starting  at  sea  level  or  higher,  proceeds.     The  climb  will  be  represented 


5  ro  15  20  ZbP/ 

w.  ft.  per  sec. 

Fig.  301. — Graphical  integration  of  the  rate  of  climb  curve. 


by  a  graph  giving  the  altitudes  /i  as  a  function  of  the  time  i  needed  to 
reach  the  height  h  from  zero  level  on.  If  we  assume  that  all  eífects  of 
acceleration  can  be  disregarded,  the  h  vs.  ¿-curve  is  determined  by  the 
fact  that  its  derivative  (the  slope  of  its  tangent)  for  any  h,  coincides 
with  the  lüm-value  as  found  for  the  respective  In.  In  Fig.  301  it  is  shown 
how  the  climbing  diagram  can  be  derived  from  the  máximum  climbing- 
rate  curve  /i  vs.  w^.  A  point  P„  of  the  latter  curve  is  projected  into  P'„ 
on  the  horizontal  axis  and  then  this  F'^  connected  by  a  straight  line  to  a 
fixed  point  C  on  the  /i-axis;  the  element  Qn-\Qn  of  the  h  vs.  í-curve  at  the 
altitude  P„  has  the  direction  perpendicular  to  P^C.  Starting  at  the 
origin  O  and  fitting  together  small  straight  segments  the  directions  of 
which  correspond,  in  the  manner  just  described,  to  a  sequence  of  points 
Pi,  P2,  P3,  .  .  .  on  the  given  curve  one  obtains  the  polygon  Q0Q1Q2Q3 
.  .  .  ,  which  represents  the  h  vs.  ¿-curve.  The  time  scale  can  easily 
be  found  by  considering  a  motion  with  constant  velocity.     If,  for  exam- 
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pie,  the  point  C  is  connected  to  the  point  on  the  horizontal  axis  marked 
30  ft./sec,  the  perpendicular  through  O  to  this  straight  line  cuts  the 
horizontal  through  C  at  a  distance  CCi  that  corresponds  to  the  time 
OC:  30.  In  our  case,  since  OC  represents  the  altitude  30,000,  the  quo- 
tient  is  30,000:30  =  1000  sec.  In  this  way  the  points  marked  1,000, 
2,000,  .  .  .  on  the  upper  horizontal  in  Fig.  301  are  found. 

In  Fig.  302  the  two  climb  curves  for  our  example,  both  with  and 
without  use  of  a  supercharger,  are  shown.     They  can  be  found  in  the  way 
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-Climb  curves  for  the  numerical  example  of  the  text. 


just  described  or  by  means  of  any  other  graphical  or  numerical  method 
of  integration.^  The  graphs  for  Wm  are  taken,  respectively,  from  the 
curves  B  and  C  of  Fig.  298. 

It  can  be  seen  by  simple  reasoning  that  the  ceiling  altitude  cannot  be 
reached  within  a  finite  time.     In  fact,  it  follows  from 


Wr, 


dh 
di' 


dt  = 


dh 


Wr, 


t 


1 


dh 


(34) 


that  t  becomes  infinite  as  Wm  approaches  zero  under  a  finite  slope  of 
the  h  vs.  Wm-curve.  This  makes  it  unpractical  to  use  the  real  ceiling 
altitude  as  a  criterion  for  the  climbing  ability  of  a  plañe.  It  is  a  widely 
used  conven tion  to  introduce  the  service  ceiling,  defined  as  the  altitude  at 
which  the  máximum  climbing  rate  is  reduced  to  100  ft./min.  =  1.67 
ft./sec,  and  to  give  the  time  needed  for  reaching  this  altitude  as  a 
criterion  of  climbing  ability.  The  service  ceiling  can  be  read  off  from 
1  For  a  rapid  method  of  integration  see  Sec.  XVI. 5. 
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the  h  vs.  «;„rcurve  before  the  integration  is  carried  out.     In  oiir  two 
cases  the  service  ceiling  is  seen  to  be  11,100  and  26,950  ft.,  respectively, 
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FiG.  303. — Climbing  rates,  level-flight  velocities,   and  climb  curves  for  a  weight  of   (a) 
9600  Ib.,  (6)  8000  Ib.,  (c)  6400  Ib. 
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FiG.  304. — Controllable-pitch  propeller;  indicated  power  available  for  various  altitudes, 

and  the  time  needed  to  reach  it,  as  found  by  the  integration  process,  is 
33.5  min.  in  the  first  and  44  min.  in  the  second  case. 
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It  is  to  be  expected  that  high-altitude  flight  is  strongly  influenced 
by  a  change  of  weight.  The  answer  to  this  problem  is  supplied  by  combin- 
ing  the  power-required  curves  for  overweight  and  underweight,  as  devel- 
oped  in  Fig.  292,  with  the  power-available  curves  for  various  altitudes  as 
given  in  Fig.  299  or  300.  The  results  for  the  nonsupercharged  engine 
are  shown  in  Fig.  303.  One  group  of  curves  gives  the  level-flight  velocity 
Vi,  the  second  the  máximum  cUmbing  rate  Wm  for  all  altitudes  and  the 
gross  weight  valúes  0.80TF,  W,  and  1.20W.  The  three  curves  starting 
at  the  origin  are  the  integrated  climb  curves  h  vs.  t  for  these  three  cases. 

In  the  case  of  a  variable-pitch  propeller  with  engine  speed  kept 
constant,  the  answer  to  the  problem  of  altitude  flight  can  be  found 
only  by  the  repeated  construction  of  the  Pa„-curve  for  each  altitude. 
It  is  not  possible  in  this  case  to  derive  the  modiñed  Po¡,-curve  directly 
from  that  for  o-  =  1;  instead,  one  must  go  back  to  the  propeller  chart. 
This  chart  supplies  the  family  of  17  vs.  J-curves  for  constant  pnH^/Mhr 
as  shown  in  Fig.  296.  Now,  for  each  altitude  the  valué  of  p/M^r  and 
consequently  that  of  pnH^/Mbr  is  supposed  to  be  known.  We  have  to 
take  the  respective  77  vs.  J-curve  and  multiply  the  abscissas  by  nd  \/(t 
and  the  ordinates  by  2Tr7iMj„(h)  -y/a  in  order  to  find  the  power-available 
curve  in  the  diagram  of  indicated  valúes  V  y/a  and  Pav  a/o--  This  is 
shown  in  Fig.  304  for  the  altitudes  h  =  10,000,  20,000,  and  30,000  ft. 
on  the  basis  of  the  propeller  chart  used  in  Fig.  296  and  the  valué  of 
<p{h)  =  Mbrih)/MbM  given  in  Eq.  (10),  Chap.  XIII. 

Problem  16.  Apply  the  short-cut  method  to  compute  the  level-flight  vclocities 
and  máximum  climbing  rales  at  all  altitudes  for  the  example  of  Prob.  1.  Assume  th(í 
engine  not  supercharged  and  the  brake  power  decreasing  with  <p  =  lA5a  —  0.15. 

Problem  17.  How  do  the  results  of  Prob.  16  change  if  the  engine  is  supercharged, 
the  critical  altitude  being  10,000,  20,000,  or  30,000  ft.? 

Problem  18.  Apply  the  correct  method  to  solve  Prob.  16,  using  the  same  formula 
for  (p,  and  compare  the  results  with  those  of  the  short-cut  method.  Make  the  same 
comparison  in  the  cases  of  supercharged  engines,  Prob.  17. 

Problem  19.  Plot  the  climb  curve  h  vs.  t  for  one  of  the  examplcs  for  which  ?/'„,  vs.  h 
has  been  found. 

*Problem  20.  In  the  case  of  a  nonsupercharged  engine  the  maximimi  climbing 
rate  w;„,  can  be  assumed  to  drop  linearly  from  the  ground  valué  Wo  to  zero  at  the  ceiling 
altitude  hr.  Givo,  under  this  assumption,  the  expressions  for  the  service  altitude  hg 
and  the  time  íg  needed  to  reach  it. 


CHAPTER  XV 
ANALYTICAL    METHODS    OF   PERFORMANCE    COMPUTATION 

1.  Analytic  Expressions  for  the  Power  Curves.  In  Sec.  XIV. 2 
graphical  methods  were  developed  for  deriving  the  power-required  curve 
from  the  wing  characteristics  and  the  power-available  curve  from 
propeller  and  engine  charts.  These  methods  are  equivalent  to  certain 
transformation  formulas  that  were  given  in  Sec.  XIV.3,  under  the 
restriction  that  the  brake  moment  of  the  engine  can  be  considered  inde- 
pendent  of  the  engine  speed.  If  this  restriction  is  maintained,  the  engine 
chart  (for  full  throttle)  is  replaced  by  giving  the  constant  brake  moment 
Mq  at  sea  level  and  the  function  <p(h),  which  was  introduced  in  Eq.  (10), 
Chap.  XIII,  as  the  power-altitude  factor: 

M,r    =    <pQl)Mo  (1) 

In  order  to  obtain  now  a  full  analytical  representation  of  the  power 
curves  one  has  to  introduce  analytic  expressions  for  both  the  wing  and  the 
propeller  characteristics.  As  only  approximations  can  be  used  to  this 
end,  it  is  obvious  that  the  analytical  method  of  performance  computation  is 
less  accurate,  in  principie,  than  the  graphical  one.  Its  advantage  is  to 
supply  the  results  in  the  form  of  functions  of  the  data  and  thus  to  allow  a 
much  easier  discussion  of  the  various  influences. 

Let  US  first  take  up  the  representation  of  the  power-required  curve. 
In  Eqs.  (3)  and  (5),  Chap.  VII,  empirical  expressions  were  given  for 
lif t  and  drag  coeííicients  of  an  airf oil  below  the  stalling  angle : 

Cl  =  ka',         Co  =  a-hj  a'-  (2) 

By  eliminating  a  (the  angle  of  incidence)  the  equation  of  the  polar 
diagram  is  found  in  the  form 

f  2 

Cj,  =  a  +  ^  (3) 

This  represents,  as  we  know,  a  parábola  with  its  vértex  on  the  C^-axis  at 
the  distance  a  from  the  origin.  The  constant  a  is  the  drag  coefficient 
for  zero  lift.  The  three-dimensional  ^^'ing  theory  suggests  that  in  the 
case  of  a  single  wing  (monoplane)  with  elliptic  lift  distribution  the 
product  tM  (M  =  aspect  ratio)  shall  be  set  for  6.  This  was  shown  in 
Sec.  IX. 5  [see,  in  particular,  Eq.  (19)  in  that  section].     In  the  performance 
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computation  a  much  more  general  use  is  made  of  Eq.  (3).  It  is  assumed 
that  the  Cl  vs.  C^-curve,  that  is,  the  polar  diagram,  can  be  sufRciently 
approximated,  in  the  range  below  stalling,  by  a  parábola  of  the  form  (3), 
even  if  the  lifting  system  is  a  multiplane  with  any  lift  distribution.  The 
valúes  a  and  b  are  then  taken  from  the  experimental  draft,  i.e.,  by  drawing 
the  parábola  that  fits  best  the  empirical  curve  (Fig.  305).  If  JR  is  an 
appropriately  defined  aspect  ratio,  the  square  root  of  the  ratio  h/ir/R  is 
often  called  Munk's  span  factor.     This  adaptation  factor  includes  both  the 
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Fig.  305. — Polar  diagram  of  a  rectangular  airfoil  (Clark  Y-profile,  aspect  ratio  6). 


reduction  from  multiplane  to  monoplane  and  the  influence  of  modified  lift 
distribution,  etc.  (see  Sec.  IX. 6).  Usual  valúes  of  hlirlR  f or  monoplanes 
are  0.90  to  0.95. 

Beyond  the  stalling  point  the  polar  curve  may  be  considered  as  a 
horizontal  straight  line. 

For  the  purpose  of  performance  computation  we  have  to  know,  besides 
the  wing  characteristics,  the  valúes  of  weight  IT,  of  wing  área  &,  and  of 
parásita  área  iSp.     Using  the  notations  introduced  in  Eq.  (13),  Chap.  XIV, 


we  have  now 


-x'  =  Co^ 


& 


íiip 


y'  =  Cl 


a^'  =  a  +  ^  +  V  =  a'  +  V 


(4) 
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where  a'  =  a  -\-  (Sp/S).  This  relation  must  be  introduced  in  the  for- 
mulas given  in  Chap.  XIV  for  transforming  the  polar  diagram  x',  y' 
into  the  power-required  curve  x,  y.  Using  the  first  two  equations  (15), 
Chap.  XIV,  we  find 

y'  =  ^.,      y-  -^'^'  =  ^' («'  +  t)  =  '" G'  +  ¿)      (^) 

The  last  expression  for  y,  which  can  be  written  as 

y  =  a'x^  +  ^  {A) 

representa,  in  dimensionless  form,  the  power-reguired  curve  that  will  be 
used  throughout  the  present  chapter.  In  fact,  according  to  the  defini- 
tions  in  Eq.  (12),  Chap.  XIV,  x  stands  for  V  and  y  for  P,e. 

V  P  ¡2W 

Going  back  to  the  original  variables  V  and  Pre,  we  can  write  Eq.  (A)  as 

Pr.  =  W  (1;  7^  +  ^  ^)  (A') 

The  two  coefEcients  Vl/a'  and  Vl/b,  which  have  both  the  dimensión 
of  a  velocity  squared,  are  proportional  to  the  wing  loading  W/S  and 
inversely  proportional  to  the  density  p  or  the  density  ratio  a.  Thus 
W.  B.  Oswald,  who  was  the  first  to  apply  in  a  systematic  way  the  para- 
bolic  expression  (3)  in  the  performance  calculation,  introduced  two  load- 
ing factors,  or  loadings,  Xp  and  Xs  by  the  foUowing  definitions: 

--       (7) 
cr 

The  product  a'S  equals,  according  to  the  definition  of  a',  the  sum 
Sp  =  aS  -\-  Sp  and  can  therefore  be  considered  as  a  combined  parásita 
área  Sp  of  the  airplane,  including  the  parasite  drag  of  the  wing  as  well  as 
of  all  other  parts,  like  fuselage,  tail,  and  landing  gear.  Except  for  the 
factor  2/po  which  is  an  absolute  constant, 

_  2  W  _  2  W 

Po  a  o       po  ijp 

is  the  weight  per  unit  of  parasite  área  and  may  therefore  be  called  the 
parasite  loading.  On  the  other  hand,  the  theoretical  valué  of  bS  in  the 
case  of  a  monoplane  is  t/RS  =  irB-,  where  B  denotes  the  wing  span.  In 
general,  one  may  introduce  an  effective  span  Be  (equal  to  actual  span 
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times  Munk  factor)  by  setting  bS  =  tBI.     Then 


Po 


bS 


Po  TT 


J5^ 


(7") 


represents,  except  for  the  absolute  constant  2/po,  the  weight  per  unit  of 
a  circular  área  of  the  radius  Be.  This  is  why  the  expression  span  loading 
is  in  use  for  Xs. 

Introducing  (7)  we  find  a  third  form  of  Eq.  (A)  or  (A'), 

'  -í   re 

w 


y^  ,  1  x« 

=  ^x7  +  - 


a  7 


{A") 


Whether  we  use  Eq.   (A),   (A'),  or  (A"),  the  shape  of  the  power- 
required  curve  can  easily  be  described.     The  first  term  on  the  right-hand 
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FiG.  306. — Power-required  curve,  analytical 


300 


side  gives  a  cubic  parábola  (1  in  Fig.  306)  starting  at  the  origin  with 
horizontal  tangent  and  passing  toward  infinity.  The  second  term  sup- 
plies  a  hyperbola  (2  in  Fig.  306)  starting  at  infinity  and  dropping  to  zero 
with  increasing  abscissas.  The  solid  line  in  Fig.  306  corresponds,  to  the 
right  of  the  point  St,  to  the  sum  of  the  two  terms  1  and  2.  Beyond  the 
stalling  point  where  a  constant  Cl  and  thus  constant  V  are  assumed, 
the  curve  is  replaced  by  a  vertical  straight  line.  The  whole  shape 
of  the  curve  is  then  seen  to  be  in  satisfactory  agreement  with  what  was 
found  in  the  preceding  chapter  by  graphical  methods. 
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For  the  dependence  on  altitude  we  find,  multiplying  by  \/a, 

PT       ~        Xp       "^  FV^  TF        X,  ^  7,      ^"^    ^ 

which  confirms  that  the  relation  between  the  indicated  valúes 

Pre  i    =   Pre\^  SLUd  Vi    =    V\/(7 

is  the  same  as  that  between  Pre  and  V  in  the  case  a  =  í. 

We  turn  now  to  an  analogous  analysis  of  the  power-availahle  curve 
in  the  case  of  a  fixed-pitch  propeller.  As  a  starting  point,  we  take  the 
formulas  developed  in  Sec.  XI.4  for  the  thrust  and  power  coefficient  Ct 
and  Cp  of  a  propeller  under  the  assumption  of  a  representative  blade 
element  at  a  distance  r  from  the  axis.  Denoting  the  blade  área  b}'  Sp 
(instead  of  A)  and  keeping  all  the  other  notations  of  Chap.  XI  unchanged, 
we  write 

Ct  _  i  SpCl  eos  y  —  Cd  sin  y         Cp  _  ^Sp  2-7rr  Cl  sin  y-\-CD  eos  y     .^. 

In  these  equations  we  introduce  y  =  ^~a  =  ^'  —  a'  and  consider 
the  angle  of  incidence  a'  as  small  so  as  to  have  sin  a'  =  a',  eos  a'  =  1. 
(It  should  be  remembered  that  /3'  is  the  blade  setting  angle  with  respect 
to  the  zero  lift  direction  of  the  blade  profile.)  Consequently,  we  have 
to  take  Cl  =  ka'  (below  stalling),  and  Cd  which,  in  general,  would  be 
of  the  form  (3)  has  to  be  identified  with  the  first  constant  tei-m  since  C^ 
is  of  second  order  in  a'  and,  moreover,  the  denominator  h,  which  is  pro- 
portional  to  the  aspect  ratio,  has  a  rather  large  valué.  The  constant 
term,  i.e.,  the  zero  lift  drag  coefficient  of  the  propeller  profile,  may  be 
called  ap  and  considered  as  a  quantity  of  the  order  a'.     Thus,  upon  using 

Cl  —  ka',         sin  7  =  sin  |S'(1  —  a'  cot  /?')  .„s 

Cd  =  ap,         eos  y  =  eos  ,8'(1  +  a'  tan  ¡3')  ^  ^ 

the  two  expressions  (8)  become,  if  terms  of  second  order  in  a'  are  neglected, 

Ct  _  Sp  ka'  eos  ^'  -  ap  sin  ^'  Cp  _  Sp^2Trr  ka'  sin  ^'  +  ap  eos  0' 

T-~  2d^  sin^  /3'  '         /2  -  2rf2    d  sin2  /3' 

(10) 

The  two  ratios  Ct/J"^  and  Cp/J'^  were  used  in  Sec.  XIV. 3  in  the  defini- 
tion  (22)  of  the  dimensionless  quantities  x'  and  y' .  Accordingly,  we  now 
have 

,  _        Sp  ka'  eos  /3'  —  ap  sin  /3'  ,  _  Sp  Wr  ka'  sin  fi'  +  ap  eos  /3' 

^"""^  ^^^'  '         '^"^Wbr  ^^'  ~ 

(11) 
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In  order  to  find  the  equation  of  the  distorted  polar  diagram  of  the 
propeller  as  used  in  Sec.  XIV. 3,  we  have  to  eliminate  a'  from  these  two 
equations.  Multiplying  the  first  by  Wr/Mbr  and  sin  ^',  the  second  by 
eos  /3',  and  adding  both,  we  find 


Wr    ,    .     ^,    ,      ,         .,       Sp  Wr      ap 
Jhr^  sm/3   +y  cos/3   = -^  jj¡;  ^^^^ 


(12) 


This  Unear  equation  or  the  straight  Une  that  it  represents  takes  the 
place  of  the  parábola  (4)  in  the  case  of  the  power-required  analysis.     Tf 
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X  = 


the  polar  curve  of  the  propeller  is  given,  the  best-fitting  straight  line 
would  supply  appropriate  valúes  for  the  coefficients  of  Eq.  (12)  (see 
Fig.  307). 

The  last  step  consists  in  transforming,  according  to  the  transformation 
formulas  (15),  Chap,  XIV,  the  variables  x',  y'  into  x  and  y,  which  are  the 
(limensionless  representatives  of  V  and  Pav  Writing  1/x^  for  y'  and 
-y/x^  for  x',  as  stated  in  Eq.  (15),  Chap.  XIV,  and  multiplying  both 
sidas  of  (12)  by  x^,  we  find  that 


Wr       ■     of   ^  ar       Sp  Wr     ap       , 

-^rj-  y  Bm  ^'  -\-  X  eos  ^'  =  ^-^-j-   .  x^ 


I 
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and,  finally,  solving  for  y, 

1 


Mbr      .  r,,         apS 


Wr 


S     sin»  13 


7  X' 


(B) 


This  is  in  dimensionless  form  the  equation  of  the  power-available  curve 
for  an  engine  of  constant  brake  moment  with  a  fixed-pitch  propeller.  If 
we  go  back  to  the  original  variables  V  =  xVi  and  Pav  =  yWVi,  the 
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350  V 


equation  reads 


P     = 


Mb, 


jjV- 


apSp     W  y^ 

3/    T/2     •'^ 


{B') 


r  tan  ^'  '        S  sin»  /3'  7? 

It  is  seen  from  (B)  and  (B')  that  the  power-available  curve  can  be 
found  by  subtracting  from  the  ordinates  of  a  straight  Une  through  the 
origin  the  ordinates  of  a  cubic  parábola  (Fig.  308).  If  we  take  into 
account  the  valué  of  Ff  =  2W/pS  and  introduce  in  analogy  to  (7)  two 
new  loadings 

2     W 


sin»  /3', 


Po  apSp 

Eq.  (B')  takes  the  form,  according  to  (1), 

p 

w 


Wr 

Xo  =  j^^  tan  /3' 


f^V  -a- 
Xo  Xp 


(13) 


(B") 


The  propeller  parasite  loading  \p  is  in  obvious  analogy  to  the  Xp  as 
defined  in  (7').     Except  for  the  factor  sin»  /3',  the  parasite  área  of  the 
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airplane,  S^,  is  replaced  bj^  apSp,  which  can  be  considered  as  the  parasite 
área  of  the  propeller.  The  propeller  power  loading  Xo  is  dimensionless 
and  connected  with  the  power  loading,  which  will  be  introduced  later. 
As  seen  from  Eq.  (12),  Xo  is  the  slope  of  the  distorted  propeller  polar 
curve,  taken  at  sea  level,  or  of  the  straight  line  approximating  this 
curve.  On  the  other  hand,  the  valué  of  \/x'  at  ?/'  =  O  gives,  when 
multipHed  by  2TF/»Spo,  the  magnitude  Xp. 

Finally,  multiplying  both  sides  of  Eq.  {B")  by  \/(r,  we  obtain  the 
form  of  the  power-available  expression  corresponding  to  Eq.  {A'"). 


Here,  of  course,  the  conclusión  that  the  relation  between  the  indicated 
variables  Pav  i  and  Vi  is  the  same  for  all  altitudes  cannot  be  drawn,  owing 
to  the  power-altitude  factor  <pih).  We  learn,  however,  that  only  the 
linear  term  on  the  right-hand  side  is  aífected  by  the  change  of  altitude, 
i.e.,  only  the  slope  of  the  straight  line  (Fig.  308)  which  determines  the 
main  part  of  Pav 

Summarizing  the  results  of  this  analysis  we  maj'  state  the  following: 
With  the  usual  simplifications  for  wing  and  propeller  characteristics,  the 
analytic  expression  jar  Pre  appears  as  the  sum  of  a  cuhic  term  (main  term, 
depending  on  the  parasite  área)  and  a  term  proportional  to  1/V;  the  expres- 
sion for  Pav,  as  the  difference  of  a  linear  term  (main  term,  determined  by  the 
propeller  mA)ment)  and  a  term  proportional  to  V^. 

All  this,  of  course,  is  restricted  to  the  condition  that  the  wing  and  the 
propeller  are  Avorking  below  stalling. 

Problem  1.  Derive  Eq.  {A")  directly  from  the  equilibrium  conditions,  using  the 
assumptions  (2)  aboút  lift  and  drag  coeflRcients,  withoiit  referring  to  the  transforma- 
tion  formulas  of  Sec.  XIV.3. 

Problem  2.  Compute  the  expression  for  Pre/W  as  a  function  of  V  in  the  case  of  a 
monoplane  with  32  \h./ii.^  wing  loading,  aspeot  ratio  7.4,  and  wing  profile  according 
to  Fig.  116  in  Chap.  VIL  Assumo  that  the  frontal  área  of  the  fuselage  (with  the 
parasite  drag  coefficient  0.11)  is  one-fifth  the  wing  área  and  that  it  contributos  70  per 
cent  of  the  total  parasite  área  of  the  plañe. 

Problem  3.     If  instead  of  \p  and  Xj,  so-called  "engineering"  forms  of  the  loading, 

are  used,  determine  their  dimensions  and  show  that  the  numerical  relations,  in  foot- 
pounds  per  second,  are 

Xp  =  841.0 /p,         X,  =  267.7/. 

Problem  4.  Compute  the  power  available  curve  for  an  airplane  of  8000  Ib.  gross 
weight  with  an  engine  supplying  600  hp.  at  2000  r.p.m.  (at  sea  level).  Assume  that 
the  propeller  is  equivalent  to  an  airfoil  element  of  3.6  ft.''  área,  with  Clark  Y-profile, 
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working  at  a  distance  r  =  3.4  ft.  from  the  axis  and  set  at  such  an  angle  that  at  the 
forward  speed  V  =  250  ft./sec.  the  slip  is  about  20  per  cent. 

Problem  6.  Give  the  analytic  expressions  for  total  drag  and  propeller  thrust 
following  from  Eqs.  {A")  and  {B").  Try  to  find  a  simple  direct  derivation  for  the 
expression  of  T. 

2.  Gliding.  Level  Flight  with  Given  Power.  In  this  section,  qiies- 
tions  will  be  discussed  that  can  be  answered  without  knowing  the  shape 
of  the  power-available  curve.  This  is  the  case,  particularly,  for  gHding 
flight  with  the  engine  shut  off . 

It  was  learned  in  Chap.  XIV  that  with  Pav  —  O  the  sinking  rate  of  an 
airplane  equals  the  quotient  Pre/W.  Thus,  iipon  using  Eq.  (A"),  the 
sinking  rate  at  the  altitude  h  is  determined  by 

where  a  is  considered  a  known  function  of  h.     The  smallest  sinking  rate  at 
given  h  is  found  by  differentiation  with  respect  to  V: 

y     1  X.,      .        „       ^/xX 


■I 


If  this  V  is  introduced  in  Eq.  (14),  we  obtain 

On  the  other  hand,  the  ghding  angle  z?  can  be  computed  from 

Ws  =  V  sin  ??, 
thus: 

^r^sin^  =  a^  +  -^.  (17) 

Ap        a  V^ 

The  slope  of  flattest  gHding  follows  by  differentiation, 

and,  combining  (18)  with  (17), 

t?.^  -  (sin  éU-^  =  ^  ^^  =  2  ^  (19) 

Thus  it  is  seen  that  the  mínimum  sinking  rate  increases  with  altitude, 
proportional  to  l/\/a,  while  the  angle  of  flattest  gliding  remains  unchanged ; 
both  quantities  depend  on  the  parasite  and  span  loading  factors  Xp  and  Xs. 
Besides,  it  follows  from  (15)  and  (18)  that  the  forward  speed  at  the 
flattest  gliding  is  \^  =  1.32  times  as  great  as  the  forward  speed  at  the 
lowest  sinking  rate. 
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Another  important  problem  that  can  be  solved  independently  of  the 
shape  of  the  Pai-curve  consists  in  finding  the  level-flight  speed  in  the  case 
in  which  the  actual  valué  of  power  available  in  level  flight  is  given. 
Assume  that  the  brake  power  Po  of  the  engine  and  the  efficiency  770  of  the 
propeller,  both  for  the  conditions  of  sea-level  flight,  are  known  in  advance. 
Then,  for  this  particular  mode  of  flight  we  have 

Pav    =   Pre    =    vJ'o  (20) 

and  this  substituted  in  Eq.  (A")  gives,  with  o-  =  1, 

If  this  equation  is  solved  for  F,  the  speed  Yi  of  sea-level  flight  is  obtained. 
It  is  usual  to  introduce  here  a  third  loading  factor,  the  power  loading 

W 

Evidently,  1/Xi  has  the  dimensión  of  a  velocity.  Numerical  valúes  for 
\t  will  be  discussed  in  Sec.  4  of  this  chapter.  Upon  writing  Vi  for  V  in 
(21)  this  equation  becomes 


To  solve  Eq.   (23)  we  may  introduce  a  dimensionless  substitute  z 
for  the  unknown  Vi  by  setting 


z  =  Vi  ^/—         or         Vi  =  z 

\  Al, 


^¡t  (24) 

This  transforms  (23)  into 

2(1  -  z')  =  \^t  J^  =  K-''^Xs\t^^  (25) 

The  expression  on  the  right-hand  side  is  known  as  the  fundamental 
performance  parameter  A : 

A  =  \jr'^--%\t'^^  (26) 

It  is  seen  that  A  is  a  dimensionless  quantity.  The  numerical  discussion 
that  follows  in  Sec.  4  will  show  that  A  has  in  all  practical  cases  small 
valúes,  not  exceeding  0.20.  Equation  (25),  which  has  to  be  solved  for  z, 
takes  now  the  simple  form 

z  -  z^  =  A  (25') 

The  function  z  —  ^'^  is  plotted  against  z  in  Fig.  309.     It  vanishes  at 
z  =  O  and  z  =  í  and  in  between  has  positive  valúes,  the  máximum  of 
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which  is  I  X  4"*^^  =  0.472.  On  each  horizontal  line  with  an  ordinate 
smaller  than  0.472  there  are  two  points  of  intersection  with  the  curve.  For 
A-values  smaller  than  0.20,  one  point  is  found  cióse  to  2  =  O  and  another 
point  near  to  2:  =  1.  Only  the  latter,  which  corresponds  to  the  high  speed 
of  level  flight,  is  of  interest  since  our  expression  for  Pre  loses  its  validity 
for  small  velocities,  as  was  mentioned  in  the  preceding  section.  The 
abscissa  z  of  the  right-hand  point  can  be  found  in  the  following  w^ay: 
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As  z  is  near  to  1  and  A  a  small  quantity,  we  may  write  z  =  I  +  CiA  where 
Ci  is  an  undetermined  constant.  Introducing  this  in  (25')  and  neglecting 
higher  powers  of  A,  we  find  since  (1  +  CiA)*  =  1  +  4ciA  +  GcfA^  +  •  •  •  , 

(1  +  CiA)  -  (1  +  4ciA)  =  A,         that  is,  Ci  =  -  i 

Thus  1  —  A/3  is  a  first  approximation  for  z.  To  find  a  better  one,  we 
now  assume  z  =  1  —  A/3  +  C2A2,  introduce  this  in  (25'),  and  neglect  all 
terms  of  higher  than  second  order.     This  gives 


(l-f  +  .A=)-( 


.        4A    .    6A2  ; 

1    -   -g-    +   -g-    +   4C2A2 


=  A,  that  is,  C2  =  — 


In  this  way,  we  may  continué  and  compute  another  term,  etc.    The  result  is 

20  A  3 


_      _  A  _  2A2 
^  ~  3  9 


81 


(270 


The  fourth  term  cannot  exceed  0.002,  and  in  most  cases  even  the  third 
term  is  negligible. 

Returning  to  (24)  we  find  the  speed  valué  Vi  for  sea-level  flight 


^-•'-"-|-¥- 


(27) 


expressed  in  terms  of  the  three  loading  factors  Xp,  Xs,  X^  or  of  two  of  them 
and  A.     Cutting  oíf  the  power  series  after  the  second  term  w^ould  mean 
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that  the  curve  z  —  z*  is  replaced  by  its  tangent  at  2  =  1.  A  glance  ai 
Fig.  309  shows  that  this,  in  general,  is  a  sufficiently  good  approximation. 
Omitting  all  terms,  except  the  first,  would  make  Vi  completely  inde- 
pendent  of  the  span  loading  X^.  This  would  mean  that  the  induced 
wing  drag  is  completely  disregarded  as  being  small  compared  with  the 
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I''io.  310. — Altitude  h  vs.  speed  ratio  Vi{h)/Vi,  computed  from  the  first  three  terms  of  the 

development. 

total  parasite  drag.     In  the  case  of  high-performance  airplanes  (very  small 
A)  this  is  justified. 

The  same  method  can  be  used,  to  a  certain  extent,  for  finding  the 
level-flight  speed  Vi(h)  at  an  altitude  h,  if  we  assume  that  the  power 
available  at  this  altitude  in  level  flight  is  known.  Let  us  suppose  that 
the  corresponding  ratio 

PUh)       v(h)PUh) 


PaÁO) 


y]i\Pii 


=  x{h) 


(28) 


Instead 

of  Eq. 

(21) 

we 

have 

to 

apply 

^  Vi 

(29) 
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which  we  may  cali  the  "  power-available  altitude  factor  for  level  flight," 
is  given   for  all  valúes  of  h. 
Eq.  (A'"),  which  gives 

n 

K 

This  is_equivalent  to  (23)  if  Vi  is  replaced  by  F»  =  Vi{h)  \/a  and  X^  by 
Xí/xa/o--     Therefore,  (27)  supplies 

vm  Vi  =  ^^  x(/o  v^  {^  -^  ^'''''~^'  -  ^  ^"^''^"*' "  ■  ■  ■  ) 

or,  divided  by  \/<t, 

Vi(h)  =  ^^  ^x'V-'^  -  I  X-V-'  -  ^  x-'^cr-^'^  _  .  .  .  "^     (30) 

Figure  310  shows  the  graph  of  h  vs.  Vi{h)/Vi  for  five  A-values  from 
O  to  0.20,  first,  under  the  assumption  that  x  =  1,  that  is,  that  the  power 
available  in  level  flight  is  the  same  for  all  altitudes.  This  may  be  the  case 
with  a  supercharged  engine  and  a  variable-pitch  propeller  working  at 
constant  engine  speed.  In  addition,  in  Fig.  310  the  curves  corresponding 
to  (30)  are  plotted  under  the  hypothesis  that  x(^)  can  be  identified  with 
the  power-altitude  factor  (p(h)  as  defined  in  Eq.  (10),  Chap.  XIII.  It  is 
seen  that  ViQi)  increases  with  h  in  the  first  case  and  decreases  in  the 
second.  Under  intermedíate  conditions,  with  supercharged  engines,  it 
will  be  found  that  Vi{h)  first  increases  with  h  and  later  drops. 

Equation  (30),  however,  can  be  used  for  modérate  altitudes  onlj^  since 
for  large  h  the  argument  of  the  power  series,  Ax~^^o'~'S  which  is  supposed 
to  be  a  small  quantity,  increases  more  and  more.  Then  the  convergence 
of  the  series  becomes  unsatisfactory.  However,  using  Table  13,  which 
gives  the  solution  of  the  equation 

z  -  z'  =  Z 

for  all  valúes  of  Z  up  to  0.4725,  we  can  immediately  find  the  answer 
for  all  altitudes.  In  fact,  the  method  just  described  is  equivalent  to 
setting 

z  =  V.0,)  l¡§.         V.W  =  .  :j^^  (30a) 

and  introducing  this  into  (29).     With  7,-  =  Vi{h)  y/a  we  obtain 

z  -  z'  =  (crx-)-^'^A  =  Z  (306) 

Henee  for  given  o-,  x,  and  A  the  quantity  Z  is  known  and  z  can  be  taken 
from  Table  13  and  Vx{K)  from  (30a). 
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The  correct  curves  h  vs.  Vi{h)  have  a  characteristic  property  that  is 
not  immediatel}^  reproduced  by  Eq.  (30)  and  not  seen  in  the  graphs 
(Fig.  310).  There  cannot  be  any  Frvalue  beyond  a  certain  h  =  he 
which  is  the  ceiling  altitude.  (Mathematically  speaking,  the  power  series 
becomes  divergent  for  h  =  he.) 

It  is  not  difficult  to  find  the  ceihng  altitude  once  the  power  factor 
x(/0  is  known.     Equation  (29)  shows  that  no  solution  for  Vi  exists  if  the 


T.\BLE  13. — Solutions  of  z  —  z^  =  Z 
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right-hand  side  is  smaUer  than  the  minimum  of  the  expression  to  the 
left,  which  is  nothing  else  than  [tCs(/i)]mm  for  a  —  1.  This  valué  was  found 
in  (16)  to  equal  1 .75  Xp'^^'^Xj^'* .     Thus  the  ceiling  altitude  is  determined  by 


X  ^  =  1.75X. 


y*\y^ 


if  we  denote  the  ceiling  valúes  of  a  and  h  by  ac  and  he  and  reintroduce 
the  fundamental  parameter  A,  the  last  equation  becomes 
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The  relation  between  he  and  A  is  shown  in  Fig.  311.  The  curve  a 
corresponds  to  the  ideal  assumption  x  =  1,  assumed  as  vahd  up  to  the 
critical  altitude  of  a  supercharged  engine  with  constant-speed  propeller. 
For  A  =  0.1,  the  ceiling  is  about  21,000  ft.  for  an  engine  without  super- 
charger  and  about  37,000  ft.  for  an  engine  with  critical  altitude  of  30,000 
ft.  As  a  result,  we  may  state  that  the  ceiling  altitude  he  depends  exclusively 
on  the  fundamental  performance  parameter  and  the  available  power-altitude 
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Fig.  311. — Ceiling  altitude  he  vs.  fundamental  performance  parameter  A. 


factor,  according  to  (31).     All  the  curves  in  Fig.  311  can  easily  be  plotted 
by  solving  (31)  for  A, 

A  =  I  féY'  (31') 


with  o-  and  x  corresponding  to  any  valué  of  h. 

Let  US  now  discuss  the  exact  relation  between  the  level-flight  speed 
Vi(h)  and  the  altitude  h,  supplementing  formula  (30),  which  can  be  used 
for  smaller  h  only.  First,  we  take  up  the  case  x  =  1,  power  available 
constant.     Upon  introducing  the  velocity  ratio  v, 


Viih) 


Eq.  (29)  becomes 


+ 


vVi  y/á 


or         xo"  =  vWi^ 


\t 


+ 


(32) 


(33) 
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Here  we  introduce  z  from  (24)  and  A  from  (26)  and  find,  with  x  =  1, 

«^^  -  4-3  +  -ri  =  O  (33') 

Solving  this  quadratic  equation  for  a, 

4.AÍ.25.2 

(34) 


vz 


1  ±  Vi  -  4:Av^z- 


supplies  the  answer  to  our  question.  In  fact,  for  a  given  A  the  z  can  be 
computed  from  (25'),  and  then  (34)  gives  for  each  abscissa  v  the  valué  of  <t 
and  therefore  the  corresponding  h  for  standard  atmosphere. 


II 
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Fio.  312. — Altitude  h  vs.  speed  ratio  v  for  various  A-value.s  and  constant  power  available. 

These  h  vs.  y-curves  are  plotted  in  Fig.  312  for  the  same  A-values  as 
were  used  in  Fig.  310.  All  curves  except  that  for  A  =  O  have  one  point 
where  v,  and  therefore  Vi(h),  has  a  máximum  and  one  point  where  h 
reaches  its  máximum  he.  The  máximum  Vm  is  obtained  when  the  square 
root  in  (34)  vanishes.     This  supplies  the  equations 

1 


1  = 
from  which  we  draw 

Vm  = 


4Avh~ 

1_ 

2z\/a 


and 


and 


2v^z^ 

=  4A'^ 


(35) 


To  find  the  ceiling  valúes  Vc  and  ac,  combine  the  first  equation  (33') 
and  its  derivativo  with  respect  to  v : 

vza  =  v*z*(r^  +  A,  zcr  =  4vh*a^ 
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These  two  equations  solved  for  v  and  a  supply 

The  last  relation  coincides  exactly  with  the  earlier  result  (3 1 )  for  x  =  1  • 
The  continuation  of  the  //  vs.  y-curves  to  the  left  of  the  ceiling  point 
corresponds  evidently  to  the  low  speeds  of  Ieve.1  flight.  Owing  to  stalling, 
these  branches  of  the  curves  lose  their  validity  at  certain  points.  If 
Cl  is  assumed  to  remain  constant  beyond  the  stalling  angle,  the  left 
end  of  each  h  vs.  t'-curve  will  have  ordinates  proportional  to  I/a/o-. 
This  is  shown  in  Fig.  312  under  the  assumption  that  the  stalling  velocity 
at  sea  level  is  aboiit  0.427^.     Note  that  the  graph  is  based  on  the  hypothe- 


Sccile  of /i,ft 
A  20,000 


40,000 


0.8 
v¿  =  V¿  (h}Vd/v¿ 

Fig.  313.— Graphical  solution  of  Eq.  (37). 

sis  that  the  available  power  is  the  same  for  all  states  of  level  flight  under 
consideration,  whether  at  the  low  or  at  the  high  speed. 

In  the  general  case  of  Pav  changing  with  /i,  one  may  compute  Yi{K) 
by  using  Table  13  as  described  and  from  this  find  v  =  Vi(h)/Vi.  Or 
the  graph  Fig.  313  can  be  applied  to  determine  the  level-flight  velocity 
in  the  following  way:  If  in  deriving  (33')  from  (33)  the  factor  x  is  not 
omitted,  this  equation  reads 

=    „3^2-,3   _| or  X  "V/O"    =    (ViZ)^ 


X(T  =  V^a-z- 


ViZ 


where  Vi  =  v  \/a  is  the  indicated  velocity  ratio 

Vi{h)  v^ 


Vi  = 


Vi 


(37) 


(38) 
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For  each  A  the  valué  of  z  is  known  from  (26);  thus  the  light-hand  side 
of  (37)  can  be  plotted  against  lu.  This  is  done  in  Fig.  313  for  the  five 
A-values  airead}^  considered.  Moreover,  Fig.  313  includes  the  curve 
X  a/o"  vs.  h,  which  must  be  supposed  to  be  given.  For  any  h  =  OA,  one 
has  AB  =  X  \/<^',  and,  with  C  on  the  horizontal  through  B  and  on  the  curve 
for  the  respective  A,  the  abscissa  of  C  supplies  Vi  and  finally  v  =  Vi/^^/a. 


40.000 


0.5        0.5         0.7         0.8         0.9  1.0  1. 1  1.2 

Speed  ratio  v 

Fig.  314. — Altitiule  h  vs.  .speed  ratio  v  for  various  engine  conditions  and  A-values;  power 
availablo  varyiiiK  with  altitude. 


In  Fig.  314  the  results  are  given  under  the  same  assumption  for  x(/0 
as  that  already  used,  for  a  nonsupercharged  engine  and  for  superchargers 
with  the  critical  altitudes  10,000  and  20,000  ft.  Only  the  high-speed 
velocities  of  level  flight,  up  to  the  ceiling  altitude,  are  plotted  in  thegraph. 

Problem  6.  The  parasite  ¡ind  span  loadings  of  a.  plano  aro  givoii:  Xp  =  700,000, 
X,  =  800  ft.2/scr.2  Computo  tho  mínimum  gliding  rato,  tho  mininunn  gliding  anglo, 
and  the  corrosponding  forward  spoods  at-  tho  altitudos  10,000,  20,000,  and  30,000  ft. 
How  docs  tho  slope  of  tho  gliding  path  at  tho  mínimum  rato  comparo  with  the  slopo 
of  the  flattost  gliding?  How  do  tho  gliding  ratos  comparo  in  thoso  two  difforent 
motions? 

*Problem  7.  ( "omputo,  for  givon  X^  and  X.,,  tho  timo  noodcd  and  tho  spaoo  covorod 
in  gliding  from  Ai  =  20,000  ft.  to  h-¿  =  10,000  ft.  undcr  the  condition  (a)  in  slowest 
gliding;  (h)  of  flattost  gliding.     Use  data  of  Prob.  6. 

Problem  8.  Compute  the  level-flight  velocity  for  an  airplane  with  a  power  load- 
ing  of  10  Ib./b.hp.,  84  per  cent  propeller  efficiency,  and  the  \p-  and  X,-values  as  in 
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Prob.  6,  (a)  at  sea  level;  {h)  at  15,000  and  30,000  ft.  altitude  under  the  assumption  that 
the  available  power  has  dropped  25  per  cent  in  either  case. 

Problem  9.  If  the  loadings  Ip  and  ¡s  as  defined  in  Prob.  3  are  combined  with 
It  =  \t  in  pounds  per  horsepower,  show  that  the  fundamental  parameter  in  engineering 
units  becomes 

A 


L  = 


0.006293 


*Problem  10.  In  what  way  must  the  available  power  change  with  altitude  if  the 
level-flight  speed  should  be  kept  constant? 

Problem  11.  Compute  the  ceiling  altitude  under  the  assumption  that  the  avail- 
able power  decreases  linearly  with  altitude  at  a  rate  of  2.5  per  cent  per  1000  ft.,  start- 
ing  with  the  critical  altitude.  Develop  a  chart  oorresponding  to  Fig.  311  under  this 
assumption. 

*Problem  12.  Explain  the  geometrical  relationship  between  the  h  vs.  p-curve  for 
X  =  1  and  the  original  Pre  vs.  F-curve.  Show  how  the  set  of  h  vs.  v-curves  plotted 
for  X  =  1  Pan  be  used  to  determine  the  ratio  Vi{)í)/Vi{0)  for  a  given  function  x(h). 

3.  The  Ideal  Airplane  :  Power  Available  Independent  of  Speed.     If  it 

is  desired  to  compute  the  climbing  rate  of  an  airplane  or  to  answer  any 


300,000 


O 
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300 


200 
"Pt.ft.persec. 

Fig.  315. — Indicated  power  curves  of  the  ideal  airplane. 

question  in  connection  with  it,  the  shape  of  the  power-available  curve 
Pav  vs.  V  must  be  known.  It  was  seen  in  Chap.  XIV  that  in  the  case 
of  a  fixed-pitch  propeller  (see,  e.g.,  Fig.  282)  this  curve  has  a  slope  decreas- 
ing  toward  greater  V  and  of  modérate  vahíe  in  the  range  of  usual  veloci- 
ties.  A  similar  behavior  has  been  found  in  the  case  of  a  variable-pitch 
propeller  operated  at  constant  engine  speed  (Fig.  296).  Thus  it  seems 
worth  while  to  try  a  first  approximation  by  replacing  the  actual  power- 


438  METHODS  OF  PERFORMANCE  COMPUTATION       [Sec.  XV.3 

available  curve  by  a  horizontal  straight  line,  i.e.,  to  assume  that  Pav  is 
independent  of  V.  Results  reached  under  this  hypothesis  are  often 
referred  to  as  concerning  an  ideal  airplane. 

Note  that  the  concept  of  the  ideal  airplane  so  far  does  not  include  any 
assumption  about  the  relation  between  power  and  altitude.  But  since 
Pav  is  independent  of  V  we  may  use  the  power  factor  x(/0  introduced  in 
Eq.  (28)  in  the  form 

PaÁh)  =  x{h)PaÁO)  =  const.  x(h)  (39) 

In  Fig.  315  the  indicated  power  curves  for  an  ideal  airplane  are  plotted. 
According  to  Eq.  (5'),  Chap.  XIV,  the  máximum  climbing  rate  of 
any  airplane  is  given  by 


w„,  — 


üpon  introducing  Pre  from  Eq.  {A")  and  using  (39)  and  the  definition 
(22)  of  Xi,  the  relation  (40)  supplies 


p 

-*   av 


(Pr\  x(h)        (    V^         XA 


The  mínimum  of  the  expression  in  the  parentheses  was  found  in  (16)  to 
equal  1.75Xp~''^Xs'VV'o--     Thus,  according  to  (26), 


x(/0       1.75^     ,,^3         1 

Ai  -y' (7-  Ai 


X{h) ^  A^í 

ver 


(41') 


If  Wm.  is  set  zero,  this  equation  confirms  the  previously  found  expres- 
sion for  the  ceiling  altitude  [Eq.  (31)]. 

If  a  climb  is  carried  out  with  the  maximiun  climbing  rate  at  each  level, 
the  time  needed  to  reach  the  altitude  h  from  sea  level  is  determined  as  the 
integral  of  dh/Wm,  extended  from  O  to  h,  as  was  seen  in  Eq.  (34),  Chap. 
XIV.  In  order  to  give  this  integral  a  simple  form  we  may  use  for  -s/a- 
the  approximation  formula  proposed  in  Eq.  (14),  Chap.  I 

\/^  =  ^^^         with  c  =  81,000  ft.  (42) 

Tn  the  case  of  x  =  1  (power  available  independent  of  altitude),  (41)  and 
(42)  combined  lead  to  the  following  relations  for  the  ceiling  altitude  /?«: 

0  =  1 ^  1.75A5Í,        he  =  c(l  -  1 .75A'/0,        1.75A^'^  =  ^-^^'     (43) 

C         He  c 

The  last  expression  introduced  in  (41)  gives 


X  A         c-  h)  ~  \,c  - 


X/  \  c  —  li  J       \,  r  —  h 
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t  = 


J       Wm  J 


1    + 


c  —  he 
h~^i 


dh 


=  \t 


h  —  (c  —  he)  lo^ 


(■  -  í)] 


(45) 


The  dotted  lines  in  Fig.  316  show  XtWm  vs.  h  according  to  (44).  In 
Fig.  317,  climb  curves  corresponding  to  (45)  with  the  abscissas  t/\t  are 
plotted  for  the  five  A-values  already  used. 

The  time  tsc  needed  to  reach  the  service  ceüing  where 

Wm  =  1.67  ft./sec.  =  Wsc 
is  found  by  compiiting  from  (44)  the  altitude  h,c  of  the  service  ceihng: 
1  he  —  lisc  1  he  —  cWec\       he  —  135,000Xf 


w. 


í  e  —  hsc 
This  introduced  in  (45)  leads  to 
'he  -  135,000Xí 


1     —    WseXt 


1 


1.67Xt 


t  =  \t 


1 


1.67Xí 


-  (81,000  -  he)  log 


X,  135,000  -  1.67/to 
he       1  -  1.67Xí 


(46) 


(47) 


Formula  (45)  for  the  climbing  time  can  be  used  in  the  case  of  super- 
charged  engines  for  /i-values  below  the  critica!  altitude.  In  this  case, 
he  is  not  the  actual  ceiling  but  an  abbreviation  for  c(l  —  1.75A^^)  accord- 
ing to  the  second  relation  (43).  Beyond  the  critica!  altitude  /¿i  (in  the 
case  of  a  nonsupercharged  engine  /ii  =  0)  the  factor  x{h)  is  decreasing. 
We  may  assume,  for  convenience,  a  decrease  of  y/a  x{h)  in  the  form  of  a 
hyperbolic  curve, 

xWV^^A:^^  (48) 

where  the  coefhcients  a,  h,  k  can  be  adapted  to  the  experimental  evidence. 
If  the  valúes  /¿i,  ai  correspond  to  the  critical  altitude,  the  relation 


k 


a  —  hi 
6TTi 


/ii 


(48') 


will  be  satisfied.  Figure  318  shows  some  curves  according  to  (48)  and 
(48')  plotted  for  the  parameter  valúes  ascribed  in  the  graph.  There  is 
no  doubt  that  sufíicient  accuracy  can  be  reached  bj'^  an  appropriate 
cholee  of  a,  b,  k.     Then  the  ceiling  altitude  follows  from  xv^o"  =  1.75A^'% 


he  = 


ak  -  l.75A^''b 
k  +  1.75A5Í 


(49) 
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FiG.  316. — Altitude  h  vs.  Xí  X  máximum  climbing  rate  for  the  ideal  airplane. 


O        20000    40,000   60,000    80,000   100,000  120,000  140,000 
¿A¿,ft. 

Fiu.  .317. — Climb  curves  of  the  ideal  airpluno  with  invariable  power  available. 
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and  the  climbing  rate  for  h  >  hi  can  be  written  as 

(a  +  h)ck  he  —  h 


Wm   = 
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(50) 


Xí(fe  +  he)  (c  -h)(b  +  /0 

In  Fig.  31G  the  climbing  rates  are  given  according  to  (50)  for  a  non 
supercharged  engine,  with  a  =  50,000,  b  =  25,000,  k  =  0.5.     By  integra 

50,000  V  - 

W  J ■  Acnf  =0,  k -0.594^  a -- 46,300^  b  =27,500 

\  hvsVa  2:hcnf  =IQOOO,  k  --0.700,  a ^46.800,  b=20.000 

rx=/^  ""\  3-hcri-^-20,000,k^0.987,a--47000,b=l6,500 


40,000 


30,000 
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10,000 

O 
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Asympfofe 

FiG.  318. — Hyijerbolic  approximation  of  X  's/  a  . 

tion,  the  time  needed  for  climbing  from  /ii  to  any  h  is  found  to  be 


/,  =        —  = 


{h  -  h 


C   +   /'o        -    (b   +   he)(c-hc)    log 


he  —  h 


(51) 


he  —  hi 

which  may  be  verified  by  differentiation.  If,  for  /?i  >  O,  this  formula  is 
combined  with  (45)  applied  to  h  —  hi,  one  obtains  the  total  time  needed 
to  reach  the  altitude  h  from  sea  level.  But,  in  this  case,  one  must  keep  in 
mind  that  he  in  (45)  stands  for  c(l  —  1.75A^^^),  not  for  the  ceiling  alti- 
tude. If  1.67  ft./sec.  is  substituted  in  (50)  for  Wm,  one  finds  the  service 
ceiling  hse,  and  this  introduced  in  (51)  supplies  the  time  required  for 
reaching  hse. 

All  these  formulas  are  based  on  the  assumption  of  an  "ideal  airplane," 
meaning  that  the  available  power  is  constant  for  all  speeds  of  flight  under 
consideration. 
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Problem  13.  Compute  the  máximum  olimbing  rate  of  an  ideal  airplane  with 
X  =  0.07,  X(  =  9  Ib./hp.  in  altitude  steps  of  5000  ft.  up  to  the  ceiling,  under  the  assump- 
tion  that  x  is  given  as  (o-  —  0.15)/0.85.     Find  the  service  ceiHng  by  interpolation. 

Problem  14.  Compute  the  service  ceiling  and  the  time  needed  to  reach  it  for  the 
airplane  of  Prob.  13  under  the  assumption  that  xa/o-  follows  Eq.  (48).  Take 
o  =  50,000  ft.,  and  determine  k  and  b  in  such  a  way  that  the  drop  at  sea  level  is 
4.6  per  cent  per  1000  ft. 

*Problem  15.  Why  is  it  not  possible  to  make  such  an  assumption  about  x(h) 
that  the  ceiling  altitude  would  be  reached  in  finite  time  for  all  valúes  of  A? 

Problem  16.  Solve  Prob.  14  for  a  supercharged  engine  with  critical  altitude 
10,000  ft.  Assume  again  a  =  50,000  ft.,  and  make  the  drop  of  xa/o-  at  the  critical 
altitude  equal  to  4.6  per  cent  per  1000  ft. 

*Problem  17.  The  graphs  (Fig.  298,  etc.)  show  that,  beyond  the  critical  altitude, 
tVm  as  function  of  h  can  be  very  well  represented  by  a  straight  line.  Compute  the 
time  needed  to  reach  the  service  ceiling  under  the  assumption  Wm  =  C{hc  —  h). 
Study  the  power-altitude  factor  that  corresponds  to  this  assumption,  and  determine 
C  by  comparison  with  the  previously  given  relations. 

4.  Numerical  Data.  Example.  To  illustrate  the  results  of  the 
preceding  sections  we  now  discuss  as  an  example  a  specified  type 
of  aircraft.  Let  us  assume  it  is  desired  to  design  a  transportation  plañe 
of  8000  Ib.  gross  weight  for  more  than  modérate  velocities,  with  an  engine 
of  about  580  rated  horsepower  at  2100  r.p.m. 

The  first  thing  to  decide  on  is  the  wing  área,  or  the  wing  loading 
W /S.  The  usual  valúes  of  this  ratio  have  been  steadily  increasing  since 
the  beginning  of  flight  practice.  Up  to  about  1915,  valúes  of  6  to 
10  Ib./sq.ft.  were  in  use.  Today  the  range  is  about  10  to  40,  with 
preference  for  the  interval  20  to  30,  and  with  figures  higher  than  40  (and 
Kometimes  smaller  than  10)  for  special  purposes.  In  general,  higher 
speeds  are  connected  with  higher  wing  loadings;  on  the  other  hand,  the 
structural  problems  become  more  difñcult  and  a  more  elabórate  flying 
technique  is  required  as  W /S  increases.  In  our  -example,  in  order  to 
keep  the  velocities  at  not  too  low  a  level,  we  may  choose  a  wing  área  of 
S  =  300  sq.  ft.  corresponding  to  the  wing  loading  W /S  =  20. 7  Ib./sq.  ft. 

The  next  task  is  to  estímate  the  parasite  área  Sp  or  the  parasite 
ratio  Sp/S,  including  the  parasite  drag  of  all  parts  of  the  airplane  exccpt 
the  wing.  This  ratio  has  considerably  diminished  in  the  course  of 
improving  airplane  design.  While  valúes  as  high  as  0.1  and  more 
occurred  in  earlier  types,  modern  aircraft  have  a  parasite  ratio  of  0.05 
down  to  0.02,  the  smallcst  valúes  for  extremely  well  streamlincd  bodies, 
liquid  engine  cooling,  and  retractable  landing  gear.  It  is  often  assumed 
that  Sp/S  increases,  other  things  being  equal,  proportional  to  the  wing 
loading  W/S;  this  may  be  justified  as  long  as  the  size  of  the  airplane  is 
supposed  to  be  determined  by  its  weight  alone.  In  planning  a  new  model 
ene  will  take,  for  a  first  estímate,  an  Sp/S-v&híe  according  to  the  experi- 
ence  previously  obtained  with  similar  types.     Later,  as  the  design  work 
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progresses,  a  better  founded  assumption  can  be  made  on  the  basis  of 

summing  up  the  drag  contributions  of  the  main  component  parts,  as 

discussed  in  Chap.  V.     Finally,  a  wind-tunnel  model  test,  with  careful 

consideration  of  scale  effect  (Reynolds  number  and  surface  texture),  may 

supply  a  definite  figure.     In  our  case,  Sp  =  9  sq.  ft.,  i.c,  Sp/S  =  0.03, 

would  be  a  fair  estímate  under  the  conditions  of  perfect  streamlining,  no 

considerable  trussing,  and  retractable  landing  gear.     In  final  computa- 

tions  of  a  more  elabórate  character,  claiming  higher  accuracy,  a  change 

of  parasite  drag  with  the  angle  of  attack  may  be  taken  into  aceount 

also. 

From  S  and  Sp  the  parasite  loading  can  be  computed  pi-ovided  that  the 

zero  lift  drag  coeíficient  a  for  the  wing  profile  is  known.     We  may  assume 

a  =  0.01  as  a  highly  satisfactory  valué  that  can  just  be  reached  with  very 

careful  wing  design.     (Note  that  the  wind-tunnel  test,  carried  out  for  the 

principal  profile  used  in  the  wing  design,  is  not  decisive  by  itself.)     Now, 

from  S'j,  =  Sp  -{-  aS  =  9  +  3  ^  12  sq.  ft.,   according  to  Eq.    (7')   and 

po  =  0.0024, 

2  W 
Xp  =  -  -g-  =  555,600  ft.Vsec.2 

Po  ^p 

The  geometrical  aspect  ratio  B'^/S  has  always  been  and  is  today  in 
the  range  of  about  6  to-9,  with  preference  for  the  middle  valúes  7  to  8. 
Tn  the  case  of  a  monoplane  the  effective  span  as  used  in  the  formula  for 
the  span  loading  may  be  supposed  to  be  0.92  times  the  geometric  span. 
Thus,  assuming  JR  =  7.6,  Eq.  (7")  supplies  the  span  loading 

The  two  loadings  \p  and  X,  determine  the  power-required  curve  accord- 
ing to  Eq.  (A")  or  (A'").  Its  graph,  shown  in  Fig.  319,  is  not  necessary 
for  the  solution  of  the  performance  problem  if  the  method  developed 
in  the  present  chapter  is  used.  The  only  thing  we  still  need  is  the  power 
loading  as  defined  in  (22).  As  the  engine  power  is  given  as  580  hp.,  the 
available  power  for  normal  flight  at  sea  level  will  be  known  if  an  appro- 
priate  valué  for  the  propeller  efficiency  t/o  is  assumed.  In  accordance 
with  our  previous  assumptions  we  choose  tjo  =  0.84,  a  valué  that  can  be 
realized  under  favorable  conditions.     In  this  case, 

W  8000  nnonr^  /f^ 

^^  =  ^r  0.84  X  580  X  550  ^^"^'^^  '''■^^'- 

From  the  three  loadings  \p,  \s,  \  follows  the  fundamental  parameter 
valué 

A  =  XAí  J^  =  0.114 
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according  to  the  definition  (26).     The  third  root  oí'  Xp/Xt,  which  is  the 
first  approximation  to  Vi,  equals  2G4.9  ft./sec. 

Before  proceeding  with  the  computation  of  performance  for  our 
example,  let  us  briefly  discuss  the  possible  range  oí  the  four  parameters 
Xp,  Xs,  Xt,  and  A.  If  the  wing  loading  W/S  Ues  between  10  and  40  Ib./sq.  ft. 
and  the  parasite  ratio  Sp/S  between  0.03  and  0.07,  the  widest  range  for 
Xp  would  be  120,000  to  1,100,000.  Actually,  X,,  =  200,000  to  900,000 
may  correspond  to  present-day  conditions  for  conventional  airplanes.  As 
to  Xs,  for  monoplanes,  with  /R  =  6  to  8  and  the  foregoing  wing  loadings, 
the  widest  Umits  would  be  350  to  1700,  and  practical  hmits  are  about 
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FiG.  319. — Power-required  curve  for  the  numerical  example  of  the  text. 

400  to  1500.  The  power  loading  is  usually  expressed  in  pounds  per 
brake  horsepower;  i.e.,  the  conventional  figure  refers  to  550W/Po. 
Present-day  limits  of  this  magnitude  are  about  7  to  16,  if  extreme  cases 
are  excluded,  corresponding  (with  r/o  '^  0.80)  to  Xi  from  0.016  to  0.036. 
Combining  these  data  we  find  the  limits  for  X^t  as  6.4  to  54;  for  the  third 
root  of  XilXp,  0.0024  to  0.0067;  and  for  its  reciprocal  valué,  150  to  420. 
The  widest  range  for  the  fundamental  performance  parameter  A  would 
thus  be  0.015  to  0.36.  Note  that  a  A-value  greater  than  |  X  4-^^  =  0.472 
is  impossible  as  Eq.  (26)  and  Fig.  309  show.  As  a  matter  of  fact,  no 
valúes  largor  than  0.19  or  smaller  than  about  0.02  occur  with  airplanes 
actually  in  use.  The  following  limits  are  given  by  W.  B.  Oswald  for 
various  types  of  airplanes: 


Pursuit  planes 
Observation  planes 
Training  planes 

Bonibardmcnt  and  transport  planes 
Heavv  boats 


0.025  to  0.070 
0.045  to  0.090 
0.063  to  0.120 
0.063  to  0.126 
0.090  to  0.190 
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The  valué  A  =  0.114  found  for  our  example  of  a  transportation  air- 
plane  fits  into  this  scheme. 

Using  formula  (27)  we  compute  the  sea-level  flight  velocity,  thus: 

Vi  =  204.9(1  -  0.038  -  0.003  -•••)=  254.0  ft./sec. 

This  holds  for  the  air  density  po  =  0.0024  slug/ft.^  As  far  as  the  product 
of  the  engme  output  and  the  propeller  efficiency  can  be  considered  as 
independent  of  the  density  ratio  p/po  =  cr,  the  level-flight  speed  at  a 
different  density  valué  can  be  found  from  (30),  with  %  =  1,  as 

264.9(cr-)'^^  -  0.0380(7-'  -  0.0029(r-'/^  -  0.00037cr -'^'  •      •  ) 

This  formula  can  be  used  for  sea-level  flight,  considering  the  climatic 
change  of  p,  as  well  as  for  altitude  flight  with  the  p-value  corresponding 
to  standard  atmosphere  conditions,  or  p  taken  from  an  immediate 
observation. 

In  the  general  case,  the  power-altitude  factor  x{h)  must  be  known 
if  the  level-flight  speed  for  /i  >  O  is  to  be  computed.  Assuming  that 
our  present  x{h)  can  be  identified  with  the  former  (p{h)  as  given  by 
formula  (10),  Chap.  XIII,  for  a  nonsupercharged  engine,  we  find  at  the 
altitude /i  =  15,000  ft.  with  the  standard  cr  -  0.629  the  factor  x  =  0.564, 
{x/crY^  =  0.964,  Ax-^V-'^^  =  0.333,  and  thus,  from  (30), 

Fz(15,000)  -  264.9  X  0.964  X  (1  -  0.11  -  0.024)  =  220  ft./sec. 

Using  Eq.  (12),  Chap.  XIII,  with  a  critical  altitude  hi  —  10,000,  we  ñnd 
X  —  0.814  and  therefore 

F2(15,000)  =  264.9  X  1.089  X  (1  -  0.068  -  0.009)  =  269  ft./sec. 

Avhile  the  first  solution,  with  x  =  1,  would  give  291  ft./sec.  for  the  same  <x. 
The  ceiling  altitude  can  be  computed  from  Eq.  (31)  with 

1.75A?^  =  0.343 

In  the  case  x  =  1  we  find  <Jc  =  0.1176  corresponding  to  the  altitude 
55,400  ft.  as  seen  from  the  a  vs.  /i-relation  in  Sec.  1.3.  This  valué,  of 
course,  is  much  too  high.  Under  the  alternative  assumptions  for  x(^) 
already  introduced,  the  computation  is  less  simple.  But  sufficiently 
precise  valúes  can  be  taken  from  the  graph  (Fig.  311).  At  the  abscissa 
A  =  0.114  we  find  he  =  19,200  without  supercharging  (curve  b)  and 
he  =  24,800  for  a  supercharger  with  critical  altitude  of  10,000  ft.  (curve  c). 
These  results  depend,  of  course,  on  the  correctness  of  the  formula  used 
for  the  power-altitude  factor. 

The  máximum  dimbing  rate  Wm  at  any  altitude  below  ceiling  can  hv 
found — under  the  hypothesis  of  an  ideal  airplane — from  Eq.  (41).  Foi- 
sea  level  we  find  iv,„'  =  (I  -  1.75A'/0/Xí  =  22  ft./sec.     At  h  =  15,000  ft. 
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the  formula  gives  lOm  =  19,  4.4,  and  12.7  ft./sec.  for  the  three  different 
assumptions  about  the  behavior  of  the  engine.  The  graph  (Fig.  320) 
shows  the  results  concerning  Wm  and  Vi  for  the  case  of  a  supercharged 
engine  with  the  critical  altitude  10,000  ft. 

The  service  ceiling  h^c,  in  the  case  x  =  1,  is  found  by  solving  Eq.  (44) 
for  h  Avith  Xí  =  0.03  sec./ft.,  w^  =  1.67  ft./sec,  and  h  =  55,400  ft. 


he  —  cXtW„ 


=  54,000  ft. 


1   -  \tW„ 
In  the  two  cases  of  an  engine  with  critical  altitude  hi  =  O  and  /ii 
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Fig.  320. — Level-flight  velocity  and  rate  of  climb  for  the  nuinerical  examplc. 

10,000  ft.,  respectively,  the  service  ceiling  can  be  computed  by  a  trial-and- 
error  method,  i.e.,  by  evaluating  Wm  from  (41)  for  varioiis  heights.  With 
the  power-altitude  factor  already  used,  h^c  =  17,200  and  23,300  ft.  is 
obtained  in  the  two  cases. 

The  time  needed  for  climbing  up  to  an  altitude  h  follows  from  (45). 
For  an  engine  of  constant  power  (x  =  1)  and  h  =  10,000  ft.,  Xí  =  0.03 
we  find 

/  =  0.03[10,000  -  25,600  log  (1  -  0.18)]  =  453  sec. 

In  tlic  case  of  the  su|)ercliarged  engine  with  critical  altitude  hi  =  10,000 
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the  additional  time  ti  for  climbing  from  hi  up  to  h^c  is  given  by  Eq.  (51). 
The  parameters  A;,  a,  b  may  be  taken  as  A;  =  0.7,  a  =  46,800,  b  =  20,000 
ft.  so  as  to  give  a  cióse  approximation  for  \/a  x(h)  to  the  vahies  following 
from  Eq.  (12),  Chap.  XIV.     Thus, 


h  =  0.355 


(0.001/i  -  10)  (0.0005/1  -  31.2)  -  2520  log  ^^'^^^       ^ 


14,800     J 
This  gives  ¿1  =  1955  sec.  for  h  =  Kc  =  23,300  ft. 

Problem  18.  Carry  out  the  computations  indicated  in  this  section  for  a  fighter 
plañe  of  the  following  specifications:  gross  weight  W  =  13,000  Ib.,  brake  power  at  sea 
level  Po  =  2000  hp.,  wing  loading  54  Ib./ft.^,  aspect  ratio  ¿íl  =  8,  total  parasite  área 
S'j,  =  3.9  ft.2 

Problem  19.  Carry  out  the  same  for  a  big  transport  plañe  with  these  specifica- 
tions: gross  weight  W  =  90,000  Ib.,  brake  power  at  sea  level  Po  =  9000  hp.,  wing 
loading  38  Ib./ft.^,  aspect  ratio  JR  =  7.4,  total  parasite  área  S'j,  =  58  ft.^ 

Problem  20.  Carry  out  the  same  for  a  small  airplane  with  the  following  specifica- 
tions: \V  =  4250  Ib.,  Po  =  450  hp.,  W/S  =  14.7  Ib./ft.^,  ^  =  7,  5^  =  9  ft.^ 

Problem  21.  Show  that  if  weight,  power,  span,  and  sea-level  velocity  of  a  fast 
airplane  are  known,  its  fundamental  performance  parameter  can  be  estimated  as 

2W^ 


TTTJoPoBJ^oVl 


5.  Small  Variations.  Cholee  of  Propeller.  A  question  that  is  often 
discussed  in  connection  with  analytical  methods  of  performance  compiita- 
tion  is  that  of  the  influence  of  small  variations  of  the  data  on  the  unknowns. 
This  problem  is  solved  by  considering  the  derivatives  of  all  equations 
involved.  We  may  explain  the  procedure  for  the  sea-level  flight  speed  Vi 
as  the  unknown  and  W,  r¡oPo,  Sp,  and  Bl  as  the  variable  parameters.  Let 
US  use  for  a  moment  the  abbreviations 

X  =  ^  = ^7-,         y  =  X«Xi  - 


Xí         po    Sp  '  *  Po  TT  Bf  (r/oPo) 

Then  Eqs.  (24),  (25'),  and  (26)  read 

Vi  =  x^h,         z  —  z'^  =  A,         A  =  x-'^^y 

and  their  derivatives  are 

dVi       .  dx   ,   dz  ,  ,,         ,  ,.         ,.  dA  ,  dx   ,   dy 

-f^  =  i  —  H ^         dz{l  -  4^3)  =  dA,         _  =  -  ^ \-  -^ 

Vi  X         z      ■  A  X         y 

Combining  the  last  three  expressions  and  considering  that 

4^4  -  2  +  A  =  "iz^ 
we  find  that 

dVi  ^ 

Vi        z{4z'  - 


'-  1)V      X        "^  y) 
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From  the  foregoing  definitions  of  x  and  y,  we  conclude  that 

dx  _  divoPo)       dS'p  dy  ^2dW       djBl)  _  d{voPo) 

X  voPo  5;'  y  W  Bl  voPo 

and  thus,  again  using  z*  -\-  X  =  z, 


dVi  ^        1 
Vi        42^  _  1 


2A  dW       d(voPo)         3^       A^CS|) 
z     W   ^     VoPo  ^    S'    '^  z     Bl 


(52) 


Substituting   here   z  =  1  —  A/3   from    (27)    and   neglecting   all   higher 
powers  of  A,  we  find  that  this  reduces  to 


dVi_  , 


-2Af^+(l+iA)^-(l+iA)^^  +  A^]      (52') 

The  relations  (52)  and  (52')  are  correct  for  infinitesimal  variations. 
They  can  be  appUed,  however,  for  small  finite  variations  by  substituting 
for  dW/W,  dVi/Vi,  etc.,  the  respective  changes  in  per  cent.  In  our 
case,  with  A  =  0.114,  a  5  per  cent  increase  of  W  and  a  simultaneous 
5  per  cent  decrease  of  770P0  would  give,  according  to  (52'), 

i[-2\  X  5  -  (1  +  iA)5]  =  -  1(1  +  ^A)  =  -2.3  per  cent 

as  the  change  of  Vi.  It  is  noteworthy  that  the  influence  on  Vi  oí  the 
power  available  770P0  and  of  the  parasite  área  S^  is  much  stronger  than 
the  influence  of  weight  and  span,  the  latter  two  variations  being  multi- 
pUed  by  the  small  factor  A.  Formulas  similar  to  (52)  and  (52')  can  also 
be  set  up  for  máximum  climbing  rate,  ceiling  altitude,  etc. 

Another  problem  closely  connected  with  performance  computation 
concerns  the  selection  of  the  propeller  for  an  airplane  so  as  to  fulfill  given 
conditi(ms.  It  was  assumed,  in  the  foregoing  example,  that  a  propeller 
working  with  an  efficiency  of  84  per  cent  can  be  found  for  the  airplane 
under  consideration.  Whether  this  is  correct  or  not  can  be  found  out  by 
examining  an  appropriate  propeller  chart.  Let  us  assume  that  parasite 
and  span  loadings  Xp  and  Xs  are  given,  and  likewise  the  engine  power  and 
engine  speed  to  be  used.  The  difficulty  then  is  that  the  propeller 
efficiency  depcnds  on  the  advance  ratio  J  and  thus  on  the  speed  of  flight 
Vi,  whilc,  on  the  other  hand.  Vi  cannot  be  computed  before  the  efficiency 
is  known. 

A  trial-and-error  method  that  usually  leads  rapidly  to  the  required 
result  may  be  briefly  described  here.  The  type  of  propeller  chart  that  is 
most  convenient  for  the  present  purpose  is  a  combined  Cs  vs.  J-  and 
77  vs.  J-diagram  as  shown  in  Fig.  235  or  a  chart  that  gives  both  77  and  J 
as  functions  of  Cg.  Figure  321  is  such  a  chart,  referring  to  a  family 
of  two-blade  propellers  with  Clark  Y-profiles,  Navy  Design  5868-9. 
Each  pair  of  curves  corresponds  to  one  definite  blade  setting  as  denoted 
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in  the  figure.  To  use  this  chart,  some  reasonable  valué  for  77  is  first 
assumed,  then  Xí  =  W/rjPo  and  the  approximate  level-flight  velocity 
Vi  =  (Xp/Xí)^^  are  computed.     This  gives  C,  =  Vi(p/Pon^)y^. 

The  next  step  consists  in  selecting  a  suitable  blade  setting  out  of 
those  represented  in  the  chart.  Among  the  various  17  vs.  Cs-curves  in 
the  chart  there  will  be  one  that  has  its  máximum  at  the  abscissa  that 
equals  the  just  determined  Cs-vahie.  If  this  one  is  chosen,  one  has  the 
so-called  " peak-efficiency  propeller."  It  is  a  general  practice  to  prefer 
the  use  of  the  curve  which  envelops  all  77-curves  and  to  pick  out  that 
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FiG.  321. — Propeller  chart. 

i8-value  the  efficiency  curve  of  which  contacts  the  envelope  at  a  point 
with  the  abscissa  Cg.  This  is  obviously  equivalent  to  choosing  the  great- 
est  possible  77  for  a  given  Cs.  In  this  case  one  speaks  of  the  hest-perform- 
ance  propeller. 

Now,  whichever  way  was  followed,  a  possible  7/-value  has  been  found, 
compatible  with  the  previously  computed  d.  This  valué  will  be  applied 
to  give  a  corrected  \t,  a  corresponding  new  valué  of  Vi,  and  finally  a 
modified  d.  If  this  process  is  repeated,  a  Cs-value  that  does  not  sensibly 
change  will  soon  be  found  and  the  corresponding  77  can  be  considered  as 
definitive.  In  our  example,  we  may  start  with  77  =  0.80.  This  gives 
X,  =  0.0314,    Vi  =  260    ft./sec,    and    finally    C,  =  1.49.     Figure    321 
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supplies  as  the  máximum  ordinate  at  the  abscissa  1.49  the  efficiency  0.84. 
This  leads  to  Vi  =  254,  as  has  already  been  shown,  and  Cs  is  changed  into 
1.46.  But  no  sensible  change  in  the  efficiency  valué  follows  from  this 
shifting  of  Cs.  Thus  we  are  allowed  to  consider  0.84  as  a  possible  effi- 
ciency compatible  with  the  given  conditions.  The  77-curve  that  contacts 
the  envelope  at  the  point  with  the  coordinates  1.46  and  0.84  may  be 
estimated  to  belong  to  ^3  =  21°. 

It  is  still  necessary  to  determine  the  propeller  diameter.  This  is 
what  the  J  vs.  Cs-curve  is  used  for.  The  dotted  line  in  the  J  vs.  C^-dia- 
gram  connects  those  points  which  correspond  to  the  points  lying  on 
the  envelope  of  the  rj-curves.  Thus  it  is  easily  seen  (better  than  in  the 
77-diagram)  that  Cs  =  1.46  belongs  to  a  blade  setting  of  about  21°.  The 
corresponding  J  is  found  to  equal  about  0.78,  and  this  gives,  with  Vi  =  254 
and  n  =  35,  the  propeller  diameter  d  =  254/27.2  =  9.3  ft.  If  the  diam- 
eter found  in  such  a  procedure  is  not  acceptable,  a  different  propeller 
chart  has  to  be  used. 

Problem  22.  Compute  the  change  in  flight  velocity  at  sea  level  for  the  airplane  of 
Prob.  20  if  the  weight  increases  by  250  Ib.,  the  available  power  drops  8  per  cent,  and 
the  parasite  área  is  increased  to  10  ft.^ 

Problem  23.  Extend  formula  (52')  to  the  case  of  level  flight  at  altitude  h.  In 
particular,  give  the  percentage  of  change  in  Vi  (h)  due  to  a  small  change  of  h. 

*Problem  24.  Develop  formulas  analogous  to  (52')  for  the  change  in  ceiling  alti- 
tude, in  máximum  climbing  rate,  and  in  service  ceiling. 

Problem  25.  Use  Fig.  321  and  the  trial-and-error  method  described  in  this  section 
to  determine  a  propeller  for  the  airplane  of  Prob.  20.     Engine  speed  is  1200  r.p.m. 

6.  Power  Available  Varying  with  Speed.  A  better  approximation  to 
actual  conditions  than  that  supplied  by  the  theory  of  an  ideal  airplane 
(with  the  power  available  independent  of  speed)  can  be  obtained  by  using 
the  expression  for  the  available  power  as  developed  in  Sec.  1  of  the 
present  chapter.  Let  us  suppose  that  a  definite  propeller  with  invariable 
pitch  has  been  selected  for  the  propulsión  of  an  airplane  whose  parasite 
and  span  loadings  Xp  and  Xj  are  known.  Then  the  propeller  polar 
diagram,  replaced  by  the  best-fitting  straight  line,  supplies  the  two 
coefficients  of  the  linear  equation  (12)  or,  which  is  the  same,  the  two 
loadings  Xp  and  Xo  as  defined  in  Eq.  (13).  Combining  the  expressions 
(A")  and  (5")  for  powers  required  and  available,  respectively,  with  the 
general  performance  statement  (5'),  Chap.  XIV,  we  have 


dh  ^  Pa,  -  Pro  ^  fijil 
dt  W  Xo 


^  V       (    V   ,\  xA  ,„. 


This  equation  suggests  that  we  should  combine  the  two  parasite 
loadings,  Xp  for  wing  and  airplane  and  Xp  for  the  propeller,  to  one  total 
parasite  loading  X^  by  the  definition 
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—  =  -  +  —  (54) 

Xp       X^       Xp 

By  considering  the  definitions  of  Xp  in  (7')  and  \p  in  (13)  it  is  seen  that 

The  expression  in  the  last  parentheses  can  be  called  the  "total  parasite 
área"  covering  the  parasite  drag  of  the  wing,  all  component  parts  of  the 
airplane,  and  the  propeller.  The  range  of  numerical  valúes  of  Xp  as 
well  as  of  Xo  will  be  discussed  later.     Now,  Eq.  (53)  can  be  written  as 

dh       ip{h)  „  V^       1  X,  ,     ,. 

Thus,  the  general  performance  of  an  airplane  with  invariahle-püch  propeller, 
under  the  assumption  of  the  brake  moment  heing  independent  of  the  engine 
speed,  is  completely  determined  by  three  loadings,  viz.,  span  loading,  pro- 
peller power  loading,  total  parasite  loading,  and  by  the  power-altitude 
factor  ipQi). 

The  first  question  that  may  be  raised  is  that  concerning  the  level- 
flight  speed  at  sea  level,  Vi,  or  at  altitude,  Vi{h).  Equating  the  right-hand 
side  of  (53')  to  zero  we  find,  bj^  a  simple  rearrangement, 

7V2  -^v'a  -\-  x;x,  =  O  (56) 

Xn 

or,  introducing  the  indicated  speed  V  y/a  =  F,, 

Y\  -  ^  Ff  +  x;x.  =  o  (56') 

Ao 

If  ^  =  1  is  assumed  (brake  moment  independent  of  altitude),  the 
coefíicients  of  the  second  equation  are  independent  of  a  and  h.  This 
means  that  Y  i  is  a  constant  or  that  the  level  flight  speed  Fí(/i)  is  pro- 
portional  to  \/\/(t.  The  result  is  in  accordance  with  the  general  state- 
ment  formulated  in  Sec.  XIV.  1  that  under  the  assumption  of  constant 
brake  moment  an  airplane  can  rise  to  any  altitude  with  both  engine  and 
flying  speed  increasing  proportional  to  l/\G.  The  limitation  of  climb- 
ing  is  ascribed,  in  the  present  theory,  to  the  decrease  of  the  power-altitude 
factor  ip{h)  only.  There  is  no  doubt  that  in  reality  the  power-altitude 
relation  is  the  essential  factor  in  determining  the  ceiling,  etc. 

We  introduce  now  a  new  fundamental  parameter  in  Eq.  (56), 

A    =  -w-  (50 

Ap 
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and  write,  in  analogy  to  (24), 


'■'-^^M'     ^-^'^t 


Then  the  relation  for  z'  following  from  (56)  reads 


A' 


or 


_    j-M    _    _ 


(58) 


(59) 


This  biquadratic  equation,  which  takes  the  place  of  (25')  with  ^  =  1, 
can  easil}^  be  solved.     Keeping  the  positive  sign  of  the  root  only  (the 


lO.Zb 


0.3 


0.4         0.5         06 

FiG.  322.— z'2  -  z'*  vs.  z'. 


0.7 


0.8 


0.9 


negative  would  correspond  to  the  low  speed  at  level  flight)  we  have 


Another  form  of  the  solution,  useful  in  the  case  of  small  A'/^^,  can  be 
found  in  the  same  way  as  was  shown  for  Eq.  (25'),  by  developing  z'  in  a 
power  series  with  respect  to  A'/^^-  One  may  confirm  by  introducing  the 
expression  on  both  sides  of  (59)  that 

t 


A' 


<P 


(?)  -"&) 


The  result,  which  takes  the  place  of  (30),  is  accordingly 
and,  in  particular,  for  sea  level,  replacing  (27), 


(61) 


(62) 


Vi  = 


e^(l 


—     2  1  A  /  3 

tttA 


(62') 
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In  Fig.  322  the  curve  with  the  ordinates  z'"^  —  z"^  is  shown.  Its 
intersection  with  a  horizontal  at  the  height  h! I^p^  gives  the  solution 
required.  It  is  seen  that  for  small  valúes  of  A'/íp^  the  right  branch  of  the 
curve  can  be  gradually  approximated  by  a  straight  Une,  a  parábola,  etc., 
which  is  equivalent  to  stating  that  the  power  development  (61)  can  be 
used.  This  development,  however,  loses  its  validity  as  one  approaches 
the  top  of  the  curve  where  A'/^^  equals  \.  In  this  range  Table  14,  which 
gives  the  solution  of  the  equation  z'~  —  z"'  —  Z'  for  all  valúes  of  the  right- 
hand  side,  can  be  used.  Once  z'  is  known,  the  velocity  Vi(h)  follows 
from  the  second  equation  (58). 

Table  14. — Solutions  of  z'^  —  z'*  =  Z' 


Z'   =  0.01 

z'   =  0.995 

02 

90 

03 

84 

04 

79 

05 

73 

0,06 

0.967 

07 

61 

08 

55 

09 

49 

10 

42 

n.ii 

0 .  935 

12 

28 

13 

20 

14 

12 

15 

03 

The  speed  ratio 

Z' 

=  0.16  z' 

=  0.894 

17 

85 

18 

74 

19 

63 

20 

51 

0.21 

0.837 

22 

21 

23 

01 

24 

775 

25 

06 

is  given  by  the  expression 


V'  =  í  '  +  ^)-  ^^'/^'  (63) 

í^      1  +  Vi  -  4A' 

which  follows  immediately  from  the  second  equation  (60).  In  Fig.  323 
the  valúes  of  v  are  shown  for  altitudes  up  to  50,000  ft.  and  for  valúes  of 
A'  =  O,  0.04,  0.08,  0.12,  and  0.16.  The  power-altitude  factor  <p{h)  is 
taken  according  to  Eqs.  (10)  and  (12),  Chap.  XIII,  respectively,  with 
critical  altitudes  hi  =  O,  10,000,  20,000,  and  30,000  ft. 

The  vértices  of  the  h  vs.  y-curves  correspond  to  the  ceiling  altitudes 
he.  Formulas  (60)  show  that  no  Vi{h)-v2L\vLQ  exists  when  «p^  surpasses 
4A'.     Therefore  he  is  determined  by 


<p2(/i,)  =  4A'         or         v'(/ic)  =  2Xo  ^^;  (64) 
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For  example,  an  airplane  with  the  fundamental  parameter  A'  =  0.08  and 
a  nonsupercharged  engine  would  rise  to  he  =  15,000  ft.  since  at  this 
altitude  the  density  ratio  a  =  0.63  (see  Table,  page  10)  and,  according 
to  Eq.  (10),  Chap.  XIII,  ^  =  1.76o-  -  0.176  =  0.565  =  2  VO-OS. 

The  máximum  dimbing  rate  Wm  and  the  correspondmg  fijdng  speed  Vm 
can  be  found  from  (53')  by  differentiation.  The  derivative  of  the  right- 
hand  expression  equated  to  zero  gives 


7 3(rr-7+-T7^   =  0 

Ao  Ap  (7    V - 

if  the  transformation  (58)  is  used. 
be  written  as 


or         2-  -  Sz"  +  ^  =  O  (65) 

The  sokition  of  this  equation  can 


^'2  =   1 


whenco 


^|■ 


1+^1    + 


12A' 

z'   = 

1 

%/3 

Ao 

y¡3a\o 

1  + 

3  A'  ,3/A'\ 


(66) 


(66') 


The  power  development  can  be  used  only  if  A'/ip^  is  considerably  smaller 
than  iV- 

The  vakie  of  iVm  equals  the  right-hand  side  of  (53')  with  V  =  V„,. 
If  we  eHminate,  by  using  (65),  the  term  of  third  order,  we  find  that 


w„ 


^V 
'11 


Vi 


2    f 
Ao 


V  4     '      ^» 


Wr, 


Upon  introducing  here  the  first  expression  (66')  for  Vm  and  rearranging, 
it  follows  that 

Here  the  first  equation  (66)  must  be  used  for  2^,  except  for  small  valúes  of 
A'/<p^,  where  the  power  development  still  gives  a  sufficient  approximation. 
It  is  seen  from  (67)  that  the  máximum  climbing  rate  increases  with  h, 
if  (f  is  assumcd  to  keep  the  valué  1,  i.c,  if  the  brake  power  is  independent 
of  altitude.  Simultaneously,  Vm  increases  according  to  (66')  at  the  same 
rate.  This  is  due  to  the  fact  that  if  the  brake  moment  of  an  engine  is 
kept  absolutely  constant,  the  indicated  velocities  keep  their  valúes 
(see  Sec.  XIV.  1).  In  this  respect,  the  assumption  of  the  ideal  airplane 
is  more  conservative  since  with  x(/0  =  1  the  power  is  assumed  to  remain 
unchanged  and  thus  Mbr  to  decrease  while  the  engine  speed  increases.  In 
fact,  with  supercharged  engines  that  opérate  at  sea  level  below  the  máxi- 
mum Mi,r-va\ne,  an  increaso  of  w,n  below  the  critical  altitude  can  be 


1 
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observed.  A  more  detailed  investigation  of  this  point  would  require 
better  experimental  data  concerning  the  power-altitude  factor.  More- 
over,  in  the  case  where  the  pilot  has  a  supercharged  engine  at  his  disposal, 
he  must,  as  a  rule,  start  the  climb  with  the  engine  partly  throttled  and 
gradiially  open  the  throttle. 

The  case  of  a  vanahle-pitch  fropeller,  operated  at  constant  engine 
speed,  does  not  lend  itself  easily  to  an  analytical  form  of  performance 
compiitation  since  no  simple  analytical  expression,  based  on  the  propeller 
theory,  can  be  derived  for  the  power-available  curve.  The  most  reliable 
manner  of  computation  is  then  supplied  by  the  graphical  method  devel- 
oped  in  Chap.  XIV.  If  need  is  felt  for  having  the  results  in  the  form  of 
equations,  one  may  use  the  formula  for  Pre,  as  has  been  done  throughout 
this  chapter,  and  then  introduce  an  interpolation  formula  for  the  power- 
available  curve,  based  on  the  tracing  or  on  the  evaluation  of  a  few  of 
its  points.  How  this  can  be  done  will  be  outlined  at  the  end  of  the  next 
section. 

Problem  26.  Assume  that  the  three  loadings  \p,  \s,  Xí  are  known,  and,  in  addi- 
tion,  the  blade  setting  ¡3',  the  incidence  a',  and  the  parasite  área  ratio  apSp/W  of  the 
propeller.     How  can  the  Pat-curve  be  found  and,  from  it,  the  máximum  climbing  rate? 

Problem  27.  Develop  a  chart,  analogous  to  Fig.  316,  which  shows,  for  various 
A',  the  máximum  climbing  rate  as  function  of  altitude,  according  to  (67).  Use  for  ip(h) 
one  of  the  experimental  results  mentioned  in  the  text. 

7.  Numerical  Discussion.  Before  giving  a  numerical  illustration  of 
the  formulas  developed  in  the  preceding  section  we  may  discuss  the  range 
within  which  the  newly  introduced  parameters  Xo,  Xp,  and  A'  vary  and 
their  relationship  to  the  parameters  Xí,  Xp,  and  A  used  in  the  theory  of  the 
ideal  airplane.  It  was  seen  in  Sec.  4  of  this  chapter  that  A  is  a  small 
quantity,  theoretically  smaller  than  0.472  and  actually  for  modern  air- 
planes  below  0.19.  For  an  airplane  of  infinite  aspect  ratio,  the  span 
loading  Xs  =  O  and  therefore  A  as  well  as  A'  vanish.  In  this  case,  Eqs. 
(27)  and  (62')  supply 


\Xí        VXo 


^^  =  Vx;  =  Vx-:  ^^==^)  (^^) 

In  the  case  of  actual  aspect  ratios  the  third  root  of  Xp/Xí  and  the  square 
root  of  Xp/Xo  are  at  least  first  approximations  for  Vi  and  thus  are  approxi- 
mately  equal.     Now,  from 

\p^%-'^^  ^  x;''^Xo-^'^      or      Xo  ~  x;xp-^Xt?^ 

we  conclude,  using  the  definitions  of  A  and  A', 

A'  =  XlXsK"'  ~  X;Xp-^áx,Xí^^  =  ^  A  (69) 
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Since  the  total  parasite  loading  X^,  according  to  its  definition  [Eq. 
(54)],  is  somewhat  smaller  than  Xp,  we  learn  from  (69)  that  A'  mil  be  a 
little  smaller  than  A.  This  is  the  reason  why,  in  Fig.  323,  valúes  of  A' 
up  to  0.16  only  were  chosen  for  the  representation  of  the  speed  ratio  v. 


40.000 


35.000 


0,9  1.0 

Speed  ratio,  v 

Fig.  323. — Altitude  vs.  speed  ratio  for  various  engine  conditions;  power  available  variable 

with  speed. 

In  no  case  can  A'  be  greater  than  i  since,  according  to  (64), 

4A'  =  <p^{K)  ú  1. 

At  sea  level  Pav/W  or  voPq/W  equals  1/Xí  according  to  the  definition 
[Eq.  (22)]  of  Xí.     This  combined  with  the  expression  {B")  for  Pav/W  gives 


1_ 
X, 


Vi 

Xo 


Vf 

Xp 


or         — 


J_  4.Ü 
ViXt       Xp 


(70) 


The  propeller  power  loading  Xo  as  introduced  in  (13)  admits  of  the  follow- 
ing  interpretation :  Considcring  that  Po  =  M()27rno,  where  no  is  the  engine 
speed  in  sea-level  flight,  and  using  the  angle  y  for  which  tan  y  =  Vi/2Trrno, 
we  have 

tan  /3' 


W^         ,       _,       WVi  tan  ^' 

Xo  =  77-  27rmo  tan  /3'  =  ^5— 

Po  Po    tan  y 


Vi  T/o  Xí 


tan  y 


(71) 


Now,  y  i.s  the  angle  between  the  resultant  velocity  of  the  representativa 
blade  element  and  the  plañe  of  rotation,  and  0'  —  y  =  a'  is  the  angle  of 
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incidence.  As  a'  is  small,  the  quotient  of  the  two  tangents  is  cióse  to  1, 
and  therefore  Xo  is  cióse  toVí  rjo  ^t-  (We  cannot  conclude  safely  that  the 
quotient  is  greater  than  1  since  quantities  of  the  order  a'  have  been 
disregarded  in  deriving  the  expression  of  Pav)  If  we  combine  Xo  '^  Vi  ijo  Xí 
with  Eq.  (70),  we  find  that 


Xp        ViXt  Xvo  / 


Considering  the  definition  of  z  in  (24),  which  gives  XtVf  =  \pZ^  and  the 
fact  that  z  is  cióse  to  1,  it  follows 


L^Ll(l-i)^l(L-X      1=1  +  1 

X/>        Xp  z^  \r]o  /        \p  \r]o  )  Xp        Xp        \p 


—~      (72) 
\p        Xp  2^  \7jo  /        Xp  \t7o  /  Xp        Xp        Xp        íjoXp 

This  shows  how  the  total  parasite  loading  X^  is  connected  with  the  parasite 
loading  Xp  of  wing  and  airplane  and  with  the  propeller  efficiency  770.  The 
formula,  however,  as  well  as  Xo  '^  FzXí17o,  gives  rough  estimates  only. 
The  valúes  for  establishing  a  performance  computation  must  be  based  on 
specified  data  or  on  experience  with  similar  cases. 

In  the  numerical  example  discussed  in  Sec.  4  of  this  chapter  the  air- 
plane had  the  weight  W  =  8000  Ib.,  the  parasite  and  span  loadings 
Xp  =  555,600  and  Xs  =  1011  ft.Vsec.^,  and  an  engine  supplying  580  hp. 
in  sea-level  flight.  With  an  assumed  propeller  efñciency  rjo  —  0.84,  we 
computed  Xj  =  0.0299  and  the  sea-level  flight  speed  Vi  =  254  ft./sec. 
This  result  can  be  maintained  since  it  is  independent  of  how  the  available 
power  changes  if  the  conditions  vary.  Let  us  now  assume  that  an 
jnvariable-pitch  propeller  is  used  and  that  the  engine  runs  at  no  =  35 
r.p.s.  in  sea-level  flight  and  develops  a  nearly  constant  brake  moment 

,.  Po         580  X  550       ,,..1,     r, 

Mq  =  ^ —  =  =77 =  1455  Ib.-ft. 

27rno  707r 

The  power  available  Pav  will  then  approximately  follow  the  relation 
{B),  and  the  results  of  the  preceding  section  can  be  applied  as  soon  as  the 
two  new  loadings  Xo  and  Xp  are  known.  It  may  be  a  fair  assumption  that 
X',  =  0.80Xp  in  accordance  with  (72).  Then  from  (54)  we  find  that 
Xp  =  4Xp  =  2,222,400  and  from  (70)  that 

X¡  ^  7^  +  2,222,400  =  ^•^^^'         ^"  "  ^"^^ 

which,  in  fact,  is  cióse  to  -qü^Vi  =  6.38.  The  Pav  vs.  F-curve  for  sea  level 
corresponding  to  these  parameter  valúes  is  shown  in  Fig.  324,  together 
with  the  Pre  vs.  F-curve  from  Fig.  319.  The  new  fundamental  parameter 
is 

A'  =  ^^  =  0.0882 
X_ 
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not  much  different  from  0.80A  =  0.0912,  as  was  to  be  expected  from  (69). 
With  the  valúes  of  X^,  Xo,  A'  thus  found  we  can  check  the  valué  of  Vi  by 
using  either  the  solution  (60)  or  the  power  development  [Eq.  (62')], 
which  gives 

Vi  =  267.2(1  -  0.0441  -  0.0049  -  0.0002)  =  254  ft./sec. 

as  expected.     If  the  engine  is  not  supercharged  and  <p  is  assumed  to 
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FiG.  324. — Power  curves,  invariable-pitch  propeller. 
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equal  {a  -  0.13)/0.87,  we  have,  at  h  =  10,000  ft.  (a  =  0.738), 

Fí(  10,000)  =  227  ft./sec. 
according  to  the  second  formula  (60).     The  ceiling  altitude  is  given  by 


ip  =  0.699        ~  =  0.722 


üc  -  0.13  =  0.87  yJXK'  =  0.516        (To  =  0.646        Jh  =  14,300  ft. 

In  the  case  of  a  supercharged  engine  with  critical  altitude  hí  =  10,000 
ft.  (ci  =  0.738)  and  the  power-altitude  factor  (beyond  hi)  equal  to 
vp  =  (o-  -  0.13)/((ri  -  0.13)  =  (o-  -  0.13)/0.608,  the  level-flight  speed  at 
h  =  20,000  ft.  (o-  =  0.533)  is  found  as  follows: 


0.663        ~  =  0.803 

^2 


V?  =  u.üüo        — ^  =  o.íiuó         7z (20,000)  =  253  ft./sec. 

The  ceiling  altitude  in  this  case  is  determined  by 

he  =  22,500  ft. 


(7c  -  0.13  =  0.608  V4A'  =  0.361         ijc  =  0.491 
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In  order  to  find  the  velocity  Vm  for  máximum  climbing  rate  at  sea 
level  and  the  rate  w^  itself,  we  first  compute  z'^  from  (66)  with  ^  =  1, 

z'^  =  i(l  +  \/rTT2A')  =  0.405,         z'^  =  0.637 

and  then,  from  (66')  and  (67), 

Vr.  =  267.2  X  0.637  =  170  ft./sec, 
2  X  267.2 


Wm    = 


3Xc 


(2  -  Vi  +  12A')0.637  =  10.3  ft. 


The  latter  vahíe  is  considerably  smaller  than  what  was  found  for  the  ideal 
airplane  (22  ft./sec),  but  in  better  agreement  with  actual  observation. 
The  difference  can  be  seen  in  Fig.  324,  where  the  two  extreme  valúes  of 
(Pav  —  PTe)/W  are  shown. 

Lastly  we  discuss  a  semiempirical  way  of  performance  computation, 
which  can  be  used  in  all  cases,  particularly  in  that  of  a  controllahle-püch 
propeller,  if  a  few  points  of  the  power-available  curve  are  known.  Let 
US  assume  that  the  three  loadings  Xp,  Xs,  and  \t  are  given  so  that  the 
Pre/W-c\irve  and  the  level-flight  valué  Vi  are  determined  (Fig.  324a). 
The  ordinate  of  the  point  with  abscissa  Vi  is  l/Xj.  Now,  some  knowledge 
about  the  trend  of  the  Pav/W-cuvve  is  required.  If  two  points  (besides 
Vi,  1/X()  or  one  point  and  the  slope  somewhere  are  given,  it  is  possible  to 
compute  two  parameters  a,  h  in  the  equation  of  an  appropriate  family 
of  curves.     It  is  proposed  to  use  the  form 


P  1 


1  +a  + 


''""Q  ~^'\y) 


(73) 


In  Fig.  324a  several  curves  of  this  family,  all  with  a  drop  of  30  per  cent 
of  Pav  at  V/  Vi  =  i,  are  plotted ;  these  curves  show  that  a  sufficiently  great 
variety  can  be  obtained  in  this  way. 

The  use  of  (73)  in  the  performance  computation  is  very  simple. 
Introducing  the  expression  for  Pav/W  in  the  general  equation  (5'),  Chap. 
XIV,  we  find  that 


This  is  the  same  equation  as  (41)  for  a  =  I,  x  =  1;  that  is,  the 
problem,  for  sea  level,  is  reduced  to  that  of  the  ideal  airplane  with  changed 
loading  valúes.     In  place  of  \p,  Xs,  \t  one  has  to  use  X°,  X°,  X°  given  by 

A  =  ^  (1  +  a  +  fe) 

Aj  At 
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Then  all  computations  carried  out  for  the  ideal  airplane  in  Sec.  3  of  this 
chapter  apply  to  the  airplane  with  Pav  depending  on  V,  without  any  other 
change  than  the  replacement  of  the  loadings  by  the  valúes  (75).  By 
making  a,  h  depend  on  cr  in  an  appropriate  way,  one  can  extend  this 
method  to  all  problems  concerning  altitude  flight,  ceiling  altitude,  etc. 
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FiQ.  324a. — Power-available  curves  as  represented  by  Eq.  (73) 
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Problem  28.  Compute  the  level-flight  velocities  and  climbing  rate  at  sea  level  and 
at  5,000,  10,000,  etc.,  ft.  altitude  and  the  ceiUng  for  an  airplane  with  the  following 
loadings: 

Propeller  powcr  loading  Xo  =  7.2 

Span  loading  X,  =  1200  ft.Vsec.2 
Parasite  loading  Xp  =  580,000  ft.Vsec.2 
Propeller  parasite  loading  Xp  =  3,400,000  ft.Vsec.^ 

Assume  that  the  power-altitudc  factor  (p  can  be  taken  as  (a  —  0.115)/0.885. 

Problem  29.  How  do  the  results  of  the  preceding  problem  change  if  the  engine  is 
.superchargod  to  a  critical  altitude  /ii  =  18,000  ft.  and,  from  there  on,  has  the  power- 
altitudc  factor  <p  =  {a  -  0.115)/(o-i  -  0.115)? 

Problem  30.  An  airplane  has  the  thrce  loading  factors  Xp  =-  720,000  ft.Vsec.2, 
X,  =  1020  ft.*/sec.2,  X(  =  0.024  sec./ft.  It  is  known  that  the  power  available  drops  to 
90  per  cent  of  its  valué  at  F  =  Fj  if  F  =  O.SOFj  and  to  75  per  cent,  if  F  =  O.6OF1. 
Compute  the  máximum  climbing  rate  at  sea  level  on  the  basis  of  the  last  paragraph 
of  the  preceding  text. 

*Problem  31.  Give  an  analysis  of  the  flight  at  higher  altitudes  on  the  basis  and 
with  the  data  of  the  preceding  problem. 


CHAPTER  XVI 
SPECIAL  PERFORMANCE  PROBLEMS 

1.  Range  and  Endurance.  In  ail  performance  computations  dis- 
cussed  in  the  preceding  chapter  the  gross  weight  of  an  airplane  was 
supposed  to  be  constant.  This  assumption  cannot  be  maintained  if  a 
flight  over  a  longer  period  of  time  or  over  a  longer  distance  is  considered. 
In  fact,  the  gross  weight  diminishes  continually  according  to  the  fuel 
consumption  of  the  power  plant.  If  W  denotes  the  gross  weight  at  the 
time  t  and  c  the  fuel  consumption  per  unit  of  power  and  time  (see  Sec. 
XIII. 1),  a  new  equation  has  to  be  added,  which  reads 

f  -  -^^ 

where  P  is  the  brake  power  of  the  engine,  equal  to  the  propeller  power 
at  the  time  t,  transmission  losses,  if  any,  being  disregarded.  It  istrue 
that  under  the  assumption  of  changing  weight  the  motion  of  the  airplane 
is  no  longer  unif orm  (not  f ree  from  accelerations)  and  thus  the  equilibrium 
equations  underlying  all  our  computations  are  not  strictly  correct.  But  it 
is  obvious  that  the  acceleration  effects  will  be  so  small  that  we  are 
allowed  to  consider  the  entire  phenomenon  as  a  continuous  succession  of 
uniform  motions  under  gradually  changing  conditions. 

The  main  questions  to  be  answered  in  this  connection  are  the  foUow- 
ing:  Given  the  initial  gross  weight  Wo  and  the  fuel  capacity  Wf,  so  that 
Wi  =  Wo  —  Wf  is  the  empty  weight,  how  long  is  the  distance  R,  the 
range,  that  can  be  covered  in  a  straight  horizontal  flight  and  what  is  the 
time  E,  the  endurance,  needed  for  this  flight?  If  we  combine  Eq.  (1) 
with  the  definition  of  the  forward  velocity  V,  that  is,  with  V  =  ds/dt, 
we  find 

ds  =  Vdt=  -^dW,        R  =  j     ^dW  (2) 

while 

Wo 

dt=--^dW,        E=l     ^dW  (3) 

Wi 

These  formulas  answer  the  two  questions  if  V,  c,  and  P  are  known  as 
functions  of  the  instan taneous  weight  W.     As  to  c,  it  is  assumed  to  be  a 
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constant  or  a  given  function  of  P  and  the  engine  speed  n.  Thus,  the 
complete  solution  of  the  problems  would  require  us  to  compute,  for  each 
valué  of  W,  the  level-flight  speed  V,  the  engine  speed  n,  and  the  power  P. 
According  to  that  which  was  stated  above,  the  relations  between  the 
instantaneous  valúes  of  W,  V,  P,  n,  etc.,  are  supposed  to  be  the  same  as 
those  for  uniform  flight.  If,  for  example,  an  engine  with  constant 
throttle  opening  and  with  fixed-pitch  propeller  is  used,  we  have  one 
power-available  curve,  Pav  vs.  V,  independently  of  W.  On  the  other 
hand,  we  know  how  to  draw  the  set  of  power-required  curves,  Pre  vs.  V, 
for  any  given  valué  of  W  (Fig.  325).  The  respective  points  of  inter- 
section  give  the  successive  valúes  of  V.     To  each  V,  as  an  abscissa  of  the 


300000 


s.  200000 


^  100,000 


V,  f  t.  per  sec. 

Fig.  325. — Power-required  curves  for  varying  weight. 

Pav  VS.  F-curve,  there  corresponds  a  certain  advance  ratio  J,  thus  a 
certain  engine  speed  n  =  V/Jd  and  a  certain  Ci^-value  so  that  P  can  l)e 
computed  as  CppnH^.  If  this  is  carried  out  for  W  =  Wo,  for  W  =  Wi, 
and  for  a  number  of  appropriately  chosen  intermedíate  valúes  of  W,  the 
integráis  of  V/cP  and  of  l/cP  can  be  evaluated  to  any  degree  of  accuracy. 
Instead  of  following  this  correct  but  somewhat  cumbersome  method, 
rough  approximations  for  both  range  and  endurance  can  be  obtained 
in  the  following  way,  which  was  first  suggested  by  L.  Bréguet:  Tn  the 
expression  for  R  we  write  P  =  Pre/v  =  DtoV/r]  and  use  the  rclation 
Dio/L  =  Dio/W  =  Cío/Cl  where  the  total  drag  coefficient  Cto  is  defined 
as  the  sum  Cd  +  (Sp/S)  with  Sp  =  parásito  área  of  the  airplane  (except 
the  wing).     Thus, 

cP       cDtoV       cDtoW       cCtoW 


(4) 
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Here  the  propeller  efficiency  r}  varíes  with  the  advance  ratio  J,  and  Cl/Cio 
varíes  wíth  the  angle  of  íncídence.  But  these  varíatíons  as  well  as  that 
of  c  can  be  considered  as  unímportant  so  that  the  factor  of  1/T^  ín  (4)  ís 
approxímately  constant  and  can  be  replaced  by  some  average  valué. 
Wíth  thís  assumption,  Eq.  (2)  suppHes 


R  = 

w 


Wa  n  o 


Thís  formula  allows  a  rapíd  estímate  of  R  íf  the  expected  average 
valué  of  the  parentheses  or  the  avei-age  valúes  of  tj,  c,  and  CiJCto  are 
known.     Take,  for  example, 

^  =  0.70,         c  =  0.4  l))./hp.-hr.  =  ..n  ^^Q^nn  =  0-202  X  10-«  ft."' 

550  X  ooOO 

and  Cto  =  0.05  +  C'|/20,  accordíng  to  an  aspeet  ratío  of  about  7  and  a 
total  zero  líft  drag  coeíñcíent  0.05.  Then  the  largest  valué  of  ClICu 
can  be  found  (see  Sec.  VII.l)  as  i  \/20/0.05  =  10.00,  and  an  average 
valué  may  be  estímated  as  about  7.5.  The  greatest  possíble  /?,  íf  one- 
fifth  the  full  ínítíal  weíght  consísts  of  fuel,  ís  thus  found  to  be 

R^.  =  ^^  X  10^  X  log  I  =  7.72  X  10«  ft.  =  1465  miles. 

Thís  would  be  the  correct  R  'ú  \i  were  possíble  to  maíntaín  duríng  the 
whole  flíght  the  same  advance  ratío  and  the  angle  of  íncídence  that 
corresponds  to  the  máximum  Ci/Cío-ratío.  In  fact,  not  more  than  about 
75  per  cent  of  Tímax  can  be  obtaíned  under  practícal  condítíons. 

Another  Bréguet  formula  can  be  found  for  the  endurance  E  by  divid- 
íng  both  sídes  of  Eq.  (4)  by  V  and  substítutíng  for  F,  accordíng  to  Eq.  (a), 
Chap.  XIV,  the  expressíon  ■\/2W / pSC l. 


P       c  Cto  WV       cCto\2j 


cP 
Then  Eq.  (3)  gives 

Wo  Wo 


(6) 


Wi 


Wi  Wi 


if  the  same  assumptíons  about  averagíng  -q,  c,  Cl,  Cto  are  made.     Intro- 
duoing  here  tho  initíal  and  the  final  velocítíes  (under  the  assumption  of 
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a  nearly  constant  angle  of  incidence),  that  is  Vo  =  \/2Wo/pSCl  and 
Vi  =  '\/2Wi/pSCl,  the  expression  becomes 

From  (5)  and  (7')  the  mean  velocity  during  the  flight  is  found  to  eqiuil 


H  ^   log  yWo/Wi 
E       ^W^/Wi  -  1 


Vo 


(8) 


0.10 

Fi(i.  326. — Airplane-polar  curve,  a'  =  0.5,6  =  20,  illustrating  máximum  range  and  máximum 

endurance  conditions. 

The  factor  of  Vq  here  is  smaller  than,  but  very  cióse  to,   1.     For  our 
example  Wo/Wi  =  f,  it  is  0.945,  and  for  Wo/Wi  =  2  we  find  0.837. 

Sometimes  Bréguet's  formulas  (5)  and  (7)  are  used  to  discuss  the 
question  for  the  máximum  possible  range  and  the  máximum  possible 
endurance  for  given  Wo  and  Wi.  It  is  obvious  that  both  quantities 
increase  with  rj  and  decrease  with  c.  Besides,  the  range  is  proportional  to 
CiJCio  and  the  endurance  to  Cl^'^/Cio-     If  the  resultant  polar  diagram  foi-  a 
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plañe,  with  the  coordinates  Cío,  Cl,  is  given  (Fig.  326),  the  point  of 
máximum  Cl/Cio  can  be  found  as  the  point  of  contact  of  the  tangent 
issued  from  the  origin.  If  Cto  is  assumed  in  the  form  a'  +  C|/6,  accord- 
ing  to  the  formula  just  used, 


(éL  =  *#    ^'  =  ^«"^ 


(9) 


On  the  other  hand,  for  máximum  endurance  we  have  Cto/Ci}^^  =  min.; 
thus. 


a'      ,    Cz,^^ 
CJ^  "^     b 


=  min.,         Cz,  =  \/3^,         (t^)       =  ^  a'-y^b^*     (10) 

\  V-'ío  /max  4 


This  shows  that,  other  things  being  equal,  a  higher  valué  of  Cl,  that  is,  a 
smaller  velocity  (in  the  ratio  ■\/3:l  =  1.32:1)  has  to  be  used  if  one 
wants  to  fly  as  long  as  possible  rather  than  as  far  as  possible.  All 
these  conclusions,  however,  are  impaired  by  the  hardly  justifiable  assump- 
tion  of  a  flight  at  constant  angle  of  attack. 

A  clear  meaning  is  given  to  the  problem  of  finding  the  greatest  possible 
range  (or  endurance)  if  an  engine  is  assumed  to  work  at  full  throttle  on 
a  propeller  with  continuously  controllable  blade  setting.  Then  the 
answer  can  be  found  in  the  following  way. 

According  to  the  definitions  (2)  and  (3),  the  máximum  R  and  the 
máximum  E  will  be  known  if  for  each  valué  of  W  in  the  interval 

the  máximum  valúes  /max  and  fifmax  of  the  two  functions  f{V,W)  and 
g(Y,W) 

have  been  computed: 


Rn 


=  /      fmWW)  dW,         Er...  =  f      Qu^UW)  dW         (10') 


To  find  /  and  g  choose  a  definite  valué  of  W,  within  the  interval  Wo,  Wi. 
Then  for  each  V  the  power  required  is  given,  either  from  the  plot  of  the 
Pre  vs.  F-curve  or  from  one  of  the  formulas  (A),  Chap.  XV.  From  the 
propeller  characteristics  we  can  derive  a  chart  that  gives  the  curves 
J  =  const.  and  rj  =  const.  in  a  system  with  Ct/J^  and  Cp/J^  as  coordi- 
nates (polar  diagram).  This  is  shown  in  Fig.  327,  where  the  straight 
lines  passing  near  the  origin  are  the  polar  curves  for  the  various  blade 
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Fio.  327.- — Coinputation  of  máximum  possiblc  range  for  aii  aii'iílaiio  wifli  coiitrollahlp-pitch 

propcllcr. 


settings  i3.     By  definition,  the  coordinates  are 

T  Pa 


^Ct  ^  nW     T 


J2        72  pnH'       pVH''       pVW      pVW 
Cp       n2rf2    P 


y  =  -72  = 


J2        F2  p^3^5       npVH^  pVH^ 


(11) 


ll 
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Therefore,  if  the  brake  moment  M^r  is  supposed  to  be  constant  (which 
is  a  sufñciently  good  approximation  in  almost  all  cases),  a  definí  te  point 
X,  y  is  assigned  to  each  V.  For  this  point,  J  and  17  can  be  read  off  by 
means  of  the  curves  J  =  const.  and  t]  =  const.,  and  thiis  n  =  V/Jd  and 
P  =  2irnMbr  are  foimd.  As  c  is  a  given  function  of  n  and  P,  all  quantities 
occurring  in  (10)  are  known  for  the  V  under  consideration.  Tf  V  is 
varied  (with  the  W  fixed)  one  obtains  the  curves  f(V,W)  and  gCVjW) 
and  can  determine  their  highest  points,  giving  /max  and  gm^x.  The  entire 
process  has  to  be  carried  out  for  a  sequence  of  W-values ;  then  the  integráis 
Pmax  and  ÍJmax  will  be  calculated  by  summing  up  the  terms.     Only  a  slight 
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FiG.  328. — Specific  fuel  consumption  vs.  engine  speed. 

complicatioR  is  involved  if  the  brake  moment  Mbr  is  considered  depending 
on  the  engine  speed  n. 

In  Figs.  327  and  329  the  computation  oíf(V,W)  and/max(Tf )  is  carried 
out  for  the  three  valúes  W  =  Wo,  O.SWo,  and  O.QWo.  The  airplane  data 
are  those  of  the  example  discussed  in  Sec.  XV.3,  i.e.,  gross  weight 
Wo  =  8000  Ib.,  \s  =  ion,  Xp  =  555,600  ft.Vsec.^  The  level  altitude  is 
assumed  as  5000  ft.,  with  p  =  0.00205,  a  =  0.86,  and  the  propeller 
diameter  d  =  9.3  ft.  For  V  =  240  ft./sec.  the  poAver  required  is  found 
from  Eq.  (A"),  Chap.  XV,  as  Pre  =  211,600  ft.-lb./sec.  The  constant 
brake  moment  is  estimated  as  1455  ft.-lb.,  corresponding  to  500  hp.  at 
n  =  30.     Thus  the  coordinates  x  and  y  follow  from  (11)  as 


X  = 


211,600 


y  =  2t 


0.00205  X  240»  X  9.3^ 
1455 


0.00205  X  2402  X  9.32 


=  0.087, 


-„  =  0.096 
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This  point  is  marked  A  in  Fig.  327,  and  all  points  computed  in  the  same 
way  for  W  =  8000,  but  different  V,  are  connected  by  the  curve  Li. 
Using  the  curves  /  =  const.  and  rj  =  const.  in  Fig.  327,  we  can  estímate 
71  =  0.832  and  /  =  0.93  for  A.  It  follows  that  w  =  V/Jd  =  27.7  sec.-i. 
The  fuel  consumption  is  given  in  Fig.  328  as  a  function  of  n  in  the  usual 
units.     At  n  =  27.7  we  read  oft"  c  =  0.562  Ib./hp.-hr.     Thus,  finally, 

240  X  0.832 


/(240,  8000)  = 


550  X  3600  =  3320  ft./lb. 


0.562  X  211,600 

In  Fig.  329  the  point  with  abscissa  240  and  ordinate  3320  is  marked  A. 
All  points  found  in  the  same  way  for  different  valúes  of  V  give  the  curve 
marked    Wq.     Its   highest   ordinate   is    seen   to   be  /mas (8000)  =  3440. 
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Fig.  329.- — V ¡cP  vs.  V  for  varying  weight. 

Carrying  out  the  same  computation  for  W  =  6400  and  4800,  we  fina 
that  /^a.(6400)  =  3520  and  /„,a.(4800)  =  3580.  If  the  airplane  is  sup- 
posed  to  have  a  tank  capacity  of  8000  —  4800  =  3200  Ib.,  the  máximum 
lange  can  be  found,  according  to  the  first  formula  (10')  (using  Simpson's 
rule  for  numerical  integration),  as 

/?max  =  i[3440  +  (4  X  3520)  +  3580]3200  =  11.25  X  10«  ft.  =  2130  miles. 

The  velocities  to  be  used  during  this  flight  are  seen  from  Fig.  329  to  li(í 
between  253  ft./sec.  at  the  beginning  and  266  ft./scc.  at  the  end. 

Problem  1.  Give  an  ostimate  for  range  and  eiulurancc  of  a  plañe  with  5000  Ib. 
gross  woight,  1000  Ib.  tank  capaoity,  parasite  ratio  SpfS  =  0.03,  nnd  aspoct  ratio  7. 
Assume  rj  =  0.80  and  c  -^  0.5  Ib./hp.  hr. 

*Problem  2.  Develop  the  formulas  for  range  and  endurance  undor  tlie  assump- 
tion  that  the  functions/and  g  are  proportional  to  the  (m  —  l)th  powcr  of  U'  (and  inde- 
pendent  of  V).  Take,  in  particular,  m  =  0.6,  and  compare  the  results  with  those 
obtainod  in  the  text. 

Problem  3.  Compute  the  máximum  endurance  for  the  example  at  the  end  of  the 
preceding  section,  using  the  chart  Fig.  327  and  the  c  vs.  n-curvc  Fig.  328. 
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Problem  4.  Develop  the  propeller  chart  analogous  to  that  of  Fig.  327  for  a  three- 
blade  propeller  with  \  =  2.1,  ¡x  =  0.023  (notation  of  Sec.  XI. 4),  and  apply  it  to  the 
computation  of  range  and  endurance  for  an  airplane  of  gross  weight  T^'o  =  12.000  Ib., 
Xs  =  1200,  Xp  =  600,000  ft.2/sec.2,  with  a  constant  brake  moment  corresponding  to 
900  hp.  at  n  =  30  sec.-i. 

2.  Take-off.  The  take-oíf  of  an  airplane  begins  with  a  very  short 
period  during  which  the  tail  is  raised  from  the  ground.  This  is  achieved 
by  the  moment  of  the  propeller  thrust  T  with  respect  to  the  point  where 
the  landing  gear  ton  ches  the  ground  (Fig.  330).  The  moment  Tt  acting 
clockwise  (nose  down)  will  oiitweigh  the  opposite  moment  Wl  diie  to  the 
gravity  at  a  comparatively  low  engine  speed.  Then,  with  the  tail 
raised,  the  propeller  axis  nearly  horizontal,  and  the  engine  throttle  wide 
open,  the  take-off  run  begins;  its  purpose  is  to  accelerate  the  airplane 
to  a  velocity  at  which  climbing  is  possible. 


Fig.  330. — Beginning  of  the  take-oí?  run. 

The  dynamic  conditions  of  the  take-oíf  run  can  be  illustrated  on  a 
diagram  that  shows  the  required  power  Pre  or,  better,  the  total  drag 
Dto  =  Pre/V  as  a  function  of  forward  speed  V.  In  Fig.  331  the  Dio  vs. 
F-curve  that  was  discussed  in  the  performance  computation  (Fig.  290) 
is  reproduced.  (If  the  airplane  has  retractable  landing  gear,  the  Prc-curve 
to  be  used  here  must  correspond  to  the  drag  Avith  the  gear  extended.) 

Any  point  A  on  the  curve  corresponds  to  definite  valúes  of  Dio  and  F, 
say,  Di  and  Vi,  and  to  a  definite  angle  of  attack  a  =  «i.  If  the  airplane 
moves  on  the  ground  keeping  this  angle  of  attack  invariable  but  increasing 
its  velocity  from  zero  up  to  the  valué  Vi  given  by  the  abscissa  of  A,  the 
actual  drag  increases,  following  the  formula 


Dto  =  K         V~CtO^  =  Di       -y^ 


(12) 


proportionally  to  V^.  The  drag  valué  is  thus  represented  by  the  parábola 
with  its  vértex  at  the  origin  O  and  passing  through  A.  If  the  velocitj^  Vi 
is  reached  at  the  angle  ai,  the  lift  exerted  on  the  airplane  will  equal 
the  weight  W  since  the  points  on  the  Dto  vs.  F-curve  are  determined  by 
the  condition  W  =  L.     Therefore,  during  the  take-off  run  the  lift  will  be 
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(13) 


The  difference  between  weight  and  lift  at  each  moment  gives  the 
magnitude  of  the  normal  pressure  between  the  ground  and  the  landing 
wheels;  thus,  if  \x  denotes  the  friction  factor, 

^{W  -L)  =  ^.W  (l  -  ^^  (14) 

is  the  friction  forcé  acting  opposite  to  the  direction  of  motion.     This 


,'  Propel/er  fhrusf  Tfor  n  =38 per  sec. 
^  Navy  Des.  S666-9. 2b/¿?ides 
d-9.3' 


Dfo.T 


ífftpersec 


100  VsMi  150  rZOO  250  300 

Vi(chosen  fake-offspeed) 

FiG.  331. — Forces  acting  during  take-oíT  run. 


forcé  is  represented  in  the  figure,  for  ju  =  0.7,  by  the  horizontal  line 
\i'W  and  the  dotted  parábola  \i.L. 

During  the  take-off  run  the  airplane  is  pulled  by  the  propeller  thrust 
T  =  Pav/V,  which  is  decreasing  at  increasing  V.  A  fair  assumption, 
which  leads  to  a  simple  method  of  computation,  will  be  that  T  diminishes 
according  to  the  formula  T  =  To  —  const.  V^  or 


T  =  To  -{To-  T,)  ^ 


(15) 


as  shown  in  the  upper  left  of  the  figure. 

Then  the  equation  of  motion,  stating  that  mass  times  acceleration 
e(iuals  the  suní  of  forcos,  with  dV/dt  —  V  dV/ds  =  ^^  d{V'^)/ds,  rcads 
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-^^tP  =  T  -D,o-  fJ^iW  -L) 
g  2     as 

=  n  -  /xTF  -  ^  (7^0  -  Ti  +  í)i  -  mTF)     (16) 

By  using  the  notations  Fo  and  Fi  for  the  f orces  at  F  =  O  and  V  =  Vi, 
respectively, 

Fo=  To-  nW,        Fi=  Tr-  Di  (16') 

the  right-hand  side  becomes  Fo  —  {Fq  —  Fi)V^/Vl,  and  Eq.   (16)   can 
be  written  in  the  form 


2gFo-  iFo-Fi)V'/Vl 

This  gives,  integrated  from  F  =  O  up  to  an  arbitrary  V, 

W      F?  F(?  V^ 

s  =    ¿^  ^rfzrjr,  ^"^"  F  '''^^  F  ^F,-(Fo-  F^)  ^     (17) 

If  we  assume  that  the  pilot  leaves  the  ground  only  when  the  velocity 
F  =  Fi  is  reached,  expression  (17)  suppHes  the  length  of  the  take-off  run 

W      F?  Fo 

which,  for  not  too  large  (Fo  —  Fi)/Fi,  can  be  replaced  approximately  by 

e       WVl  { ^    .    ,  Foj-J\\  WVl  .^_,, 

^^W^X-^'-FT-J^giFo  +  Fi)  ^'^^ 

The  analogous  approximation  for  (17)  would  be 


\>y^'    Fo    vi)  ^'' 


2^Fo 
both  approximations  being  derived  by  means  of  the  substitution 

log  {I  -\-  x)  '^  X  —  x'^/2 

In  order  to  obtain  a  modérate  valué  for  the  run  S  the  pilot  will  elect 
a  comparatively  small  angle  a,  that  is,  a  high  valué  of  Vi,  for  example,  a 
Vi  cióse  to  the  minimum  Dto,  as  shown  in  Fig.  331.  This  will  more  or 
less  coincide  with  the  speed  of  máximum  climbing  rate  or  máximum 
climbing  angle.  Then,  if  the  run  on  the  ground  is  continued  until 
y  =  Yi  is  reached,  a  smooth  and  constant  climbing  can  immediately 
set  in.  But  the  *S-value  following  from  (18')  seems  unnecessarily  large. 
A  skilled  pilot  avíII  pulí  the  elevator  stick  sometime  before  reaching  Vi, 
perhaps  at  a  velocity  F  of  about  10  to  20  per  cent  above  stalling  speed, 
and  thus,  almost  instantaneously,  increase  the  angle  of  attack  up  to  the 
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valué  that  corresponds  to  the  point  B  at  the  abscissa  V  of  the  Z)ío-curve. 
If  this  angle  is  reached,  the  airplane  will  leave  the  ground  and  begin  a 
chmbing  motion  at  the  clunbing  angle  determined  by  BB' /W.  But 
here  the  pilot  is  in  the  domain  of  reversed  commands  (Sec.  XIV. 3), 
and  his  next  movement  must  be  to  push  the  stick  slightly  forward  in 
order  to  increase  the  velocity,  to  diminish  the  incidence  and  thus  to 
change  into  the  regular  flight  región.  The  net  gain  is  that  the  length  of 
the  take-off  run  is  decreased,  as  seen  from  Eqs.  (17')  and  (18'),  essentially 
at  the  rate  {V /ViY.  But  the  flight  path  does  not  show  the  smooth  and 
eontinuous  ascent  as  in  the  case  of  a  prolonged  run  on  the  ground. 

Under  these  circumstances  it  is  understandable  that  specifications 
for  the  take-off  run  of  an  airplane  must  include  some  conditions  concern- 
ing  the  first  phase  of  the  flight  path  after  leaving  the  ground.  A  practical 
way  is  to  require  that  an  obstacle  of  modérate  height,  say,  50  ft.,  shall  be 
passed  within  a  definite  distance  from  the  point  of  departure  at  F  =  0. 
This  restricts  the  cholee  of  the  end  velocity  V  of  the  ground  run. 

Equations  (17')  and  (18')  show  that,  next  to  the  end  velocity  V, 
the  take-off  run  is  most  influenced  by  the  gross  weight  W  of  the  airplane. 
Not  only  is  S  proportional  to  W,  but  also  the  forcé  Fa  in  the  denominator 
of  the  formula  is  decreasing  with  increasing  W ,  as  seen  from  the  definition 
in  (16').  The  latter  influence  depends  on  the  friction  coefñcient  m, 
that  is,  on  the  quality  of  the  ground.  The  following  experimental  valúes 
are  usually  given  for  regular  landing  gear  with  a  single  axis  and  normal 
tires : 

II  =  0.02  for  concrete  or  wooden  deck 

=  0.04  for  hard  turf,  level  field 

=  0.05  for  average  field,  short  grass 

=  0.10  for  average  field,  long  grass 

=  0.10  to  0.30  for  soft  ground 

Large  valúes  of  the  friction  coefficient  may  prove  prohibitive  to  a 
take-off  operation  since  the  available  propeller  thrust  To  at  7  =  O  may  be 
as  small  as  0.20  to  0.30TF,  thus  rendering  Fo  =  Tq  —  iJ.W  very  small  oi- 
zero.  There  is  only  one  way  to  improve  on  To  for  take-off  purposcs, 
viz.,  the  use  of  variable-pitch  propcllers.  With  a  pitch  much  higher  than 
that  used  in  level  flight  the  ratio  of  To/W  can  readily  be  increased  to 
double  or  more  of  the  foregoing  valúes.  In  general,  take-off  distances  in 
excess  of  about  7000  ft.  are  considcred  impractical  for  landplanes. 

The  influence  of  altitude  over  sea  level  on  the  take-off  run  appears 
mainly  in  the  valué  of  To.  If  the  enginc  output  is  unaltered,  the  thrust 
will  be  nearly  proportional  to  the  air  density  p,  that  is,  to  the  ratio  a. 
This  may  diminish  the  difference  To  —  fxW  and  thus  increase  the  take-off 
distance  considerably. 
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All  this  argument  presupposes  the  absence  of  any  wind  during  the 
take-oft"  operation.  If  the  atmosphere  is  not  at  rest,  the  au-plane  always 
takes  off  into  the  wind  and  then  the  computation  has  to  be  modified  in  the 
following  way.  Let  F,(,  be  the  wind  speed.  With  respect  to  a  reference 
system  moving  with  the  wind,  the  airplane  at  the  beginning  of  the  run  has 
the  forward  speed  Vw     At  the  time  t  the  relative  velocity  is 

v  =  V  +  y.. 

The  equation  of  motion  corresponding  to  (16)  can  be  written  as 

Here,  Fo,  Fi,  Vi  have  the  same  meaning  as  before,  while  s'  is  the  distance 
covered  during  the  time  t  in  the  moving  reference  system.  Introducing 
the  forcé  Fq,  which  acts  at  the  beginning  of  the  take-oíf  run, 

F'o  =  Fo-^  (Fo  -  FO  (19') 

the  integration  of  (19)  o  ver  the  interval  Vw,  V  furnishes 

s'  =  f^  pr;^^  log  P  with  F'  =Fo-  (F.  -  F,)  -^     (20) 

This,  however,  i.s  not  the  distance  actually  covered  by  the  rolUng  airplane 
on  the  ground.  To  find  the  correct  length  s  of  the  take-off  run  we  have 
to  subtract  Vw  t, 

s  =  s'  -  Vwt  (21) 

and  therefore  must  compute  the  time  t  needed  for  accelerating  the  airplane 
from  the  (relative)  speed  F„,  to  7^  +  F  or  from  the  (absolute)  speed  O 
to  V.     From  Eq.  (19)  we  have 

,,_W  dV  _W       dV 

"^^        g  F,-  {F,-Fi)V'yV\       gFol-zW^  ^     ^ 

and,  by  integration, 

Upon  combining  (20),  (21),  and  (23),  the  exact  length  of  the  take-off 
run  for  the  (absolute)  end  velocity  F  is  found.  A  good  approximation 
can  be  obtained  by  considering  (Fo  —  Fi)/Fo  as  small  and  then  deriving 
from  (22) 

W     V  dV  W 

ds'  =  V  dt  ^  — ^  -!_  d  +  zW^W  dV 
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This  leads  to 


ds  =  ds'  —  Vw  dt  = 


y  -  Fu. 
V 


ds'  =  ^  (V  -  F.)(l  +  zW^)  dV 


and,  upon  integration  and  simple  rearrangement,  to 
W 


s  = 


2gF, 


{V  -  Vu)'- 


1    +   -^    (F'2   +   W'Vr.    +  WD 


With  the  same  approximation,  the  integration  of  (22)  yields 
W 


í  =  --^(F'-V.„) 


z- 


i+^(F'^-  +  y'F,„+y,2,) 


(24a) 


(246) 


In  the  case  F„  =  O,  F'  =  F,  Eq.  (24a)  coincides  with  (17'). 

Formula  (23)  can  also  be  used  for  finding  the  time  needed  in  the 
"normal"  take-oíí  run,  with  F„,  =  O  and  end  velocity  Fi, 


TFFi 


1 


2gF,  Vi  -  F,/F, 
or,  in  first  approximation, 


log 


1  +  Vi  -  Fi/Fo 
1  -  Vi  -  Fi/F^ 


(25) 


T, 


'i  A    ,    1  Fq  -  F\ 


(25- 


gF,  \^   '   ^      Fo 

The  following  example  shows  how  these  formulas  can  be  applied. 

Let  US  take  the  airplane  that  was  disciissed  in  Sec.  XV. 3,  of  gi'oss 
weight  W  =  8000  Ib.  Avith  the  two  thrust  eui'ves  given  in  Fig.  331. 
Here  the  required  thrust  Dio  is  computed  as  PrJV  from  the  previously 
used  power-required  curve.  The  available-thrust  curve  is  continued 
toward  the  left  up  to  F  =  O  in  accordance  with  experimental  tests  on  a 
definite  propeller  of  9.3  ft.  diameter  (Fig.  331).  If  the  velocity  Fi, 
which  determines  the  angle  of  attack  during  the  take-off  run,  is  chosen 
as  Fi  =  196ft./sec.,  («i  =  3°),  the  figure  shows  Fi  =  Ti  -  Di  =  13601b. 
and,  with  m  =  0.05  (average  field),  Fo  =  To  -  tiW  =  2330  Ib.  Then, 
for  the  run  continued  up  to  F  =  Fi,  the  length  and  time  required  accord- 
ing  to  (18)  and  (25)  would  be 


S  = 


8000 


1962    2330   __,.,, 
TwTT  log  To«R  =  2650  ft.. 


T, 


2  X  32.2  970    ^  1360 

The  approximation  formulae  (18')  and  (25')  would  supply 
8000  X  1962 


24.8  sec. 


S 


=  2600  ft.. 


23.8  sec. 


32.2  X  3690 

Actually,  the  ground  run  can  be  discontinued  at  a  much  smaller  end 
velocity  F.  If  F  is  taken  as  140  ft./sec,  about  20  per  cent  above  stalling, 
as  indicated  in  the  figure,  the  length  s  and  the  time  t  can  be  computed 
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from  (17')  and  from  the  second  equation  (24)  with  Vw  =  O, 

The  actual  take-ofí  distance  will  correspond  to  intermedíate  valúes, 
depending  on  the  height  of  the  obstacles  that  have  to  be  cleared  immedi- 
ately  after  leaving  the  airfield. 

Problem  5.  Compute  the  take-off  distance  and  the  time  needed  for  the  ground 
run,  for  the  airplane  discussed  at  the  end  of  the  preceding  section,  under  the  assump- 
tion  of  a  head  wind  of  20  m.p.h. 


/iOr¡zonfal_ 
p/ane 


FiG.  332. — Attitude  in  gliding. 

Problem  6.  How  do  the  results  given  in  the  text  and  those  found  in  Prob.  5  change 
if  the  airplane  takes  off  from  a  practically  smooth  wooden  deck  instead  of  from  an 
airfield? 

Problem  7.  Find  the  take-off  distance  for  an  airplane  with  the  following  specifica- 
tions:  gross  weight  W  =  5000  Ib.,  wing  loading  W /&  =  25  Ib./ft.^,  effective  aspect 
ratio  6.7,  parasite  ratio  S'^l&v  =  0-04.  The  power  plant  supplies  Po«  =  500  hp.  in 
sea-level  flight  and  a  thrust  To  =  1800  Ib.  at  7  =  0.  The  ground  run  is  performed 
at  the  angle  corresponding  to  V\  =  190  ft./sec,  but  the  pilot  leaves  the  ground 
when  F  =  160  ft./sec.  is  reached.     Assume  average  airfield  conditions. 

Problem  8.  How  long  is  the  take-off  run  in  the  case  of  Prob.  7  if  the  ground  is  very 
soft  (m  =  0.25)  but  a  20  m.p.h.  wind  is  blowing? 

*Problem  9.  Develop  the  formulas  for  take-off  distance  and  take-off  time  under 
the  assumption  that  the  propeller  thrust  decreases  linearly  with  V.  Find,  in  particu- 
lar, the  first  approximations,  assuming  the  ratio  {Fo  —  Fi)/Fo  as  small,  and  compare 
the  results  with  those  given  in  the  text. 

3.  Steep  Gliding  and  Diving.  It  was  seen  in  Chap.  XIV  how  gliding 
angles  and  gliding  velocities  can  be  derived  from  the  power-required 
curve,  provided  that  the  slope  of  the  gliding  path  is  not  too  steep.  In 
Fig.  291a  we  saw  that  the  angles,  in  fact,  are  small  (below  about  12°)  as 
long  as  the  f orward  speed  of  the  airplane  is  restricted  to  the  range  between 
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the  low  and  high  speed  of  level  flight.  But  when  the  upper  limit  of  this 
domain  is  exceeded,  the  corresponding  gliding  angle  increases  almost 
suddenly  to  such  high  valúes  that  the  approximation  method,  which 
neglects  the  difference  between  W  and  W  eos  é,  can  no  longer  be  used. 

^      Horízonfal  „ 

-i — ^ vCi, 

■  Polar  díagram 


y  >v-  -  -  -  Hodograph 

•^  ^         for  gí/d/ng 


FiG.  333. — Hodographs  for  gliding  and  diving. 

However,  it  is  not  difíicult  to  find  the  exact  answers  to  all  questions 
concerning  uniform  gHding  without  using  that  simpHfying  assumption, 

Let  US  now  cali  ■&  the  angle  of  the  flight  path  with  the  horizontal 
plañe,  but  counted  positive  downward  (gliding  angle),  while  in  Chaps. 
XIV  and  XV  positive  ??  meant  climbing.  Then  the  equilibrium  equa- 
tions  can  be  written  (see  Fig.  332)  as 


L  =  TF  eos  t?;         Dto  =  TT  sin  ^;        tan  ??  =  ^^  =  ^        (26) 
In  Fig.  333  the  polar  diagram  of  the  airplane,  i.e.,  the  polar  diagram  of  the 
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wing  with  the  origin  shifted  by  Sp/S,  is  shown  with  the  Cl  horizontal 
and  Cto  vertical  downward.  According  to  the  last  equation  (26),  the 
radius  vector  from  the  origin  O  to  a  point  A  on  the  polar  curve  immedi- 
ately  gives  the  gliding  direction  that  corresponds  to  the  point  A.     On 


l^Vs/n0,  e 


ft./sec.-50 


ÍT Vfernr'^'^^^^-^^^'^- 


-5  O  5  10         15         20        25         30        35 

FiG.  334. — Gliding  velocity,  angle  and  rate  of  descent  vs.  angle  of  attack. 

the  other  hand,  from 

W  =  VL'  +  DI  =  I  V'S  vci  +  Cl 


(27) 


we  learn  that  the  length  O  A  of  this  vector  equals  2W/pV'^S.  As  long  as  p 
can  be  considered  as  constant,  i.e.,  within  modérate  level  differences,  O  A 
is  a  measure  of  l/V^.  That  is,  the  forward  velocity  V  for  the  angle 
of  incidence  represented  by  the  point  A  is  inversely  proportional  to  the 
square  root  of  O  A .  This  makes  it  possible  to  derive  from  the  polar  curve 
of  the  airplane  the  hodogravh,  i.e.,  the  curve  connecting  the  end  points 
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of  all  velocity  vectors  OB,  the  lengths  of  which  equal  the  square  root  of 
2W/pS  O  A.  The  distances  of  the  points  B  from  the  horizontal  axis  give 
the  sinking  velocities  V  sin  ñ.  In  Fig.  334  the  magnitudes  é,  F,  and 
V  sin  é  are  plotted  against  the  angle  of  attack  a.  This  supplements 
the  diagram  of  Fig.  291a,  which  was  computed  for  small  valúes  of  i?.  The 
máximum  velocity  that  occurs  at,  or  near  to,  d^  =  90°  is  called  the 
terminal  velocity  of  the  airplane. 


10°      20' 


70"      80° 


30°     40°      50°      60 
Fig.  335. — Gliding  velocity  vs.  «?. 


Within  the  range  of  a  where  the  polar  curve  can  be  considered  a 
parábola,  Cío  =  a'  +  Cyh,  the  relation  between  V  and  t?  can  be  com- 
puted from  the  equations 


tant>  =  ^  +  %         W  =  ^SV^-^ 
Ll        o  2  eos  é 


which  füllow  from  (26).     Eliminating  Cl  we  find 

.     ,         ,  p5  ,,„       1  2Pf   1 
sm^  =  a'2^F^+^-^^cos^^ 


(29) 


Suc.  XVI.3]  STEEP  GLIDING  AND  DIVINO 

and  solving  this  biquadratic  equation  for  V^  we  have 
W 


^^  =  ^^-^il± 


(l±^l-^cot^^) 
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(30) 


If  it  is  assumed  that  d  remains  constant  beyond  the  stalling  point,  we 
have  here  FVcos  é  =  const.  =  Ff^.  The  dotted  Hne  in  Fig.  335  repre- 
sents  V  vs.  ú  according  to  (30)  below  stalhng  and  according  to  constant 
Cl  beyond  stalHng.     The  soHd  hne  gives  the  valúes  of  V  derived  from  the 
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Fig.  336. — Altitudes  in  gliding. 

hodograph  (Fig.  334);  below  stalling,  it  practically  coincides  with  the 
curve  derived  from  (30). 

The  smallest  gliding  angle  í?mm  is  determined  by  setting  the  square 
root  in  (30)  equal  to  zero,  which  supplies 


z?m¡n  =  are  tan  2  ^  /— 

\  o 


(31) 


in  accordance  with  Eq.  (8),  Chap.  VIL  There  we  had  a  instead  of  a' 
since  the  gliding  angle  e  of  the  wing  alone  was  computed.  The  forward 
speed  corresponding  to  7?mm  follows  from  (30)  as 

2W 


W     ■ 
y2  =  _¿!_  sm  i9n,iQ  =  —     , — 

pSa'  p>S-v/«'(4a'  +  h) 


(31') 


Figure  336  shows  the  attitudes  of  an  airplane  in  gliding  for  several 
valúes  of  í?.     If  the  angle  of  attack  a  is  counted  from  the  longitudinal 
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axis  on,  é  —  a  is  the  angle  this  axis  forms  with  the  horizontal  plañe. 
For  é  —  a  >  90°  the  plañe  is  flying  upside  down.  It  is  seen  from 
Fig.  334  that  at  angles  a  higher  than  some  15°  the  attitude  ??  —  a  and 
the  velocity  V  remain  nearly  constant,  while  the  giiding  angle  -á  changes 
rapidty.  The  result  is  that  in  this  región  the  pilot  has  great  diíRculty 
in  controlUng  the  angle  of  giiding.  He  will  do  better  not  to  approach 
too  closely  the  stalling  speed. 

It  is  understood  that  in  all  these  calculations  the  atmosphere  is 
supposed  to  be  at  rest,  i.e.,  no  wind  present.     In  the  case  of  a  steady  wind, 

if  the  pilot  keeps  in  the  wind  plañe,  the  vector  of  wind  velocity  Vw  has  to 

Mon'zonfa/ 


Vecfor  ofmha/  ve/oc/'/y 

Fig.  337. — Hodograph  for  giiding  and  soaring  against  wind. 

be  added  to  the  velocities  found  in  the  hodograph  (Fig.  333).     In  Fig.  337 

the  hodograph  curve  is  replotted  as  a  dotted  Une,  and  to  each  vector  OB 

is  added  the  constant  vector  BC  =  Vw,  which  is  supposed  to  lie  in  the 
plañe  of  flight.  This  gives  the  resultant  hodograph  curve  shown  as  a 
solid  linc.  It  is  seen  that  the  presence  of  wind  with  an  upward  compo- 
nent  hfts  the  hodograph  curve  so  that  a  flight  with  negative  t?  (climbing) 
or  at  least  with  ^  =  O  may  become  possible.  These  are  the  conditions 
under  which  a  glider  plañe  performs.  The  lifting  cffect  depends  on  the 
vertical  component  only,  Therefore,  if  this  component  has  a  sufficient 
magnitude,  the  airplane  can  "glide"  horizontally  in  all  directions;  i.e., 
it  can  remain  cruising  or  moving  in  closed  circuits  for  an  indefinite  time, 
at  a  constant  level.  Airplanes  designed  for  use  without  engincs  have  a 
small  wing  loading  W/S,  comparatively  small  a'  (i.e.,  small  parasite  ratio 
Sp/S),  and  high  valué  of  h  (large  aspect  ratio  /R).     With  W/S  =  2.5 
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lb./ft.2,  a'  =  0.04,  b  =  9t  =  28.3,  formula  (31)  gives  t^n^n  =  0.075  =  4F, 
and  from  Eq.  (31')  we  find,  with  p  =  0.0024  slug/ft.^  the  f onvard  speed 
V  =  44.2  ft./sec.  Thus  an  upward  wind  of  44.2  X  sin  4i°  =  3.3  ft./sec. 
would  be  sufficient  to  maintain  this  glider  in  level  flight  indefinitely. 
Such  a  viiná  component  may  readily  develop  in  the  neighborhood  of  a 
hillside  toward  which  a  wind  blows. 

Steep  descent  under  high  fonvard  speed  is  also  possible  with  the 
engine  working.  This  kind  of  flight  is  usually  known  as  diving.  For 
small  angles  r?  (up  to  about  15°)  between  the  direction  of  flight  and  the 
horizontal  plañe  the  theory  of  downward  flight  is  included  in  the  general 
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FiG.  338. — Computation  of  the  hodograph  for  diving. 

performance  theory  developed  in  Chaps.  XIV  and  XV.  In  the  ca.se  of 
large  ??,  however,  the  hodograph  method  just  developed  for  gliding  flight 
can  be  used.  Assuming  that  the  propeller  thrust  T  acts  in  a  direction 
suíRciently  cióse  to  the  direction  of  flight,  the  only  modification  to  be 
apphed  to  Eqs.  (26)  and  (27)  is  that  Dto  has  to  be  replaced  by  Dto  —  T. 
Let  US  use  the  abbreviations 


2W 

pVS 


—  f> 


2T 


2P„ 


pV'S      pV'S 


(32) 


Then  (26)  and  (27)  supply 

Cto    —    T 


tan  ??  = 


C, 


,.2  =  Cl+  (Cto  -  r)2,        Cz,  =  r  eos  t?     (33) 


The  second  equation  is  the  equation  of  a  circle  in  the  C^-Cío-plane. 

In  Fig.  338  the  resultant  polar  diagram  is  plotted  again  in  the  same 
position  as  in  Fig.  333.  The  power-available  curve  Pav  vs.  V  is  supposed 
to  be  known.  Then,  for  any  assumed  V  we  can  compute  r  and  r  accord- 
ing  to  (32).     The  circle  of  radius  r,  with  its  center  C  on  the  vertical 
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axis  at  the  distance  t  from  the  origin,  intersects  the  polar  curve  at  the 

point  A  and  thus  determines  the  direction  of  flight  parallel  to  CA.  If 
the  center  falls  on  Co,  the  flight  path  has  the  horizontal  direction  CoAo. 
To  centers  below  Co  belong  smaller  velocities  and  negative  ^,  i.e.,  upward 
flight.     Letting  V  assume  all  valúes  within  the  range  of  interest,  we 


l{li/na  *(9 


^ferm 


^a' 


-100-^ 

Fio.  339. — Diving  vclocity,  angle  and  rate  of  descent  vs.  angle  of  attack. 

find  the  correct  hodograph  as  shown  in  Fig.  333  as  a  dotted  line  and  can 
derive  from  it  the  graph  of  Fig.  339,  which  gives,  in  analogy  to  Fig.  334, 
the  magnitudes  t?,  7,  and  Y  sin  ■&  vs.  the  angle  of  attack  a,  for  diving. 
The  diagrams  of  Fig.  339  are  plotted  under  the  assumption  of  a 
parabolic  polar  diagram  with  a'  =  0.04  and  b  =  16.4  and  a  power- 
available  function  of  the  form 


=  -(r.-9 
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[in  accordance  with  Eq.  {B"),  Chap.  XV]  with  Xq  =  6.23,  Xp  =  2,222,000 
ft.Vsec-  The  gross  weight  W  is  assumed  to  be  8000  Ib.,  the  wing  área 
íS  =  300  ft.-,  and  the  air  density  p  =  0.0024.  It  is  seen  from  the  graph 
that  the  terminal  velocity,  for  straight  downward  flight,  is  now  725 
ft./sec,  while  without  engine  it  was  755  ft./sec.  The  difference  is 
explained  by  the  fact  that  for  too  high  velocities  (above  about  600  ft./sec.) 
the  engin-e  is  driven  by  the  propeller,  i.e.,  the  power  available  is  negative. 
The  assumption  made  in  this  argument  that  the  propeller  thrust 
direction  coincides  with  the  direction  of  flight  will  not  tangibly  impair  the 
correctness  of  the  results,  particularly  not  within  the  range  of  high 
velocities  where  only  small  variations  of  the  angle  of  attack  are  involved. 
On  the  other  hand,  the  deviation  between  the  directions  of  flight  and  the 
propeller  axis  may  cause  a  pitching  moment,  which  renders  the  task  of 
maintaining  the  moment  equilibrium  more  difñcult.  The  question  of 
balancing  the  moments  with  the  help  of  the  elevator  is  decisive  for  the 
practical  possibility  of  steep  descent  and  will  be  discussed  in  Chap.  XVII. 

Problem  10.  Give  the  equation  of  the  hodograph  for  gliding  and  the  expression 
for  the  smallest  gliding  angle  in  ternas  of  span  loading  Xs  and  parasite  loading  Xp. 
Discuss  the  influence  of  altitude. 

Problem  11.  Plot  the  gliding  hodograph  for  the  airplane  discussed  in  Sec.  XV.4. 
Find  its  smallest  gliding  angle  and  the  corresponding  forward  speed.  Compute  the 
velocities  for  gliding  at  30°  at  30,000  ft.  altitude  and  at  sea  level. 

*ProbIem  12.  Compute  the  mínimum  sinking  velocity  in  gliding  and  the  cor- 
responding angle  from  Eq.  (30).  Show  that  under  ordinary  conditions  the  method  of 
Chap.  XIV  gives  a  sufficiently  good  approximation. 

Problem  13.  Plot  the  hodograph  for  a  glider  with  3  Ib./ft.^  wing  loading  whose 
parasite  ratio  Sj,/S  is  0.025  and  whose  effective  aspect  ratio  is  8.5.  Assume  that  a 
wind  of  8  m.p.h.  is  present,  with  an  upward  angle  of  5°,  and  that  the  pilot  keeps  in  a 
vertical  plana  against  the  wind. 

Problem  14.  Explain  how  the  gliding  hodograph  of  an  airplane  can  be  used  to 
determine  the  power  required  for  level  flight  at  a  given  velocity.  In  particular, 
assume  that  the  glider  of  the  preceding  problem,  with  a  weight  of  500  Ib.,  is  towcd  to 
a  tractor  plañe  flying  at  250  ft.  in  a  horizontal  direction,  and  compute  the  tensión 
in  the  towing  line. 

Problem  15.  Develop  the  diving  hodograph  for  an  airplane  with  28  Ib./ft.^  wing 
loading,  parasite  ratio  S'^/S  =  0.04,  effective  aspect  ratio  6.8,  and  available  power 
equal  to  that  used  in  the  example  of  the  text. 

4.  Landing  Operation.  Landing  Impact.  Various  questions  arise  in 
connection  with  the  landing  of  an  airplane,  and  a  few  of  them  may  briefly 
be  discussed  here.  In  general,  the  pilot  will  begin  the  landing  operation 
by  shutting  off  the  engine  and  approaching  the  ground  in  a  more  or  less 
steep  glide.  Before  reaching  the  ground  he  must  change  to  a  flat  glide, 
for  two  reasons.  (1)  The  sinking  velocity  must  be  reduced  in  order  to 
avoid,  as  far  as  possible,  a  landing  shock.  (2)  The  horizontal  velocity 
must  be  kept  low  in  order  to  avoid  too  long  a  landing  run. 
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The  conditions  of  steady  gliding  were  discussed  in  the  preceding 
section.  During  the  last  stage  of  a  landing  operation,  however,  both  the 
gUding  angle  and  the  ghding  velocity  continually  change  under  the 
influence  of  the  pilot's  handling  of  the  elevator  stick.  The  theory  of 
siich  a  nonuniform  motion,  where  in  addition  to  the  actual  forces  the 
so-called  "inertia  forces"  interfere,  will  be  dealt  with  in  Chap.  XVIII. 
This  kind  of  complete  analysis  will  rarely  be  required  in  connection  with 
landing  problems.  If  the  products  of  mass  times  acceleration  (inertia 
forces)  are  neglected,  we  can  explain  the  transition,  or  "flare,"  flight 
path  in  the  landing  operation  by  means  of  the  polar  diagram  and  the 
hodograph  curve  as  given  in  Fig.  333.  The  assumption,  equivalent  to 
the  disregarding  of  all  inertia  forces,  is  that  the  forward  speed  V  and  the 
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Fio.  340. — ^Flight  path  preceding  landing. 

gliding  angle  ??  have  at  each  moment  exactly  the  valúes  which  would 
correspond  to  a  uniform  gliding  at  the  respective  angle  of  incidence. 
The  transition  period  starts  at  the  end  of  a  uniform  steep  descent  repre- 
sented  by  the  point  J5o  of  the  hodograph  (Fig.  340).  Then  the  pilot 
gradually  increases  the  angle  of  attack  until  the  representative  point 
falls  at  Bn,  corresponding  to  the  flattest  gliding  (tangent  to  the  hodo- 
graph from  O).  If  the  timing  for  the  intermediate  stages  as  represented 
by  Bi^  Es,  etc.,  is  known,  we  can  develop  by  graphical  integration  an 
approximate  picture  of  the  flight  path,  as  seen  in  Fig.  340.  Each  single 
segment  of  the  flat  polygonal  line  is  parallel  to  one  of  the  rays  OB  and 
proportional  in  length  to  the  product  of  the  time  interval  by  OB.  In  our 
example,  with  the  foregoing  valúes  of  W,  S,  p  it  is  assumed  that  the 
initial  gliding  angle  of  7.4°,  corresponding  to  F  =  254  ft./sec.  (point  Bo), 
is  gradually  decreased  at  a  uniform  rate  of  0.3°  per  time  interval  At,  until 
it  rcaches  the  valué  t^min  =  5.6  (point  B„).  The  transition  flight  extended 
over  7  time  intervals  covers  a  horizontal  distance  of  1530  At  and  a  level 
difference  of  175  At.  If  the  pilot  begins  the  transition  at  an  altitude  of 
600  ft.  above  the  ground,  he  would  have  to  take  Ai  equal  to  xff  =  3.4  sec. 
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that  is,  to  change  é  at  the  rate  of  0.088°/sec.  This  whole  analysis,  of 
course,  gives  a  very  rough  approximation  only. 

It  was  assumed  in  our  example  that  the  airplane  reaches  the  landing 
ground  in  the  state  of  flattest  gUding.  Instead  of  this,  other  points  of  the 
diagram  could  be  chosen  as  terminal  points  of  the  landing  flight, 
for  example,  the  point  with  the  smallest  sinking  rate  or  the  point  with 
the  mínimum  horizontal  velocity  component.  It  may  also  be  that  by 
skillfully  taking  advantage  of  the  inertia  forces  the  pilot  succeeds  in 
arriving  under  more  favorable  conditions  than  those  corresponding  to  any 
state  of  steady  gliding.  In  addition,  modern  aircraft  often  use  brakes 
or  flaps  (Sec.  X.2),  which  change  Cto  and  thus  the  polar  diagram  under- 
lying  the  hodograph.  This  reduces  the  landing  speed  considerably. 
In  any  case,  some  definite  valúes  of  sinking  rate  Ws  —  V  sin  ú  and  of 
horizontal  velocity  Vh  =  V  eos  é  will  mark  the  end  of  the  transition 
flight.  While  the  first  component,  Ws,  determines  the  landing  shock,  the 
second,  Vh,  is  the  initial  velocity  of  the  landing  run,  on  the  ground. 

The  conditions  of  the  landing  run  are  similar  to  those  of  the  take-off 
run  as  discussed  in  Sec.  2  of  this  chapter.  If  we  could  assume  that  the 
pilot  keeps  the  airplane  at  a  practically  constant  angle,  the  air  resist- 
ance  would  be  proportional  to  the  square  of  the  velocity  V.  The  pro- 
peller  thrust  can  be  considered  as  nonexistent  since  the  engine  is  shut  off 
and  the  reaction  of  the  still  running  propeller  unimportant.  A  certain 
indefiniteness  is  caused  by  the  fact  that  after  a  few  seconds  the  tail  skid 
or  the  tail  wheel  will  touch  the  ground.  This  is  cronnected  with  a 
considerable  change  of  the  angle  of  attack  for  the  further  run;  besides, 
the  friction  coefficient  for  the  skid  is  much  affected  by  its  particular  shape. 

We  may  use  formula  (18)  or  (18'),  as  given  in  the  foregoing  for  the 
length  of  the  take-off  run,  with  Vi  =  Vh  and  Fo  =  ¡xW,  Fi  =  Di. 

WV¡                Di              WVí 
S  =  —^ loo:  ^^  '^ ^ .  (34) 

Here,  Di  should  be  taken  as  the  drag  valué  for  the  high  angle  of  attack 
that  corresponds  to  the  position  of  the  airplane  with  the  tail  skid  or  the 
tail  wheel  on  the  ground.  When  a  tail  wheel  is  used,  /x  ma}^  have  the 
same  valué  (or  a  little  higher  one)  as  that  indicated  in  Sec.  2  for  various 
kinds  of  running  ground.  For  a  tail  skid  the  friction  coefficient  reaches 
as  high  a  valué  as  0.50;  thus,  if  one-third  the  total  weight  rests  on  the  tail, 
the  former  n  should  be  replaced  by  0.17  +  |m,  that  is,  by  0.27  in  the 
case  of  M  =  0.15.  Under  ordinary  conditions  the  ratio  Tr/(Di  +  nW) 
is  about  3  to  6,  which  is  equivalent  to  the  statement  that  gS/Vl  lies 
normally  between  3  and  6. 

The  question  of  landing  shock,  or  landing  impact,  requires  careful 
consideration  in  the  design  of  an  airplane  structure.     A  certain  amoun"- 
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of  vertical  velocity  miist  be  reckoned  with  at  the  moment  when  the 
ground  is  reached.  This  amount  may  be  a  little  smaller  than  the  theo- 
retical  valué  of  F  sin  ??  at  the  end  of  the  landing  glide,  owing  to  the 
cushioning  effect  of  the  horizontal  ground  beneath  the  wing;  under 
particularly  favorable  conditions,  as  mentioned  in  the  foregoing,  it  may 
be  even  zero  or  nearly  zero.  But  no  airplane  will  be  designed  without 
providing  for  some  appropriate  kind  of  shock-absorbing  device.  In 
principie,  a  system  of  elastic  springs  may  be  used  that  has  to  be  inserted 
between  the  axles  of  the  main  landing  wheels  and  the  airplane  bod3^  The 
essential  theory  of  the  shock  phenomenon  can  briefly  be  sketched,  as 

follows. 

~2^0 —c^ i We  denote  by  z  the  vertical  dis- 

placement  of  the  center  of  mass  of 
the  plañe,  counted  positivo  down- 
ward.  Let  2  =  O  correspond  to  the 
position  where  the  lowest  point  of 
the  landing  wheel  just  touches  the 
ground  while  the  airplane  is  sus- 
pended, so  that  no  thrust  is  exerted 
by  the  wheel  on  the  ground  and  no 
loading  is  acting  on  the  springs. 
In  the  schematic  diagram  of  Fig. 
341a,  the  point  C  is  the  center  of 
gravity  at  2  =  O,  and  S  represents 
the  spring  and  W  the  undistorted 
wheel  with  the  point  of  contact  P.  In  this  position  the  shock  phenomenon 
begins.  The  point  C  has  a  downward  velocity  dz/dt  =  Ws  and,  at  the  first 
moment,  no  acceleration  since  the  weight  is  balanced  by  the  lift.  As  C 
continúes  its  downward  motion  according  to  the  vertical  speed  Ws,  the 
spring  is  compressed  and  the  tire  flattened  (Fig.  3416).  This  causes  a 
resistance  forcé  that  may  be  assumed  to  be  proportional  to  z. 

Thus,  the  equation  of  motion  for  the  plañe  of  gross  weight  W  will  read 


Fig. 


ía) 

341. — Landing'  impact,    soheme    and 
notation. 


WdH  _ 


(35) 


where  k  depends  on  the  dimensions  of  the  spring  and  of  the  tires.     The 
solution  of  the  differential  equation  (35)  that  fulfills  the  initial  conditions 


z==Q, 


dz 
dt 


=     Ws 


at  ¿  =  O 


is  easily  seen  to  be 


¡W    .       ¡kg 


(35') 


(36) 
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This  means  that  a  harmonic  oscillation  sets  in,  the  frequency  of  which  is 
the  square  root  of  kg/W  while  its  amplitude  equals 

ÍW 

z.  =  w.  ^^^  (37) 

The  valué  of  k  can  be  determined  by  a  static  experiment,  as  follows: 
If  the  airplane,  initially  suspended,  is  let  down  to  the  ground  until  it 
assumes  a  position  of  equihbrium  under  the  influence  of  its  weight,  the 
displacement  of  the  mass  center  will  have  a  certain  magnitude  Zo.  In 
this  position  the  weight  W  is  balanced  by  the  elastic  resistance  kz^. 
Thus 

k  =  ^        and        z,  =  w.J^;        1  =  J%  (37') 


/gzo 

The  ratio  of  the  displacements  21/20  is  at  the  same  time  the  ratio  of  the 
forces  kzi/kzo  =  kzi/W.  Since  Zi  is  the  máximum  displacement  (the 
amplitude),  kzi  is  the  máximum  forcé,  and  the  result  following  from 
(37')  is  that  the  greatest  load  which  the  landing  gear  has  to  stand  is 

i^o^a,  =  kz,=^W  -^  (38) 

Vgzo 


For  a  given  Ws  the  spring  system  must  be  designed  in  such  a  way  as  to 
supply  a  sufíiciently  large  valué  of  the  elastic  displacement  Zo  to  keep  the 
load  factor  Ws/s/gzo  within  reasonable  limits. 

In  Eq.  (35)  it  was  assumed  that  during  the  whole  process  the  weight 
of  the  airplane  is  completely  balanced  by  the  lift.  In  reality,  the  lift 
forcé  will  gradually  lessen  since  the  f orward  speed  of  the  airplane  decreases 
during  the  landing  run.  In  the  extreme  case  that  the  lift  completely 
vanishes  at  once  one  should  write,  instead  of  (35), 

^§  =  W-k^  (39) 

The  solution  of  this  differential  equation  with  the  initial  conditions  (35') 
is 

^  =  f(l-cos^|<)  +  ».^|si„J|í  (390 

as  can  be  seen  by  differentiating  the  right-hand  side  and  substituting  in 
(39).     The  máximum  valué  of  z  is  found  from  (39')  to  be 

If  2o  is  substituted  for  W/k,  the  latio  21/20  and  the  máximum  load  kz^. 
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respectively,  are  seen  to  equal 


2l 
Zo 


1  +  . /l  +  ^^         F^a.  =  ^-^i  =  w(l+Jí+  ^  )     (41) 


The  latter  valué  is  a  little  larger  than  that  found  in  (38). 

The  actual  máximum  load  can  be  expected  to  lie  between  the  two 
limits.  For  example,  if  an  airplane  comes  down  at  an  angle  ú  —  5° 
mth  a  forward  speed  F  =  111  ft./sec,  the  sinking  velocity  is 

tü,  =  111  sin  5°  =  9.7  ft./sec. 

In  the  case  oí'  a  static  displacement  ^o  =  0.1  ft.,  Eq.  (38)  would  give 
kzi/W  =  5.4  and  Eq.  (41)  would  yield  kzi/W  =  6.5.  We  can  conchide 
that  the  máximum  load  to  which  the  landing  gear  is  exposed  hes  between 
5.4  and  6.5  times  the  gross  weight  of  the  airplane.  This  result  is  not 
too  much  affected  by  the  f act  that  the  elasticity  of  the  system  under  con- 
sideration  is  not  a  perfect  one.  While  the  oscillations  are  not  permanent 
but  die  out  sooner  or  later,  the  first  ampUtude  will  have  approximately 
the  computed  valué,  provided,  of  course,  that  the  corresponding  stresses 
lie  within  the  limits  the  material  can  withstand. 

Problem  16.  Use  the  hodograph  given  in  Fig.  333  (or  that  developed  according 
to  Prob.  11)  to  determine  the  gliding  path  that  starts  at  the  slope  of  15°  (with  the  cor- 
responding gliding  velocity)  and  changes  at  the  rate  of  0.12°/sec. 

Problem  17.  The  landing  gear  of  an  airplane  experiences  an  overload  Fraax/W  =  5 
at  a  landing  velocity  of  vertical  component  Wa  =  10.5  ft./sec.  How  large  will  the 
overload  factor  be  if  the  same  landing  gear  is  used  for  an  airplane  of  20  per  cent  greater 
weight,  landing  with  Ws  =  12  ft./sec? 

5.  Seaplane  Problems.  A  very  brief  account  of  the  conditions 
under  which  a  seaplane  takes  off  follows.  Any  seaplane,  whether  of  the 
flying  boat  type  or  essentially  a  landplane  furnished  with  floats  instead 
of  a  landing  gear,  must  be  capable  of  floating  on  the  water  surface. 
Before  rising  into  the  air  the  seaplane,  starting  from  a  state  of  rcst, 
performs  a  take-off  run  on  the  water  surface  during  which  both  hydro- 
dynamic  and  aerodynamic  forces  act  upon  it.  The  aerodynamic  action 
consisting  of  drag  and  lift  on  the  wing,  parasite  drag  on  the  body,  and 
thrust  and  torque  moments  on  the  propeller  blades  is  subject  to  the  same 
rules  as  in  the  case  of  a  landplane.  The  intcraction  between  the  boat 
hull  or  the  floats  and  the  water  prcsents  a  very  difíicult  and  intcrcsting 
problem  in  the  hydrodynamics  of  shipbuilding.  It  is  not  the  problem 
one  has  to  deal  with  in  the  design  of  ordinary  ships,  which  float  under 
the  conditions  of  static  buoyancy,  but  rather  the  problem  of  modern 
racing  boats,  the  so-called  "hydroplancs." 

Figure  342  shows  in  a  longitudinal  section  the  underwater  line  of  a 
body  that  could  serve  as  a  hydroplane,  a  flying  boat,  or  the  main  float 
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of  a  seaplane.     Its  most  conspicuous  characteristic  is  the  presence  of  the 

sharp  step  at  about  the  middle  of  the  length,  sometimes  called  after  its 

inventor  the  Ramus  step.     The  purpose  of  this  design  of  the  hull  can  be 

described  as  follows:  As  long  as  the  body  is  at  rest  or  in  a  sufficiently 

slow  motion,  it  will  be  immersed  in  the  water  up  to  a  level  A  A  (Fig.  342a^ 

that  is  determined  by  Archimedes'  principie,  or  the  principie  of  buoyancy, 

i.e.,  by  the  condition  that  the  weight  of  the  displaced  water  equals  the 

actual  weight  of  the  boat  and  its  load.     But  with  increasing  velocities  the 

conditions  change.     The  water  below  the  front  part  of  the  hull  rises  and 

exerts  on  the  moving  body  an  additional  thrust  upward  which  is  approxi- 

mately  proportional  to  the  square  of  the  velocity  like  the  lift  on  an 

air  wing  (Fig.  3426).     This  dynamic  lift  forcé  adds  to  the  buoyancy,  and 

thus  the  vertical  equilibrium  will  be  maintained  with  a  smaller  portion  of 

the  body  immersed.     In  fact,  with  an 

appropriate  provisión  for  the  distribu- 

tion  of  the  masses  (position  of  the  center 

of  gravity),  the  rear  part  of  the  hull, 

behind  the  step,  will  emerge  more  and  ^ 

more    from    the    water    as    the    speed 

increases.     An  effective  decrease  of  im- 

mersion  through  the  action  of  dynamic 

forces  seems  to  occur  only  with  hull 

forms  with  a  marked  step.     At  least,  '^^ 

1  •-!         j.  1        1        1  1  Ficí-  342. — Ramus  step. 

seaplanes  without  such  a  broken  under- 

water  line  on  their  floating  parts  have  so  far  never  been  satisfactory.  A 
possible  explanation  of  this  failure  would  be  as  follows:  In  the  last  moment 
before  getting  into  the  air  an  airplane  must  increase  its  angle  of  incidence 
and  therefore  make  a  slight  turn,  nose  up.  If  it  were  still  in  contact  with 
the  water  along  a  continuous  line  (in  the  longitudinal  section),  this  turn 
would  cause  the  resultant  buoyancy  forcé  to  shift  backward  and  thus  pro- 
duce a  moment  that  counteracts  the  lifting  of  the  nose.  This  is  avoided 
if  the  last  contact  occurs  just  along  the  edge  of  the  step. 

The  take-off  run  on  the  water  surface  presents  a  problem  of  three  degrees 
of  freedom.  The  center  of  gravity  has  two  velocity  components,  one 
horizontal  and  one  vertical,  and  besides  there  is  the  rotation  in  the  vertical 
plañe  about  the  lateral  axis  through  the  center.  Three  dynamic  equa- 
tions,  one  for  each  degree  of  freedom,  control  the  motion.  For  a  first 
approximation  we  may  simplify  the  problem  by  two  assumptions,  as 
follows:  (1)  The  inertia  forcé  in  the  vertical  direction,  i.e.,  the  vertical 
acceleration  and,  in  a  certain  way,  the  vertical  velocity  component,  can 
be  neglected  since  their  amounts  are  certainly  unimportant.  (2)  We 
disregard  completely  the  rotation  and  suppose  that  the  airplane  remains 
parallel  to  itself  during  the  run;  this  may  alter  considerably  the  forces 
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at  the  beginning  and  the  end  of  the  run,  but  seems  a  fair  assumption 
for  its  main  part. 

Let  US  denote  by  W  the  gross  weight,  by  T  the  propeller  thrust,  by  L 
and  D  Hft  and  (total)  drag  exerted  by  the  air,  by  Ln-  and  Dw  the  analogous 
components  due  to  the  dynamic  action  of  the  water,  and  finally  b}^  B  the 
buoyancy,  i.e.,  the  weight  of  the  displaced  water.  Then,  under  the  above 
assumptions,  the  two  equations  of  motion  are  (Fig.  343) 


O  =  -W  +  B  -^L  -\-Ly 


g    dt 


D  -  D^ 


(42) 


Z> 


In  taking  L,  Lw  and  D,  Dw  as  the  vertical  and  horizontal  forcé  com- 
ponents, respectively,  we  make  use  of  the  assumption  that  the  vertical 
velocity  component  is  practically  negligible.  According  to  our  second 
assumption  the  aerodynamic  forces  L  and  W  will  depend  on  the  velocity 

V  only,  except  for  the  slight  increase  of 
the  parasite  drag  due  to  the  emerging 
parts  of  the  boat.  If  Vi  is  the  velocity 
at  which,  at  the  actual  angle  of  incidence, 
the  lift  L  reaches  the  valué  W  and  the 
total  drag  the  valué  Di,  we  have,  as  in 
Sec.  2, 

F2  ^        ^    , 

(43) 


^ 


^^^^í^^^v^^TíSK^:^^'^^ 


^^^^^^^VvVCV 


2?. 


VV 


D 


y2 


Fig.  343. — Forces  acting  on  a  seaplane 
during  take-off. 


Here,  Vi,  Di  are  the  coordinates  of  that 
point  of  the  thrust-required  curve  which 
corresponds  to  the  state  of  steady  climb- 
ing  setting  in  at  the  end  of  the  take-off  run. 

The  vertical  displacement  of  the  center  of  gravity  or  of  any  point  on 
the  body  will  be  called  z.  At  the  beginning,  when  the  body  is  at  rest 
and  fully  supported  by  the  buoyancy,  we  set  z  =  0.  At  the  end  of  the 
run,  when  the  body  has  completely  emerged  and  no  buoyancy  is  present, 
the  z-value  may  be  denoted  by  Zi.  Then  the  buoyancy  5  is  a  function 
of  z  Avith 

B(0)  =  W,         B{zi)  =  O  (44) 

The  dynamic  action  of  the  water  can  be  expressed  in  a  f  orm  similar  to  that 
used  throughout  this  volume  for  the  aerodynamic  forces. 


Lw  — 


pw 
~2 


V^Si 


Dw  =  ^  V'So 


(45) 


Here,  pw  is  the  density  of  the  water  and  the  áreas  Sl  and  Sd  may  be 
understood  as  corresponding  to  the  concept  of  the  parasite  área  of  an 
airplane.     Both  Sl  and  Sd  must  be  considered  as  given  functions  of  z, 
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fulfilling  the  conditions 

Sl{zi)  =  O,         Sb{z,)  =  O  (46) 

For  the  propeller  thrust  T  we  introduce  the  same  expression  as  in 
Sec.  2,  and  for  dV/dt  the  same  transformation  will  be  used.  Then  the 
two  equations  (42)  can  be  written  as 

W-B(z)  =  F.>r^  +  ^^,(e)l 

P        í         J  .      (47) 


wdv     Wd{V')     ^      v'^lTi.^Ii.zJhu-p^^  <  f  ^ 

=  To  -  V"\  ™ h  -^  SdÍz) 


g    dt        2g     ds  -"        '     1^  y2  '2 

From  the  first  equation  we  compute  V^  as  a  function  of  z 

y  1  -  B{z)IW 


(48) 


Y\       1  +  p^Y\&i.{z)l2W 

If  this  function  is  reversed,  i.e.^  if  z  is  expressed  in  terms  of  F^  ^^d  intro- 
duced  in  the  second  equation  (47),  then  this  equation  relates  V^  to  its 
derivative  with  respect  to  s  and  thus  allows  us  to  find  the  length  s  of  the 
take-off  run  by  integration  from  F  —  O  to  F  =  Fi. 

The  relation  (48),  between  z  and  F",  can  be  represented  in  dimension- 
less  form  as  shown  in  Fig.  344,  in  a  coordínate  system  z/zx  vs.  V^/Vl.  It 
follows  from  the  conditions  (44)  and  (46)  that  the  curve  must  pass 
through  the  origin  and  through  the  point  1,  1.  Its  shape  depends 
entirely  on  the  shape  of  the  boat  hull  and  on  the  assumed  angle  of  attack, 
i.e.,  the  angle  between  boat  axis  and  velocity  during  the  floating.  In 
particular,  B(z)  is  proportional  to  the  volume  immersed  when  the  eleva- 
tion  of  the  boat  is  z.     From  (45)  and  the  first  equation  (47)  we  can  derive 


Dw  ^  Sn  PwV'SlJz)    ^Sd 
W         Sl         2W  Sr. 


1  _  B{z)       V' 


(49) 


The  expression  in  brackets  is  zero  for  F  =  O  and  for  F  =  Fi  according  to 
(44).  Thus  the  water  resistan  ce  Dw  vanishes  at  the  beginning  and  the 
end  of  the  take-off  run,  while  the  friction  on  the  ground  in  the  previous 
case  of  take-off  from  land  decreases  from  a  positive  initial  valué  to  zero. 
As  F/Fi  is  known  as  a  function  of  z  from  (48),  Dw  can  be  computed  if  an 
asvsumption  about  Sd/Sl  is  made.  This  ratio  is  found  by  experiments  to 
go  down  to  0.14  for  the  best  racing  boats  but  to  have  valúes  up  to  0.30 
to  0.45  in  the  case  of  seaplane  hulls  that  run  at  high  angles  of  attack. 
In  order  to  obtain  an  idea  how  the  seaplane  run  proceeds,  we  may 
choose  for  B(z),  Sl(z),  and  Sd/Sl  the  functions 

BW  =  w(l-|),     ei™£)  =  i.(i_0     |£  =  const.=0.4     (50) 

This  may  roughly  correspond  to  an  underwater  line  formed  by  two 
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straight  segments.  The  curves  in  Fig.  344  represent  the  relation  between 
z/zi  and  V-/VI  for  various  k.  In  Fig.  345,  Dw/W  is  plotted  according 
to  (49)  against  V^/Vl  ^^ith  k  =  20.     This  graph  includes  also  the  straight 

Unes  representing  T/W  and  D/W  accord- 
I  I.   ^^1 1_ ±_— .sj^"     I    ing  to  the  assumptions  expressed  in  (47) 

and  (43).     Figures  346  and  347  give  the 

resultant  forcé  ratio 

^  ^  (T  -  D  -  Dw) 
W  W 

as  a  function  of  V^/Vf  and  of  V/Vi, 
respectively.  The  integrations  required 
by  the  second  equation  (47)  for  finding 
s  and  t,  distance  and  time  of  the  run,  can 
now  be  carried  out  in  the  following  way: 
For  the  moment,  let  us  cali  x  and  y  the 
coordinates  of  either  of  the  curves  (Figs. 
346  and  347) .  Then,  starting  at  the  origin , 
\ve  draw  a  sequence  of  straight  lines  all  under  the  same  small  angle  with  the 
?/-axis  so  as  to  form  a  sequence  of  isósceles  triangles  with  their  summits  on 
the  curve  and  their  bases  coinciding  with  the  a:-axis.  It  turns  out  that  the 
number  of  such  triangles  which  can  be  placed  on  the  interval  O  to  1 
of  the  a:-axis  gives,  except  for  a  constant  factor,  in  the  first  case  the  length 


O 


y 

/y^ 

■"^k^iO 

// 

h. 

O 


vvv,^ 


Fig.  344. — Float  emergence  vs. 
square  of  air  speed,  according  to 
Eqs.  (48)  and  (50). 


0.4       0.5      0.6 
Fig.  345. — Foroes  acting  during  take-off  run  vs.  square  of  air  speed. 

s,  in  the  second  case  the  time  t.  In  fact,  consider  one  of  the  triangles 
ABC,  say,  in  the  second  case  (Fig.  347),  where  'AC'  =  CT  =  Aar  =  Ay/7i 
and  C'C  =  y  =  F/W  =  a/g  (a  =  acceleration).  As  Ax  is  supposed  to  be 
small,  we  may  assume  that  for  the  small  time  interval  corresponding  to 
AB,   during  which    V  increases  by  2Fi  Ax,   the   acceleration   has  the 


i 
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constant  valué  gy.     Thus  the  time  interval  is 

g    y 

But  the  ratio  Ax/y  is  the  same  for  all  triangles  and  is  determined  by  the 
initial  choice  of  the  first  straight  line  through  the  origin.  In  our  case 
this  straight  Une  passes  through  the  point  x  =  0.05,  y  =  0.256;  thus  the 
ratio  Ax/y  =  0.195,  and  therefore  the  time  interval  for  each  segment 
At  —  O.S9Vi/g.  Figure  347  shows  45  complete  triangles;  the  remainder 
on  the  x-axis  may  be  estimated  as  nine-tenths  of  another  one.     Thus  the 


O        O 
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V'/Vj' 


FiG.  346. — Total  horizontal  forcé  vs.  square  of  air  speed.     Length  of  take-off  run  found 

by  graphic  integration. 

time  needed  for  accelerating  the  airplane  from  F  =  O  to  F  =  Fi  equals 
45.9  X  0.39Fi/g  =  17.9Fi/gr  (that  is,  67  sec.  for  Fi  =  120  ft./sec). 

The  same  argument  applies  to  Fig.  346.  Here,  the  increase  of  F- 
corresponding  to  a  segment  A5  is  2Fi  Ax.  As  one-half  only  of  the  ratio 
AF^/As  equals  the  acceleration  a  —  gy,  we  have 


1  ^^' 
As  =  i 

gy 


,  2F^Aa;  ^V\Ax 

^    gy         g    y 


With  the  same  slope  Ax/y  as  in  the  foregoing,  the  49.4  triangles  seen  in 
Fig.  346  give  the  length  s  over  which  the  acceleration  from  O  to  Fi  is 
achieved  as  49.4  X  0.195F|/9'  =  9.64F?/gf  (that  is,  4320  ft.  for  Fi  =  120 
ft./sec). 

For  a  correct  account  of  the  seaplane  run  the  assumptions  (50)  should 
be  replaced  by  equations  based  on  the  hydrodynamic  theory  of  the  ínter- 
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action  between  the  water  and  the  boat  hull.  The  elements  of  such  a 
theory  were  developed  by  Herbert  Wagner  (1930);  they  lie  beyond  the 
scope  of  this  book.     A  complete  aerodynamic  theory  would  also  supply 
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A    C  B  v/v, 

FiG.  347. — Total  horizontal  forcé  vs.  air  speed.      Duration  of  take-off  run  found  by  graphic 

integration. 

the  basis  for  eompiiting  the  landing  impacf.  The  dynamic  conditions 
prevaiHng  in  the  landing,  or  "watering,"  of  a  seaplane  can  be  described 
roughly  by  the  foUoAving  simple  scheme. 


Z--0 


FiG.  348. — Impact  on  water. 

Again  as  in  the  foregoing  section  it  is  assumed  (Fig.  348)  that  a 
kind  of  elastic  system  is  inserted  between  the  main  mass  of  the  airplane 
and  the  boat  or  the  floats  which  contact  the  water.     Let  Zi  be  the  devia- 
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tion  of  the  center  of  gravity  of  the  airplane  from  the  position  in  which  the 
lowest  point  of  the  hull  just  toiiches  the  water  surface,  with  the  spring 
unstrained.  Then,  as  Zi  increases  from  zero  on,  the  floating  parts  will 
penétrate  the  water  surface,  moving  through  a  distance  Z2  and  imparting 
a  certain  momentum  to  the  surrounding  water  partióles.  Let  us  write 
m  =  W/g  for  the  mass  of  the  main  body  and  m'  for  the  variable  mass  of 
water  on  which  the  velocity  dzildt  is  imposed.  As  the  elastic  forcé 
tends  to  restore  the  initial  distance  between  the  main  body  and  the  floats 
and  since  the  change  of  this  distance  is  Zi  —  Z\,  the  2-component  of  the 
forcé  on  the  floats  is  k{z\  —  z^)  and  on  the  main  body  A; (22  —  Z\).  The 
simplified  equations  of  motion  then  are 


dt 
and  the  initial  conditions 


d\x       , (  X 

m^^Kz,-Zx) 


(51) 


2,  =  2,  =  0,         ^  -  í/'.,         ^-  -  O     at  /  =  O  (51') 

di  dt 

An  indication  for  m'  as  a  function  of  z-i  should  be  supplied  by  the 
hydrodynamic  theory.  For  the  purpose  of  preliminary  information,  let 
US  take  for  m!  a  constant  average  valué.  Then  the  first  term  in  the  second 
equation  reduces  to  in'  d-z^/df^.  Dividing  the  two  equations  by  m  and 
m',  respectively,  and  subtracting  the  second  from  the  first,  we  find 


dHz,  -.-.,  .......  .  ^^2) 


with  the  initial  conditions  Zi  —  22  =  O,  d(zi  —  z^ldt  =  Wg.  The  solution 
can  now  be  found  in  exactly  the  same  way  as  was  shown  for  Eq.  (35) 
in  the  preceding  section,  except  that  k/m  has  to  be  replaced  by 

"(-  +  -) 

Thus,  according  to  (37)  the  amplitude  is 


\zi  —  z^lm^^  =  Ws     /— t:, TV  (53) 

V      \w       m  / 
and  with  W  =  mg  =  kzo  the  load  factor  becomes 

k\Zl     -     Zslmax    _    Ws         I 1 _         Ws 1 

W  ~  zo  \A:(l/m+  1/m'l  ~  :^  Vi  +  W/m'g     ^^'^^ 
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This  coincides  with  (38)  if  m'  is  infinite.  For  a  finite  m'  the  shock 
is  less  strong  than  in  the  case  of  landing  on  solid  groimd  with  the  same 
valúes  of  sinking  velocity  Ws  and  of  static  displacement  zo.  As  far  as 
inferences  from  experimental  investigations  can  be  drawn  the  ratio 
W/ni'g  does  not  exceed  about  i.  This  would  mean  a  reduction  of  the 
impact  effect  by  not  more  than  20  per  cent  as  compared  with  the  landing 
on  solid  ground. 

Problem  18.  Compute  the  length  and  the  duration  of  the  take-off  run  for  a  sea- 
plane,  under  assumptions  (50),  with  Sd/Sl  =  0.3  and  k  =  25.  How  do  the  results 
change  if  the  ratio  Sd/Sl  increases? 


Part  Five 
AIRPLANE  CONTROL  AND  STABILITY 

CHAPTER  XVII 
MOMEJíT  EQUILIBRIUM  AND  STATIC  STABILITY 

1.  Pitching-moment  Equilibrium.  If  a  body  moves  in  a  straight  path 
at  constant  velocity,  the  sum  of  f orces  as  well  as  the  sum  of  moments  of 
all  forces  acting  on  it  miist  be  zoi-o.  Tn  the  ])erformance  computation  of 
an  airplane  the  ftrst  conclition  only,  concerning  the  resultant  forcé,  has 
been  taken  into  accoimt.  Assuming  that  the  airplane  is  perfectly  sym- 
metrical  and  that  it  moves  parallel  to  the  vertical  symmetry  plañe,  the 
forces  perpendicular  to  this  plañe  cancel  each  other,  and  only  two  com- 
ponents,  one  parallel  to  and  one  perpendicular  to  the  velocity  vector,  have 
to  be  considered.  As  to  the  forcé  moments,  there  is  only  one  component 
that  is  not  automatically  zero  in  the  case  of  full  symmetry,  viz.,  the 
moment  about  an  axis  perpendicular  to  the  symmetry  plañe.  It  is 
known  as  the  pitching  momert  and  has  already  been  introduced  in 
Chap.  VI  in  connection  with  airfoil  tests.  Note  that  full  symmetry 
includes  the  condition  that  the  airplane  has  two  (or,  in  general,  an  even 
number  of)  propellers,  with  opposite  sense  of  rotation.  The  influence 
of  one-sided  propeller  rotation  will  be  discussed  in  Sec.  6  of  this  chapter. 
At  present,  one  pair  of  symmetrical  propellers  will  be  assumed  and  the 
projection  of  their  axes  on  the  symmetry  plañe  will  be  called  the  propeller 
axis. 

The  concept  of  total  drag  Dto,  which  includes  the  drag  of  the  air  wing 
and  all  other  parts  of  the  airplane,  has  already  been  used  in  the  perform- 
ance computations.  Analogically,  the  total  lift  Lto  may  be  introduced 
as  the  sum  of  all  thrust  components  perpendicular  to  the  velocity  vector, 
acting  on  the  wing,  the  tail  surfaces,  the  fuselage,  etc.  The  weight  W 
acts  along  a  vertical  line,  lying  in  the  symmetry  plañe  and  passing  through 
the  center  of  gravity  (c.g.).  Symmetrically  arranged  propellers  will 
supply  a  resultant  thrust  T,  whose  line  of  action  also  lies  in  the  symmetry 
plañe.  Then  the  moment  condition  of  equilibrium  can  be  expressed 
in  the  foUowing  form:  The  resultant  of  total  lift  and  total  drag  must  pass 
through  the  point  of  intersection  A  of  the  propeller  thrust  and  the  gravity 
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forcé.     If  the  propeller  thrust  line  passes  through  the  center  of  gravity, 
the  resultant  of  Lto  and  Dto  must  do  so,  too. 

In  Fig.  349  the  situation  of  horizontal  normal  flight  is  indicated, 
with  the  propeller  thrust  acting  parallel  to  the  forward  speed  in  the 
propeller  axis.  If  we  denote  by  hi,  hj,  ht  the  distances  frora  the  c.g.  of 
the  forces  Lto,  Dto,  T,  the  equilibrium  condition  reads 

hiI.to  -  haDto  +  htT  =  O  (1) 

The  horizontal  distances  are  counted  positive  toward  the  right,   the 
vertical  ones  positive  downward. 

In  normal  flight  it  can  be  assumed  that  no  lift  forcé  acts  on  the 
fuselage,  etc.,  so  that  Lto  equals  L  +  L',  wing  lift  plus  tail  lift.  If  the 
distances  of  the  respective  Unes  of  action  from  the  c.g.  are  denoted  by 


=^T 


Fig.  349. — Normal  flight  conditions. 

h  and  h'  (h'  negative  in  the  usual  design),  Eq.  (1)  can  be  replaced  by 

hL  +  h'L'  -  haDto  +  htT  =  0,        Lto  =  L -^  L'  (2) 

The  ideal  case  is  that  L'  =  0.  If  a  positive  L'  is  required  to  fulfill 
Eq.  (2),  the  plañe  is  called  tail-heavy;  in  the  case  of  L'  <  O,  nose-heavy. 
The  tail  lift  L'  can  be  supplied  by  the  horizontal  stabilizer  or  by  the 
elevator  or  by  the  combination  of  both.  The  way  in  which  the  tail  works 
will  be  discussed  in  Sec.  2  of  this  chapter. 

The  normal  conditions  can  prevalí  only  when  the  airplane  flies  at  a 
certain  incidence.  In  horizontal  flight  with  the  engine  throttled  or  over- 
charged,  and  in  climbing  and  descending,  the  angle  of  incidence  changes 
and  the  propeller  axis  (longitudinal  axis  of  the  plañe)  can  no  longer  be 
parallel  to  the  direction  of  flight.  In  this  case  Eq.  (1)  can  still  be  main- 
tained  if  the  terms  are  adequately  interpreted  (Fig.  350).  The  hi,  ha,  ht 
are  the  distances  of  the  respective  forces  from  the  c.g.  But  the  line  of 
action  of  T  will  not  exactly  coincide  with  the  propeller  axis  and  the  line 
of  action  of  Dio  may  considerably  change,  because  of  a  pitching  moment 
experienced  by  the  fuselage.  These  circumstances  will  be  discussed  in 
Sec.  3  of  this  chapter. 
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The  condition  of  pitching-moment  equilibrium  can  be  expressed  in 
terms  of  the  aerodynamic  center  (a.c),  which  was  introduced  in  Part  Two. 
It  has  been  seen  in  Sec.  VIII. 3  that  in  two-dimensional  flow  around  a 
body  or  a  set  of  bodies  there  always  exists  one  definite  point  with  respect 
to  which  the  moment  of  the  aerodynamic  forces  acting  on  the  bodies 
has  a  constant  valué,  i.e.,  a  valué  independent  of  the  direction  of  flow. 
This  applies,  first,  to  a  wing  of  infinite  span  or  to  the  combination  of  a 
wing  and  a  tail  surface  of  likewise  infinite  span,  when  both  move  in  a 
straight  path  perpendicular  to  the  span  direction.  The  resultant  forcé 
in  this  case  is  a  mere  lift,  i.e.,  a  forcé  normal  to  the  velocity  vector  in  the 
plañe  of  flow.     All  experiments,  however,  carried  out  with  airfoils  or 


í'iG.  350. — Moment  equilibrium  under  general  flight  conditions. 

wing  models  of  finite  span  confirm  that,  below  stalling,  a  point  of  constant 
pitching  moment  exists  in  these  cases  also,  although  the  resultant  forcé 
is  no  longer  a  mere  lift  as  in  the  Ijwo-dimensional  theory  but  includes  a 
drag  component.  With  the  interpretation  given  to  Prandtl's  wing 
theory  in  this  book  (Chap.  IX),  this  can  easily  be  explained.  In  fact, 
according  to  this  interpretation,  the  velocity  and  pressure  distribution 
around  a  finite  wing  under  the  actual  incidence  coincide  with  the  distribu- 
tion that  would  prevail  with  a  wing  of  infinite  span  under  a  smaller 
incidence  (efifective  incidence).  Therefore,  the  set  of  all  forces,  each 
determined  by  magnitude  and  Une  of  action,  which  correspond  to  varying 
angles  of  incidence  is  the  same  in  both  cases,  infinite  and  finite  span, 
and  a  point  for  which  the  moment  is  constant  in  the  first  case  must  have 
this  property  in  the  general  case,  also.     Only  the  relation  between  the 
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directions  of  flow  and  the  individual  f orces  is  modified.  If  two  or  more 
profiles  (wing  and  tail)  are  involved  and  if  each  is  considered  independently 
as  far  as  the  two-dimensional  motion  is  concerned,  then,  imder  the 
influence  of  some  down-wash  velocity,  the  foregoing  interpretation  leads 
still  to  the  existence  of  an  a.c,  that  is,  to  a  point  of  constant  moment. 

In  this  argument  no  consideration  is  given  to  the  parasite  drag  of 
the  \\dng  or  the  tail.  It  can  hardly  be  expected  that  when  the  angle  of 
incidence  varies  the  parasite  drag  has  an  exactly  invariable  moment 
A\ith  respect  to  the  a.c.  It  rather  seems  that  in  the  experiments  the 
influence  of  the  parasite  drag  on  the  moment  is  too  small  to  be  observed. 
In  fact,  compared  with  the  perfect  fluid  forces,  lift  and  induced  drag,  the 
additional  drag  is  small  and  its  Une  of  action  must  be  assumed  to  pass 
cióse  by  the  a.c.     The  conclusión  is  that  the  moment  of  the  Aving  forces 


Fio.  351. — Stabilizer  and  elevator. 

(and  in  the  same  way  for  the  tail)  with  respect  to  center  of  gravity 
equals  the  constant  moment  Mo  with  respect  to  the  aerodynamic  center 
plus  the  moments  of  lift  and  drag  as  attacking  in  the  aerodynamic  center. 
Let  Xa,  Za  be  the  coordinates  of  the  a.c.  of  the  wing  in  a  coordínate 
system  with  the  origin  in  the  c.g.  and  the  x-axis  in  the  direction  of  flight. 
If  accents  denote  the  analogous  valúes  for  the  tail,  the  condition  of 
moment  equilibrium  takes  the  form 

Mo  +  xj.  -  ZaD  +  M'o  +  <L'  -  2^D'  +  hcT  -  h',D^  =  O        (3) 

Here,  Dp  is  the  parasite  drag  on  the  fuselage,  etc.  (or,  better,  the  total 
air  reaction  on  these  parts),  and  h¿  the  distance  of  its  Une  of  action  from 
the  c.g. 

In  an  airplane  of  normal  design  Za  and  z'^  are  small  quantities  and  so 
are  D  and  D'  when  compared  with  L.  Moreover,  the  tail  with  the 
elevator  in  normal  position  has,  as  a  rule,  a  symmetrical  profile;  thus, 
Mq  =  0.     Accordingly,  Eq.  (3)  reduces  to 

Mo  +  xj.^  x'J.'  +  hT  -  KDp  =  O  (4) 

In  most  cases  the  last  term  can  be  disregarded,  at  least  for  a  first  approxi- 
mation,  assuming  that  the  resultant  air  reaction  on  fuselage,  etc.,  acts 
along  a  Une  passing  cióse  by  the  c.g.  Equation  (4)  supplies  the  following 
result:  If  an  airplane  is  correctly  balanced,  i.e.,  is  neither  tail-  ñor  nose- 
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heavy  {U  =  O,  L  =  TF),  the  distance  Xa  between  the  c.g.  and  the  a.c. 
of  the  wing  must  be 

Xa=  -  ^  -  eht  (5) 

where  e  =  T /W  is  the  resultant  ghding  angle  of  the  plañe.  It  was  seen 
in  Chap.  VII  that  for  the  most  usual  wing  profiles  Mo  has  a  negative 
valué.  Thus,  with  the  usual  wing  profiles  (ilf  o  <  0)  a  correctly  balancea 
airplane  has  üs  center  of  gravity  hehind  the  aerodynamic  center  of  the  wing, 
provided  that  the  propeller  axis  passes  not  too  far  helow  the  center  of  gravity. 
It  is  sometimes  preferable  to  write  these  equations  in  a  dimensionless 
form.  With  the  lift  and  moment  coefficients  as  defined  in  Sec.  VI.  1, 
Eq.  (5)  takes  the  form 

Xa  Cjvfo  ht  ,„. 

"  ^-  (6) 


c 


where  c  is  the  chord  length.  For  a  modern  profile  with  Cmo  =  —0.05 
at  an  average  lift  coefficient  C l  =  0.4,  the  c.g.  will  lie  three-eighths  of  a 
chord  length  aft  the  leading  end  of  the  wing,  if  the  propeller  axis  passes 
through  the  c.g. 

The  designer  has  to  take  care  to  fulfill  condition  (5),  or  a  more  accurate 
one,  for  the  average  state  of  füght  for  which  the  airplane  is  intended. 
Then,  if  the  state  of  motion  changes  or  the  loads  are  shifted,  the  airplane 
will  become  slightly  nose-  or  tail-heavy  so  that  the  pilot  has  to  opérate 
the  elevator.  If  large  changes  are  expected,  special  devices  can  be  used 
for  fixing  the  stabilizer  in  various  positions.  In  cases  where  considerable 
parts  of  the  load  are  dropped  during  the  flight,  the  performance  data  are 
modified  and  care  must  be  taken  to  keep  the  tail  lift  L',  required  for  bal- 
ance, within  the  limits  set  by  the  effectiveness  of  the  elevator. 

Problem  1.  A  plañe  of  gross  weight  W  =  12,000  Ib.,  power  loading  30  Ib./ft.^, 
aspect  ratio  7  has  in  normal  flight  a  wing  incidence  a'  =  0.09,  with  the  tail  neutral  and 
the  propeller  axis  passing  through  the  c.g.  The  moment  coefficient  for  the  a.c.  is 
Cmo  =  —0.06.     Where  must  the  c.g.  lie? 

Problem  2.  If  in  the  case  of  the  preceding  problem  a  load  óf  900  Ib.  (included  in 
W)  is  shifted  backward  by  3  ft.,  what  forcé  must  be  supplied  by  the  tail  if  its  distance 
from  the  c.g.  is  21  ft.?  Neglect  the  small  change  in  incidence  due  to  change  of  the 
wing  load. 

Problem  3.  What  happens  if  the  load  of  900  Ib.,  originally  situated  3  ft.  behind  the 
c.g.,  is  dropped? 

*Problem  4.  Describo  the  change  occurring  in  the  positiou  of  the  c.g.  due  to  the 
emptying  of  the  gas  tank.  Assunie  a  prismatic  tank,  sj'nimetrically  arranged,  its 
c.g.,  when  fuU,  having  coordinates  x,  z  with  respect  to  the  c.g.  of  the  fuUy  loaded  plañe. 
The  full  gasoline  weight  is  given  as  18  per  cent  of  the  gross  weight. 

2.  The  Contribution  to  the  Pitching  Moment  from  the  Tail.  As  long 
as  an  airplane  moves  parallel  to  its  symmetry  plañe,  only  the  horizontal 
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tail  surfaces,  stabilizer  and  elevator,  contribute  to  the  pitching  moment. 
Both  surfaces  have,  in  general,  symmetrical  profiles,  which  means  that  the 
zero  lift  direction  coincides  with  the  symmetry  axis  of  the  profile,  the 
aerodynamic  center  hes  on  this  axis  (for  these  profiles  at  about  one-fourth 
of  a  chord  length  aft  the  nose),  and  the  constant  moment  with  respect 
to  the  a.c.  is  zero.  The  Ci-curve  for  such  a  profile  passes  nearly  straight 
through  the  origin  under  a  constant  slope,  up  to  the  stalling  points 
on  the  positive  and  negative  sides. 


^(X. 


FiG.  352. — Lift  coeflScient  for  isolated  tail. 

If  the  combination  of  a  stabilizer  with  an  elevator  in  neutral  position 
is  tested,  the  whole  behaves  like  one  symmetrical  profile.  In  Fig.  352 
the  Une  A' A  shows  the  experimental  results  for  the  lift  coeíficient  C'^ 
of  a  normal  tail  with  the  elevator  neutral  against  the  angle  of  incidence 
a'.  As  was  to  be  expected,  the  curve  is  antisymmetrical.  Only  the 
section  between  the  two  stalling  points  is  of  interest.  If  the  tail  combina- 
tion is  tested  in  an  otherwise  undisturbed  flow,  independently  of  its 
connection  with  the  airplane,  the  slope  of  the  straight  part  A' A  will 
correspond  to  the  actual  aspcct  ratio  M'  =  B'^/S'  where  S'  is  the  sum 
of  the  áreas  of  the  stabilizer  and  the  elevator  and  B'  the  span  of  both 
surfaces: 
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Under  the  conditions  of  flight  of  the  complete  airplane  an  allowance 
must  be  made  for  the  influence  of  the  wing  on  the  tail.  As  a  general  rule, 
the  forces  exerted  by  the  airflow  on  a  body  B  are  strongly  affected  by  the 
presence  of  other  bodies  ahead  of  B,  while  practically  independent  of 
what  happens  behind  B.  An  approximate  estímate  for  the  wing  influence 
on  the  tail  can  be  given  on  the  basis  of  Prandtl's  wing  theory  in  the 
following  w^ay.  * 

Formula  (7)  is  based  on  the  assumption — prompted  by  Prandtl's 
theory  (see  Chap.  IX) — that  in  the  case  of  a  lifting  surface  of  aspect  ratio 
JR',  moving  w^ith  the  forward  speed  F,  a  down-wash  velocity  w'  is  induced 
whose  magnitude  is  given  by 

V    ~  tJR'  ^^^ 

If  w,  Cl,  and  M.  are  the  analogous  quantities  for  the  wing,  the  down-wash 
angle  produced  by  the  wing  wake  at  the  wing  and  the  valué  of  d.  will  be 

Behind  the  wing  the  down-wash  velocity  increases  and  takes,  theo- 
retically,  the  double  valué  at  infinity  (see  Chap.  IX).  It  may  be  assumed 
that,  for  the  usual  distances  between  wing  and  tail,  2w  can  be  con- 
sidered  as  an  approximate  valué  for  the  down-wash  velocity  induced 
by  the  wing  in  the  neighborhood  of  the  tail.  Thus  the  down-wash  angle 
for  the  tail  surface  will  be 

w'-\-2w  _  _C1     ,    2C. 

V  ttJR'  "^  irJR  ^^^^> 

The  zero  lift  direction  of  the  wing  profile  will,  in  general,  form  an  angle 
ad  with  the  zero  lift  direction  of  the  tail.  This  angle  is  known  as  the 
tail  decalage.  If  a  and  a'  are  the  simultaneous  valúes  of  incidence  for  the 
wing  and  tail,  respectively,  we  write  aa  =  a  —  a'.  Evidently,  au  is 
the  wing  incidence  with  the  tail  axis  parallel  to  the  direction  of  flight. 

Under  the  influence  of  the  combined  down-wash  velocities  w'  -f-  2w 
the  effective  angle  of  incidence  for  the  tail  is 

,       w'  +  2w         ,        C[       2C,  .... 

" V—  =="  -^-^  ^^^^ 

and  therefore  the  lift  coefficient  C'j,  for  the  tail  will  be  determined  by 
*  MiLLiKAN,  C.  B.  "  Aerodynamics  of  the  Airplane,"  p.  145,  New  York,  1941. 
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íf  (12)  is  solved  for  C¿,  then  Cl  substituted  from  (9)  and  a  —  aa  written 
for  a'  we  find 

C'x,  =  k'a  +  const.  uith  k'  =  ^  ^  2/JR'  M  -{- 2  ^^^^ 

This  formula,  due  to  C.  Millikan,  shows  that  the  slope  of  the  lift 
coefficient  curve  for  the  tail  is  diminished  at  the  rate  {JR  —  2)/(/R  +  2) 
by  the  influence  of  the  wing.  For  the  usual  JR  =  7,  this  would  give  k' 
equal  to  55  per  cent  of  its  valué  in  the  experiments  with  the  isolated  tail. 
Equation  (12)  leads  to  the  conclusión  that  C¿  vanishes  if  a'  =  2CL/TrM. 
If  this  is  correct,  the  axis  of  the  tail  should  make  an  angle  2CL/irM  (i.e., 
about  1.5°  for  Cl  =  0.3,  /R  =  7)  with  the  direction  of  flight  when  the 
tail  is  supposed  to  contribute  no  lift.  Actually,  an  appropriate  adjust- 
ment  has  to  be  made  in  the  process  of  the  so-called  "rigging"  of  the 
airplane. 

So  far,  elevator  and  stabilizer  have  been  considered  as  forming  one 
rigid  surface  with  an  essentially  straight-lined  profile,  i.e.,  the  elevator 
has  been  supposed  to  be  in  a  nonoperative  position,  forming  only  an  exten- 
sión of  the  stabilizer.  If  the  elevator  is  thi-own  out  of  the  neutral  position, 
as  in  the  execution  of  a  maneuver,  the  combination  of  the  two  surfaces 
acts  essentially  as  one  more  or  less  cambered  surface.  If  the  elevator  is 
lowered,  as  for  descending,  the  camber  will  be  positive;  and,  according 
to  the  general  rules  (see  Chap.  VIII),  the  zero  lift  angle  shifts  to  the  left. 
Tn  this  case,  there  will  be  a  positive  lift  at  a'  =  O,  that  is,  when  the  air 
speed  is  parallel  to  the  axis  of  the  stabilizer.  In  Fig.  352  typical  C¿  vs. 
a'-curves  are  shown  for  various  settings  5  of  the  elevator,  as  observed 
with  an  isolated  tail.  The  5-values  are  counted  positive  when  the 
elevator  is  lowered,  and  a'  is  the  angle  between  the  velocity  direction 
and  the  axis  of  the  stabilizer,  counted  in  the  usual  way.  The  ordinates 
are  forcé  coefficients  referred  to  the  factor  pS'V^/2  (S'  =  total  tail  área) 
and  refer  to  the  forcé  component  perpendicular  to  the  stabilizer  axis 
(which,  for  small  a',  is  essentially  the  same  as  the  component  normal 
to  the  velocity  direction).  It  will  be  noticed  that  in  the  región  below 
stalling  all  lines  A' A,  B'B,  C'C,  etc.,  run  almost  exactly  parallel.  This  is 
in  accordance  with  the  fact  that  the  slope  of  the  lift  coefücient  curve 
for  thin  profiles  is  very  slightly  affected  by  the  shape  of  the  profile 
(Secs.  VII.l  and  VIII. 6).  In  the  stalUng  región  where  the  lines  cease  to 
continué  their  straight  course  their  behavior  depends  on  the  shape 
of  the  profiles  and  also  on  the  details  of  the  arrangement  at  the  hinge. 

With  the  elevator  in  operative  position,  the  horizontal  tail  has  no 
longer  a  symmetrical  profile  and  the  constant  momcnt  with  respect  to  the 
a.c.  will  not  be  zero.  This  moment,  in  general,  will  have  the  sign  of  —  5 
and  an  absolute  valué  increasing  with   |5|.     Howcver,  the  variations, 
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occurring  in  the  position  of  the  line  of  action  of  the  tail  forcé,  are  very 
small  as  compared  with  the  large  distance  between  the  tail  and  the  c.g. 
of  the  airplane.  They  may  therefore  be  neglected  in  the  balance  of 
pitching  moments  for  the  airplane  as  a  whole.  It  is  common  practice  to 
consider  the  valué  h'  occurring  in  Eq.  (2)  as  a  constant,  calling  its  absolute 
valué  tail  distance  1.  Practically,  I  may  be  taken  as  the  distance  between 
the  c.g.  and  the  position  of  the  a.c.  of  the  tail  with  the  elevator  neutral. 
As  long  as  more  detailed  experimental  data  are  not  available,  we  must 
assume  that  the  influence  of  the  wing  flow  on  the  tail,  also  with  the 
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FiG.  353. — Balancing  of  the  hinge  moment. 


elevator  thrown  out,  can  be  estimated  according  to  (13).     This  means 
that  the  moment  supplied  by  the  tail  can  be  written  as 


M'  =  -l^S'V^'a-hconst. 


(14) 


with  the  k'  from  (13).  The  constant  depends  on  the  elevator  setting  but 
not  on  a.  If  the  moment  coefficient  is  computed  with  respect  to  wing 
área  S  and  wing  chord  c,  we  have 


2M' 

pSV^c 


1§!. 

c  S 


k'a  +  const. 


(15) 


and  can  formúlate  the  folloAving  approximate  result:  The  horizontal  tail 
supplies  a  pitching  moment  whose  (negative)  derivative  with  respect  to  the 
wing  incidence  a  is  proportional  to  the  tail  distance  I  and  the  tail  área  S', 
with  a  factor  k'  that  depends  on  the  aspect  ratios  of  hoth  tail  and  wing 
but  is  essentially  independent  of  the  elevator  setting  5.  This  statement,  of 
course,  is  restricted  to  tail  incidences  below  stalling  and  must  be  under- 
stood  as  a  rough  approximation  only.  With  average  valúes  S' /S  =  \, 
I  fe  =  3,  fc'  =  2.5  the  derivative  of  C^^  with  respect  to  a  becomes  nearly 
—  1,  which  gives  the  order  of  magnitude  in  regular  cases. 
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For  operating  the  elevator,  the  moment  with  respect  to  the  hinge  of 
that  part  of  the  lift  forcé  which  acts  on  the  elevator  itself  is  decisive. 
This  hinge  moment  must  be  kept  within  reasonable  hmits  for  all  settings 
that  are  in  use.  Evidently  Mh  ^vill  depend  on  the  plañe  form  of  the 
elevator  surface  and  on  the  position  of  the  hinge  relative  to  it.  Some 
typical  arrangements  are  sho^vn  in  Fig.  353.  In  case  a,  the  elevator 
is  said  to  be  "completely  unbalanced,"  i.e.,  the  surface  elements  on  which 
the  air  pressure  acts  lie  entirely  on  one  side  of  the  hinge  axis.  The  hinge 
moment  coefñcient  for  this  case  is  given  in  Fig.  354  as  a  function  of  the 
elevator  setting  6  for  various  angles  of  tail  incidence  a'.  The  coeííicients 
refer  to  total  tail  área  and  total  tail  chord.  If  the  hinge  axis  crosses  the 
elevator  área,  as  in  Fig.  3536  and  c,  the  resultant  forcé  moves  toward  the 


Fi(!.  354. — Hinge  moment  coefñcient. 

axis  and  the  hinge  moment  becomes  smaller.  One  could  make  it  vanish 
entirely,  in  the  case  of  a  "completely  balanced"  elevator,  but  this  would. 
not  serve  the  purpose  of  effective  control.  As  a  rule,  a  resultant  hinge 
moment  of  the  same  sign  as  that  present  in  the  case  of  an  unbalanced 
surface  is  used.     The  same  applies  also  to  rudders  and  ailerons. 

Problem  5.  An  airplanc  of  gross  wcight  8000  Ib.  has  a  horizontal  tail  whose  área 
is  one-oighth  of  the  wing  arca.  The  aspect  ratio  is  7.5  for  the  wing  and  5.5  for  the  tail. 
Compute  the  forcee  that  the  tail  would  expcrience  at  an  incidence  equal  to  0.6  the 
actual  level-flight  incidence  of  the  wing. 

Problem  6.  An  airplanc  of  gross  weight  15,000  Ib.  is  íiying  under  the  incidence 
0.08  in  level  flight  and  0.09  at  a  certain  climbing.  Assume  that  the  forward  spced  is 
essentially  the  same  in  both  cases.  Compute  the  tail  lift  in  climbing  for  neutral 
elevator  position,  if  the  aspect  ratio  of  the  wing  is  7.5,  that  of  the  tail  5,  and  the  total 
tail  arca  one-eighth  of  the  wing  área. 

Problem  7.  Assume  that  by  setting  the  elevator  at  5°  the  zero  lift  angle  of  the 
tail  shifts  by  6°.  With  the  data  of  the  prcceding  problem  compute  the  tail  lift  pro- 
duced  by  this  elevator  operation  in  level  flight.  Compute  the  hinge  moment  if  the 
elevator  is  completely  unbalanced  and  of  rectangular  shape  and  two-fifths  of  Ihe 
tail  lift  is  assumed  to  be  uniformly  distributed  over  its  área. 

Problem  8.  How  would  Eq.  (13)  change  if  the  down-wash  velocity  due  to  the 
wing,  in  the  neighborhood  of  the  tail,  were  assumed  as  1 .5?^  instead  of  2w1 
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*Problem  9.  On  the  basis  of  Sec.  IX. 6  and  the  preceding  section,  develop  the 
formula  analogous  to  (13)  for  the  case  that  the  tail  is  designed  as  a  biplane  (twin  tail). 

3.  The  Contribution  from  the  Propeller  and  the  Fuselage.  Under  the 
supposed  symmetrical  arrangement  of  the  propellers,  with  the  airplane 
flying  parallel  to  the  symmetry  plañe,  the  resultant  aerodynamic  forcé 
acting  on  the  propeller  system  reduces  to  a  single  forcé  (or  a  couple)  in 
the  symmetry  plañe.  In  particular,  if  the  airplane  moves  parallel  to 
the  propeller  axis,  the  resultant  must  lie  in  this  axis,  which,  in  the  present 
argument,  will  be  used  as  x-axis.  If  the  velocity  is  inclined  against  the 
.T-axis  (Fig.  355),  the  line  of  action  of  the  resultant  forcé  will  have  a 
different  position  and  will  be  given  if  the  two  components  of  the  forcé 
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Fig.  355. — Deviation  of  the  propeller  thrust  in  a  climb. 


and  its  moment,  with  respect  to  one  point,  are  known.  For  convenience 
the  point  B  where  the  propeller  plañe  intersects  the  axis  will  be  chosen 
as  reference  point  and  as  origin  of  the  coordínate  system.  Taking  now 
the  a;-axis  as  horizontal,  the  z-axis  will  be  drawn  vertically  downward 
and  the  ?/-axis  normal  to  both,  positive  toward  the  right  when  looked  at 
in  the  a:-direction  (starboard). 

The  situation  as  shown  in  Fig.  355  with  a  positive  2-component  of  the 
velocity  corresponds  to  the  conditions  of  climbing  flight.  In  fact,  it  is 
known  from  Sec.  XIV.4  that  during  a  steady  climb  the  angle  of  incidence 
is  greater  than  in  level  flight.  Therefore,  if  in  level  flight  the  velocity 
has  the  direction  of  the  propeller  axis,  in  climbing  it  must  be  less  inclined 
than  the  propeller  axis  (see  Fig.  289).  This  means  that  its  2-component 
w  is  positive,  supplying  a  positive  angle  w/Y  =  a  —  ai,  where  a  is  the 
actual  incidence  and  «i  the  incidence  in  normal  flight.  Observation 
shows  that  in  such  cases  an  upward  componcnt  of  the  propeller  forcé 
(negative  s-direction)  occurs.     This  phenomenon  is  often  described  as 
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apparení  increase  of  lift  in  iipward  flight  with  tlie  engine  on.  An  approxi- 
mate  account  of  the  phenomenon  can  be  given  b}^  using  the  concept  of  a 
representative  blade  element  as  introduced  in  Sec.  XI.4. 

In  Fig.  356a  to  d,  the  blade  element,  represented  by  a  solid  line 
segment  parallel  to  its  zero  lift  direction  (angle  ^'),  is  shown  together 
with  the  two  velocity  components,  the  forward  speed  V  in  the  rc-direction 
and  the  rotational  velocity  u  =  ru  in  four  different  directions.  If  the 
propeller  lotates  in  the  positive  sense  (from  positive  y  on  the  shortest 
way  to  positive  z) ,  the  plot  (a)  with  u  in  ?/-direction  corresponds  to  the  top 
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Fig.  356. — Influence  of  the  velocity-component  w  on  the  lift  experienced  by  the  repre- 
sentative blade  element. 


position  of  the  element,  marked  ^5  =  0;  case  {h),  marked  ip  =  90°,  has  u 
parallel  to  the  positive  s-axis  and  corresponds  to  the  horizontal  position 
of  the  propeller  with  the  blade  element  on  the  positive  side  of  the  y-a,xis. 
Analogically,  (c)  and  (d)  show  the  element  in  its  lowest  position  and  in  the 
horizontal  position  on  the  negative  side  of  the  y-axis.  The  additional 
velocity  w,  parallel  to  the  2-axis,  is  invisible  in  (a)  and  (c).  The  magnitude 
of  w  is  assumed  to  be  small,  and  highcr  powers  of  the  ratio  w/V  are 
consistently  disrcgarded  in  the  present  argiiment. 

Considering  first  the  lift  forcé  on  the  propeller  element,  its  magnitude, 
below  stalling,  is  given  by 


^ApVICl  =  "^ApVlkar 


(16) 


Its  direction  is  normal  to  the  resultant  velocity  Vr  and  lies  in  the  plañe 
subtended  by  the  vector  Vr  and  the  normal  to  the  blade  element.  In 
expression  (IG)  Ap  is  the  fictitious  área  ascribed  to  the  representative 
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blade  element,  i.e.,  substantially,  the  effective  blade  área  (see  Sec.  XI. 4), 
h  is  the  lift  factor,  approximately  27r,  and  ar  is  the  resultant  angle  of 
incidence,  that  is,  90°  minus  the  angle  between  the  velocity  direction 
and  the  normal  of  the  blade  element.  It  is  seen  from  Fig.  356  that  in 
cases  a  and  c  neither  a^  ñor  Vr  is  affected  by  the  additional  velocity  w, 
except  for  terms  of  higher  order.     We  have  then  for  ^  =  0°  and  180°, 

VI  =  V'~  +  iC"  +  u;2  ^  F2  _^  u"  =  -J^,         ar  =  ^'-y  =  a 

sm^  7 

On  the  other  hand,  in  cases  h  and  d,  that  is,  for  <p  =  90°  and  270°, 


72  ^  72  +  (w  +  wY  ^V^-[-u'^±  2uw  =  -A^  ±  2uw 

1  ±  2  ^  sm  7  eos  7 


sin^  7  \  V 

.   PP'  ^  PPi  sin  7  ^y^    ■   2 

OP  OP  V 


) 


(17) 


At  the  same  time,  in  cases  b  and  d,  the  direction  of  the  lift  forcé  is 
rotated  through  the  angle  sin ^7  w/V  so  that  its  angle  with  the  negativa 
z-direction  is  90°  +  (7  +  sin27  w/V)  and  its  cosine  equals 

±  sin  í  7  +  -7^  sin^  y)  "^  ±  sin  7  —  ^  sin-  7  eos  7  (18) 

(The  upper  sign  refers  always  to  ^  =  90°;  the  lower  sign,  to  95  =  270°.) 
Thus,  in  positions  b  and  d,  according  to  (16),  (17),  and  (18)  there  is  a 
lift  component  in  the  negativo  s-direction  of  magnitude 

'^"  =  l'^^^'S^V  "  2  ^  sin  7  eos  7)  (^«  +  ^sin27J 

/  I      •  w    .   ^  \ 

I  ±  sm  7  —  -rp  sm-  7  eos  7  I 

^  ^Apk   .   ^     (  ±  a  sin  7  +  T7  sin*  7  +  a  ^  sin^  7  eos  7  )  (19) 

2  sm-  7  \  V  V  / 

if  terms  of  higher  order  in  w/V  are  disregarded. 

The  first  term  in  the  parentheses  with  the  ±  sign  gives  no  resultant 
contribution  in  the  case  of  a  two-blade  propeller,  or  in  any  case  when  the 
temporary  mean  valué  of  the  forcé  is  computed.  The  two  other  terms 
determine  a  forcé  component  in  the  negative  z-direction,  due  to  lift,  and 
equal  to 

r  =  ^Ap  kV^  Y  (sin  7  4-  «  eos  7)  (20) 
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It  may  be  mentioned  that  in  positions  a  and  c,  also,  the  additional 
velocity  w  causes  a  change  in  the  lift  direction  Avhich  leads  to  a  forcé 
component  parallel  to  the  2-axis.  But  this  contribution  can  easily  be  seen 
to  be  of  the  order  ahv/V  which,  for  small  a,  is  of  higher  order  than  the 
terms  kept  in  (19). 

Introducing  a  coefficient  C^  of  the  normal  forcé  by  setting  T"  equal 
to  C'j.pn'^d^  and  using  the  parameters  X  and  n  as  introdiiced  in  Eq.  (19), 

Chap.  XI, 

^        27rr  Ap  , 

we  find  that 

Ap       V^  w  i^  w        ui,x 

C't  =  2rf2  ^  ñ^'V  ^''^"^  ^  +  «  ^''"^  7)  =  mA;  ^  J^    "  J   r".o'      (21) 

A  quite  similar  expression  can  be  derived  for  the  normal  forcé  due  to 
the  drag  component  of  the  aerodynamic  forcé.  But  under  the  usual 
assumptions  for  the  drag  coefficient  below  stalling  this  contribution 
seems  numerically  unimportant  as  compared  Avith  the  effect  of  the  lift 
component. 

The  forcé  in  the  negative  g-direction  as  computed  in  (19)  and  repre- 
sented  by  the  coefficient  C^  in  (21)  acts  on  a  two-blade  propeller  when  its 
blades  are  in  the  horizontal  position.  In  general,  for  an  arbitrary  <p 
each  of  the  three  factors  in  the  first  expression  (19)  can  be  expressed  as  a 
linear  function  of  sin  (p  and  eos  (p,  and  the  fact  that  in  the  two  terms 
retained  in  (20)  the  sign  is  positiva  for  both  (p  =  90°  and  (p  =  270° 
indicates  that  these  terms  are  coefficients  of  sin^  (p,  while  the  term  with  the 
+  in  (19)  has  the  factor  sin  ¡p.  Now  the  mean  valué  of  sin^  <p  over  a 
whole  period  is  i.  Thus  one  would  expect  that  only  one-half  of  the 
computed  T'  really  occurs.  However,  observed  valúes  of  C'^  seem  to  be 
in  good  agreement  with  the  expression  given  in  (21).  Whether  this  is 
due  to  the  nonsteady  character  of  the  motion,  to  the  neglected  terms  of 
higher  order,  to  the  influence  of  drag,  to  our  disregarding  the  induced 
velocities  (see  Chap.  XII),  or  to  other  causes  cannot  be  decided  at  present. 
The  most  likely  explanation  would  be  that  the  flow  pattern  around  the 
blades  does  not  adapt  itself  to  the  very  fast  change  of  conditions  during 
each  period  and  that,  for  some  reason,  the  flow  which  corresponds  to  the 
máximum  normal  forcé  prevails.^ 

Figure  357  shows  the  results  .of  observations^  on  a  propeller  with  the 
nominal  blade  setting  /3  =  28.6°  tested  under  20°  deviation  between  the 

1  In  a  recent  investigation  by  L.  B.  Rumph,  R.  J.  White,  and  H.  R.  Grumann, 
Jour.  Aeronaulicdl  Sc¿.,  9,  465  (1942),  the  authors  come  to  the  conclusión  that  "the 
theory  of  Harris  and  Cílauert  .  .  .  predicted  only  half  of  the  forcé  in  yaw  as  indicated 
by  the  test."     This  theory  is  also  based  on  the  assumption  of  steady  flow  conditions. 

2LESLEY,  K.  P.,  C.  F.  WoRLEY,  and  S.  MoY,  NACA  Rept.  597  (1937). 
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propeller  axis  and  the  air  speed.  Two  of  the  solid  lines  give  the  thrust 
coefficient  Ct  and  the  valúes  of  another  coefficient  C/,  referring  to  the 
normal  forcé,  both  observed  for  varying  advance  ratios  J.  From  the 
Ct  vs.  J-line  sufñciently  approximate  valúes  for  X,  ju,  and  /S'  can  be 
derived:  X  =  2.2,  ¡x  =  0.0145,  /3'  =  32i°.  The  valué  of  w/V  is  given  by 
tan  20°  =  0.364;  the  coefficient  k  is  taken  =  27r.  The  observed  C'^ 
corresponds  to  the  forcé  component  normal  to  the  air  speed  rather  than 
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FiG.  357. — Coefficient  Ct'  of  thn  normal  propeller  foroe. 

to  the  propeller  axis  and  thus  inchides  the  component  of  the  axial  thrust 
T,  normal  to  the  velocity: 


w 


Cy       Cy-TY^Cr 


(22) 


The  third  solid  line  in  Fig.  357  shows  the  difference  C'¡  -  0.364Ct  and 
can  be  compared  with  the  dotted  line,  which  represents  formula  (21). 
The  agreement  seems  satisfactory  within  the  región  below  stalling. 
Other  experiments  of  the  same  series  confírm  the  proportionality  with 
wlY  and  the  dependence  of  Cy  on  the  blade  setting,  as  included  in  (21). 
In  an  earlier  experimental  investigation^  a  propeller  with  very  small 
pitch,  about  i3'  =  8°,  was  tested,  so  that  the  región  below  stalling  extended 
to  J  =  0.  Here,  the  behavior  of  the  expression  (21)  near  the  origin 
J  =  O  seems  to  be  well  confirmed. 

Besides  the  forcé  normal  to  the  axis  a  propeller  in  a  flight  path  whose 
direction  deviates  from  that  of  the  axis  develops  a  moment  about  a 
diameter  in  the  propeller  plañe.     If  the  velocity  vector  lies  in  the  longi- 

1  Flachsbart,  o.,  and  G.  Kroeber,  Z.  Flugtechnik  u.  Motorluftschiffahrt,  20,  605 
(1929). 


512      MOMENT  EQUILIBRIUM  AND  STATIC  STABILITY      [Sec.  XVII. 3 


tudinal  symmetry  plañe,  the  moment  is  a  pitching  moment.  Experi- 
ments  show  that  its  magnitude  is  very  small  and  that  it  changes  its  sign 
mth  varying  advance  ratio  J.  The  observed  order  of  magnitude  of  the 
moment  eoefficient  referred  to  pn^d^  is  0.001.  For  an  average  valué  of 
Ct  '^  0.05  this  "svould  mean  a  displacement  of  the  Une  of  action  of  the 
propeller  thrust  by  -jV  diameter  or,  with  d  =  10  ft.  and  T/W  =  ^,  a 
displacement  of  the  total  lift  by  0.3  in.  At  the  present  time,  neither 
theoretical  ñor  experimental  evidence  is  sufíicient  to  justify  any  practical 
application  of  this  result. 

0.375 
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ai25 


Cl 
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^0250 


FiG.  358. — Polar  diagram  for  the  fuselage  models  of  P^ig.  63. 

If  one  wants  to  take  into  account  the  pitching  moment  supplied  by  the 
propeller  in  a  nonnormal  state  of  flight,  one  has  to  recur  to  formula  (20) 
for  the  normal  forcé  due  to  the  dcviation  w/V.  This  ratio  w/V  must  be 
identified  with  the  change  of  incidence  a  —  ai.  Writing  now  ap  for 
the  propeller  incidence  and  27r  for  k  and  passing  to  the  moment  eoefficient 
(referring  to  wing  área  and  wing  chord),  we  conclude  from  (20) 

Cp  =  ^  (sin  y  +  ap  eos  T)27r(a  -  aO,  Cu,  =  ^  Cp  (23) 

where  hp  is  the  abscissa  of  the  propeller  plañe  with  respect  to  the  c.g. 
The  propeller  supplies  a  pitching  moment  whose  (positive)  derivative  with 
respect  to  the  wing  incidence  a  is  proportional  to  the  distance  of  the  propeller 
from  the  c.g.  and  to  the  hlade  área,  with  a  eoefficient  depending  on  the  working 
conditions  of  the  propeller,  the  hlade  setting,  etc.  If  in  (23)  the  valúes 
Ap/S  =  0.02,  hp/c  =  1,7  =  30°,  ap  =  6°  are  chosen,  the  moment  eoeffi- 
cient derivative  becomes  0.075,  that  is,  considerably  smaller  (and  opposite 
in  sign)  as  compared  with  the  tail  influencc,  Eq.  (15). 


I 
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The  aerodynamic  action  on  the  airplane  hody,  or  the  fuselage,  was 
considered  in  Sec.  V.6  only  for  the  case  in  which  the  motion  is  parallel 
to  the  longitudinal  axis  of  the  plañe.  In  this  case  the  total  action  reduces, 
essentially,  to  a  drag  forcé  with  the  axis  as  the  line  of  application.  If 
the  direction  of  flight  deviates  from  the  direction  of  the  axis,  the  body 
will  experience  a  lift  forcé  in  addition  to  the  drag.  Figure  358  shows  the 
polar  diagram  for  the  two  ideal  fuselage  models  represented  in  Fig.  63. 
The  lift  coefRcient  Cl  is  plotted  against  the  drag  coefficient  Cd,  both 
coefficients  being  based  on  the  área  of  the  greatest  cross  section  of  the 
body.  The  valúes  of  the  incidence  /3,  that  is,  of  the  angle  between 
the  velocity  direction  and  the  axis,  are  indicated  along  the  curves.  In  the 
case  of  the  circular  cross  section  the  lift  coefficient  at  a  deviation  of  6°  is 
about  0.03.  With  a  wing  lift  valué  Cl  =  0.5  and  the  ratio  i  of  fuselage 
cross  section  to  wing  área,  this  would  mean  an  additional  lift  forcé,  due 
to  the  fuselage,  of  1.5  per  cent  of  the  gross  weight. 

The  influence  of  these  forces  on  the  pitching  moment  could  be  deter- 
mined  if  the  line  of  application  of  their  resultant  were  known.  One  can 
learn  from  experimenta  on  bodies  of  somewhat  similar  forms,  like  prolate 
ellipsoids  or  airship  models,  that  this  question  is  very  delicate.  Figure 
359  shows  the  lines  of  action  as  found  on  a  prolate  body  of  revolution 
with  a  ratio  6.5:1  of  length  to  diameter.^  It  is  seen  that  the  lines 
rapidly  change  as  /3  increases  and  that  the  moment  rather  than  the 
resultant  forcé  seems  to  be  of  importance.  In  fact,  the  perfect-fluid 
theory  leads  to  the  conclusión  that  a  well  streamlined  body,  when  moving 
uniformly  through  the  air,  would  experience  an  air  reaction  equivalent 
to  no  resultant  forcé  (D'Alembert's  paradox;  see  Chap.  IX),  but  to  a 
couple  only.  Both  lift  and  drag  must  be  considered,  in  this  case,  as 
effects  of  viscosity  and  are  presumably  of  minor  importance.  As  to  the 
moment  of  the  couple,  the  perfect-fluid  problem  has  been  solved  for  the 
case  of  a  spheroid  (ellipsoid  of  revolution).  If  1/  is  the  length  and  A/ 
the  cross-sectional  área,  the  moment  for  a  small  angle  jS  is  found  to  be- 

Mf=^  V'Aflf^Cf  (24) 

where  c/  depends  on  the  ratio  length  to  diameter.  For  If/d  =  2,  3,  4,  the 
theoretical  valúes  of  c/  are  0.66,  0.92,  1.04.  Various  experiments  on  air- 
ships  and  fuselage  models  gave  c/  between  0.60  and  0.80. 

Formula  (24)  has  a  twofold  use.  As  long  as  angular  deviations  in  the 
longitudinal  symmetry  plañe  are  considered,  /3  is  our  former  a  —  «i,  and 
Mf  a  pitching  moment  of  the  same  sign  as  a  —  «i.     Later,  in  Sec.  6,  j3 

1  FuHRMANN,  G.,  Z.  Flugtechnik  u.  Molorluftschiffahrt,  1,  161  (1921). 

2  See,  for  example,  Horace  Lamb,  "Hydrodynamics,"  5th  ed.,  pp.  146,  156, 
Cambridge  University  Press,  London,  1924. 
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vdW  be  identified  with  a  sideslip  and  AI/  w'ú\  be  a  yawing  moment. 
we  introduce  the  coefficient 


Cr  = 


2Mf 


S  c 


Cf(a  —  ai) 


Here 


(25) 


pV^Sc 

and  state  the  following  result:  The  fuselage  supplies  a  pitching  moment 
whose  (positive)  derivative  with  résped  to  the  wing  incidence  is  proportional 
to  the  cross  section  and  the  length  of  the  hody,  with  a  coefficient  (0.6  to  0.8) 
depending  en  its  shape.  With  Af/S  =  ^,  and  If/c  =  2.5,  the  derivative 
takes  a  valué  of  0.4  to  0.5,  that  is,  much  more  than  the  propeller  influence 
and  rather  comparable  to  the  tail  effect  (but  of  opposite  sign). 


^ 


M- 


FiG.  359. — Lines  of  action  of  the  air  thrust  upon  a  prolate  body. 

Problem  10.  Give  an  approximate  valué  for  the  cross  forcé  on  a  propeller  at  5° 
(leviation  botween  propeller  axis  and  direction  of  flight.  The  propeller  has  a  blade 
arca  of  (i  ft.-  aiid  a  nominal  blade  setting  of  23°,  and  the  velocity  of  flight  is  160  m.p.h. 

Problem  11.  What  amount  of  tail  surface  would  be  necessarj''  to  compénsate  the 
couple  experienced  by  the  fuselage  in  pitch  if  the  fuselage  cross  section  is  one-fifth 
the  wing  área?     Assume  the  aspect  ratio  6  for  both  wing  and  tail. 

4.  Static  Stability  and  Metacenter.  The  fundamental  concept  of 
static  stability  can  be  explained  in  the  simplest  way  by  the  example  of  a 
heavy  body  subject  to  the  influence  of  gravity  and  of  a  vertical  supporting 
forcé.  Tn  Fig.  360a  and  h  the  sohd  ellipse  may  be  considered  as  a  cross 
section  through  a  homogeneous  cylinder  with  its  generating  lines  perpen- 
dicular to  the  paper.  In  both  cases  a  and  b  the  equilibrium  conditions 
are  fulfilled.  The  only  forces  present,  the  wcight  W  and  the  supporting 
thrust  F,  are  equal  in  magnitude  and  opposite  in  direction  and  have  the 
same  line  of  action.  Nevertheless,  there  is  a  considerable  difference 
between  these  two  states  of  equilibrium.  The  first  is  called  a  stable  equi- 
librium; the  second  is  known  as  unstable.  In  fact,  an  actual  cylinder 
will  never  be  found  to  be  at  rest  in  position  b.  How  can  this  phenomenon 
be  accounted  for? 

The  answer  will  be  supplied  by  considering,  in  each  case,  an  altérnate 
position  of  the  body,   cióse  to  the  equilibrium  position.     If,  for  any 
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reason,  the  cylinder  experiences  a  slight  angular  displacement,  as  shown 
in  the  dotted  lines  of  Fig.  360,  the  state  of  equiUbrium  is  disturbed  in  both 
cases  a  and  6.  The  gravity  still  acts  vertically  downward  in  the  center 
of  the  elhpse,  and  the  supporting  forcé  can  still  be  considered  as  having 
the  same  magnitude  and  the  direction  vertically  upward.  But  its  hne  of 
action  has  changed.  In  case  a  it  shifted  to  the  left;  in  the  case  h,  to  the 
right.  Combined  A\ith  the  weight  W  the  new  supporting  thrust  F' 
forms,  in  the  first  case,  a  couple  that  tends  to  turn  the  body  clockmse,  in 
the  second  case  a  couple  of  opposite  sense.  As  in  both  cases  the  original 
angular  displacement  was  assumed  counterclockwise,  we  see  that  in  a 


(a)  (b) 

Fig.  360. — Stable  and  unstable  equilibrium. 

the  couple  tends  to  restore  the  initial  position,  while  in  6  it  tends  to 
increase  the  displacement.  The  couple  produced  by  the  displacement  is 
restoring  in  the  first  case  and  deviating  in  the  second.  Thus  the  foUowing 
definition  suggests  itself :  A  state  of  equilibrium  will  he  called  (statically) 
stable  if  the  system  of  f orces  present  after  a  slight  displacement  tends  to 
restore  the  initial  position  and  unstable  if  it  tends  to  increase  the  disturbance. 
There  is,  obviously,  a  third  intermedíate  case,  when  the  forces  have 
neither  tendency.  This  holds,  for  example,  if  the  ellipse  in  Fig.  360  is 
replaced  by  a  circle.  In  this  case  the  term  "indifferent"  state  of  equi- 
librium is  often  used. 

The  restrictive  term  ''statically  "  is  used  in  connection  witli  the  words 
"stable"  and  "unstable"  to  indícate  that  only  static  conditions  are 
taken  into  consideration.  It  may  be  that  the  restoring  couple  in  case  a 
is  insufficient  to  overeóme  the  inertia  forces  present  in  an  actual  disturb- 
ance or  so  large  that  it  overcompensates  the  disturbance.  Then  the 
statically  stable  equilibrium  would  be  dynamically  unstable.  The 
theory  of  dynamic  stability  will  be  discussed  in  the  last  chapter  of  this 
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book.  It  also  follows  from  the  definition  that  a  state  of  equilibrium 
may  be  stable  with  respect  to  certain  disturbances  and  unstable  with 
respect  to  disturbances  of  a  different  kind.  The  elliptic  cylinder  sup- 
ported  by  a  horizontal  plañe  is  indifferent,  for  example,  with  respect  to 
small  horizontal  translations. 

A  suitable  stabüüy  criterion  for  a  body  resting  under  the  influence 
of  gravity  on  a  plañe  horizontal  support  can  be  found  in  the  following 
way:  Assume  that,  in  Fig.  361,  CAB  is  the  contour  of  a  cylinder  with  its 
center  of  gravity  marked  c.g.  and  the  supporting  forcé  passing  through 
A.     If  the  position  is  altered,  another  normal  of  the  curve  CAB  will  be 


Fig.  361. — Metacenter. 

the  line  of  action  of  the  supporting  forcé,  for  example,  the  straight  line 
ce ,  when  the  body  is  turnad  through  an  angle  «2  counterclockwise. 
Then  the  weight  will  act  parallel  to  CC,  in  opposite  direction,  along 
a  line  passing  through  the  c.g.  It  is  seen  that,  in  the  case  of  Fig. 
361,  the  couple  formed  by  the  two  f orces  acts  clockwise  and  is  there- 
fore  restoring.  If  the  body  were  subject  to  a  clockwise  displacement, 
the  supporting  forcé  would  coincide  with  a  normal  to  the  right  of 
A,  for  example,  in  B,  and  again  the  couple  would  supply  a  restoring 
moment.  This  is  the  case  for  any  point  of  support  in  the  neighborhood 
of  A  since  the  center  of  gravity  in  our  example  lies  below  each  of  the 
normáis. 

The  normáis  of  CAB  envelop  a  curve  C'A'B',  which  is  known  as  the 
evolute  of  CAB.  The  decisive  reason  for  the  equilibrium  position  being 
stable  in  Fig.  361  is  the  fact  that  the  point  A'  where  the  equihbrium 
normal  A  A'  contacts  the  evolute,  i.e.,  the  center  of  curvaturc  of  the 
contour  in  A,  lies  above  the  c.g.     If  the  mass  distribution  of  the  body  is 
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changed  in  such  a  way  that  the  c.g.  is  shifted  to  the  point  Ai  beyond  A  A', 
it  is  immediately  seen  that  the  equihbrium  would  become  unstable. 

The  point  A'  where  the  hne  of  action  of  the  supporting  forcé  in  the 
equihbrium  position  contacts  the  envelope  of  all  its  possible  positions 
is  called  the  metacenter  for  the  state  of  equihbrium  under  consideration. 
The  stabihty  criterion  can  thus  be  formulated  in  the  foUowing  simple  way : 
An  equilibrium  position  for  a  body,  subject  to  gravity  and  a  supporting 
forcé,  is  statically  stable  if  the  metacenter  lies  above  the  center  of  gravity  and  is 
unstable  in  the  opposite  case. 

To  return  to  the  case  of  Fig.  360,  it  will  be  sufficient  to  consider  the 
evolute  of  an  elhpse  (Fig.  362),  which  is  a  symmetrical  curve  with  four 
cusps,  A',  B' ,  A[,  B[;  the  metacenter  for  the  elhpse  supported  at  A  is  A' , 


Fig.  362. — Evolute  and  metacenter. 


Fig.  363. — Metacenter  of  a  boat. 


above  the  center  of  the  elhpse.  If  the  ellipse  were  supported  at  B,  the 
corresponding  metacenter  would  be  B' ,  a  point  between  B  and  the  c.g. 
Thus  the  position  shown  in  Figs.  362  and  360a  is  stable,  while  that  shown 
in  Fig.  3606  is  unstable,  according  to  the  metacenter  criterion. 

Exactly  the  same  theory  applies  when  the  weight  of  a  body  is  balanced 
by  any  other  kind  of  forcé  instead  of  the  thrust  supplied  by  a  horizontal 
support.  The  best  known  example  is  that  of  a  body  partly  immersed  in 
water  and  balanced  by  the  buoyancy.  Here,  in  the  case  of  a  symmetrical 
body  (Fig.  363),  the  lines  of  action  of  all  possible  buoyancy  f orces  envelop 
a  curve  with  the  cusp  at  M,  and  this  point  is  the  metacenter  for  the 
equihbrium  position  with  vertical  symmetry  axis.  The  floating  body  is 
in  stable  equihbrium  if  and  only  if  the  center  of  gravity  lies  below  the 
metacenter.  An  analogous  problem  presents  itself  in  the  case  of  a 
symmetrical  body  falling  with  uniform  velocity  under  the  influence  of 
■ts  weight,  balanced  by  the  air  resistance  (drag).  The  curve  (Fig.  364) 
with  its  cusp  at  M  is  here  the  envelope  of  all  lines  of  action  of  the  resultant 
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aerod3'namic  forces  that  correspond  to  varioiis  angles  between  the  body 
and  the  velocity  direction.  The  state  of  equiUbrium  (uniform  motion) 
is  stable  if  the  center  of  gravit}^  lies  between  the  metacenter  M  and  the 
nose  of  the  body. 

The  problem  to  be  studied  in  the  present  chapter  is  the  stability 
of  an  airplane  that  flies  at  constant  velocity  in  a  straight  path.  Let 
US  first  consider  the  case  of  horizontal  flight  with  the  propeller  axis 
in  the  direction  of  flight.  Here,  weight  and  lift  and,  on  the  other  hand, 
propeller  thrust  and  drag  balance  each  other.  In  a  first  approximation, 
the  influence  of  all  other  forces  on  the  stability,  except  the  total  weight 
and  the  lift  on  wing  and  tail,  may  be  disregarded. 
The  lift  can  be  assumed  to  follow  the  laws  as 
derived  in  the  two-dimensional  wing  theory. 
Accordingly,  the  envelope  of  all  lines  of  action  of 
the  Hft  will  be  the  parábola  with  its  focus  in  the 
a.c.  and  its  vértex  tangent  parallel  to  the  first  axis 
of  the  system  consisting  of  the  wing  and  the  tail.  It 
depends  on  the  sign  of  the  constant  resultant 
moment  M^^  with  respect  to  the  (resultant)  a.c. 
whether  the  parábola  has  the  position  a  or  6  shown 
in  Fig.  365.  In  each  case  the  metacenter  is  the 
point  where  the  vertical  through  the  c.g.  contacts 
the  parábola.  It  is  seen  in  the  figure  that  in  case 
ff,  that  is,  for  Mo  <  O,  the  metacenter  has  its 
position  below  the  a.c,  while  it  lies  above  the  a.c. 
in  case  h,  where  ilf  o  >  0.  In  general,  it  is  known 
that  the  a.c.  is  somewhere  cióse  to  the  wing  chord, 
in  the  case  of  a  single  wing,  and  not  far  away  from 
the  straight  line  connecting  wing  and  tail  in  the  case  of  this  combination. 
For  airplanes  of  the  usual  design  the  c.g.  will  lie  at  about  the  same  level. 
It  thus  follows  that,  in  general,  a  positive  valué  of  Mq  will  lead  to  a  stable 
equilibrium,  i.e.,  to  a  c.g.  below  the  metacenter,  and  a  negative  Mo  to  an 
unstable  situation.  But  it  is  by  no  means  a  correct  statement  that  the 
sign  of  M o  is  a  decisive  criterion  for  static  stability.  It  is  true  only  that  in 
the  case  of  a  positive  resultant  Mo  it  is  much  easier  to  fuljill  the  stability  con- 
dition  that  the  c.g.  shall  he  situated  below  the  metacenter.  This  is  the  reason 
why  sometimes  the  case  of  the  downward  parábola  is  called  stable  and  that 
of  the  upward  convex  parábola  unstable.  If  the  moment  with  respect  to 
the  a.c.  is  zero,  the  c.g.  must  coincide  with  the  a.c.  and  the  equilibrium 
is  indifferent. 

It  was  seen  in  Chaps.  VI  to  VIII  that,  for  a  single  airfoil  of  usual 
shape,  the  moment  with  respect  to  the  a.c.  is  negative  in  most  cases 
(acting  clockwise,  nose  do wn) .     For  a  symmetrical  profile  the  moment  is 


Fig.  364. — Metacenter  of 
a  bomb. 
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zero,  and  for  AS-shaped  forms  it  may  even  have  slight  positive  valúes. 
This  applies  now  to  the  wing  as  well  as  to  the  tail.  The  question  arises 
how  the  combination  of  two  airfoils  with  nonpositive  ilf o-values  can  give 


(a) 

Negcifive  Mq  (unsfable) 


Positive  3/0  estable) 


FiG.  365. — Metacentric  parábola. 


a  resultant  forcé  distribution  with  a  sufficiently  large  positive  moment  at 
the  resultant  aerodynamic  center.     This  is  answered  by  the  following 


FiG.  366. — Combination  of  the  lift  systems  of  wing  and  tail. 

computation,  which  will  lead  us  to  a  decisive  condition  that  must  be 
fulfiUed  by  an  effective  tail. 

In  Fig.  366  let  F  and  F'  be  the  a.c.  for  wing  and  tail,  respectively, 
their  distance  FF'  =  I,  and  (3,  /3'  the  angles  that  the  zero  lift  directions 
form  with  FF'.  The  constant  moments  with  respect  to  F  and  F'  will  be 
denoted  by  Mo,  Mq,  respectively,  the  Hft  magnitudes  by  L  and  U,  and 
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the  angle  of  attack  with  respect  to  the  direction  FF'  by  a.  Then,  in  a 
coordínate  system  with  origin  in  F  and  FF'  as  x-axis,  the  resultant  nioment 
of  the  lift  forces  with  respect  to  a  point  x,  y  equals 

M  =  Mo  +  M'o  —  xL  eos  a  -  {x  -{-  l)L'  eos  a  +  y{L  +  L')  sin  a     (2tí) 
=  ilf  o  +  Mq  —  (L  +  L')  {x  eos  a  —  y  sin  a)  —  IL'  eos  a 

Here  the  valúes  of  L  and  L'  may  be  introduced  from 

L  =  I  SV^k  sin  {a  +  /3),        L'  =  I  ^'F^^'  sin  («  +  ^')         (27) 


Using  the  abbreviation 


(28) 


kS 
the  variable  part  of  (26),  except  for  the  factor  lpSV^k/2,  can  be  written 

—  [sin  (a  +  i3)  +  K  sin  {a  +  ^')]{x  eos  a  —  y  s\n  a)  j 

-  K  sin  (a  +  |8')  eos  ce     (29) 
Applying  the  formula  for  sine  of  a  +  /3  and  introducing 

K  eos  /3'  =  a,         /c  sin  /3'  =  6;         a  +  eos  |3  =  A,         6  +  sin  j8  =  i? 
expression  (29)  can  be  rearranged  as 

-  cos2  aih  ^jB\  +  sin2     y  j^  -  sin  a  eos  a  í  a  +  ^  A  -jBj     (29') 

The  resultant  aerodynamic  center  is  determined  by  the  condition  that 
the  total  moment  with  respect  to  it  is  independent  of  a.  Therefore,  its 
coordinates  x,  y  must  fulfill  the  condition  that  in  (29')  the  coefñeients 
of  sin^  a  and  cos^  a  must  be  equal  and  the  coefíicient  of  sin  a  eos  a  equal 
to  zero.     This  supplies  the  two  equations 

1^^+^5  +  6  =  0,        jA  -'^B^-a^O 

the  solution  of  whieh  can  easily  be  found  to  be 

_      ,aA-\-hB  _  ,  aB  —  hA  ,„  , 

^  ~         yl2  _|_  ^2'        y  ~  ^  A"^  -\-  B"^  ^ 

The  factors  of  I  allow  a  simple  geometrie  interpretation.  If,  in  Fig.  367, 
the  triangle  PQR  is  plotted  where  PQ  =  1,  Qli  =  k,  and  the  angles  of 
PQ  and  QR  with  the  rc-axis  equal  jS  and  ^' ,  the  vector  PR  has  the  compo- 
nents  A ,  B  and  the  vector  QR  the'  components  a,  h.  It  foUows,  with  QS 
perpendicular  to  PR, 

x=-lM,        y  =  lM  (30') 

PR  PR 
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For  these  valúes  of  x,  y,  expression  (29')  reduces  simply  to  the  factor  of 
sin2  a  (or  cos^  a),  i.e.,  to  yA/l  =  A  QS/PR.  Thus  it  follows  from  (26) 
that  the  moment  with  respect  to  the  resultant  a.c.  has  the  valué 

Mo  +  i/5  +  ^  SVmQS  =  =  Mo-\-  M'o-\-^  SV'kÍQS  eos  ^    (31) 
^  PR  ^ 

It  is  seen  that  the  term  additional  to  M o  and  ilf  ó  is  positive  if  and  only 
if  QS  is  positive,  that  is,  ;S  >  jS'.  A  tail  surface  is  effective  in  supplying 
a  positive  (stahilizing)  moment,  only  if  its  zero  lift  direction  forms  a  smaller 
angle  with  the  axis  FF'  than  does  the  zero  lift  direction  of  the  wing.  This 
has  been  known  as  an  empirical  fact  for  a  long  time.  The  angle  /3  —  /3' 
is  the  tail  decalage  (Sec.  1  of  this  chapter). 


P 

FiG.  367. — Construction  of  the  resultant  a.c.  and  Mo. 

In  most  cases  (S  and  13'  can  be  considered  as  small  angles.  It  is  then 
seen  from  Fig.  367  that  SR/PR  is  approximately  k/(1  +  k)  and  QS 
approximately  (/?  —  ^')k/{Í  +  k).  Thus  the  coordinates  of  the  resultant 
a.c.  become 

^^_z___,       y--ij^^,^r^  (32) 

and  the  resultant  moment  coefficient,  when  reduced  to  wing  área  S  and 
wing  chord  c,  will  equal 

C„,  +  f^C;,,  +  í=^p^^W-/3')  (33) 

For  a  symmetric  tail  profile  with  /3'  =  O,  C^^  =  O,  this  reduces  to 

C,u„  +  -^  ^-^  C,      .  (34) 

C    1     +    K 

where  Cl„  =  fc/3  denotes  the  lift  coefficient  of  the  wing  at  the  angle  of 
attack  a  =  0.  The  content  of  (33)  or  (34)  can  also  be  expressed  by  stat- 
ing  that  the  effect  of  the  tail  is  proporfional  to  the  distance  hetween  the  two 
aerodynamic  centers  and  to  the  angle  of  decalage,  increasing  also  with  the 
ratio  S'/S. 

The  conclusions  are  not  much  changed  if,  besides  the  lift,  the  induced 
drag  on  wing  and  tail  is  taken  into  account.     According  to  Prandtl's  wing 
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theory  the  resultant  of  lift  and  induced  drag  has  merel}^  another  tangent 
of  the  metacentric  parábola  as  its  hne  of  action  (see  Sec.  1  of  this  chapter). 
But  if  all  factors  interfering  with  longitudinal  stability,  like  parásita  drag 
and  propeller  and  fuselage  influence,  should  be  considered  and  various 
states  of  ñight  discussed,  the  metacenter  method  becomes  too  complicated. 
Another  approach,  based  on  some  simplifying  assumptions,  will  be  dis- 
cussed  in  the  next  section. 

Problem  12.  Compute  all  data  of  the  resulting  metacentric  parábola  for  the 
combination  of  two  pro  files  (wing  and  tail).  Given  the  two  aerodynamic  centers, 
the  angles  13  and  /3',  the  ratios  k'/k,  S'/S,  and  the  moment  coefficients  2Mo/pV^Sl  and 
2M¡,/pV^S'l.  Take,  in  particular,  k'  =  k  =  27r,  S'/S  =  i,  vVÓ  =  O,  and  discuss  the 
result  for  varj'ing  il/o. 

*Problem  13.  Study  the  resultant  metacentric  curve  in  the  case  of  a  "duck," 
i.e.,  an  airplane  with  stabilizcr  and  elevator  ahead  of  the  wing.  What  becomes  of  the 
theorem  on  decalage? 

5.  Simplified  Stability  Discussion.  In  order  to  obtain  a  rapid  survey 
of  the  various  circumstances  that  determine  the  static  longitudinal  stabil- 
ity of  an  airplane  in  straight  steady  flight,  the  following  simplifications 
may  be  introduced: 

1.  It  is  assumed  that  there  exists  one  straight  line,  called  the  mean 
chord  of  the  plañe,  that  is  parallel  or  nearly  parallel  to  the  propeller  axis 
and  contains  the  center  of  gravity  of  the  plañe  and  both  aerodynamic 
centers  of  the  wing  and  the  tail,  in  any  state  of  flight.  The  variability 
of  the  tail  a.c.  and  of  the  corresponding  moment  with  the  elevator  setting 
is  disregarded. 

2.  The  angle  between  the  mean  chord  (or  the  propeller  axis)  and  the 
velocity  direction  is  considered  as  small  so  that  its  cosine  can  be  assumed 
to  be  1. 

3.  It  is  assumed  that  the  pitching  moments  of  the  propeller  thrust 
and  of  all  parásito  drag  forces  cancel  each  other.  Actually,  there  is 
almost  no  Information  about  the  lines  of  action  of  the  main  drag  contribu- 
tions,  except  that  they  are  cióse  to  the  mean  chord.  It  would  not  be 
justified  to  use  assumptions  1  and  2  and  to  introduce  at  the  same  time 
expressions  for  the  parasite  drag  moment.  The  moment  of  the  induced 
wing  and  tail  drag  is  included  in  the  constant  moments  Mo,  M'q  with 
respect  to  the  a.c.  The  couple  il//,  discussed  in  Sec.  3  of  this  chapter, 
which  is  due  rather  to  lift  forces  on  the  fuselage,  and  the  moment  of  the 
normal  forcé  T'  on  the  propeller,  also  discussed  in  Sec.  3,  are  not  included 
in  the  moments  that  are  supposed  to  cancel  out. 

Under  these  assumptions  the  pitching  moment  M  with  respect  to  the 
c.g.  is  composed  of  six  terms:  the  constant  moments  Mo  and  M'o  with 
respect  to  the  two  a.c,  the  moment  M/  and  the  moment  of  T',  and  finally 
the  moments  of  the  lift  forces  L,  U ,  as  attacking  in  the  a.c.     Denoting, 
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as  in  Sec.  1  of  this  chapter,  the  abscissas  with  respect  to  the  c.g.  of  the  two 
a.c.  and  the  propeller  plañe  by  Za,  x'^,  Xp,  one  has  (Fig.  368) 


M  =  ilf  o  +  M',  +  XaL  +  x',L'  +  Mp  +  Mf 


(35) 


If  the  regular  lift  and  moment  coefficients  for  wing  and  tail  are  used  and 
Cp,  Cf  introduced  as  in  (23)  and  (25), 


Ct)  — 


2r 


pSV' 
Eq.  (35)  takes  the  dimensionless  form 


C, 


2Mf 

pSV^c 


(36) 


S'r'       X  x'        S'       T 

The  first  two  terms  are  absolute  constants;  the  others  depend  on  the 
wing  incidence  a  and  the  fourth  also  on  the  elevator  setting  5.     For  not 


AL 


L' 


T' 


—X, 


c.g. 

Fig.  368. — Notation  for  stability  discussion. 

too  large  «,  all  functions  can  be  considered  as  linear  in  a,  as  was  seen 
in  the  preceding  sections.  In  the  Cm  vs.  a-diagram,  Eq.  (37)  will  be 
represented  by  a  definite  straight  line  for  each  5.  According  to  the 
resiilt  obtained  in  Sec.  2  of  this  chapter,  all  these  lines  can  be  assumed  to 
be  approximately  parallel. 

The  equilibrium  condition  that  must  be  fulfilled  in  any  state  of  steady 
flight  requires  that 

M  -  O        or        Citf  =  O  (38) 


Stability  requires,  moreover,  that 
dM 


de 


<  O 


or 


dCj 


<0 


(39) 


In  fact,  a  small  disturbance  that  turns  the  plañe  counterclockwise  through 
the  angle  dtp  would  increase  the  angle  of  incidence  by  da  =  d(p,  and  this 
effect  would  be  counteracted  only  if  the  increase  da  is  accompanied  by 
a  negative  moment  dM.  The  derivative  dM  /da  or  dCu/da  must  have  a 
negative  valué  for  a  statically  stable  state  o f  flight.  The  positive  quantity 
—  dCm/da  is  often  used  as  a  measure  of  static  stability. 
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The  straight  Unes  in  the  Cm  vs.  a-diagram  must  have  a  negative  slope, 
according  to  (39),  and  they  must  intersect  the  a-axis,  in  general,  on  its 
positive  side,  since  the  abscissa  of  the  intersection,  according  to  (38), 
marks  the  angle  of  incidence  in  the  state  of  flight  under  consideration. 
One  Une  corresponds  to  the  flight  under  normal  incidence  «i,  for  which 
the  last  three  terms  in  (35)  and  (37)  vanish.  Let  us  assume  Mq  =  O 
with  the  usual  sj^mmetrical  tail  profile;  then  for  «i  the  equilibrium  con- 
dition  holds: 

C  C  Ul  fCCüi 

If  this  is  substituted  in  (37)  and  then  the  derivative  is  taken,  we  find  that 

_dCM  ^CM^dCj.  _x^S;_dC;j^  _   XpdCp  _dCf 
da         kai  da  c   S    da  c    da         da 

and  if  Cl  is  set  ka  and  C[  =  k'a   +  const.  and  finally  I  written  for  —  x^, 

dC  M  IS  ■,,       I C  M<i   ,   Xp  dCp   .   dCf\  fA-\\ 

da         cS  \       ai  c    da         da ) 

With  the  usual  Cm„  <  O,  all  terms  within  the  parentheses  are  positive, 
according  to  the  result  of  Sec.  3  of  this  chapter.  Under  normal  design 
conditions  {propeller  ahead,  tail  in  the  rear,  Mo  <  0)  wing,  propeller,  and 
fuselage  have  a  destábilizing  tendency;  the  plañe  can  be  stabilized  by  the  tail 
only.  The  nocessity  of  a  tail  for  stabilizing  a  plañe  was  discovered  by 
Alphonse  Pénaud  about  1870. 

The  required  tail  dimensions,  expressed  in  tail  área  *S',  tail  distance  I, 
and  tail-lift  factor  k',  are  determined  by  the  stability  condition  (39)  as 

íf  fc'  >  -  ^»  +  ir  ^  +  ^^  (42) 

c*S  «1  c    da         da 

How  the  last  two  derivativos  dcpend  on  the  propeller  and  fuselage  data 
was  shown  in  Sec.  3  of  this  chapter.  In  general,  the  fuselage  term  will 
be  comparable  to  the  wing  term,  while  the  propeller  influence  is  of  smaller 
order  of  magnitude.  It  is  seen  from  (42)  that  because  of  the  fuselage 
even  a  wing  with  fixed  center  of  pressure  (il/o  =  0)  requires  a  tail. 

A  graphical  discussion  of  the  equilibrium  and  stability  conditions  is 
given  in  Fig.  369.  Here  the  straight  line  (1),  intersecting  the  axis  in 
a  =  ai,  represents  the  wing  terms  Mo  +  XaL.  If  the  fuselage  and  pro- 
peller terms  are  addcd,  the  resultant  of  the  three  destábilizing  influences 
is  represented  by  the  straight  line  (2),  which  also  passes  through  a  =  ai 
on  the  axis.  The  contribu tion  of  the  tail  is  shown  by  one  of  the  lines 
(3i),  (32),  etc.  The  points  Ai,  Ai,  .  .  .  where  one  of  the  lines  (3)  inter- 
sects  the  dotted  line  (4),  which  is  the  reversed  line  (2),  give  the  valúes 
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of  a  for  the  respective  state  of  flight.  If  ^1/'  is  set  zero,  the  points  B, 
where  the  Unes  (3)  intersect  the  axis,  correspond  to  the  direction  of 
zero  hft  for  the  tail.  It  is  seen  that  B  Hes  to  the  right  of  A  and  therefore 
has  a  positive  abscissa,  as  long  as  that  of  A  is  positive.     Since  the  origin  O 
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FiG.  369. — Graphical  discussion  of  moment  equüibrium  and  stability. 

corresponds  to  the  zero  hft  direction  of  the  wing,  the  foUowing  conclusión 
is  reached:  In  all  states  of  flight  with  positive  wing  lift,  in  a  stable  plañe,  the 
zero  lift  direction  of  the  combined  tail  (stahilizer  plus  elevator)  lies  helow 
the  zero  lift  direction  of  the  iving,  or  the  decalage  is  always  positive. 

The  simpHfied  stabihty  condition  (42)  can  also  be  interpreted  in 
terms  of  the  metacenter,  which  was  introduced  in 
the  preceding  section.  In  fact,  if  the  forcé,  sup- 
porting  the  weight  W  oí  a,  body,  contacts  the 
envelope  of  its  possible  positions  at  the  point  M, 
at  a  distance  h  below  the  c.g.  (Fig.  370),  the  line  of 
action  after  a  small  turn  da  ^\ill  intersect  the  hori- 
zontal axis  through  C  at  the  point  C  with 
.  ce  =  h  da.  Thus  a  positive  moment  of  magni- 
tude  Wh  da  will  be  added,  and  the  metacentric 
distance  h  can  be  identified  as 


h  = 


l^dM 
W  da 


d(M/W) 
da 


(43) 


Fig. 


If  the  moment  coefíicient  Cm  is  used  and  W  ex- 
pressed  as  pCliV^S/2  where  Cl¡  means  the  lift 
coefficient  in  level  flight,  we  have  M/W  =  cCm/Cl^  and 


370. — Metacentric 
distance. 


h  =  c 


dC  M 

C L¡  da 


(44) 
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The  stability  condition  dCu/da  <  O  is  thus  seen  to  be  identical  with  the 
condition  that  the  metacenter  shall  he  above  the  c.g. 

It  is  more  usual  to  apply  the  concept  of  metacenter  to  the  forces 
acting  on  the  airplane  except  the  tail,  i.e.,  on  Aving,  propeller,  and  fuselage 
only.     In  this  case,  Eq.  (41)  would  read 


-^  =  %k'  -^^C,  (41') 

da         cb  c 


and  the  inequaUty  (42) 


%  k'  >  ^  Cm  (42') 

Ckü  C 


Here  hi  is  the  metacentric  distancefor  the  airplane  without  tail  or  simply  an 
abbreviation  for 

C  ii  \        ai  c    da  da  / 

Although  all  airplanes  in  practical  use  today  are  stabiUzed  by  tail 
surfaces,  it  is  not  impossible  to  design  a  tailless  stable  airplane.     If  the 

wing    profile    has   a   sufficiently   large 

positive    Cmo,    condition    (42)    can   be 

y]^]}'-^^  satisfied  with  ñ'  =  0.     This  agrees,  of 

course,  mth  the  fact  that  in  this  case 

j  v'/^j^^^-"'^  the  metacentric  parábola  has  the  upper 

/jefj^i^""''^  position  h  in  Fig.  364,  so  that  the  c.g., 

when  supposed  to  lie  on  the  mean  chord, 
FiG.37i.-Wing  + tail  and  reflexed  wing.  jg  ccrtaiuly  bclow  thc  mctacentcr.     It 

was  stressed  in  Chap.  VI  that  positive  Cm^  can  be  obtained  if 
the  mean  camber  lino  of  the  profile  is  strongly  reflexed  toward  the 
trailing  end.  This  can  now  be  understood  in  connection  with  the 
theorem  on  the  decalage.  In  fact,  the  combination  of  a  wing  ahead, 
with  a  less  inclined  tail  section  behind,  is,  in  a  certain  sense,  equivalent  to 
one  reflexed  profile  (Fig.  371).  The  advantage  in  using  the  tail  is  that 
its  lift  appears  in  expression  (42)  multiplied  by  the  large  distance,  while 
it  is  difñcult  to  place  the  reñexed  part  of  a  single  profile  so  far  away 
from  the  c.g.  as  to  achieve  a  sufficiently  large  stability  valué.  A  solu- 
tion  that  has  been  tried  consists  in  giving  the  wing  a  considerable  sweep- 
back  so  that  its  plan  form  looks  like  an  arrowhead  (Dunne  plañe, 
Fig.  372).  Such  airplanes  have  been  built  and  successfully  flown.  It 
is  obvious  that  here  the  wing  tips,  if  set  at  a  small  angle  (zero  angle  in 
horizontal  flight),  have  a  similar  effect  as  has  an  ordinary  tail  under 
positive  decalage. 

It  should  be  remembered  that  in  all  computations  of  this  section  the 
wing,  as  well  as  the  plañe,  was  supposed  to  work  at  angles  of  incidence 
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below  stalling.  If,  for  example,  the  tail  approaches  stalling  conditions, 
the  derivative  dC'¡^/da  will  decrease  and  become  zero  and  eventually 
negative.  Then  the  tail  no  longer  can  serve  the  purpose  of  stabihzing. 
In  designing  an  airplane,  therefore,  one  should  carefuUy  check  the  angles 
of  incidence  of  the  tail  that  may  occur  under  various  flying  conditions. 


FiQ.  372. — Duiíiie  airplane  with  pusher  propeller. 

Problem  14.  Compute  the  necessary  tail  surface  for  an  airplane  of  gross  weight 
12,000  Ib.,  wing  loading  28  Ib./ft.^,  and  cruising  speed  at  sea  level  140  m.p.h.  The 
wing  pro  file  has  a  moment  coeíEcient  with  respect  to  the  a.c.  Cua  =  —0.06.  Assume 
thé  aspect  ratio  6  for  the  wing,  5  for  the  tail.  The  tail  distance  and  fuselage  length 
are  about  three  times  the  wing  chord.  The  cross  section  of  the  fuselage  is  one-fourth 
the  wing  área.  The  propeller  is  of  the  usual  size,  its  nominal  blade  setting  30°,  its 
plañe  of  rotation  ahead  of  the  c.g.  by  1|  chord  lengths. 

Problem  16.  Discuss  the  result  of  the  preceding  problem  with  respect  to  varying 
Cmü- 


K^jyaw 


♦2 

FiG.  37.3. — Roll,  pitch,  and  yaw. 

6.  Lateral  Moments.  Figure  373  shows  a  suitable  system  of  orthog- 
onal  axes  through  the  center  of  gravity  in  an  airplane.  The  longitudinal 
direction  (propeller  axis,  mean  chord,  level  flight)  is  taken  for  the  j-axis, 
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the  normal  to  it,  in  the  symmetry  plañe,  pointing  downward,  is  the  e-axis, 
and  the  perpendicular  to  both,  pointing  to  starboard  (right  wing  in 
the  direction  of  flight),  is  the  ?/-axis.  The  moment  components  parallel 
to  X,  y,  z  are  called  rolling,  pitching,  and  yawing  moments.  The  terms 
roU,  pitch,  and  yaw  will  be  used  for  the  respective  components  of  rotation. 
The  positive  sense  of  a  moment  or  a  rotation  is  counterclockwise  when 
seen  from  the  positive  side  of  the  respective  axis.  That  is,  the  positive 
x-rotation  turns  the  ^/-direction  on  the  shortest  way  into  the  z-direction ; 
the  positive  ^/-rotation  likewise  turns  z  into  x;  and  the  positive  2-rotation, 
X  into  y.     Thus  it  is  seen  that  a  positive  pitching  moment  turns  the  nose 


FiG.  374. — Compensation  of  the  propeller  moment. 

of  the  airplane  upward,  in  accordaftce  with  the  assumption  used  in  the 
earlier  sections  of  this  book. 

If  a  completely  symmetrical  aircraft  moves  parallel  to  its  symmetry 
plañe,  no  rolling  or  yawing  moments  with  respect  to  the  center  of  gravity 
are  caused  by  the  air  reactions  on  wing,  tail,  fuselage,  etc.  It  follows 
that,  if  the  aircraft  has  one  engine  with  a  single  propeller,  the  equilihrium 
will  he  disturbed,  since  the  air  reactions  on  the  propeller  supply  a  moment 
about  the  axis  of  the  propeller,  opposite  to  its  sense  of  rotation.  This 
moment,  which  was  called  Q  or  P/w  in  the  discussion  of  the  propeller 
(Chaps.  XI  and  XII),  is  a  rolling  moment,  according  to  the  notation 
just  introduced.  When  the  brother.^  Wright  designed  their  first  airplane, 
they  were  anxious  to  avoid  this  inconvenience  and  used  two  propellers, 
rotating  in  opposite  directions,  symmetrically  arranged,  and  driven  by 
means  of  chains  from  the  engine  shaft  in  the  center.  It  was  leamed 
later  that  this  precaution  was  superfluous  since  the  amount  uf  rolling 
moment  that  must  be  balanced  by  a  deviation  from  complete  symmetry 
is  practically  unimportant. 
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Assume  that  the  propeller  is  a  left-hand  screw;  then  the  propeller 
moment  will  be  a  positive  rolling  moment  of  magnitude 

^  =  ^  =  ¿  (^«^ 

where  n  is  the  number  of  r.p.s.  and  P  the  engine  power  (exeept  for  losses 
in  the  transmission)  in  foot-pounds  per  second.  One  way  to  compénsate 
this  moment  would  be  to  arrange  the  loads  inside  the  fuselage  in  such  a 
way  that  the  c.g.  is  shifted  in  the  negative  ?/-direction  to  a  distance  h  from 
the  symmetry  plañe  with  (Fig.  374) 

W       W2mr  ^^^^ 

In  this  case  the  hft  acting  in  the  symmetry  plañe  would  supply  a  negative 
rolHng  moment  with  respect  to  the  c.g.,  of  magnitude  bL  =  bW  ^  M. 
With  the  usual  valúes  of  power  loading  W/P  =  7  to  14  Ib./hp.,  the 
quotient  P/W  is  ^^  to  -^  ft./sec.  This  gives  for  n  =  25  the  displace- 
ment  b  =  0.25  to  0.50  ft.  This  amount  is  unimportant,  at  least  for 
larger  airplanes. 

Another  way  to  balance  the  rolling  moment  of  the  propeller  is  to 
make  the  incidence  on  the  starboard  wing  a  little  larger  than  that  on  the 
port  wing.  The  resultant  lift  on  each  half  wing  will  act  at  about  one- 
fourth  the  span  distance  from  the  center.  If  the  lift  forcé  is  (1  +  k)W/2 
on  the  right  and  (1  —  k)W/2  on  the  left  wing,  a  negative  rolling  moment 
with  respect  to  the  center  will  arise,  of  magnitude 

'-^'wl-l^W§..^  (48) 

In  order  to  compénsate  in  this  manner  the  moment  (46)  one  has  to  make 

^^^^46 

WB2mr        B  ^^^^ 

This  gives  for  a  span  B  =  50  ft.  the  valué  k  =  0.02  to  0.04.  If  the  mean 
incidence  in  this  case  is  6°,  one  should  have  about  6°12'  on  the  starboard 
and  about  5°48'  on  the  port  wing.  This  can  easily  be  reached  in  the 
process  of  "rigging"  the  airplane.  It  is  seen  that  with  increasing  size  of 
the  airplane  the  task  of  balancing  the  propeller  moment  becomes  easier. 
The  problem  of  static  stability  against  lateral  disturbances  plays  a 
much  less  important  part  than  that  for  longitudinal  motion.  With 
respect  to  roll  an  airplane  is  in  a  certain  way  statically  indiííerent:  no 
moments  of  air  reactions  arise  when  the  airplane  turns  around  the 
longitudinal  axis,  as  long  as  the  velocity  changes  due  to  roll  are 
disregarded. 
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In  yaw  the  vertical  control  surfaces,  fin  and  rudder,  act  similarly 
to  the  longitudinal  tail  in  longitudinal  motion.  If  (Fig.  375)  the  velocity 
vector  deviates  from  the  a--axis  by  an  angle  /3  to  port,  the  vertical  tail, 
whose  área  may  be  denoted  by  S" ,  experiences  a  forcé,  nearly  parallel 
to  the  í/-axis,  which  can  be  written  as 


F^  =  ^  T'S"k"^ 


(50) 


This  gives  a  negative  (restoring)  yawing  moment  —IFy.     On  the  other 
hand,  the  fuselage  will  cause  a  positive  (destabilizing)  moment,  according 


to  Eqs.  (24)  and  (25). 
slij)  jS  will  be 


'y 

Fig.  375.— Sideslip. 

Thus  the  total  yawing  moment  due  to  the  side- 


M 


<'i 


V^S"lk"  +  ^  V'A^lfCf    13 


) 


(51) 


and  the  moment  coefficient, 
reference  length, 


based  on  wing  área  S  and  on  span  B  as 


C      -   -  (le"  ^"^  -  c    ^'^^\  3 


(52) 


The  expression  in  the  parentheses,  i.e.,  the  negative  derivative 
—  dCM/d^,  is  sometimes  called  the  static  directional  stability  oí  the  plañe. 
In  these  equations  no  yawing  moment  produced  by  sideslip  0  on  the  wing 
itself  has  been  taken  into  account.  This  is  justified  as  long  as  the  wing 
is  essentially  plañe  (no  dihedral  angle  present).  The  influence  of  the 
dihedral  will  be  discussed  in  Sec.  XIX. 5. 

The  factor  k"  in  formulas  (50)  to  (52)  can  hardly  be  estimated  on 
the  basis  of  experiments  on  the  isolated  control  surfaces.  If  one  could 
assume  that  the  surfaces  act  like  an  airfoil  of  aspect  ratio  1,  the  factor 
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should  be  27r/3.  But  the  interference  between  the  fuselage  and  these 
surfaces  diminishes  the  forcé  considerably.  Some  experiments  carried 
out^  on  complete  airplane  models  allow  the  conclusión  that  k"  lies  between 
1  and  1.8.  With  S"/S^Q.\,  l/B'^O.b,  the  first  term  in  (49)  would 
then  give  for  —dCu/d^  aboiit  0.05  to  0.09.  If  the  second  term  is  taken 
inte  account — the  influence  of  the  fuselage — with  the  C/-value  given  in 
Sec.  3  of  this  chapter,  it  would  reduce  the  stability  practically  to  zero 
or  even  to  negative  valúes.  According  to  Milhkan,^  observations  in  the 
California  Aeronautical  Institute  have  shown  that  a  satisfactory  valué 
of  static  directional  stabihty  amounts  to  0.04  to  0.08.  But  it  is  certain 
that  airplanes  with  much  lower  and  even  with  negative  valúes  of  —dCu/d^ 
can  be  operated.  More  Information  to  this  effect  will  be  found  in  Sec. 
XX. 4,  where  the  dynamic  stability  theory  is  discussed.  It  may  be 
remarked,  once  more,  that  with  respect  to  lateral  disturbances  the  static 
approach  is  rather  inadequate. 

By  operating  the  elevator  in  straight  flight  the  pilot  is  always  in  a 
position  to  produce  an  additional  pitching  moment,  whether  he  wants  to 
turn  the  longitudinal  axis  of  the  plañe  up  or  down  or  has  to  counterbalance 
a  longitudinal  disturbance.  The  analogous  role  with  respect  to  yawing 
moments  is  played  by  the  rudder,  i.e.,  the  movable  part  of  the  vertical 
tail  whose  área  is  included  in  what  was  called  S"  in  the  foregoing  argu- 
ment.  Even  in  the]  earliest  and  most  primitive  designs  of  aircraft 
the  rudder  appears  as  a  vital  implement.  Its  necessity  was  obviously 
prompted  by  the  use  rudders  have  found  for  centuries  in  shipbuilding. 
But  ships  have  no  device  for  the  control  of  rolling  moments.  Their 
stability  in  roU  is  guaran teed  by  a  correct  position  of  the  metacenter 
(Sec.  4  of  this  chapter;  Fig.  363).  It  seems  that  the  decisive  step  that 
made  flying  practical  was  taken  when  Wilbur  and  Orville  Wright  (1903) 
introduced  a  workable  control  of  rolling  moments  for  the  airplane.  They 
f ollowed  the  pattern  of  bird  flight  and  used  wings  that  could  be  distorted 
during  the  flight  in  such  a  manner  that  a  part  of  the  lift  forcé  is  shifted 
from  the  right  wing  to  the  left,  or  vice  versa.  This  particular  method  of 
roll  control  was  soon  abandoned  and  replaced  by  the  introduction  of  the 
well-knowTi  ailerons,  i.e.,  of  a  pair  of  w^ing  flaps  turnable  about  an  axis  of 
spanwise  direction  and  connected  crosswise  with  each  other.  In  neutral 
position  the  ailerons  form  a  part  of  the  wing,  and  their  área  is  included  in 
what  we  cali  the  wing  área  S.  When  thrown  out  of  this  position  in 
straight  flight  the  ailerons  supply  a  rolling  moment  that  may  be  used,  for 
example,  to  balance  the  propeller  moment  or  to  counteract  any  disturb- 
ance in  the  roll.  The  moment  produced  by  the  ailerons  is  proportional, 
other  things  being  equal,  to  their  distance  from  the  symmetry  plañe. 

^Brit.  Aer.  Res.  Com.,  R.  &  M.  965  (1925). 
-  Op.  cü.,  p.  158. 
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Many  factors,  like  plan-form,  profile,  and  twist  of  the  wing  influence  the 
effectiveness  of  aileron  operation.  The  air  reactions  on  the  ailerons,  and 
therefore  the  required  área  S'",  cannot  be  computed,  even  approximately, 
from  airfoil  data  provided  by  experiments  on  isolated  flaps.  The  three- 
dimensional  wing  theory  apphed  to  a  wing  with  thrown-out  flap  supphes 
a  method  of  computation.  In  conventional  airplanes  the  área  ratio 
S"'/S  is  aboiit  0.08  to  0.12,  and  the  máximum  rolhng  moment  has  the 
order  of  magnitude  0.1  WB  (weight  X  span). 

Problem  16.  The  actual  thrust  of  a  propeller  of  10  ft.  diameter  working  at  the 
advance  ratio  /  =  0.8  with  an  efficiency  7¡  =  0.78  is  Z"  =  1200  Ib.  The  wing  span  B 
is  40  ft.  What  forces  on  the  ailerons  would  be  necessary  to  compénsate  the  rolling 
moment  of  the  propeller  if  these  forces  are  supposed  to  act  at  a  distance  O.SB  from 
each  other? 

Problem  17.  Estímate  the  yawing  moment  at  a  sideslip  ^  =  5°  for  an  airplane  of 
gross  weight  8000  Ib.,  flying  at  a  lift  coefficient  Cli  =  0.45,  if  the  tail  distance  and 
fuselage  length  are  32  ft.,  the  ratio  -S'V^S  =  0.12,  and  A/fS  =  0.22. 


CHAPTER  XVIII 
NONUNIFORM  FLIGHT 

1.  Introduction.  Elementary  Results.  So  far  in  this  book  the  air- 
plane  in  flight  has  been  considered  as  performing  a  uniform  motion  in  a 
straight  path.  No  accelerations  or,  what  is  the  same,  inertia  forces 
have  been  taken  into  account.  However,  if  the  pilot  has  to  change  his 
route  or  if  he  wants  to  change  from  a  state  of  level  flight  to  chmbing,  etc., 
curved  pathways  and  accelerations  occur.  The  general  mechanical 
problem  can  then  be  stated  as  a  problem  of  three-dimensional  motion 
of  a  rigid  body  under  the  influence  of  variable  forces. 

The  assumption  that  the  airplane  behaves  like  a  rigid  hody,  i.e.,  as 
though  it  were  invariable  in  shape,  is  a  sufficiently  good  approximation  in 
almost  all  cases.  But  even  under  this  restriction  one  encounters  two  big 
difRculties.  First,  the  equations  of  motion  for  a  rigid  body  with  all  the 
six  degrees  of  freedom  can  be  integrated  only  very  seldom,  i.e.,  for  very 
specified  forces  only.  In  all  other  cases  nothing  other  than  a  laborious 
step-by-step  procedure  is  possible.  But  a  much  more  important  incon- 
venience  is  that  we  really  do  not  know  what  aerodynamic  forces  act  on 
a  body  in  nonuniform  motion.  To  find  them,  it  would  be  necessary  to 
solve  a  hydrodynamic  problem  that  is  far  beyond  our  present  limits.  It 
is  usual  to  assume  that  the  forces  at  each  moment  are  just  the  same  as 
if  the  instantaneous  state  of  velocity  were  a  permanent  one.  This  is 
theoretically  justifiable  to  a  certain  extent  as  long  as  the  surrounding 
air  can  be  supposed  to  perform  an  irrotational  continuous  perfect  fluid 
motion,  since  a  solution  of  the  potential  equation  is  uniquely  determined 
by  the  instantaneous  velocity  valúes  at  the  boundaries.  Nothing  of  this 
kind  can  be  said  when  drag  forces  due  to  viscosity  are  decisive.  Besides, 
the  experimental  data  so  far  available  even  for  the  steady  air-flow  reac- 
tions  on  moving  bodies  do  not  cover  the  most  general  case  of  rigid  body 
motion,  and  it  cannot  be  expected  that  they  wiU  be  supplemented  in  a 
sufficient  way  in  the  near  future. 

Under  these  circumstances  an  analysis  of  nonuniform  flight  must 
content  itself  with  a  rather  rough  approximation,  either  dealing  with 
the  simplest  cases  of  motion  only  or  using  extensive  idealizations.  In 
the  present  section  some  elementary  results  concerning  a  curved  path 
in  a  vertical  and  in  a  horizontal  plañe,  respectively,  will  be  deduced.  In 
Secs.  2  to  4  of  this  chapter  some  types  of  motion  in  the  vertical  symmetry 
plañe  will  be  discussed  in  greater  detall  vmder  certain  simplifying  assump- 
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tions.  The  last  section  deals  with  the  simplest  questions  concerning 
the  asymmetric  motion.  Finally,  in  the  next  chapter,  the  complete  set 
of  differential  equations  that  control  the  most  general  type  of  airplane 
motion  and  that  are  needed  in  the  stability  theory  (Chap.  XX)  will  be 
presented. 

Let  US  assume  that  an  airplane  is  flying  straight  and  steadily  and  that, 
at  a  given  moment,  the  pilot,  in  order  to  perform  a  vertical  turn,  operates 
the  elevator  in  such  a  way  as  to  increase  the  angle  of  incidence.  This 
change  of  incidence  will  produce  a  sudden  increase  of  lift  and  drag,  pro- 
vided  that  the  steady  flight  was  below  stalling.  Let  Cl  and  C^  be  the 
lift  coefficients  before  and  after  the  change.  Then  the  equilibrium 
condition  for  the  steady  flight  supplies 

W  =  Cl^V^S  (1) 

where  W  is  the  gross  weight,  S  the  wing  área,  and  V  the  steady  flight 
velocity.  If  R  denotes  the  radius  of  curvature  of  the  curved  path  at 
the  first  instant  after  the  change  of  incidence  occurred,  the  equation  f)f 
motion  for  the  direction  normal  to  the  path  reads  (Fig.  376) 

y  ^  =  Cl  ^  F^S  -  W  =  (Cl  -  C.)  ^  F2,S  =  W  ^''^^^"       (2) 

Actually,  V^/R  is  the  centripetal  acceleration ;  and,  assuming  that  the 
angle  i^  between  the  tangent  of  the  path  and  the  horizontal  plañe  is 
small,  we  need  not  make  any  distinction  between  the  vertical  direction 
and  the  normal  to  the  path.     From  Eq.  (2)  we  derive 

7?  _   2  Tf        1         _  V^       C.  ... 

gp  S  C,  -  C,        g  C[  -  C.  ^""^ 

The  first  expression  (3)  shows  that  the  radius  of  curvature  is  pro- 
portional  to  the  wing  loading  W/S  and  inversely  proportional  to  the 
density  p  and  the  diflerence  C'^  —  Cl.  This  difference  reaches  its  máxi- 
mum if  Cl  is  made  to  equal  the  stalling  valué  Cu-  Then  its  order 
of  magnitude  is  about  1  or,  for  modern  airplanes,  generally  greater  than  1 . 
As  a  pressure  valué  divided  hy  y  =  gp  gives  the  corresponding  pressure 
head,  the  result  can  be  stated  as  f ollows :  The  smallest  radius  of  curvature 
for  an  overhead  turn  from  a  state  of  horizontal  or  nearly  horizontal  steady 
flight  is  approximately  twice  the  pressure  head  that  corresponds  to  the  wing 
loading — more  exactly,  the  pressure  head  multiplied  hy  2/{Cst  —  Cl). 

The  magnitude  l//¿,u¡u  can  be  considcred  as  a  measure  of  vertical 
maneuverability .  The  foregoing  statement  implies  that  the  vertical 
maneuverability  decreases  with  increasing  wing  loading  and  altitude.  A 
possibly  high  valué  of  d  is  advantageous.     If  the  stalling  speed  V^  is 
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w  =  c'vis 


2 
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(4) 


the  comparison  with  (1)  shows  that  ClV^  =  CstV%.     Thus  the  second 
expression  (3)  leads  to 


p    _     *  st  ^st 


Cí-C, 


(5) 


If  C'i  equals  Cst,  the  second  fraction  is  not  much  greater  than  1  and 
for  modern,  fast  airplanes  will  hardly  exceed  2.     Thus  the  follomng  state- 

^C  Cenferof 
curvcifure 


Horíz. 


sfrfftig- 


FiG.  376. — Turn  in  a  vertical  plañe. 


ment  is  justified:  The  smallest  radius  of  curvaíure  is  ahout  four  times 
the  velocity  head  that  corresponds  to  the  stalling  speed  at  the  respective 
altitude — more  exactly,  the  velocity  head  times  2Cst/{Cst  —  Cl). 

Similarly,  shghtly  more  favorable  conditions  prevail  in  the  case 
of  downward  curves  in  a  vertical  plañe.  Here,  C^  —  Cl  has  to  be 
replaced  by  Cl  —  C¿;  and  since  C"¿  can  take  negative  valúes,  the  máxi- 
mum can  eventually  be  greater  than  in  the  former  case. 

In  connection  with  the  occurrence  of  vertical  accelerations  the 
phenomenon  of  apparent  weight  increase  should  be  mentioned.  If  a  wing 
is  carrying  a  mass  of  weight  W  in  uniform  flight,  it  has  to  transmit  on 
this  mass  a  thrust  of  magnitude  W.     Tf,  however,  the  same  mass  is  to  be 


536  NONUNIFORM  FLIGHT  [Seo.  XVIII.  1 

accelerated  at  the  rate  dVi/df^  (h  =  elevation),  the  equation  of  motion 
supplies  for  the  vertical  thrust  F  the  relation 


m^^=F-W,        F  =  TF  +  m^=Tr(l+^^)         (6) 


\         9  dt'J 


This  F  is,  for  example,  the  actual  load  to  which  the  wing  structure  is 
subjected  when  the  airplane  performs  the  overhead  tiim  just  con- 
sidered.  The  ratio  F/W  is  known  as  the  load  factor.  If  we  identify  the 
acceleration  d%/dt^  with  the  foregoing  V^/R,  it  is  seen  from  (2)  that  F 
equals  C'jr^pV^S/2,  and  thus  the  load  factor  I  becomes 

The  máximum  load  factor  that  can  occur  in  horizontal  or  nearly  hori- 
zontal flight  has  the  valué 

according  to  (1)  and  (4).  Commercial  airplanes  are  usually  designed  to 
withstand  a  máximum  load  factor  of  4  to  6.  More  efficient  airplanes, 
like  fighters,  which  opérate  under  small  incidence  (small  Cl,  high  velocity) 
and  have  a  high  stalling  valué  of  Cl  must  be  built  for  much  higher  load 
factors,  up  to  15  and  more. 

The  conditions  for  downward  turns  again  are  a  little  more  favorable 
since  here  the  difíerence  rather  than  the  sum  of  weight  and  inertia  forcé 
counts.  At  the  same  valué  of  acceleration  the  load  factor  will  be  smaller 
in  the  case  the  pilot  turns  downward  than  it  is  in  an  upward  turn. 

Let  US  now  considcr  an  airplane  making  a  turn  in  a  horizontal  plañe 
so  that  its  pathway  is  a  circle  of  radius  R  with  a  vertical  axis  (Fig.  377). 
ít  may  be  assumed,  first,  that  the  motion  is  a  so-called  "flat  turn,"  i.e., 
that  the  symmetry  plañe  is  kept  vertical  and  the  moments  generated  by 
this  circling  motion  are  fully  balanced  by  an  appropriate  setting  of  the 
control  surfaccs,  elevator,  rudder,  and  ailerons.  Then  it  is  not  possible 
to  assumo  that  the  instantancous  direction  of  flight  coincides  with  the 
longitudinal  axis  of  the  airplane  since  in  this  case  no  horizontal  forcé 
normal  to  the  path  would  be  developed.  Such  a  forcé  is  needed  to  pro- 
duce the  ccntripctal  acceleration  V^/R.  The  only  possible  hypothesis  is 
that  a  deviation  /3  between  the  velocity  and  the  axis  exists.  Such  a  devi- 
ation,  known  as  the  sideslip,  would  produce  a  cross  component  of  the 
aerodynamic  forces  that  may  be  called  side  forcé  or  transversal  forcé. 

In  the  case  of  Fig.  377,  which  represents  a  right  turn,  the  forcé  is 
directed  to  starboard  (right  wing,  seen  in  direction  of  flight).  There 
is  no  extensive  experimental  cvidencc  about  this  kind  of  aerodynamic 
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f orces ;  but  it  can  be  said  that,  f or  small  sideslips  ^,  the  side  forcé  may  be 
considered  as  proportional  to  /?.  Thus,  upon  introducing  the  side-force 
coefficient  Cy 

P 


Fy    =    C,^   V'S 


(9) 


Cy  can  be  assumed  as  Cy  =  ky^  where  ky  is  of  the  order  of  magnitude  0.4. 
The  equation  of  motion  for  the  direction  normal  to  the  path  suppUes 


(T  -  F,)  sin  13  -i-  Fy  eos  /3 


(10) 


g    R 
where  T  denotes  the  propeller  thrust  and  F^  the  component  of  aero 


je 


•c 


FiG.  377. — Fiat  turn  (top  view). 

dynamic  f orces  opposite  to  the  x-axis  (practically,  the  drag).  For  the 
first  moment  we  may  assume  that  T  and  F^  cancel  each  other.  Then, 
combining  (10)  and  (9)  with  the  assumption  for  Cy,  we  find  that 


R 


WV 


2W 


and  with  eos  ^ 


FyQ  eos  ^^      CypV^Sg  eos  0 
1  this  can  be  written  in  either  of  the  forms 


R 


gpS  kyl3 


or 


R  = 


V^Ci 


g    Cy 


g  kyl3 


(11) 


Both  formulas  show  that  in  a  flat  turn  the  radius  is  inversely  proportional 
to  the  sideslip  /3.  Highest  suitable  valúes  of  /3  may  be  cióse  to  15°  =  0.26 
rad.  Then  with  the  foregoing  valué  ky  =  0.4  it  is  seen  from  the  first 
equation  (11)  that  the  smallest  radius  of  curvature  in  a  flat  turn  is  ahout 
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twenty  times  the  pressure  hecul  that  correspoiids  to  the  wing  loading.  For  a 
wing  loading  of  30  Ib./ft.^  or  a  pressure  head  of  about  400  ft.  at  sea  level, 
this  would  mean  a  mínimum  radius  of  8000  ft.  The  pilot  will  make  such 
a  flat  tum  onlj^  when  he  wants  to  change  his  course  slowly,  but  not  in  a 
timed  maneuver. 

Fortunateh^  there  exists  another  way  to  turn  the  path  of  a  flying 
airplane  in  the  horizontal  plañe.  The  maneuver  used  in  all  regular  cases 
is  not  the  fíat  but  the  banked  turn  as  indicated  in  Fig.  378.  By  operating 
the  ailerons  the  pilot  brings  the  airplane  into  an  inclined  position, 
rolling  it  about  the  longitudinal  axis.  Then,  with  the  velocity  still  in 
the  symmetry  plañe  and  parallel  to  the  axis,  the  lift  supplies  a  cross 

Bank  angJe  y 


Vertical 

Fio.  378. — True-banked  turn. 

forcé  of  magnitude  L  sin  7,  where  7,  known  as  the  hank  angle  (or  simply 
the  hank)  is  the  angle  between  the  normal  to  the  mean  wing  plañe  and  the 
vertical  direction.  The  equation  of  motion  for  the  centripetal  direction 
is  now 

—  ^  =  Lsmy  =  Cl^V^S  sin  7  (12) 

and  this  combined  with  the  condition  for  vertical  equilibrium, 

W  =  L  eos  7, 
gives  the  well-known  formula 

^  =  ta„7  (13) 

which  determines  the  correct  bank  angle  for  given  V  and  R.  It  is  the 
same  formula  that  applies  to  the  bank  in  the  curve  of  a  railroad  track 
or  a  highway  for  automobiles.     From  (12)  we  derive  immediately 


1   W 


gp  S  Cl  sin  7 


(12') 
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This  gives  the  radius  of  curvature  for  any  valué  of  7  in  the  "  true-banked  " 
turn.  The  radius  will  be  a  minimum  if  7  approaches  90°  and  if  stalling 
speed  is  used.  Thus  it  is  seen  that  the  lower  limit  for  the  radius  in  a 
true-banked  turn  is  (2/Cst)  times  the  pressure  head  corresponding  to  the 
wing  loading,  i.e.,  in  all  practical  cases  smaller  than  twice  the  pressure  head. 
Thus,  a  fighter  plañe  even  with  40  Ib./ft.^  wing  loading  can  easily  reach 
radii  of  800  to  900  ft. 

The  term  "true-banked"  refers  to  the  obvious  fact  that  the  effects 
of  banking  and  of  sideslip  can  be  combined.  If  an  airplane  is  not 
sufficiently  banked,  i.e.,  if  for  a  given  V  and  R  the  banking  angle  is  smaller 
than  it  should  be  according  to  Eq.  (13),  the  missing  part  of  the  cross 
forcé  will  be  supplied  by  sideslip.  A  more  detailed  discussion  of  the 
horizontal  tiu-n  foUows  in  Sec.  5  of  this  chapter. 

In  all  computations  of  this  section  it  is  understood  that  the  controls 
are  supposed  to  be  sufficiently  powerful  to  supply  the  moments  necessary 
for  changing  into  and  then  maintaining  the  required  attitude  of  the 
airplane.  Moreover,  it  must  be  emphasized  once  more  that  these 
computations  are  meant  to  give  only  a  rough  survey  and  first  Information 
in  a  field  where  all  problems  are  largely  complicated  and  delicate. 

Problem  1.  If  an  airplane  is  flying  at  a  level  flight  speed  of  300  ft./sec.  with  a 
wing  loading  of  35  Ib./ft.^  at  15,000  ft.  altitude,  what  is  the  smallest  radius  for  an 
overhead  turn  if  the  máximum  valué  of  C l  is  1.4?  \Miat  does  the  apparent  weight 
increase  amount  to  in  this  case? 

Problem  2.  Compute  the  bank  angle  for  a  true-banked  horizontal  turn  of  radius 
800  ft.  at  10,000  ft.  altitude.  The  wing  loading  is  20  Ib./ft.^,  the  angle  of  incidence  in 
level  flight  a!  =  0.2,  and  the  aspect  ratio  6.8. 

Problem  3.  How  large  is  the  radius  of  a  flat  turn  in  the  case  of  Prob.  2  if  the  side- 
slip amounts  to  12  to  14°  and  the  side-force  coefficient  is  0.38? 

2.  Lanchester's  Phugoid  Theory.  As  early  as  1908,  W.  F.  Lan- 
chester  made  a  first  successful  approach  to  describing  the  pathways  at 
large  that  an  airplane,  moving  in  its  S3^mmetry  plañe,  can  perform.  In 
the  present  section  the  complete  system  of  equations  that  control  the 
longitudinal  motion  of  a  plañe  wdll  be  set  up  and  then  the  simplifications 
introduced  that  led  Lanchester  to  his  interesting  results. 

With  the  restriction  to  symmetric  flight,  i.e.,  flight  Avithout  bank, 
yaw,  and  sideslip,  etc.,  the  airplane  is  a  body  with  three  degrees  offreedom. 
There  are  two  translational  components,  say,  in  the  horizontal  and 
vertical  direction  or  parallel  and  perpendicular  to  the  velocity  vector, 
and  one  rotation  about  the  transversal  axis.  In  the  following,  (p  will 
be  used  for  the  angle  of  the  longitudinal  axis  (propeller  axis,  mean  chord 
direction)  with  the  horizontal  plañe  and  ??  for  the  angle  that  the  velocity 
of  the  mass  center  (c.g.)  forms  with  the  same  plañe,  both  angles  counted 
positive  upward  (Fig.  379).     Then  the  c.g.  acceleration  in  the  direction 
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of  V  or  of  the  tangent  to  the  path  is  dV/dt  or  VdV/ds  and  in  the  direction 
of  the  upward  normal  V  dé/dt.  If  the  definitions  of  the  radius  of  curva- 
ture,  R  =  ds/dú,  and  of  the  velocity  V  =  ds/dt  are  used  {ds  =  element 
of  are  along  the  path),  the  latter  expression  is  seen  to  be  the  same  as 
y  V-R  or  as  72  d^/ds. 

The  aerodynamic  forcé  normal  to  V  will  be  called,  as  usual,  the  lift 
L ;  the  component  in  the  direction  of  V  will  be  written  a.s  T  —  D  where  T 
means  the  propeller  thrust  and  D  the  total  drag.  If,  owing  to  the  devia- 
tion  (p  —  ^,  there  is  some  normal  forcé  T'  acting  on  the  propeller  (see 


F/ighf  path  _ 
Cpoifh ofc.g.)  y 


FiG.  379. — Motion  in  the  symmetry  plañe. 

Sec.  XVII. 3),  this  may  be  included  in  L.     With  the  gross  weight  W,  the 
two  equations  of  motion  for  the  translational  components  now  read 


WdV       W^,dV       rr       n       w    •     . 

7-  =  —  V  —r-  =  r  —  D  —  Tr  sm  t? 

g   dt        g        ds 

Kv—  = 
g       dt 


Wy^dd- 

g       ds 


=  L  -  W  cose 


(14) 
(15) 


The  third  equation  of  motion,  for  the  rotational  component,  includes 
the  moment  of  inertia  (moment  of  gyration)  of  the  body  with  respect  to 
the  transversal  axis  passing  through  the  center  of  gravity.  It  will  be 
called  J;  its  dimensión  is  mass  times  length  squared.  The  resultant 
pitching  moment  with  respect  to  the  c.g.  will  be  denoted  by  M.  Then, 
according  to  a  well-known  statement  of  rigid-body  dynamics  the  relation 


■^¥  =  ^ 


(16) 


holds. 

The  ihree  differential  equations  (14),  (15),  and  (16)  determine  the 
motion  in  the  symmetry  plañe  in  the  following  way :  If  the  initial  valúes  of 
V,  t?,  tp,  and  díp/dt  are  given 
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F  =  Fo,      í?  =  i?o,      ^  =  ^0,     ^  =  ^0     for  í  =  o  (17) 

integration  of  (14)  to  (16)  supplies  the  subsequent  valúes  of  tnese  vari- 
ables for  all  valúes  of  time  i.  In  particular,  V  and  é  considered  as  corre- 
sponding  polar  coordinates  supply  the  hodograph  of  the  translational 
motion.  Then,  in  a  Cartesian  system  with  the  x  horizontal  and  z  vertical 
downward,  from 

-r:  =  F  eos  t?, r;  =  F  sin  í? 

dt  dt 

the  X-  and  z-values  can  be  found  by  quadratures, 
t  i 

X  =    í    V  cosí}  dt,     z  =  -  J   V  sin  ^  dt  (18) 

o  o 

The  difíiculty  of  the  problem  lies,  of  course,  in  the  fact  that  the  forcé 
components  T,  L,  D  as  well  as  the  moment  M  depend  on  all  three  vari- 
ables F,  é,  (p. 

In  order  to  obtain  a  rapid  survey  of  the  possible  solutions  Lanchester 
introduced  the  following  simplifying  assumptions : 

1.  It  is  assumed  that  the  propeller  thrust  and  the  total  drag  balance 
each  other  at  any  instant  so  that  T  —  D  can  be  omitted  in  (14). 

2.  It  is  assumed  that  the  moment  of  inertia  is  exceedingly  small  so 
that  with  finite  M  the  angular  acceleration  becomes  infinite.  As  M  is 
supposed  to  counteract  any  change  of  ^  —  í?  (stability  condition),  it 
follows  that  the  direction  (p  of  the  body  will  adapt  itself  instantaneously 
to  the  position  in  which  the  moment  is  zero,  i.e.,  to  a  constant  valué  of 
ip  -  ■&. 

The  motion  satisfying  Eqs.  (14)  to  (16)  on  these  conditions  was 
named  by  Lanchester  phugoid  motion.^  Its  theory  is  particularly  simpli- 
fied  by  the  fact  that  the  third  equation  can  now  be  entirely  disregarded 
since  ??  and  <p,  with  their  difference  <p  —  ú  =  const.,  count  for  one 
variable  only.     Equations  (14)  and  (15)  become 

Ff=-,sin.,         V-f^  =  g[^-co.e)  (19) 

The  lift  is  supposed,  in  the  usual  way,  to  be  proportional  to  F^,  with  a 
coefficient  depending  on  the  incidence  only.  lí  <p  —  &  does  not  change, 
the  incidence  remains  constant  and  so  does  the  lift  coefficient  Cl.  Calling 
Vi  the  level-flight  velocity  of  the  plañe  we  have 

1  It  seems  that  the  term  phugoid,  which  is  generally  adopted  today,  originates  in  a 
linguistic  slip.  Lanchester  sought  a  Greek  equivalent  for  flight,  or  flying,  and  he 
found  the  word  (pvTi?,  which  means  flight  in  the  sense  of  fleeing. 
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and  thus,  T\'ith  —dz  =  ds  sin  ?9,  Eqs.  (19)  take  the  form 
VdV 


(21) 


dz 
The  first  of  these  equations  can  immediately  be  integrated  and  gives 

F2  =  2gz         or         ^  =  Y'         ^  ^  ^^^  ^^^^ 

where  the  integration  constant  is  (arbitrarily)  taken  as  zero.  This  means 
that  the  level  z  =  O  is  assumed  as  the  upper  level  limit,  which  the  airplane 
can  reach  only  at  velocity  zero.  Relation  (22)  expresses  the  fact  that 
the  body  behaves  hke  a  conservative  system  keeping  the  sum  of  kinetic  and 
potential  energy  invariable.  This  fact  is  a  consequence  of  the  assump- 
tion  T  -  D  =  0. 

Dividing  the  second  equation  (21)  by  the  first  we  find  that 

F  sin  í?  ^^  =  —  rf^r  +  eos  I?        or        eos  é  —  K  sm  ?>  ^^  =  -^^ 
dV  Vi  dV       Ff 

The  left-hand  side  of  the  last  equation  is  obviously  the  derivative  of 
F  eos  í?  with  respect  to  F.     Therefore,  by  integration 


F  CCS  t?  =    /  ^¡  rf7  =  i  ^2  +  const.  (23) 


F?  ^  Vf 


This  is  the  polar  equation  of  the  hodograph.  To  each  valué  of  the  con- 
stant there  corresponds  a  particular  solution,  i.e.,  a  particular  pathway  of 
the  airplane.  If  at  the  beginning  V  =^  Vi  and  é  =  O,  the  constant  must 
have  the  valué  f  F^.  The  corresponding  z  foUows  from  (22)  as  V\/2g. 
Since  z  =  const.  =  zo  is  compatible  with  é  =  const.  =  O,  it  is  seen 
that  the  horizontal  flight  at  the  level  Zo  —  V\/'¿g  with  the  constant  speed 
Vi  is  one  solution  of  the  problem — as  was  to  be  expected. 

In  order  to  find  the  other  solutions,  i.e.,  the  other  possible  pathways 
of  the  idealized  airplane,  it  is  convenient  to  introduce  in  (23)  the  valué 
for  F  from  (22).     This  gives 

„        ,  2orz    ,    const. 

and,  upon  using  the  dimensionless  variable 

t  =  '^'  =  Yl  (24) 

instead  of  z,  the  equation  can  be  written  in  the  form 

eos  é  =  U  +  -^  (25) 
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where  A  stands  for  const./F^.  In  Fig.  380  eos  é  is  plotted  against  f 
according  to  (25)  with  f  downward  and  eos  7}  on  the  horizontal  axis 
positive  toward  the  right.  Only  eos  ??-values  between  —1  and  +1 
ean  oeeur;  the  half  eirele  between  these  two  points  indicates  the  i^-direc- 
tion  corresponding  to  each  abscissa. 


pf    Level  fiíghf 

'     ''   poínf 


''^^  n/ghfpath 
fürA='/3 


eos  6  =/ 

\ 


FiG.  380. — Phugoid  motion:  eos  d  vs.  f. 

For  A  =  ^  the  eos  ?>  vs.  f-hne  goes  straight  from  the  origin  to  the 
point  r  =  3,  eos  ?>  =  1.  This  straight  hne  separates  the  curves  A  >  O, 
which  He  to  the  right,  each  beginning  and  ending  at  eos  t?  =  1,  from 
the  curves  with  A  <  O,  which  ah  cross  from  eos  ??  =  —  1  to  eos  í?  =  1. 
For  ^  =  f  just  the  point  f  =  1,  eos  é  =  \  (level-flight  solution)  falls 
into  the  región  [eos  í?|  ^  1,  and  greater  vaUíes  of  A  supplv  no  points  at 
all. 

The  pathway  corresponding  to  any  of  the  curves  can  be  found  by 
the  following  step-by-step  procedure:  Through  any  point  P  of  one  of 
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the  curves,  say,  for  A  =  ^,  draw  the  vertical  that  will  intersect  the 
half  circle  in  Q.  Then  OQ  is  the  direction  of  the  path  in  the  point  P' 
where  it  crosses  the  level  of  P.  Thus  the  path  can  be  pieced  together 
of  small  straight  segments.  In  Fig.  381  this  is  carried  out  for  one  positive 
valué,  A  =  ^,  and  one  negative  valué,  ^  =  —  1. 

The  different  character  of  the  path  curves  for  ^  >  O  and  A  <  O  can 
be  seen  immediately  from  Fig.  380.  In  the  first  case  positive  valúes  of 
eos  í?  only  occur  and  f  is  restricted  to  a  small  range  including  T  =  1  • 
the  path  will  be  a  wave  Une  winding  about  the  horizontal  straight  line 

-10  1  2  3  4 


\ 


Fig.  381. — Phugoid  motioii:  typical  path  curves. 


that  represents  the  level-flight  solution.  In  the  second  case,  however, 
eos  í?  and  thus  the  horizontal  velocity  component  change  from  negative 
valúes  at  higher  elevation  to  positive  valúes  below:  the  path  curve  is  a 
loop  with  backward  velocity  at  the  top  and  forward  velocity  at  the 
bottom.  Which  of  the  various  motions  actually  occurs  in  a  given  case 
depends  on  the  initial  conditions,  t'.e.,  magnitude  and  direction  of  the 
launching  velocity.  Note  that  in  this  theory,  with  ip  —  é  =  const.,  the 
orientation  of  the  body  follows  exactly  the  rotation  of  the  velocity  vector. 
This  means  that  at  the  top  of  the  loop  the  airplane  is  turned  upside 
down. 

The  dotted  line  in  Fig.  381  shows  the  limiting  solution  that  cor- 
responds  to  A  =  0.  In  this  case  the  body  reaches  the  highest  possible 
level,  2  =  0,  with  vertical  tangcnt,  eos  é  =  O,  ñ  =  90°.  The  shape  of 
the  curve  can  be  found  by  analytic  integration  as  follows.     Noting  that, 
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with 

2gz  2gx  dz       rff 

the  equation  of  the  path  curve  in  dimensionless  coordinates  |,  f  is  in  all 
cases  given  by 

k=  -¡  coti?dr  (27) 

we  find,  in  the  case  eos  é  =  f/3,  that 


«=  +  */vr=Wi*=-'^'-^'-''/'^ 


(28) 


O 

This  is  the  equation  of  two  circles  of  radius  3  with  centers  in  ^  =  ±3, 
f  =  0.  As  only  positive  valúes  of  f  count,  the  pathway  at  the  Hmit 
between  the  sinuous  and  the  looped  curves  consists  of  a  sequence  of  half 
circles  as  seen  in  Fig.  381. 

It  should  be  remembered  that  the  curves  are  given  here  in  a  dimension- 
less form,  with  the  reduction  factor  V'¡/2g.  Each  unit  represents  a 
length  equal  to  the  velocity  head  corresponding  to  the  level-flight  veloc- 
ity.  The  radii  of  the  circles  just  discussed  are  three  times  V\/2g,  for 
example,  three  times  620  ft.  for  an  airplane  with  the  level-flight  velocity 
Vi  —  200  ft./sec,  etc.  Light  cardboard  models  that  can  be  made  to  fly 
(nearly)  horizontally  at  15  ft./sec.  will  show  radii  of  about  10.5  ft. 

It  is  well  known  from  model  experiments  and  from  observations  on 
actual  airplanes  that  the  two  types  of  motion,  along  the  wavy  path  with 
horizontal  trend  and  the  loopings  (and  also,  to  a  certain  extent,  the 
intermedíate  case  of  half  circles)  can  be  realized  approximately.  In 
spite  of  the  far-reaching  simplifications  introduced  in  the  phugoid  theory 
this  theory  succeeds  in  giving  an  excellent  general  idea  of  the  possible 
types  of  motion  of  a  free  flying  body.  It  is  not  sufñcient,  however,  for  a 
quantitative  analysis  of  the  flight  path. 

Problem  4.  An  airplane  model  has  a  level-flight  velocity  of  35  ft./sec.  Find  its 
phugoid  path  if  it  is  launched  in  the  horizontal  direction  at  an  initial  speed  (a)  of 
Vo  =  42  ft./sec,  (6)  of  Vo  =  70  ft./sec.  At  what  valué  of  7o  will  the  path  approxi- 
mately correspond  to  the  half  circle? 

Problem  5.  Develop  the  relation  between  the  constant  A  in  Eq.  (25)  and  the 
velocity  valué  Fo  at  ??  =  0.     Discuss  the  various  types  of  motion  in  terms  of  Vo. 

*  Problem  6.  Assume  that  the  velocity  V  during  the  flight  is  very  cióse  to  the 
level-flight  valué  Vi.  Neglecting  terms  of  higher  order  in  F  —  Vi,  develop  the  equa- 
tions  of  motion.  Show  that  the  paths  are  sine  waves,  and  compute  the  wave  length, 
the  amplitude,  and  the  period. 

3.  Longitudinal  Flight  along  a  Given  Path.  If  an  airplane  actually 
moves  in  a  curved  path,  the  pilot  has  to  opérate  the  elevator  during  the 
flight.  Thus  the  airplane  is  not  an  invariable  body  as  is  supposed 
in  the  phugoid  theory.     The  problem,  which  one  can  expect  to  be  solved 
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by  means  of  theoretical  mechanics,  would  consist  in  describing  the  flight 
for  a  given  sequence  of  elevator  operations.  The  equations  of  motion,  as 
far  as  they  can  be  integrated  for  given  initial  conditions,  should  supply 
this  answer.  From  a  practical  standpoint,  however,  a  difieren!  form 
of  the  problem  seems  to  be  more  appropriate.  If  a  pathway  in  a  vertical 
plañe  is  given,  one  wants  to  know  whether  an  aircraft  of  given  dimensions 
can  fly  along  this  path  and  under  what  conditions  it  can  do  this. 

In  both  problems  the  main  difficulty  lies  in  finding  the  right  expres- 
sions  for  the  forces  acting  on  the  moving  body.  As  has  been  pointed  out 
already,  our  present  knowledge  of  the  air  reactions  in  any  general  kind 
of  airplane  motion  is  very  incompleto.  Even  if  it  is  admitted  that  the 
forces  depend  on  the  velocities  only  (not  on  the  accelerations),  one  would 
need  much  more  data  for  the  case  of  combined  rotational  and  transla- 
tional  motion.  The  only  way  the  problems  can  be  handled  at  the  present 
stage  of  Information  is  by  introducing  certain  very  simple  hypotheses 
about  the  forces,  which  may  be  more  or  less  near  to  the  truth.  The 
follomng  assumptions  will  underlie  the  computations  in  this  section: 

1.  The  propeller  thrust  T  acts  in  the  direction  of  the  velocity  V 
of  the  center  of  gravity,  and  its  magnitude  depends  only  on  F  or  on  F 
and  on  the  density  p. 

2.  The  components  of  the  resultant  air  reaction  on  the  craft,  in  the 
directions  perpendicular  and  parallel  to  F,  respectively,  are  of  the  form 

L  =  Cl  I  V^S,         D  =  Cn^  F2.S  (29) 

where  Cl  and  Cd  depend  on  the  angle  of  incidence  only. 

3.  The  tail  supplies  a  pitching  moment  (a  couple)  to  be  specified  later. 
Assumptions  1  and  2  are  essentially  the  same  as  those  used  in  the 

performance  computation.  The  influence  of  the  rotational  velocity 
on  the  resultant  forcé  is  neglected.  A  normal  forcé  on  the  propeller 
due  to  the  deviation  of  its  axis  from  the  velocity  direction  (Sec.  XVII. 3) 
can  be  added  to  L  as  an  "apparent  lift."  In  general,  however,  one  will 
have  to  use  for  Cl  and  Cd  the  valúes  as  given  in  the  scaled  resultant 
polar  diagram  of  the  plañe.  No  restriction  is  made  so  far  concerning 
the  pitching  moments  due  to  the  forces  T,  L,  D  and  about  a  possible 
additional  couple  connected  with  the  rotational  velocity. 

In  the  problem  to  be  studied  here  the  flight  path  is  considered  as 
being  given.  This  implies  that  the  angle  ^  which  the  velocity  F  forms 
with  the  a;-axis  is  a  known  function  of  the  are  length  s  and  that  the 
derivative  dü/ds  =  1/R  is  known,  also.  Then  the  first  two  equations  of 
motion,  (14)  and  (15),  include  only  two  unknowns  F  and  (p  (the  latter 
determining  a)  and  therefore  can  be  dealt  with  independently  of  the  third 
equation  (16). 
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For  the  sake  of  brevity  a  dimensionless  form  of  Eqs.  (14)  and  (15) 
will  be  used,  by  reducing  all  lengths  with  respect  to  the  velocity  head 
of  the  level  flight,  Ff/2gf,  where 

P 


W  =  Cu 
For  example,  let  us  introduce 


2^ 


k- 


2g 

Vf 


v?s 


2g 


2gR 


(30) 


(31) 


Obviously,  (7  is  the  are  length  and  k  the  curvature  (reciprocal  valué  of 
the  radius  of  curvature)  in  the  reduced  path  curves.  Then,  upon  intro- 
ducing  the  ratios 

y2'  ^  ^  7^'  ^  =  T  (32) 


u  = 


Ci 


the  two  equations  (14)  and  (15)  when  divided  by  W  yield  (e  =  D/L) 


du        T 

-y-  =  7J7  —  ecu  —  sm  ?> 

da        W 

2ku  —  cu  —  eos  ^ 


(33) 
(34) 


Given 
'path 


Here,  ??,  k  are  known  functions  of  cr,  and  T /W  is  a  function  of  w, 
while  the  lift  ratio  c  and  the  gliding 
angle  e  are  given  functions  of  the 
incidence,  i.e.,  oi  a  —  ai  -\-  ip  —  ■&. 
The  second  equation  must  serve  to 
express  a  in  terms  of  a  and  u.  Then 
this  expression  substituted  on  the 
right-hand  side  of  (33)  makes  this 
side  a  function  of  a  and  u  so  that  a 
differential  equation  of  first  order 
between  u  and  <j  has  to  be  integrated. 
From  the  w-values  f  ound  in  this  way , 
a.  and  thus  <p  can  be  computed  by 
means  of  (34).  If  we  are  interested 
only  in  the  velocity  ratio  w,  we  need 
the  relation  between  c  and  e  only  in  the  form  supphed  by  a  nonscaled 
polar  diagram;  then  c  is  computed  from  (34),  etc.  To  show  how  this 
method  works,  the  following  numerical  example  may  be  considered. 

The  pathway  is  given  as  an  are  of  circle  of  radius  2  (/c  =  0.5),  starting 
at  the  lowest  point  ?>  =  O  and  bent  upward  (Fig.  382)  so  as  to  have 
??  =  m.  The  initial  velocity  may  be  the  level-flight  speed;  thus,  w  =  1 
at  o-  =  0.  The  relation  between  c  and  e  will  be  assumed  in  the  usual 
form,  corresponding  to  a  parabohc  polar  curve 
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_   tt     I    Cl  _    al       C  Li 


(35) 


with  the  parasite-drag  coefficient  a  =  0.03  and  b  =  3M  =  20  correspond- 
ing  to  an  aspect  ratio  of  about  7.  The  level-flight  valué  of  Cl  is  deter- 
mined  according  to  (30)  by  p,  Vi  and  the  wing  loading  W/S.  Taking 
Vi  =  300  ft./sec,  W/S  =  20  Ib./ft.^,  and,  for  an  altitude  of  about 
10,000  ft.,  p  =  0.0018  slug/ft.3,  we  find  from  (30)  that  Cli  =  0.247;  thus, 

ec  =  0.121  +  0.0124c2  (35') 

The  propeller  thrust  will  conveniently  be  assumed  as  decreasing  with 
increasing  speed  at  a  rate  proportional  to  V^  or  to  u.  The  level  flight 
valué  of  the  ratio  T/W  must  equal  the  valué  of  e  for  c  =  1,  that  is,  0.133; 
and,  if  T/W  is  assumed  30  per  cent  larger  at  zero  velocity, 

To 


^  =  ^[1+ 0.3(1  -u)] 


0.173  -  0.040M  = 


W 


TU 


(36) 


Thus  with  the  valué  given  already  for  k  the  two  equations  to  be  handled 
in  a  step-by-step  procedure  are 

eos  é 


c  =  1  + 


du  =  da[0.173  -  m(0.161  +  0.0124c2)  -  sin  t}]     (37) 


0.1745  rad.,  which  means 
dd 


Let  US  choose  steps  of  10^ 

da  =^—  =  0.349. 

K 

The  mean  valué  of  ^  in  the  first  step  is  5°;  the  initial  valué  of  u  is   1. 
Therefore,  as  a  first  approximation,  c  =  1  +  eos  5°  =  1.996  and 

du  =  0.349(0.173  -  0.209  -  0.087)  =  -0.043, 

which  gives  the  end  valué  of  u  as  0.957.     Now,  we  can  improve  on  this 

TaBLE    15. MOTION    IN    A    VERTICAL    ClRCLE 


Initial  u 

Mean  u 

Mean  ü 

c  =  1  +  eos  ú/rc 

ec 

u(ec  +  0.04) .... 

sin  d 

—  du 

I'^inal  u 

V/Vi  =  V^.  . .  . 


Step 


0-10°     10-20°    20-30°    30-40°    40-50°    50-60° 


1.000 
0.98 
5° 
2.016 
0.171 
0.207 
0.087 
0.042 
0.958 
0.979 


0.958 
0.91 
15° 
2.062 
0.174 
0.195 
0.259 
0.098 
0.860 
0.927 


0.860 
0.79 
25° 
2.149 
0.178 
0.172 
0.423 
0.147 
0.713 
0.844 


0.713 
0.62 
35° 
2.320 
0.188 
0.141 
0.573 
0.189 
0.524 
0.724 


0.524 
0.41 
45° 
2.725 
0.213 
0.104 
0.707 
0.223 
0.301 
0.549 


0.301 
0.17 
55° 
4.37 
0.358 
0.068 
0.819 
0.249 
0.052 
0.23 
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approximation  by  using  a  mean  valué  between  1  and  0.957  instead  of  1 
in  the  computation  of  du;  this  changes  the  increment  du  to  —0.042.  In 
this  way,  with  estimated  mean  valúes  for  each  segment,  Table  15  has 
been  computed. 

The  results  are  represented  in  Fig.  383.  It  is  seen  that  the  forward 
speed  V  drops  to  about  one-quarter  the  level-flight  valué  at  the  point 
é  =  60°.  In  the  next  step  the  formulas  would  give  a  c-value  beyond  8, 
that  is,  a  lift  coefficient  beyond  1.9,  which  cannot  be  expected  to  occur 
under  ordinary  circumstances.  The  result  is  that  the  airplane  under 
consideration  cannot  rise  higher  than  to  about  60°  along  the  circle  of 
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Fig.  383. — Distribution  of  u,  c,  and  e  along  the  path. 

radius  2  X  Ff/2g  =  2800  ft.  Note  that  the  chmb  was  initiated  with 
c  '^  2,  that  is,  at  an  incidence  twice  that  of  level  flight.  This  increased 
incidence  must  be  provided  by  an  application  of  the  elevator. 

In  order  to  compare  this  motion  with  the  conditions  of  steady  climb- 
ing  we  have  to  omit  the  acceleration  terms  in  (33)  and  (34).  These 
equations  then  read 


c  = 


eos  í? 


u 


W 


=  €cu  +  sin  ??  =  €  eos  ??  +  sin  t?^ 


(380 


If  eos  é  is  here  identified  with  1  and  consequently  L  with  W,  the  second 
equation  (38)  coincides  with  Eq.  (3),  Chap.  XIV,  stating  that  sin  é 
equals  (7"  —  D)/W  =  (T  —  eW)/W.  The  máximum  angle  for  steady 
climbing  is  then  found  as  the  máximum  of 


0.173  -  u 


í  0.161  +  0.0124  ^j 


which  is  about  é  =  0.084  ^  5°. 

An  inspection  of  Table  15  shows  that  the  valué  of  e  changes  very 
little  throughout  the  motion.     For  the  six  segments  from  O  to  60°  the  e 
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are  0.085,  0.084,  0.083,  0.081,  0.078,  0.082.  This  suggests  trying  an 
approximate  anal.ytical  solution  by  assuming  a  constant  average  valué  for  e 
in  (33).  Substituting  c  from  (34)  and  using  for  T/W  the  last  expression 
(36),  we  find  the  equation 


du       To        .     ^  o       \ 

—r-  =  -=^  —  sin  17  —  e  eos  v  —  \u, 
da       W 


with  X  =  2/ce  +  T     (380 


which  for  a  constant  k  and  é  =  Ka  can  be  integrated  analytically.     We 
can  verify  by  differentiation  that  the  function 


^  =  ^'~"'  +  xF  + 


\k2 


/ce  +  X 


(39) 


+  X2 ^"     ■    """       ■■ K  -  e\ 

satisfies  Eq.  (38)  whatever  the  valué  of  A.     This  constant  is  determined 


FiG.  384. — Velocity  distribution  along  the  patli. 

by  the  initial  conditions.  In  Fig,  384  the  curve  A  representing  the 
second  and  third  term  of  u  is  plotted  for  the  valúes  of  the  parameters 
corresponding  to  the  foregoing  example:  k  =  0.5,  r  =  0.04,  6  =  0.082, 
X  =  0.122,  To/W  =  0.173.     Its  ordinates  are 

1.42  +  1.95  eos  {d  +  18.42°). 

The  curve  B  has  ordinates  proportional  to  —  c-"-244i>^  ^yj^j^  ^j^g  factor 
A  —  —2.28  determined  in  such  a  way  as  to  make  the  resultant  w-value 
(the  distance  between  A  and  B)  aXé  =  O  equal  to  1.  It  is  seen  that  near 
to  t?  =  60°  the  two  curves  intersect,  giving  here  w  =  0.  The  intermedi- 
ate  valúes  (shadowed  área)  are  likewise  in  good  agreement  with  the 
results  oí  the  step-by-step  procedure. 

Figure  384  shows  two  more  curves,  B'  and  B" ,  with  ordinates  pro- 
portional to  those  of  the  curve  B.  For  B'  the  factor  A  =  —1.03  is 
chosen  so  as  to  make  w  =  2.25  at  r?  =  O,  and  for  B"  the  factor  is  A  =  1.13, 
corresponding  to  w  =  4.41  at  t^  =  0.     It  is  seen  from  the  figure  that  in  the 
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first  case  u  becomes  zero  a  little  beyond  ú  =  90°,  while  in  the  second  u 
remains  positive  over  the  whole  range  of  ú  from  — 180  to  180°.  This 
means  that,  if  the  airplane  passes  through  the  lowest  point  of  the  circular 
path  with  a  velocity  equal  to  1.5  times  the  level-flight  speed,  it  can  rise 
to  about  90°,  i.e.,  to  the  level  of  the  center  of  the  circular  path;  and  if  its 
velocity  at  ??  =  O  is  2.1  times  V,  a  full  turn  (looping)  would  be  possible. 
It  must  be  checked,  however,  whether  the  c-values  involved  do  not 
exceed  the  stalling  limit  (there  is  no  danger  of  this  at  high  velocities) 
and  whether  the  assumption  of  a  nearly  constant  e  is  still  justified. 

An  airplane  flight  of  the  type  described  in  this  section  can  be  per- 
formed  only  if  the  airplane  is  provided  with  an  elevator  of  sufficient 
dimensions  and  if  this  elevator  is  appropiiately  operated.  This  will  be 
discussed  in  the  following  section. 

Problem  7.  Assume  that  tlie  airplane  tli.scussed  in  the  text  {Vi  =  300  ft./sec, 
Cu  =  0.247,  etc.)  nioves  in  a  circular  path  of  radius  72  =  1000  ft.  Compute  the 
point  to  which  it  can  rise  if  its  initial  velocity,  at  the  bottom  of  the  circular  are,  is 
1.27,. 

Problem  8.  Discuss  the  relation  between  the  constant  A  in  Va\.  (39)  and  the 
initial  velocity  at  i9  =  O  for  varying  valué  of  the  radius  of  curvatuní. 

Problem  9.  Use  the  analytical  method  to  compute  the  motion  along  a  circular 
path  of  radius  R  =  2500  ft.  for  an  airplane  of  Vi  =  250  ft./sec.  level-flight  velocity, 
constant  e  =  0.090,  with  T  =  Ti(1.3  —  O.Su).  Under  what  conditions  can  this  air- 
plane perform  a  complete  looping? 

4.  Effect  of  Elevator  Operation.  Let  us  first  consider  the  case  that 
an  elevator  is  thrown  out  of  its  neutral  position  while  the  airplane  is 
moving  horizontally  at  its  level-flight  velocity  Vi.  The  very  beginning 
of  the  nonuniform  motion  which  sets  in  at  this  instant  is  to  be  studied. 
The  angles  i}  and  (p  are  both  zero  at  ¿  =  O  and  will  remain  small  so  that 
their  cosine  can  be  identified  with  1.  Moreover,  the  assumption  may 
be  made  that  during  the  short  period  under  consideration  the  forward 
speed  V  does  not  sensibly  change.  That  is,  it  is  assumed  that  the 
expression  on  the  right  side  of  the  first  equation  of  motion,  viz., 

T  -  D  -  W  sinú 

remains  comparatively  small.  Then,  with  V  —  Vi,  the  second  and  third 
equations  of  motion,  (14)  and  (15),  give  a  sufficient  basis  for  the  analysis 


Ey,f^.,.^-.W{^-,)        ana        .f  =  M 


(40) 


In  the  first  of  these  equations,  with  V  =  Vi  =^  const.,  the  ratio 
L/W  equals  the  ratio  of  the  lift  coefficient  Cl  at  the  time  t  to  the  level- 
flight  valué  Cu-  Assuming  conditions  below  stalling,  the  quotient 
Cl/C  u  can  also  be  replaced  by  a /ai  where  a  is  the  actual  and  ai  the  level- 
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flight  incidence.     Then  the  first  equation  (40)  can  be  written  as 

-7-  =^  nia  —  di)  with  n  =  ~-     (41) 

al  Viai 

The  displacement  oí"  the  elevator  from  its  neutral  position  will  cause 
a  pitching  moment  which,  for  the  sake  of  first  information,  can  be  con- 
sidered  as  a  constant  M'.  It  is  at  least  not  impossible  to  opérate  the 
elevator  in  such  a  way  that  its  influence  on  the  airplane  remains  constant 
for  a  short  while.  The  airplane  may  be  assumed  to  be  statically  neutral 
(Sec.  XVII. 4) — the  usual  amount  of  restoring  moment  due  to  the  chango 
in  attitude  would  not  much  influence  the  result  of  the  analysis.  But 
there  is  another,  essential  contribution  to  AI  besides  Ai'.  The  rotational 
velocity  d<p/dt  that  sets  in  when  the  elevator  leaves  its  horizontal  path 
will  be  met  by  a  damying  moment  that  is  proportional  to  dtp/dt  and  oppo- 
site  in  direction  to  the  rotation.  If  the  proportionality  factor  is  called 
Km,  the  second  equation  (40)  can  be  written  in  the  form 

í¿V       AI'  d<p  .,,  Km     .,o^ 

lt^'=-T-'^Tt  withm  =  -^     (42) 

Both  coefficients,  n  and  m,  in  Eqs.  (41)  and  (42)  have  the  dimensión 
t~^.  The  valué  of  n  corresponding  to  the  numerical  example  in  the 
preceding  section  would  be  about  2  per  second.  In  general,  it  may  lie 
between  1  and  3.  A  typical  valué  for  m  is  given^  as  2.5  per  second;  it 
will  hardly  drop  below  1. 

Since  Eq.  (42)  includes  one  unknown  only,  it  can  be  integrated  inde- 
pendently  of  (41).     It  can  easily  be  verified  by  differentiation  that 

^  =  ^  +  ^-'  («) 

is  the  general  integral.     The  initial  condition  that  d<p/dt  vanishes  at 
t  =  O  will  be  fulfilled  with  A  =  -AI' /mJ,  and  thus 

is  the  definite  form  of  Eq.  (43). 

In  (41)  the  difference  a  —  ai  equals,  by  definition,  the  diííerence 
(p  —  á.     Taking  the  derivativo  oí  (p  —  é  =  a  —  ai,  we  find  that 

í^  =  í^  _  í^  (AA.) 

dt        dt        dt  ^  ^ 

^  DuRAND,  W.  F.,  "  Aorodyiiamifí  Theory,"  vol.  5,  p.  99  (B.  M.  Jones).  See  also 
Kq.  (S.")),  Sof.  \X.2. 
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and  thus  (41)  is  eqiiivalent  to 

Ht  +  ^'"  =  ^"'  +  -^  =  ^"'  +  ^  (1  -  ^    )  (^^) 

This  differential  equation  for  a  has  a  kiiüwn  integral.  Again,  it  can  be 
verified  by  differentiation  that  the  general  integral,  \\'ith  the  integration 
constant  A,  reads 

a  =  Ae—^  +  ar  +  ^  (  1 "^  e"A  (46) 

7imJ  \         n  —  m        / 

In  order  to  fulfill  the  condition  a  =  ai  Sii  t  =  O,  the  constant  A  miist  be 
taken  as  M' /n(n  —  rn)J,  thus  supplying 

ilf    /         me-"'  -  ne-"A  , ._,, 

a  =  az  +  f  I  1  H I  (46') 

nmJ  \  n  —  m       / 

From  (43')  and  (46')  the  derivative  d^/dt  can  be  found  according  to  (44) 

rf/        mJ  \  n  —  m      J 

which  also  follows  from  (41)  and  (46'). 

The  constants  m  and  n  are  essentially  positive  qiiantities.  There- 
fore,  all  exponential  ternas  go  to  zero  when  t  increases  indefinitely. 
With  an  average  valué  w~  n  -^  2.5  the  factor  e~'"'  drops  from  1  to  0.01 
within  1.8  sec.  If  n  equals  m,  the  second  term  in  the  parentheses  appears 
in  the  indefinite  form  0/0.  But  it  can  be  seen  by  the  usual  method 
that  its  "true  valué"  in  this  case  is  —  (1  +  mt)e~"'K  Thus  the  main  result 
included  in  (43'),  (46'),  and  (47)  can  be  stated  as  follows:  Within  a  very 
short  time  the  angidar  velocity  dip/dt  and  the  derivative  d^/dt  approach  the 
same  constant  valué  M'/mJ  or  M' /Km,  while  the  angle  of  incidence  a 
approaches  the  constant  ai  +  M' /nmJ  or  ai  +  AI'/nK,,,. 

If  the  pilot  wants  to  change  from  level  flight  to  climbing,  he  will 
pulí  the  elevator  stick  and  thus  produce  a  positive  moment  M'.  Then, 
within  1  to  2  sec.  the  incidence  will  settle  down  to  a  new  valué  higher 
than  the  incidence  at  level  flight,  the  increase  depending  on  the  moment 
M',  the  damping  capacity  Km,  and  the  factor  n.  At  the  same  time  the 
airplane  has  acquired  an  angular  velocity  that  remains  constant  as  long 
as  the  elevator  is  in  operation;  and,  in  addition,  the  slope  of  the  flight 
path  keeps  increasing  at  a  constant  rate.  The  pilot  has  to  push  back 
the  elevator  stick  as  soon  as  he  reaches  the  new  direction  he  wants  to 
take.  Now,  a  state  of  steady  climbing  can  foUow  if  and  only  if  the 
equilihrium  condiiions  allow  a  climb  at  higher  incidence.  This  is  the  case, 
as  was  seen  in  the  performance  discussion  in  Sec.  XIV. 2,  if  the  airplane 
was  originally  flown  at  the  so-called  "high  speed"  of  level  flight. 
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This  whole  argument  can  easily  be  extended  to  the  case  where  the 
stead}'  flight  preceding  the  application  of  the  elevator  is  a  cUmbing 
or  flat  descending  rather  than  a  level  flight.  The  result,  ah*eady  antici- 
pated  in  Chap.  XIV,  is  that  the  elevator  works  normally  only  when 
apphed  in  a  state  of  steady  flight  which  does  not  belong  to  the  región 
called  the  región  of  "reversed  commands."  A  positive  elevator  moment 
then  leads  ahvays  to  an  increase  of  slope  of  path  and  to  an  increase  of 
incidence,  and  a  negative  moment  to  a  decrease  of  both. 

If  the  airplane  with  the  elevator  in  neutral  position  is  not  statically 
indifferent,  each  state  of  steady  flight  other  than  the  normal  level  flight 
requires  a  certain  amount  of  elevator  moment.  This  means  that  in  the 
case  of  a  statically  stable  airplane  the  pilot,  after  reaching  the  intended 
slope,  must  not  return  the  elevator  completely  to  its  original  position.  In 
a  not  too  fast  maneuver  it  will  be  possible  to  limit  the  rotation  of  the 
elevator  to  the  amount  required  in  the  new  state  of  steady  flight. 

The  results  obtained  here  also  have  a  bearing  on  the  type  of  non- 
uniform  motion  discussed  in  the  preceding  section.  Assume  that  in  an 
actual  case  Eqs.  (33)  and  (34)  have  been  solved.  Then  not  only  is  V 
found  as  function  of  s  and  (upon  integration  of  ds/dt  =  V)  as  function  of 
i,  but  also  c  and  thus  the  angle  of  incidence  a  for  each  time  are  known. 
From  the  given  é  and  the  computed  a  we  can  derive  (p  =  é  -\r  a  —  oti  and 
by  diííerentiation  d^p/dt  and  d'^<p/dt".  The  latter  quantity  multiplied  by 
the  moment  of  gyration  J  gives  the  left  side  of  the  third  equation  of 
motion  (16).  On  the  right-hand  side  the  contributions  to  the  moment 
due  to  the  propeller,  the  wing  reactions,  the  damping,  etc.,  must  be  con- 
sidered  as  known,  and  the  only  unknown  in  the  equation  is  the  moment 
contributed  by  the  elevator.  In  this  way  Eq.  (16)  makes  it  possible  to 
compute  the  elevator  moment  that,  at  any  instant,  would  be  necessary 
for  performing  the  flight  along  the  given  pathway.  This  can  be  used  to 
check  whether  an  airplane  of  given  design  is  capable  of  performing  a 
motion  represented  by  a  particular  solution  of  (33)  and  (34)  or,  as  the 
case  may  be,  whether  the  dimensions  of  the  elevator  can  be  adapted  to 
the  requirements  of  those  types  of  motion  which  it  is  desired  to  have 
performed.  Attention  must  be  paid  to  the  fact  that  the  effect  of  the 
elevator  is  proportional  to  the  square  of  the  velocity  F,  that  is,  to  the 
speed  ratio  u,  thus  decreasing  considerably  at  the  points  where  u  is  small. 

Fortunatcly,  this  elabórate  procedure  is  made  unnecessary  by  the 
results  already  established,  except  when  a  very  high  grade  of  maneuvera- 
bility  is  demanded.  It  can  be  assumcd  that,  under  normal  conditions, 
the  elevator  acts  practically  instantaneously  and  that,  accordingly,  the 
moment  to  be  supplied  equals  approximately  that  required  for  compen- 
sating  the  counteracting  static  moments  of  the  air  reactions,  etc.  In 
fact,  other  circumstances  that  cannot  be  taken  into  account  in  this 
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roughly  approximating  theory — like  the  influence  of  change  in  down-wash 
as  induced  by  the  wing  on  the  tail — may  be  of  greater  importance  than 
the  inaccuracy  incurred  by  neglecting  the  dynamic  terms  in  the  moment 
equation. 

Problem  10.  An  airplane  of  gro.ss  weight  W  has  a  tail  distance  Z  =  20  ft.  and  a 
radius  of  gyration  equal  to  0.3/.  Compute  the  motion  of  this  airplane  under  the 
influence  of  a  tail  moment  M'  =  Q.Q21W.  Take  m  =  3  per  second  and  n  =  2  per 
second.  Find,  in  particular,  the  terminal  increase  of  incidence  and  the  time  needed  to 
obtain  95  per  cent  of  this  increase. 

*Problem  11.  Find,  with  the  data  of  Prob.  10,  the  time  needed  for  changing  the 
direction  of  flight  by  ??  =  15°,  and  compute  the  angle  of  incidence  reached  at  this 
moment. 

5.  Asymmetric  Motion.  In  Secs.  2  to  4  of  this  chapter  only  motions 
of  an  airplane  have  been  considered  in  which  its  symmetry  plañe  per- 


FiG.  385. — True-banked  turn. 

manently  coincides  with  one  and  the  same  vertical  plañe.  If  this  restric- 
tion  is  eliminated,  a  much  more  complicated  problem  arises  whose 
complete  discussion  is  beyond  the  scope  of  this  book.  The  general 
equations  for  this  motion  of  six  degrees  of  freedom  will  be  given  in  the 
next  chapter.  At  present,  only  the  simplest  case  of  an  asymmetric 
motion,  the  steady  rotation  about  a  vertical  axis,  will  be  briefly  disciLSsed. 
In  all  these  problems  the  main  difñculty  lies,  as  already  mentioned  above, 
in  the  correct  analysis  of  the  air  reactions  on  a  body  that  moves  through 
the  air  in  a  general  manner. 

Let  US  first  take  up  the  case  of  a  true-banked  turn,  already  dealt  with 
in  Sec.  1.  It  follows  from  the  absence  of  sideslip  that  the  x-axis  (longi- 
tudinal axis)  coincides  with  the  tangent  of  the  circular  path.  It  is 
normal  to  the  paper,  pointing  toward  the  rear  in  Fig.  385.  If  P'  is  the 
projection  upon  the  ?/-2-plane  of  a  point  P  oí  the  plañe  (or  a  point  rigidly 
connected  with  the  plañe)  and  Pi  the  foot  of  the  perpendicular  from  P' 
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on  the  axis  of  rotation,  the  mass  element  dm  at  P  has  an  acceleration 
üj^PPi  in  the  direction  PPi,  w  being  the  angular  velocity.     It  is  well 

known  that  the  vector  sum  (integral)  of  all  the  produets  co^PPi  dm  equals 

a  vector  u^OOim  where  O  is  the  center  of  gravity,  Oi  its  projection  on  the 
axis,  OOi  =  R,  and  m  the  total  mass  W/g.  But  applying  a  forcé  of  this 
magnitude  and  direction  in  the  c.g.  is  not  sufficient  to  maintain  the  steady 
rotation,  as  the  following  analysis  shows. 

Let  X,  y,  z  be  the  coordinates  of  P,  and  O,  yi,  Z\  the  coordinates  of  P\. 
Then  it  is  easily  seen  from  the  figure  that 

OOi  =  R  =  yi  eos  y  —  Zi  sin  y         and 
OiPi  =  y  sin  7  +  2  eos  y  =  yi  sin  7  +  Zi  eos  7 

Solving  these  two  equations  for  í/i  and  Zi  we  find  the  coordinates  of  Pii 

^1  =  0,         Vi  =  y  sin^  7  +  2  sin  7  eos  y  -\-  R  eos  7,  ,  „. 

Zi  =  z  cos^  7  +  i/  sin  7  eos  7  —  7¿  sin  7 

The  components  of  the  vector  PPi  are  Xi  —  x,  yi  —  y,  Zi  —  z  and  the 
components  of  the  mass  X  acceleration  product  are  ü)-(xi  —  x)  dm,  etc. 
According  to  (48)  the  latter  components  are 

dlx  =  —o}^x  dm 

dly  =  —0}^  eos  y{y  eos  7  —  2  sin  y  —  R)  dm  (49) 

diz  =  — w^  sin  7(2  sin  y  —  y  eos  7  +  ií)  áw 

In  taking  the  integráis  over  the  total  mass,  all  terms  with  x,  y,  2  drop 
out  since  jx  dm  =  jy  dm  —  j'z  dm  =  O,  as  O  is  the  center  of  gravity. 
What  is  left  is 

7x  =  0,         ly  =  jnw'^R  eos  7,         Iz  —  —mu^R  sin  7 

and  these  are,  in  fact,  the  components  of  the  antieipated  vector  mco-OOi. 
But  the  elements  (49)  give  rise  to  moment  components,  also.     For 
example,  the  a:-component  of  the  moment  equals,  by  definition, 

y  di,  —  z  dly, 

that  is,  according  to  (49), 

(a^[yz(cos^  y  —  sin^  7)  +  (?/2  —  z'')  sin  7  eos  7  —  R{y  sin  7  +  2  eos  7)]  dm 

If  this  is  integrated,  the  linear  terms  again  drop  out.  The  integral  over 
yz  dm  also  vanishes  since  the  airplane  is  supposed  to  be  symmetric  so 
that  equal  elements  dm  are  found  at  the  same  2andopposite  y.  Thus, 
only  the  term  (y^  —  2^)  gives  a  contribution.  If  the  same  computation 
is  carried  out  for  the  other  two  moment  components  also,  and  the  usual 
notations  for  inertia  moments 

íix^  +  22)  ¿^  =  j^  j(^2  _|_  ^.2)  ¿^  ^  j^  j^2  dm  =  J„     (50) 
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are  introduced,  the  three  moment  components  become 

w'^{Jz  —  Jy)  sin  7  eos  y,         —uU^z  cos^  7,         coViz  sin  7  eos  7     (51) 

Thus  it  is  seen  that  in  order  lo  keep  an  airplane  in  a  steady,  true-hanked, 
horizontal  turn  the  air  reactions  must  supply,  in  addition  to  the  centripetal 
forcé  Rco"W/g,  a  rolling,  a  pitching,  and  a  yawing  moment  according  to  (51). 
The  inertia  product  Jxz  is  eomparatively  small  sinee  the  2-values 
for  almost  all  points  of  the  airplane  are  not  large  and  are  partly  positive, 
partly  negative.  But  also  the  rolling  moment,  given  by  the  first  expres- 
sion  (51),  becomes  imimportant  if  the  radius  R  of  the  turn  is  large  as 
eompared  with  the  dimensions  of  the  airplane,  owing  to  the  faetor 
^2  _  "72y'2^2  Pqj.  g^j^  airplane  of  ordinary  design  {Jz  —  Jy)/mB'^  is  of 
the  order  of  magnitude  0.015  {B  =  span).  Suppose  that  the  moment 
is  to  be  balanced  by  forees  ±  kW  acting  on  the  ailerons  at  a  distanee  0.8B 
from  each  other.  Then,  with  the  expression  tan  7  =  V^/gR  for  the 
true-bank  angle, 

Q.^kWB  =  -^{Jz  —  Jy)  sin  7  eos  7, 

0.015  J5  72    .  f^no^   ■   '>  ^^^^ 

'^  =  "OS- fí^  '^^  ^  eos  7 '-0.02^  sm-  7 

This  shows  that,  for  7  =  56°  and  even  sueh  a  small  radius  as  105,  the 
foree  on  each  aileron  would  be  0.1  per  eent  of  the  gross  weight  W. 

If  the  turn  is  not  true-banked  but  a  sideslip  is  present,  the  computa- 
tion  becomes  more  eomplieated  but  the  numerical  result  will  be  almost 
the  same.  In  either  case,  the  moments  required  for  maintaining  the  steady 
rotation  are  unimportant  under  normal  conditions. 

We  turn  now  to  an  analysis  of  the  forees  and  moments  that  are 
actually  present  when  an  airplane  moves  along  a  circular  path  at  a  bank 
angle  7  and  a  sideslip  ¡3.  It  is  seen  from  Fig.  385  that  the  rotation  w 
about  the  vertical  axis  has  a  pitch  eomponent  coy  =  03  sin  7  and  a  yaw 
component  Uz  =  oí  eos  7.  The  presenee  of  a  sideslip  /3  can  be  interpreted 
as  the  existenee  of  an  additional  veloeity  component  of  the  e.g.,  in  the 
í/-direetion  and  of  magnitude  Vy  =  —V  tan  /3. 

The  effeet  of  a  piteh  upon  the  airplane  has  already  been  diseussed  in 
the  preceding  sections.  In  the  following  the  influenee  of  a  cross  veloeity 
Vy  (or  a  sideslip  /3)  and  of  a  yaw  coz  will  be  studied,  to  whieh  will  be 
added  the  influenee  of  a  roll  co^.  Cross  speed,  roll,  and  yaw  (vy,o}x,coz) 
are  the  three  veloeity  components  characteristic  for  the  lateral  motion, 
as  are  Vx,  Vz,  Wy,  forward  and  vertical  speed  and  pitch,  for  the  longitudinal 
motion.  Of  course,  separating  those  influenees  as  though  they  were 
completely  independent  is  a  somewhat  artificial  expedient,  but  it  is  at 
present  the  only  way  available  to  provide  at  least  preliminary  Informa- 
tion.    Moreover,  in  the  computation  of  the  forees  and  moments  the 
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so-called  "strip  hypothesis"  will  be  applied;  i.e.,  infinitesimal  elements  of 
the  surfaces  will  be  considered  as  independent  from  each  other,  similarly 
to  what  was  done  in  the  blade-element  theory  of  the  propeller. 

In  Fig.  386  an  airplane  is  shown  in  top  view  and  the  influence  of 
a  (posiíive)  yaw  uz  on  the  velocity  of  a  wing  element  dS  indicated.  On 
starboard  the  forward  speed  is  decreased,  on  the  port  increased;  in  both 
cases  it  can  be  written  as  V  —  yoiz.  The  elements  of  lift  and  drag  forcé 
are  therefore 


dL 


=  C,^{V  -yc.y 


dS, 


dD 


=  Cz,^(F-7/co.)^ 


dS 


where  Cl  and  Cd  are  valúes  of  the  local  lift  and  drag  coefficients.  If  coz 
is  considered  as  small  and  ul  neglected,  the  integral  valúes  L  and  D  are 
unaffected  by  Wz  since  positive  and  negative  contributions  cancel  each 
other.  But  the  c?L-f orces  cause  rolling  moments  —ydL,  and  the  dD 
cause  yawing  moments  -\-y  dD.     By  integration, 

B/->  fi/2 


M.  = 


Mz 


[ 


C lA/iV  —  ycoz)-  dS  -^^  pV 


til 

if 

-B/2 


■B/2 
fí/2 


Ciif-  dS       (53) 


-B/2 
B/2 


Cny{V  -  yc:zr'dS 


-pVc 


Cnv''  dS        (54) 


ñ/-2 


Here,  the  co; 


terms  are  again  disregarded  and  the  terms  linear  in 
y  omitted  since  they  vanish  owing  to  the 
symmetry.  As  long  as  no  special  infor- 
mation  is  given  about  the  distribution  of 
the  Cl-  and  Co-values,  only  a  mean  valué 
for  each  coefiicicnt  can  be  used.  Then, 
calling  y^  the  radius  of  inertia  of  the  wing 
área  we  can  write  the  two  integráis  as 
ylSCL  and  y^SC d. 

It  will  be  useful  to  introduce  moment 
coefficients  Cm  referring  to  wing  área  S 
and  to  a  reference  length  /,  which  will  be 
specified  later: 

2M 


Cji/  — 


(55) 


Fia. 


386. — Change  of  forward  speed 
due  to  yaw. 


selves  are  of  importance. 
be  represented  as 


pV^Sl 

Moreover,  the  derivatives  of  the  moments 
with  respect  to  the  variable  velocity  com- 
ponent  rather  than  the  moments  them- 
Thus,  the  result  included  in  (53)  and  (54)  will 
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dCM, 


=  -2Cu 


y% 
VI 


(56) 


Here  t/^.  is  a  geometrical  constant,  depending  on  the  wing  í'orm  and  in 
usual  cases  not  much  different  from  B/4.  As  to  d,  and  Cd,  one  must  bear 
in  mind  that  these  are  average  valúes,  essentially  defined  by  Eqs.  (53) 
and  (54),  and  that  they  should  be  determined  by  special  experiments 
whenever  higher  accuracy  is  required.  For  a  first  approximation  the 
level-flight  valúes  may  be  used. 

In  almost  the  same  way  the  moments  due  to  roll  can  be  computed. 
It  is  seen  in  Fig.  387  that  a  positive  roll  cox  adds  a  downward  velocity 
yo¡x  at  a  point  at  the  distance  y  on  the  starboard  side.     Thus  it  increases 


áoc-yójx/V 


[y^x 


Fig.  387. — Change  of  incidence  due  to  roll. 


the  incidence  by  ywx/V.  If  Wx  is  considered  as  small  and  C'¿  and  C'^ 
denote  the  derivatives  of  Cl  and  Cd  with  respect  to  the  incidence,  lift  and 
drag  forces  on  the  wing  element  dS  at  y  are  increased  by 


c'.'^v-y^ds 


and 


C'^'^V^^-^dS 


(57) 


Lift  on  the  starboard  side  gives  a  negative  roUing  moment  and  drag 
on  the  starboard  a  positive  yawing  moment.     Thus  the  new  valúes  are 

B/2  B/2 


M, 


-C'AVo:. 


y'dS, 


M. 


C'  ^  V 


2/2  dS     (58) 


2  '  -í      /        y    "-.  —-        -o  2 

-B/2  -B/2 

Upon  introducing  moment  coefíicients  according  to  (55)  and  taking  the 
derivatives,  it  follows  that 

dC.\f^  ^„  y%  BCm^ 


d(j3x 


=  -c. 


VI 


_  p/  y* 


(59) 


supplementing  formulas  (56). 

Finally,  the  influence  of  a  sideslip  /3  or  a  cross  velocity  Vy  has  to  be 
studied.     Tf  /3  is  counted  positive  as  indicated  in  Fig.  377,  the  sideslip 
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turns  the  direction  of  the  drag  forcé  so  as  to  add  a  positive  cross  forcé  of 
magnitude  Z)/3.     Accordingly, 


Fy  =  Co'^V'S^, 


dCy 

a/3 


Co 


(60) 


If  the  wing  is  supposed  to  be  a  plañe  parallel  to  the  x-  and  y-axes,  no 
further  influence  would  be  observed.     It  is  different  for  a   F-shaped 


ó 

UJ 

y^^^ 

="^  ó 

i 

FiG.  388.- 

^ 

VI 

1 

— Dihedral  angle  5. 

wing  with  a  dihedral  angle  6  (Fig.  388;  for  the  definition  of  dihedral,  see 
Sec.  VI.4). 

As  will  be  seen,  the  positive  sideslip  /3  increases  the  incidence  at  all 
points  on  the  left  wing  and  i-educes  the  incidence  on  the  starboard  side. 

In  Fig.  389,  i4  is  a  point  on  the  left  wing,  the  vector  AB  of  magnitude  V 
is  plotted  in  the  direction  of  the  longitudinal  axis,  and  AC  is  the  zero 


Fig.  389. — Sideslip  and  dihodrcal  combined. 

lift  direction  for  the  wing  profile  through  .1.     Thus  ¿CABíb  the  incidence 

as  long  as  no  sideslip  exists.     The  vector  BB'  in  the  negative  ?/-direction 

— > 
is  made  to  equal  V^  so  that  ¿B'AB  =  /3  and  AB'  is  the  velocity  vector 

in  the  presence  of  sideslip.     The  parallel  to  the  s-axis  through  B'  inter- 
sects  the  plañe  that  includes  the  zero  lift  directions  of  all  profilcs  at  a 
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point  C,  which— in  the  case  of  positive  dihedral — lies  higher  than  C. 
The  difference  between  WC'  and  BC  equals  C^'  =  BB'b  =  V^8.  The 
new  inciden  ce  ZC'AB'  is  therefore  greater  than  the  original  ZCAB  by 
CoC'/AB  =  V^d/V  =  /35.  The  opposite  is  true  for  points  on  the  star- 
board  side.  The  effect  of  a  dihedral  angle  8,  when  a  sideslip  /3  occurs, 
consists  in  reducing  the  incidence  on  the  starboard  side  and  raising  it  on  the 
port  by  /35. 

The  influence  of  these  changes  in  incidence  is  obviously  nil  for  the 
total  lift  and  total  drag.  But  moments  are  produced.  An  área  element 
dS  on  either  half  wing  contributes  a  rolling  and  a  yawing  moment  whose 
magnitudes,  in  analogy  to  (57),  are 

\y\C'^  I  F2^  5  dS         and         -  \y\C'^  ^  V'^  8  dS  (61) 

The  resultant  moments  are 

R/2  B/2 


M.  =  C;^  V'-(38   I     \y\  dS,         M.  =  -C'^^  V'08   j 


\y\dS     (62) 


B/2  -  B/2 


If  the  distance  y*  oí  the  centroid  of  each  half  wing  área  is  introduced, 
the  derivatives  of  the  respective  moment  coefñcients  are 

dCu.  _  ^,    y*         dÜM.  _      ^,.y*  .„„. 

All  these  derivatives  (56),  (59),  (60),  and  (63)  will  later  be  used  in 
the  discussion  of  lateral  stability  (Sec.  XX. 4).  They  include  the  influ- 
ence of  ^,  cox,  and  coz  on  the  wing  only. 

Returning  now  to  the  problem  of  a  turn  in  a  horizontal  plañe,  we 
may  omit  the  terms  due  to  the  moments  of  inertia  as  given  in  (51).  The 
only  inertia  effect,  then,  is  the  vector  W/g  times  V^/R  in  the  horizontal 
direction  (Fig.  385)  with  the  components  WV^/gR  times  eos  7  in  the 
?/-direction  and  times  —  sin  7  in  the  direction  of  z.  If  we  cali  F^,  FJ,  F'^, 
the  components  of  the  air  reactions  on  the  tail,  the  fuselage,  etc.,  the 
three  equations  of  motion  for  the  center  of  gravity  will  be 

O  =  r  -  D  +  F^ 

—  -W  eos  7  =  "W"  sin  7  +  /3D  +  FJ  (64) 

g   K 

W  V^ 

5-  sin  y  =  W  eos  7  —  L  +  F^ 

g    K 

Here,  —  F^  is  essentially  the  parasite  drag  of  the  airplane  (except  the 
wing)  so  that  the  first  equation  means  T  =  Dto,  propeller  thrust  equal 
to  total  drag.  The  second  component  Fy  will  be  increasing  with  /3.  It 
includes  the  cross  forcé  on  fuselage  and  vertical  tail  surface  due  to  side- 


502  NONUNIFORM  FLIGHT  [Sec.  XVIII.5 

slip.  As  mentioned  in  Sec.  1  of  this  chapter,  the  coefficient  for  the  sum 
/3Z)  +  Fy  is  about  0.4  in  normal  conditions,  i.e., 

/3D  +  F^  =  ^  V'-S  X  0.4/3  (65) 

At  any  rate,  the  second  equation  (64)  shows  how  an  iinderbanked  turn 
(7  smaller  than  the  true  bank  angle)  can  be  carried  out  with  positive 
sidesHp.  In  the  third  equation,  F'^  will  be  unimportant.  If  this  equa- 
tion is  multiphed  bj^  eos  7  and  the  second  by  sin  y,  the  sum  gives 

L  eos  7  =  TF  +  (/3Í)  +  F^)  sin  7  (66) 

This  determines  the  incidence  required  in  the  curved  path.  Dividing  by 
pV^S/2  and  using  (65),  we  find  that 

Cl  =  -^  +  0.4i8  tan  7  (66') 

eos  7 

which  shows  that  Cl  and  therefore  the  incidence  in  the  turn  must  always 
be  greater  than  the  valúes  Cu  and  ai  for  straightforward  fiight. 

The  three  equations  for  moment  equihbrium,  divided  by  pV-Sl/2 
and  ^\^th  C[f^,  etc.,  for  the  coefficients  regarding  the  moments  on  tail  and 
airplane  body,  read,  since  cox  =  O  and  w,  =  eos  7  V/R: 


O  =  ^^^  +  ^'i  eos  7  +  C'^ 


o  =  C'm„  (67) 

f.         dC M^  dC M.  V  I    rtf 

°  = -a^ "  +  is;:  K '""  ^  +  ^''- 

Here,  the  four  derivatives  are  those  given  in  (56)  and  (63).  The  second 
equation,  or  M'y  =  O,  does  not  mean  that  the  elevator  can  be  kept  in 
neutral  position.  On  the  contrary,  the  tail  must  be  used  to  compénsate 
both  the  damping  moment,  which  is  proportional  and  opposite  in  direction 
to  the  pitch  oiy  =  V  sin  y/R,  and  also  the  static  moment  due  to  the 
increased  incidence.  Both  contributions  are  acting  in  the  same  sense  in 
the  case  of  a  statically  stable  plañe.  The  conclusión  is  that  in  a  hori- 
zontal turn  the  elevator  must  he  operated  in  the  same  sense  as  in  climbing 
and  the  stronger,  the  higher  the  static  stability  of  the  plañe. 

The  moments  71/^  and  M'^  must  be  supphed  by  the  ailerons  and  the 
rudder,  respectively.  Their  amounts  can  be  computed  by  solving  the 
first  and  the  third  equation  (67)  with  the  derivatives  given  in  (56)  and 
(63).  It  can  happen  that  M'^  and  M!,  both  become  zero.  This,  again, 
does  not  exactly  mean  that  the  turn  is  made  with  the  ailerons  and  the 
rudder  neutral,  but  it  may  be  that  the  additions  which  should  be  made 
to  the  moment  derivatives  when  the  influence  of  coz  and  /3  on  the  fin  and 
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the  rudder  in  neutral  position  is  taken  into  account  are  comparatively 
imimportant.  (A  discussion  of  these  terms  will  be  given  in  Sec.  XX.4.) 
If  it  is  assumed  that  these  additions  do  not  change  the  signs  of  the 
derivatives  as  compiited  from  (56)  and  (63),  Eqs.  (67)  show  that  M^ 
must  be  negative  and  M'^  positive.  This  means  that  in  normal  conditions 
the  aüerons  must  he  operated  in  the  sense  of  counteractvng  the  bank  and  the 
rudder  in  the  sense  of  going  into  the  turn. 

Problem  12.  Compute  the  rolling  and  yawing  moments  due  to  dihedral  for  an 
airplane  moving  at  V  =  280  ft./sec.  at  sea  level,  with  a  slideslip  p.  The  dihedral 
angle  is  5  =  4°.  The  wing  has  a  span  B  =  24  ft.  and  consists  of  two  trapezoids  of 
taper  ratio  Co/ci  =  1.8  (see  Sec.  VI. 4).  The  total  parasite-drag  coefñcient  is  0.04, 
the  actual  incidence  6.5°.  Give  also  the  moment  coefficients  referred  to  wing  área 
and  tail  distance  /  =  3  times  mean  chord  length. 

Problem  13.  Find  the  derivatives  of  the  moment  coefficients  due  to  yaw  for  the 
airplane  determined  by  the  data  of  Prob.  12. 

Problem  14.     Solve  the  same  problem  for  the  moments  due  to  roll. 

*Problem  15.  Give  the  formula  for  the  rolling  moment  due  to  yaw,  replacing  the 
assumption  of  constant  Cl  by  the  hypothesis  of  an  elliptic  lift  distribution. 


CHAPTER  XIX 
GENERAL  THEORY  OF  MOTION  AND  STABILITY 

1.  The  General  Equations  of  Motíon  of  an  Airplane.  The  theory  of 
aynamics  of  a  rigid  body  allows  one  to  set  up  the  equations  for  the  most 
general  motion  of  an  airplane  in  various  forms.  The  way  that  seems 
best  suited,  considering  the  special  kind  of  forces  present  in  the  case  of 
airplane  flight,  consists  in  using  a  reference  system  rigidly  connected  with 
the  airplane  and  of  taking  the  six  velocity  components  with  respect  to 
this  system  as  the  unknowns.  The  origin  of  the  coordínate  system  may 
coincide  with  the  center  of  gravity  (c.g.) ;  the  axes  1  and  3  may  lie  in  the 
symmetry  plañe  and  the  axis  2  perpendicular  to  it.  Thus  2  is  the  lateral, 
or  cross,  axis,  used  as  the  ?/-axis  in  the  preceding  chapters,  while  the 
1-  and  3-axes  in  the  symmetry  plañe  are  not  specified.  For  convenience, 
however,  we  shall  sometimes  cali  the  axis  3  the  down  axis. 

The  six  equations  of  motion  will  express  the  fact  that  the  integral 
of  the  products  acceleration  times  mass  element  equals  the  sum  of  forces 
and  that  the  integral  of  the  moments  of  acceleration  multiplied  by  mass 
element  equals  the  sum  of  the  forcé  moments.  If  ai,  a-i,  as  denote  the 
components  of  acceleration;  x,  y,  z  the  coordinates  of  the  mass  element 
dm;  Fi,  Fo,  Fz  the  components  of  the  resultant  air  reactions;  W\,  TF2,  Wz 
the  components  of  gravity;  and  Mi,  Mi,  Mz  the  components  of  the  result- 
ant moment,  the  equations  are 

Jai  dm  =  Fi  -\-  Wi,  í(yaz  —  zai)  dm  =  Mi, 

ja-idm  =  F2  +  W2,    (1)  j{zai  -  xa^)  dm  =  M2,     (2) 

Jas  dm  =  Fs  -{-  Ws  j{xa2  —  y  ai)  dm  =  Ms 

The  first  task  is  to  express  the  integráis  on  the  left-hand  side  in  terms  of 
velocities  and  their  derivatives. 

Let  Vi,  V2,  Vs  be  the  three  components  of  the  velocity  of  the  c.g.  and 
wi,  W2,  £03  the  components  of  the  angular  velocity,  all,  of  course,  referring 
to  the  directions  of  the  coordínate  axes  as  already  described  above. 
The  velocity  components  Vi,  V2,  Vs  for  the  point  with  the  coordinates 
X,  y,  z  will  then  be 

Vi    =    Vi    -\r   U32Z    —    ü)sy,      1^2=^2    +   (^SX    —    0¡lZ,     ^3    =     F3   +   Wi?/    —    CO2X        (3) 

according  to  the  well-known  formulas  for  the  components  of  a  vector 
product.  The  acceleration  component  ai  will  not  coincide  with  the 
derivative  dvi/dt  since  the  direction  of  the  1-axis  is  changing  intime.     Tn 
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fact,  a  vector  O  A  with  constant  components  Vi,  V2,  Vs  changes  its  position 
in  space  (Fig.  390)  because  of  the  rotation  of  the  reference  system. 
During  the  time  dt  the  point  .4  moves  to  A',  and  the  components  of 

A  A'  can  be  computed  by  the  same  formulas  that  give  the  displacement 
of  the  point  with  coordinates  Vi,  yo,  Vs  owing  to  the  rotation  coi,  coo,  C03.  The 
first  component,  according  to  the  first  equation  (3),  will  be  (0:2^3  —  0)3^2)  dt, 
etc.  This  gives  the  acceleration  components,  if  the  differentiation  with 
respect  to  time  is  denoted  by  dots: 

ai    —    Vi   -{-  UzVs    —   CO3V2,   tto    —    Vi   +  COsl'i    —   0)1^3,  «3    =    ^3  +  ^1^2   —   0:2^1        (4) 

Introducing  here  the  valúes  of  Vi,  vi,  v^  from  (3),  we  obtain 

ai    =    Vi   -\-   W2F3  —  Í03F2   —   a-(co|  +C0  I)    —   ?/(c03  —   a)iCÜ2)   +  2(c¿2   +  CO3CO1) 

ai  =  Vi  -\-  uzVi  —  wiVz  —  y{ícl  +  íof)  —  2(0)1  —  íoows)  +  x{íúz  +  CÜ1CO2)    (5) 

«3    —    Vz   +   CO1F2   —  CO2F1   —   Z{0)\   -\-   w|)    —  a:(cJ2  —   W3a)i)    +   ?/(cüi  +   CO2W3) 

In  forming  the  integral  of  ai  dm  it  should  be  noted  that  the  c.g.  is 
defined  by  the  conditions  that  the  integráis  of 
X  dm,  y  dm,  z  dm  vanish.  Thus,  only  the  constant 
terms  (those  independent  of  x,  y,  z)  in  the  expres- 
sions  (5)  contribute  to  Jai  dm,  etc.  Upon  denot- 
ing  the  total  mass  /  dm  by  W/g,  the  left-hand 
sides  of  Eqs.  (1)  become 


W 


(Fi  +  CO2F3  —  C03F2), 

W    ' 

-  (F2  +  C.3F1 


W1F3), 


(6) 


W    • 

—  (F3  +  a,iF2 
9 


U)2 


Vi) 


Fig.  390. — Change  of  a 
vector  with  constant  com- 
ponents. 


In  computing  the  left-hand  sides  of  (2)  we  can 
omit  the  constant  terms  in  the  expressions  for 
the  accelerations  since  they  lead  to  linear  terms 
that  vanish  af  ter  integration  over  dm.  The  linear 
terms  in  (5)  lead  to  terms  of  second  order  in  the  moments;  for  example, 
in  yas  —  zai  we  have 

yz(o:l  —  col)  +  z-{üi  —  ÜJ2CO3)  +  2/^(c¿i  +  0)2(^3)  —  xy(¿}2  —  coscoi) 

—   2x(c¿3   +  0)10:2) 

or,  by  simple  rearranging, 

(y^   +   Z'^)CJ1    +    (y-    —    Z^)o¡2C^3    —    yz{u,l    —    0)|)    —    ZX{¿33   +   W1W2) 

-  xy{6)2  —  wsojí)     (7) 
with  two  analogous  formulas  for  the  second  and  the  third  components 
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of  the  moment  of  acceleration.  In  integrating  over  dm  the  following 
qiiantities  evolve:  (1)  the  three  moment s  of  gyration 

J,  =  /(i/2  +  ^2)  ^^^  j,  =  j(22  +  ^,2)  ^,n,  Ja  =  /(-i-'  +  y')  dm  (8) 
(2)  the  moments  of  deviation,  or  inertia  producís  of  second  order, 

Ji2  =  /^2/  c?w>         ^23  =  íyz  dm,         Jsi  =  ¡zz  dm  (9) 

As  the  body  is  supposed  to  be  symmetric  with  respect  to  the  a;2-plane, 
the  magnitudes  /12  and  J23  must  be  zero  since  to  each  mass  element  with 
a  positive  y  there  corresponds  another  with  negative  y,  the  same  x,  z, 
and  the  same  dm.  The  complete  expression  (7)  when  integrated  over 
dm  suppUes 

«/líJl    +    {Jz    —    J-2)0}'2Í>Í3   —   Jzi{<JiZ  +  CO1CO2)    —   /l2(w2   "    OO3W1)    —   J 23{iA.    ~   '^V) 

and,  bj^  replacing  the  subscripts  1,  2,  3  by  2,  3,  1  and  3,  1,  2,  the  analogous 
vaUíes  for  the  y-  and  2-directions  are  found.  With  J12  =  J23  =  O  the 
final  expressions  for  the  left  sides  of  Eqs.  (2)  are 

«/iWl    +    (J3    —    J'i)o}iOiZ    —    Jsi{(^3    +    COiCOo) 

J2CÓ2   +    (Jl    —    J3)C03W1    —    Jziio^l    —    (^l)  (10) 

J3<j}3   +    {J2    —    Jl)cUiC02    —    JziiÜl    —    W2ÜJ3) 

By  an  appropriate  choice  of  the  1-  and  3-axes  in  the  symmetry  plañe 
one  can  make  J31  vanish,  also.  The  three  axes  are  then  called  the 
principal  axes  of  the  body.  Under  normal  conditions  the  mean  chord 
direction  and  the  normal  to  it  will  not  be  far  away  from  the  principal 
directions.  This  means  tliat  for  this  choice  of  the  1-  and  3-axes  J31  will 
have  a  comparatively  small  valué. 

The  f orces  appearing  on  the  right-hand  side  of  Eqs.  (1)  and  (2)  are 
the  gravity  with  the  resultant  comi^onents  Wi,  W»,  W3  acting  in  the  c.g. 
and  the  air  reactions  on  all  parts  of  the  airplane  including  the  propeller, 
with  the  resultants  Fi,  F2,  F3  and  the  moments  Mi,  ]\[-¡,  M3  with  respect 
to  the  c.g.  It  is  the  basic  assumption  in  the  dynamics  of  an  airplane 
that,  at  each  moment,  the  air  reactions  on  a  moving  body  are  completely 
determined  if  the  instantaneous  velocities  of  all  parts  of  the  body  are 
knovvn.  (For  a  criticism  of  this  hypothesis,  see  Sec.  2  of  this  chapter.) 
Now,  for  each  part  of  the  airplane  body  proper,  i.e.,  except  the  propeller, 
the  velocity  vector  is  given,  according  to  (3),  by  the  six  quantities 
Vi,  V2,  V3,  coi,  C02,  C03.  All  experimental  and  theoretical  data  conccrning 
the  air  reactions  can  be  considered  as  equations  giving  some  of  the  com- 
ponents  Fi,  F2,  Fz,  Mi,  M2,  M3  as  functions  of  some  of  the  six  velocity 
components.  If,  for  example,  the  wing  moves  parallel  to  its  symmetry 
plañe  at  a  velocity  V  and  an  angle  of  attack  a,  then  to  give  lift  L  and 
drag  D  as  functions  of  V  and  a  (Fig.  391)  is  the  same  as  to  giveFi  and 
F3  as  functions  of  Vi  and  V3.     A  similar  consideration  applies  to  any 
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forcé  or  moment  component,  provided  that  the  geometry  of  the  airplane 
body,  i.e.,  the  relative  position  of  all  its  points  with  respect  to  the  coordí- 
nate system,  is  considered  as  given.  The  same  holds  true  for  the  pro- 
peller  if  the  propeller  speed  n  is  a  known  constant.  One  may  sepárate 
the  air  reactions  on  the  propeller  and  consider  them  as  an  additional 
system  of  forces  acting  on  the  airplane  bod3^  At  any  rate,  the  contribu- 
tions  of  the  propeller  to  the  right-hand  sides  of  Eqs.  (1)  and  (2)  are 
determined  by  the  six  velocity  parameters  Vi,  .  .  .  ,  cos  and  the  propeller 
speed  n.  If  the  geometry  of  the  airplane  and  the  propeller  speed  are  known, 
the  six  components  Fi,  F^,  Fs,  Mi,  M2,  M3  of  the  air  reactions  are  known 
functions  of  the  six  velocity  compoíients 

Vi,    V2,    Vz,   COi,   CO2,  W3. 

Note  that  this  statement  would  not 
be  correct  if  a  different  kind  of  coordínate 
system  were  used,  for  example,  a  system 
of  axes  fixed  in  space.  In  this  case  the 
components  of  the  air  reactions  would 
depend  on  the  velocity  components  and 
on  additional  variables  that  determine 
the  instantaneous  position  of  the  body 
with  respect  to  the  coordínate  axes. 
This  is  the  reason  why  the  coordínate 
system  as  described  in  the  foregoing  has 
been  chosen. 

The  gravity  forces,  however,  behave 

differently.     With  respect  to  a  system 

fixed  in  space  the  components  of  gravity 

would    be    constants,    but    they    enter 

as  variables  in  Eqs.    (1)   and   (2).     In  fact,  the  gravity  vector  W  is 

a  constant  in  space.     It  was  seen  in  Eq.   (4)  and  Fig.  391  how  the 

— >      — > 
components  of  the  vector  a   =  dv/dt  depend  on  the  components  Vi,  V2,  vs 

of  V  and  their  derivatives.  If  on  the  right-hand  sides  of  (4)  the  Vi,  V2,  vs 
are  replaced  by  Wi,  W2,  W3,  we  find  the  components  of  dW/dt.  Since 
TF  is  a  constant  vector  in  space,  all  these  expressions  must  be  zero.  This 
supplies  the  relations 


Fig.  391. — Velocity  and  forcé 
components  for  motion  in  the  sym- 
metry  plañe. 


O  =  Tí^i  +  W2F3  -  C03TF2,        O  =  1^2  +  mWi  -  U1W3, 
O  =  Ws^  0Í1W2  -  C02W1 


(11) 


If  the  first  is  multiplied  by  Wi,  the  second  by  W2,  and  the  third  by  W3, 
the  sum  of  the  equations  is 


WiWi  +  W2W2  +  WsWs  =  O0YWI  + 


const.  =  W^     (12) 
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The  complete  system  of  cquations  of  motion  can  now  be  written  as 
f  ollows : 

—  (Fi  +  co.Fa  -  C03F2)  =  F.^Wi 

g 

—  (Fo    +    W3F1    -    COiFs)     =    F2   +    TF2 

g 

—  (F3  +  COiFo   -   COoFl)    =  F3  +   TF3  (13) 

t/lWl    +    (/a   —   J^)oú2(jOs    —    Jsi{á)3   +   CO1CO2)    =    Mi 
J2ÓJ2   +    (/l    —    Js)(^3CÚÍ    —    /3l(w|    —    CO?)  =    1/2 

«/sCÓs   +    («/a    —    Jl)cOiC02    —    t/3l(wi    —    CO2CÜ3)     —    ÍI/3 

TFi  =  ÍO3TF2  —  W2TF3,         W2  =  W1TF3  —  o^sWi,        W3  =  ojoWi  —  CO1TF2 

This  is  a  system  of  nine  simultaneous  differential  equations,  each  of 
first  order,  for  the  nine  unknowns  Vi,  V2,  F3;  cúi,  002,  C03;  Wi,  W2,  W3. 
As  one  of  the  last  three  equations  can  be  replaced  by  an  equation  without 
derivatives  (TFf  +  TF|  +  Wl  —  W"^) ,  the  integration  prohlem  is  of  the  eighth 
order.  Solution  of  this  problem  would  supply  the  six  velocity  valúes  Vi, 
.  .  .  ,  C03  and  the  three  components  TFi,  TF2,  TF3  as  functions  of  time.  Now, 
if  the  angles  that  the  three  axes  1,  2,  3  form  with  the  vertical  (direction 
of  gravity)  are  called  ^1,  i/'2,  ^3,  we  have 

TFi  =  TF  eos  i/'i,         TF2  =  W  eos  ^2,         IF3  =  F  eos  ^3       (14) 

Thus  knowing  Wi,  TF2,  TF3  is  the  same  as  knowing  the  attitude  of  the 
airplane  body  toward  the  vertical.     Since 

cos^  ^1  +  cos^  \f/2  +  cos^  ^3=1, 

it  is  seen  again  that  Wi,  W2,  W3  count  for  two  independent  variables 
only.  A  complete  integral  of  (13)  will  be  determined  by  eight  constan ts 
or  eight  "initial  conditions,"  for  example,  by  the  initial  valúes  of  Fi, 
.  .  .  ,  ÍÚ3  and  of  two  out  of  Wi,  W2,  W3  or  ^pi,  ^2,  ^z-     To  summarize: 

IJ  for  any  instant  ¿  =  O  the  state  of  velocity,  i.e.,  the  valúes  of  Vi,  V2,  V3, 
íoi,  C02,  C03  and  the  attitude  of  the  airplane  toward  the  vertical,  i.e.,  two  of  the 
valúes  \J/i,  \l/2,  4^3  or  Wi,  W2,  W3,  are  given,  the  differential  equations  (13) 
determine  both  the  state  of  velocity  and  the  attitude  toward  the  vertical,  for 
any  suhsequent  instant  i. 

To  find  the  path  of  the  c.g.  and  the  complete  attitude  of  the  airplane 
(one  angle  more,  in  addition  to  the  \p),  further  integrations  and  further 
initial  conditions  are  necessary.  This  problem  is  of  minor  importance 
and  will  not  be  treated  here  in  general  form.  Special  cases  have  been 
discussed  in  Chap.  18. 

For  some  purposes  it  will  be  useful  to  transform  Eqs.  (13)  into  a 
dimensionless  form.  If  the  similarity  laws  derived  in  Sec.  IV. 2  are 
applied  to  the  components  of  the  air  reactions,  each  of  them  can  be 
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expressed  by  a  dimensionless  coefficient  C: 


(15) 


Here  S  may  be  the  wing  área  and  I  some  suitably  chosen  reference  length, 
for  example,  \/S,  or  the  span  B,  or  the  tail  distance,  etc.  The  coeffi- 
cients  Ci,  etc.,  depend  on  the  ratios  Fi:  F2:  Fs,"  0:1:002:^3;  on  the  geometry 
of  the  airplane,  and  on  the  Reynolds  number.  Let  us  introduce  the 
level-flight  velocity  Vi  at  a  density  pi  with  the  hft  coefficient  Cu  by 

TT  =  I  CuViS  (15') 

The  velocity  components  Vi,  V2,  V3,  coi,  C02,  us  will  be  represented  by  the 
ratios 

Vi                          V2                          V3                        WiVl                        ü)2Vl                         OisVl         ,,^. 
Mi    =    -¡7-,       U2    =    -TT'       U3    =    -Jjr,       (Ti    =    -;       0-2    =    )       0-3    =    (lo) 

Vi'  Vi  Vi  g  g  g 

and  u^  will  be  written  for  ul  -^  ul  -\-  uj.  For  the  moments  of  gyration 
and  deviation  we  use 

•2    _      9J1  -2    _     gJ-i  X2    _     S'-^S  .•        _    fi''^31  x.^,x 

2l    -     ll^'  J2    -    ^J|^2'  J3    -    ^^2^  J31    -    ^^2  Clb  ; 

where  evidently  ji  is  the  ratio  of  the  first  radius  of  gyration  to  Z,  etc. 
Finally,  a  dimensionless  time  scale  may  be  defined  by 

and  the  derivatives  with  respect  to  t  may  now  be  designated  by  dots. 
Omitting,  then,  for  the  sake  of  brevity,  the  terms  due  to  /13,  we  find  that 
Eqs.  (13)  take  the  form 

Ui  +  0-2^3  —  0-3^2  =  eos  l/'i  H —  7^—  u-^ 

Pl  ^Ll 


Ú2  +  0-3^1    —   0-1^3    =    eos  \p2   +  -  -rT-  W^ 


Pl  Cu 


1  I         I      P     ^3        , 

U3   -f-  C1U2   —  <T2Ul    =    eos  \p3   +   —  7=7—  U- 

Pl  ^Ll 

j;*.  +  oi-iiv."3  =  ^^^'^«'  (18) 

sin  r/'ii/'i  +  o"3  eos  i/'2  —  0-2  eos  i/'3  =  O, 
sin  i^2'/'2  +  ci  eos  4'i  ■—  (^3  eos  \f^i  —  O 
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Here,  the  coeflBcients  Ci,  C2,  .  .  .  ,  Ce  are  functions  of  Ui,  Ui,  Uz, 
ci,  <T2,  <^Z'  Thus  the  eight  simultaneous  diíferential  equations  (18)  of 
first  order  determine  the  velocity  ratios  Wi,  u^,  U3,  <ti,  0-2, 0-3  and  the  angles 
\pi,  yp2  (with  \¡/3  from  cos^  \pi  +  eos-  ^2  +  cos^  yj/z  =  1)  as  functions  of  the 
dimensionless  time  variable.  It  is  seen  that,  besides  ji,  J2,  js  (and  jiz), 
three  parameters  are  essential:  the  density  ratio  p/pi,  the  lift  coefficient 
Cli  of  level  flight,  and  the  ratio  Vf/gl,  that  is,  velocity  head  of  level  flight 
to  size  of  the  airplane. 

Problem  1.  Develop  the  system  of  dimensionless  equations  that  replaces  (18)  if 
instead  of  (16)  and  (17)  the  time  scale  is  taken  as 

,       tVi 

'  -~T 

and  the  angular  speed  components  are  redured  to 

Problem  2.  Calling  m  the  mass  of  the  airplane  and  S  the  wing  área,  derive  the 
system  of  dimensionless  equations  of  motion  with  the  following  units  of  time,  velocity, 
and  angular  speed : 

Time  =     -,,  -ó         Velocity  =  Angular  speed  = -' 

pVib  ~  m  01-  ^ 

*Probleni  3.  Show  that  in  the  case  of  a  merely  longitudinal  motion  (F2  =  wi  = 
W3  =  0)  the  first,  third,  fifth,  seventh,  and  ninth  of  Eqs.  (13)  are  equivalent  to  Eqs. 
(14)  to  (16),  Chap.  XVIII. 

2.  Steady  Motion.  Specification  of  Forces.  The  motion  of  an  air- 
plane will  properly  be  called  a  steady  motion  if  the  time  derivatives  of 
the  nine  variables  involved,  that  is,  Vi,  V2,  Vz',  coi,  wo,  C03;  ^pi,  ^2,  1^3 
permanently  vanish.  If  \f/i  =  xj/i  =  4'z  =  O  is  introduced  in  the  last  two 
equations  (18)  and  the  analogous  equation  for  ^3,  we  find 

0-3  eos  \p2  —  a-¿  eos  i/'a  =  ai  eos  i/'a  —  0-3  eos  ^1  =  0-2  eos  \pi  —  <ti  eos  ^2  =  0 

(19) 
This  is  equivalent  to 

<ri:o-2:o-3  =  coi:aj2:w3  =  eos  i/'iicos  \¡/2'-  eos  ^3  (20) 

and  the  latter  equation  expresses  the  eondition  that  the  resultant  rotation 
vector  is  vertical.     As  the  derivatives  of  Vi,  V2,  Vz  are  zero,  the  velocity 

vector  V  moves  invariably  with  the  airplane,  i.e.,  participates  in  the 
rotation  about  a  vertical  axis.  Therefore  the  direction  of  V,  i.e.,  the 
direction  of  the  path  of  the  c.g.  forms  a  constant  angle  with  the  vertical, 
which  we  may  cali  90  —  i9. 

With  -úi  =  lia  =  Ü3  =  O  the  left-hand  sides  of  the  first  three  equa- 
tions  (18)    include  the  terms  0-2^3  -  0-3^2,   etc.,   only.     These  are  the 


I 


Sec.  XIX.2]     STEADY  MOTION.     SPECIFICATION  OF  FORCES  571 

components  of  the  (dimensionless)  acceleration  of  the  c.g.  If  the  first 
of  these  terms  is  multiplied  by  <ti,  the  second  by  0-2,  and  the  third  by  0-3, 
the  sum  is  zero.  This  shows  that  the  acceleration  is  perpendicular  to 
the  rotation,  i.e.,  is  directed  horizontally.  On  the  other  hand,  the  same 
three  terms,  when  multiplied  by  Ui,  u-i,  Uz,  give,  again,  the  sum  zero; 
and  this  means  that  the  acceleration  is  normal  to  the  velocitj^  vector. 
Moreover,   the  acceleration  vector  appears  as  the  vector  product  of 

u   and  (j  ,  the  (dimensionless)  velocity  and  rotation.     Since  the  magni- 


FiG.  392. — Helicoidal  motion. 


tudes  of  these  vectors  and  their  angle  90  —  ?>  are  constant,  the  accelera- 
tion vector  has  a  constant  magnitude,  also.  Now,  the  acceleration  was 
seen  to  be  normal  to  the  velocity;  it  has  therefore  the  magnitude  V^/R 
vvhere  R  is  the  radius  of  curvatura  of  the  c.g.  path.  The  conclusión  is 
that  R  must  be  constant.  The  only  curve  with  constant  slope  against 
the  horizontal  plañe  and  constant  curvature  is  the  helix.  Thus  it  is 
proved  that  the  most  general  steady  motion  of  an  airplane  is  a  helicoidal 
motion  with  vertical  axis  at  constant  velocity  and  constant  rotationalspeed; 
all  points  of  the  body  travel  along  helical  curves  with  the  same  pitch. 

This  general  type  of  motion  includes  as  special  cases  the  rotation  in  a 
horizontal  plañe  (t?  =  0)  and  the  straight  motion  at  an  angle  t? 
(R  =   ce). 
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The  airplane  will  perform  a  steady  helicoidal  motion  if  the  air  reac- 
tions,  including  the  propeller,  supply  a  vertical  forcé  component  to  bal- 
ance the  weight,  a  constant  horizontal  forcé  equal  to  WV^/gR,  and, 
moreover,  the  moments  determined  by  the  left-hand  sides  of  the  fourth, 
fifth,  and  sixth  of  Eqs.  (18) .  These  conditions  have  been  discussed  for  the 
case  t?  =  O,  horizontal  turn,  in  Sec.  XVIII. 5.  The  case  R  =  ^ ,  straight 
flight,  was  the  subject  matter  of  Chaps.  XIV  and  XV,  which  dealt 
Avith  the  performance  computation.  Some  remarles  concerning  the 
general  case  of  helicoidal  motion  are  given  in  Chap.  XX. 

Any  further  conclusions  can  be  drawn  from  the  equations  of  motion 
only  on  the  basis  of  a  detailed  analysis  of  their  right-hand  sides,  i.e.,  of 


Norm. 


FiG.  393. — Two  symmetrical  elements. 

the  forcé  and  moment  components,  considered  as  functions  of  the  veloc- 
ity  parameters  Fi,  .  .  .  ,  C03.  Such  an  analysis  in  general  form  is 
beyond  the  scope  of  this  book.  As  a  preliminary  step  to  the  applications 
that  will  be  the  subject  of  the  last  chapter,  only  two  decisive  properties 
of  the  air  reactions  in  the  case  of  a  completely  symmetric  airplane  must  be 
discussed  here. 

The  first  statement,  as  follows,  is  immediately  obvious  and  needs  no 
proof:  If  a  completely  symmetric  airplane  performs  a  ^^longitudinaV* 
motion,  i.e.,  a  motion  with  F2  =  O,  coi  =  O,  W3  =  O,  the  three  lateral  com- 
ponents Fz,  Mi,  M3,  that  is,  cross  forcé  and  rolling  and  yawing  moments, 
vanish.     This  theorem  has  alrcady  been  used  in  Sec.  XVIII. 2  and  later. 

The  analogous  statement  with  respect  to  lateral  motion  and  longi- 
tudinal forces  would  not  be  correct.  There  is  no  reason  why,  for  example, 
in  puré  yaw  the  fuselage  walls  should  not  experience  a  longitudinal  forcé, 
due  to  friction.  Thcre  exists,  however,  a  more  general  theorem  that 
expresses  the  consequences  of  symmetry  for  the  relation  between  the  six 
forcé  components  and  the  velocities  V2,  wi,  ^3. 
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In  Fig.  393  two  symmetric  surface  elements,  I  and  II,  of  the  airplane 
are  shown  with  their  respective  normáis  Ui  and  Uu.  The  two  elements 
have  the  same  x-  and  z-  but  opposite  ^/-valúes.  In  any  state  of  motion, 
i.e.,  for  any  valúes  of  Vi,  F2,  Vz,  wi,  C02,  Í03,  the  velocities  of  I  and  II 
have  the  same  component  V2,  as  seen  from  the  second  equation  (3),  which 
does  not  include  y.  The  two  resultant  velocity  vectors  are  drawn  as 
sohd  lines  and  denoted  v'i  and  Vn.  Now,  if  Vi,  Vz,  wi  are  kept  unchanged 
and  the  signs  of  Vi,  coi,  C03  reversed,  formulas  (3)  show  that  the  2-compo- 
nent  of  both  velocities  changes  its  sign  while  the  1-components  as  well  as 
the  3-components  mutually  interchange,  because  the  respective  formulas 
(3)  include  the  products  uzy  and  coi?/,  respectively.  The  new  velocity 
vectors  are  denoted  by  v'i  and  Vn  and  shown  in  Fig.  393  as  dotted  lines. 
It  is  seen  that  v'i  is  symmetric  to  Vu  and  i'n  to  ^t-  The  relative  position 
of  the  velocity  vectors  with  respect  to  the  surface  elements  is  the  same 
in  both  States  of  motion,  except  for  the  reflection  with  respect  to  the 
symmetry  plañe.     In  other  words,  if  the  original  forcé  components  were 

F\,  V\,  F\  in  x,y,z',  and  F'^,  F'i,  Ff  in  x,  -y,  z 

the  new  components  (second  state  of  motion)  are 

n\  -n\  n  In  x,y,z;  and  F\,  -F\,  F\  in  x,  -y,  z 

The  sum  of  forces  on  the  two  elements  has  consequently  the  same  1-  and 
3-components  and  opposite  2-components  in  the  two  different  states  of 
motion. 

If  the  moments  are  computed  and  summed  up,  just  the  opposite  is 
found.     For  example,  the  3-component  of  the  moments  is 

{xF\  -  yF\)  +  {xF'i  +  yF'^)     in  the  first  motion 
{-xF'i  -  yFf)  +  (-xFl  +  yF\)     in  the  second  motion 

These  two  valúes  have  opposite  signs.  The  same  is  true  for  the  first 
component  of  the  moment,  while  the  2-component  remains  unchanged. 

The  result  of  this  argument  can  now  be  stated:  //  in  any  state  of 
motion  of  a  completely  symmetric  airplane  the  lateral  velocities  V2,  on,  C03  are 
simultaneously  reversed,  the  longitudinal  forces  Fi,  Fz,  M2  stay  unchanged, 
while  the  lateral  forces  F^,  Mi,  Mz  change  their  sign.  In  a  shorter  form  one 
could  say  that  Fi,  Fz,  M2  are  even  functions  and  F2,  Mi,  M3  are  odd 
functions  of  the  group  V2,  coi,  coz  of  variables. 

It  will  be  seen  in  Sec.  4  of  the  present  chapter  that  this  property 
of  the  air  reactions  plays  an  important  part  in  the  stability  theory. 

In  this  argument,  as  well  as  in  the  preceding  section,  it  has  been 
assumed  that  the  air  reactions  on  a  moving  body  depend  on  the  instan- 
taneous  state  of  velocity  only,  not  on  the  accelerations  (and  higher  deriva- 
tives).     Tt  is  obvious  that  this  can  be  only  an  approximation  and  that 
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some  influence  of  the  acceleration  must  exist.  The  theory  of  irrotational 
flow  of  a  perfect  fluid  gives  a  certain  answer  to  this  question.  Accord- 
ing  to  this  theory,  a  body  moving  in  a  fluid  originally  at  rest  behaves 
like  a  body  of  increased  inertia:  there  is  a  term  of  apparent  mass  to  be 
added  to  its  real  mass  W/g,  and  certain  additions  to  its  moments  and 
products  of  inertia,  all  depending  on  the  shape  of  the  bod3\  For  exam- 
ple,  in  the  case  of  a  sphere  of  radius  a  and  mass  W/g,  the  reaction  of  the 
surrounding  fluid  would  be  taken  into  account  when  the  sphere  is  assumed 
to  have  the  mass 

W 

—  +  hrpa'  (21) 

and  to  move  under  the  influence  of  the  other  forces  (weight,  etc.)  alone. 
Tliis  includes  (for  the  case  of  a  sphere)  the  result,  expressed  in  D'Alem- 
])ert's  paradox  (Sec.  IX. 3)  that  no  reaction  exists  if  the  motion  is  uniform. 

To  apply  this  theory  to  the  motion  of  an  airplane  meets  with  essential 
difficulties.  (1)  The  terms  of  apparent  mass,  etc.,  have  so  far  not  been 
elaborated  for  bodies  of  such  complicated  shape  as  an  aircraft  body. 
(2)  It  was  seen  in  Chap.  IX  that,  as  far  as  perfect-fluid  theory  can  be 
used,  the  flow  around  an  air  wing  is  a  discontinuous  irrotational  motion. 
It  is  doubtful  whether  the  classical  results  that  refer  to  continuous  flow 
patterns  can  be  applied  under  these  conditions.  (3)  In  all  dynamic 
problems  dealt  with  in  the  present  part  of  this  book,  the  nonconservative 
(drag)  forces  seem  to  play  a  decisive  part.  Thus  it  must  be  concluded 
that  at  the  present  stage  of  research  no  suíñcient  basis  exists  for  taking 
into  account  the  influence  of  acceleration  terms  on  the  forces  exerted 
by  the  air  on  a  moving  airplane.  Throughout  the  book  this  simplify- 
ing  assumption  will  be  maintained. 

3.  Theory  of  Dynamic  Stability.  The  theory  of  dynamic  stability,  or 
stabüity  of  a  given  state  of  motion,  is  due  to  E.  J.  Routh  (1877).  In  a 
certain  way,  it  is  a  counterpart  or  a  generalization  of  the  theory  of  static 
stability,  which  was  outlined  in  Sec.  XVII. 4  in  a  nonanalytic  form. 
Here,  in  the  broader  problem,  the  analytic  method  must  be  followed. 
To  explain  its  principal  idea  a  simple  example  may  be  taken  up  first. 

Let  m  be  the  mass  of  a  partióle  that  moves  in  the  x-y-\)\a,ne  under  the 
influence  of  forcé  components  Fx  and  Fy,  which  may  be  given  as  functions 
of  the  coordinates  x,  y  and  the  velocity  components  x,  y.  The  equations 
of  motion,  then  (dots  denoting  time  derivativos),  are 

mx  =  F^{x,y,x,y),         my  =  Fy{x,y,x,y)  (22) 

By  a  set  of  initial  valúes  Xo,  yo,  ¿'o,  f/o  a  particular  solution  of  (22)  is 
singled  out.  Such  a  solution,  which  can  be  represented  by  two  functions 
oft, 

X  =  X{t)  y  =  Y{t)  (23) 
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describes  one  possible  motion  of  the  particle.  The  problem  is  vvhether 
this  particular  motion  can  be  classified  as  a  stable  or  an  unstable  one. 
In  order  to  secure  a  decisión  Routh  considers  a  "  neighboring "  motion, 
setting 

X  =  X{t)  +  x',         y  =  Y{t)  +  y'  (24) 

where  x'  and  y'  are  supposed  to  be  small  quantities.  If  (24)  is  substi- 
tuted  on  the  right-hand  side  of  (22)  the  power  development  of  Fx  supplies 

F.{x,y,±,y)  -  F.(X,  Y,X,  Y)+^x'+^y'  +  ^-^  x'  +  ^^  y'       (25) 

and  an  analogous  expression  for  Fy,  if  all  terms  of  higher  than  first  order 
in  x\  y',  x' ,  y'  are  neglected.  Introducing  these  expressions  in  (22) 
the  terms  mX  and  mF  to  the  left  cancel  out  against  the  first  terms 
F^{X,Y,X,Y)  and  Fy{X,Y,t,Y)  to  the  right,  since  (23)  is  supposed  to  be 
an  exact  solution  of  Eqs.  (22).  What  is  left  are  two  difieren tial  equations 
for  x'  and  y', 

..,       dFx    ,    ,    dFx    ,       dFj:  .,       dFj,  ., 
mx'  =  -:r-  a-   +  -Tj—  2/'  +  ^^  x'  +  ^^  ?/ 
Sx  dy  dx  dy  ^ 

..,  dFy         ,         .dFy  ,        ^        dFy      .,        ^         dFy      .,  ^"^''^ 

Here,  the  differential  quotients  dFx/dx,  etc.,  are  obviously  the  deriva- 
tives  of  Fx  or  Fy  at  the  point  x  =  X,  y  =  Y,  x  =  X,  y  =  Y  and  theref ore 
known  functions  of  t.  The  set  (26)  accordingly  is  a  set  of  linear  homogene- 
ous  differential  equations  for  x',  y'.  Its  general  solution  must  be  found, 
i.e.,  the  functions  x',  y'  of  /  satisfying  (25)  for  an  arbitrary  set  of  initial 
conditions  Xq,  y'^,  ¿ó,  yi  Tf  this  general  integral  shows  that,  whatever 
is  taken  for  a:ó,  yó,  x'q,  y'o,  the  functions  x'{t)  and  y'(t)  tend  toward  zero, 
when  t  increases  indefinitely,  the  motion  (23)  will  properly  be  called  a 
stable  siate  of  motion.  In  fact,  this  motion  then  has  the  property  that 
if  the  initial  valúes  Xo,  Ya,  ^o,  Fo  are  slightly  modified  into  Xq  +  Xq, 
Yq  +  í/ó,  ^0  +  ¿'ó,  Fo  +  y'a,  the  influence  of  this  change  vanishes  more 
and  more  as  time  goes  on.  If  for  any  definite  set  of  initial  valúes  x'q, 
y'o,  .  .  .  either  x'  or  y'  or  both  are  not  going  toward  zero,  the  state  of 
motion  given  by  X(t)  and  Y{t)  will  be  unstable  with  respect  to  this  par- 
ticular type  of  disturbance  x'^,  yó,  .  .  .  .  Note  that,  since  Eqs.  (26)  are 
homogeneous,  multiplying  the  initial  valúes  Xq,  yó,  .  .  .  by  a  common 
constant  factor  means  multiplying  the  solution  x',  y'  by  the  same  factor. 

This  method  is  particularly  workable  if  the  forcé  derivatives  SF^/dx, 
etc.,  become  independent  of  time  when  X  and  Y  from  (23)  are  introduced 
for  X  and  y  (and  X,  Y  for  x,  y).  Then  Eqs.  (26)  become  Unear  homo- 
geneous equations  with  constant  coefficients,  and  such  a  system  can  easily 
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be  integrated.     Let  iis  write  (26)  in  this  case  as 

.r'  =  aix'  +  a2y'  +  azi'  +  aiy'  , 

y'  =  h,x'  +  h,y'  +  bsx'  +  b,y'  ^  '^ 

Here  mai  obviously  equals  the  valué  of  dF^/dx  when  X,  Y  are  substi- 
tuted  for  x,  y,  etc.  To  intégrate  the  system  (27)  one  makes  the  assump- 
tion 

x'  =  Ae^',     y'  =  Be^'  (28) 

with  A,  B,  and  X  constant.  Then,  since  x'  =  XAe^',  x'  =  \^Aé^^,  .  .  . 
introducing  (28)  in  (27)  suppUes 

\^A  =  aiA  +  a^B  +  Xa^A  +  XüíB 

X'-B  =  hiA  +  62B  +  XbsA  +  XbiB  ^  ^ 

These  are  two  hnear  homogeneous  eqviations  for  A  and  B.  One  can 
solve  each  of  them  for  the  quotient  A/B. 

A  ^       tti  +  Xüj       _  X'^  —  b2  —  Xbj  .<,„. 

B       X^  -  ai-  Xa-i  "       bi  +  X63  ^  ^ 

It  is  obvious  that  this  is  consistent  only  if  the  two  cjiíotients  to  the  right 
are  equal,  i.e.,  if  X  satisfies  the  condition 

(X-  -  a,  -  Xa3)(X2  -  62  -  Xbi)  =  (ao  +  Xai){hi  +  Xbz)  (31) 

Upen  carrying  out  the  mnltiplications  and  rearranging,  (31)  takes  the 
form 

X'  +  aX3  +  6X2  +  cX  4-  r/  =  O  (31') 

Avhere  the  a,  b,  c,  d  are  certain  expressions  in  ai,  bi,  ai,  62,  ...  ,  «4,  64. 
In  a  more  general  case  of  more  than  two  unknowns  one  would  have  more 
factors  A,  B,  C  .  .  .  and  the  corresponding  number  of  linear  homo- 
geneous cquations,  like  (29),  for  them.  Then  the  condition  of  their 
being  compatible  will  be  that  the  determinant  of  their  coefíicients 
vanishes.  Tt  is  seen  that  (31)  is  nothing  else  than  the  determinant  (of 
second  order)  formcd  by  the  coefficicnts  of  (29),  equaled  to  zero.  In  any 
case,  one  obtains  an  algébrale  equation  for  X  and  definite  expressions 
for  the  ratios  A:B:C  .  .  .  in  terms  of  X. 

Let  US  now  assume  that  the  re  exists  a  real  number  Xi  which  fulfills 
Eq.  (31)  or  (31').  Then,  introducing  this  valué  in  (30)  we  can  compute 
the  ratio  A : B,  using  either  of  the  two  quotients  to  the  right.  Let  Ai,  Bi 
be  two  valúas  that  have  this  particular  ratio.     Then, 

x'  =  Aic^'',         y'  =  Bié^^'  (32) 

is  a  solution  of  the  differential  equations  (27).     It  does  not  matter  that 
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Al  and  Bi  are  determined  except  for  a  common  factor  only,  since  Eqs.  (27) 
are  homogeneous  and  thus  any  múltiple  of  a  solution  is  a  solution,  too. 

The  simplest  case  presents  itself  if  the  algébrale  equation  (31)  or 
(31')  has  four  different  real  roots,  Xi,  X2,  X3,  X4.  Then  for  each  of  these 
X- valúes  one  obtains  from  (30)  a  ratio  A  :  B  and  thus  four  solutions  of  the 
form  (32),  for  example,  A^é^'^  and  B^e^^^  for  the  root  X2,  etc.  The  fact 
that  the  set  of  differential  equations  (27)  is  linear  and  homogeneous 
leads  to  the  conclusión  that  any  linear  combination  of  solutions  is  a 
solution,  also.  Thus  we  can  choose  four  arbitrary  constants  Ki,  Kz,  K3, 
Ki  and  write  the  general  integral  in  the  form 

x'  =  iTiAie^"'  +  K^A.e^"-'  +  ^3^36^''  +  K^A^e^^' 

y'  =  XiBie^''  +  7^2^26^='  +  KzB^e>^^'  +  ^4^46^^'  ^^^ 

Here  the  eight  factors  Ai,  Bi,  A2,  .  .  .  ,  B^  are  determined  by  (30), 
while  the  four  integration  constants  Ki,  Ko,  K3,  K^  depend  on  the  initial 
eonditions,  i.e.,  on  the  initial  valúes  of  x' ,  y' ,  x',  if  or  on  the  nature  of  the 
disturbance  applied  to  the  original  motion  as  given  by  (23). 

But,  without  being  concerned  Avith  the  12  constants,  one  can  immedi- 
ately  decide  whether  or  not  the  state  of  motion  under  consideration  is 
stable.  If  all  numbers  Xi,  X2,  X3,  X4  are  negative,  each  of  the  terms  in 
(33),  and  therefore  the  two  sums,  will  approach  zero  when  t  increases 
indefinitely,  whatever  the  valúes  of  the  12  constants.  Thus  the  result  is 
ascertained  that  the  state  of  motion  descrihed  hy  (23)  is  stable  if  the  algebraic 
equation  (31)  has  four  negative  real  roots.  If  one  of  the  roots,  say,  Xi,  is 
positive  or  zero,  it  still  may  happen  that  x'  and  y'  according  to  (33) 
tend  toward  zero,  viz.,  if  the  initial  eonditions  are  such  as  to  supply 
Ki  =  0.  This  means  that  an  unstable  motion  can  behave  like  a  stable 
one  with  respect  to  some  particular  types  of  initial  disturbance. 

Two  more  cases  have  to  be  studied,  (1)  if  the  roots  of  (31)  are  not  all 
i-eal  and  (2)  if  they  are  not  all  different  from  each  other.  If  there  exists 
one  complex  root  Xi  =  X'  +  \"i,  there  must  necessarily  be  the  conjúgate 
root  X2  =  X'  —  \"i,  also.  If  the  constants  Ai,  Bi  and  A2,  Bi  are  com- 
puted  from  (30),  as  already  explained  above  (except  for  insignificant 
factors),  by  setting  once  X  =  Xi  and  once  X  =  X2,  one  will  find  conjúgate 
complex  valúes  for  them. 

Ai  =  A'  +  A"i,  ,        A2  =  il'  -  A"i, 

Bi  =  B'  +  B"i  ^^^        B2  =  B'  -  B"i  ^'^^^ 

The  corresponding  solutions  of  the  differential  equations  (27)  are 

x'  =  {A'  4-  yl"í>(^'+^"«',         y'  =  (B'  4-  5"í>(^'+^"')' 

and  (35) 

x'  =  (A'  -  /l"i>(^'-^"^)',         y'  =  (B'  -  5"¿)e(^'-^"')' 
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Now,  the  sum  and  the  difference  of  two  possible  solutions  are  solutions, 
too.     Using  the  well-known  formulas 

eos  a  =  ^  {e"'  +  e-"'),         sin  a  =  -  ^  {e'^  -  e-'^)  (36) 

the  sum  of  the  expressions  (35)  is 

x'  =  2e^''(A'  eos  \"t  -A"  sin  \"t), 
y'  -  2e^''(5'  eos  \"t  -  B"  sin  \"t) 

and  the  differenee  multipKed  by  i 

x'  =  2e^''{-A'  sin  \"t  -  A"  eos  X"0, 
y'  =  2e^''l-B'  sin  \"t  -  B"  eos  \"t) 


(37) 


(370 


If  \A\  is  the  absolute  valué  and  a  the  argument  of  the  eomplex  number 
A  and  \B\,  ^  the  same  for  B,  one  ean  also  replaee  these  expressions, 
omitting  the  factor  2  in  the  first,  and  —  2  in  the  second  ease,  by 


x'  =  \A\é^''  eos  {\"t  +  a)         y'  =  \B\g^''  eos  {\"t  +  )3) 
a;'  =  \A\e^''  sin  (X"í  +  a)  v'  =  \B\é'''  sin  (X"¿  +  /3) 


(37") 


Thus  two  different,  real  integráis  of  the  differential  equations  (27)  are 
found,  and  they  can  be  used  with  arbitrary  integration  eonstants  Ki,  K^ 
in  the  place  of  the  first  two  terms  of  the  general  solution  (33).  As  the 
sine  and  eosine,  whatever  the  arguments  are,  do  not  exceed  the  range  ±1, 
it  is  seen  that  in  the  case  of  eomplex  roots  the  motion  will  he  stable,  if  and 
only  if,  the  real  parts  X'  of  such  roots  have  the  negative  sign.  The  differenee 
between  this  ease  and  the  preceding  one  is  only  that  there  eaeh  single 
term  represented  a  monotonously  (aperiodically)  vanishing  disturbance, 
while  here  eaeh  pair  of  conjúgate  roots  gives  two  damped  oseillations  with 
the  frequeney  X"  and  the  damping  factor  X'  and  different  phases.  This 
will  be  seen  more  elearly  in  the  examples  worked  out  in  Chap.  XX. 

If  two  or  more  roots  of  (31)  coincide,  formula  (33)  will  not  repre- 
sent,  in  general,  the  complete  solution  of  the  integration  problem  since 
it  is  of  no  avail  to  use  two  coeffieients,  Ki  and  K2,  for  the  same  terms 
Aie^»'  =  Azé^^K  In  this  ease  one  can  conelude  as  foUows:  Assume  that 
Xi  =  X2  equals  a  definite  negative  number.  Then  it  is  possible  to  modify 
vcry  slightly  the  coeffieients  ai,  61,  ...  ,  04,  64  of  (31)  in  such  a  way 
that  the  modified  equation  has  two  different  real  roots,  very  cióse  to  the 
original  one.  The  solution  of  the  modified  problem  can  be  written  in  the 
form  (33),  which  supplies,  for  definite  initial  eonditions  and  a  definite 
large  valué  of  t,  valúes  of  x'  and  y'  that  are  practically  zero.  Now,  the 
integral  of  a  set  of  linear  differential  equations  is  known  to  vary  eon- 
tinuously  with  its  coeffieients.  Thus,  going  baek  from  the  modified 
to  the  original  problem  one  must  find  x'-  and  í/'-values  that  are  still 
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practically  zero.  This  does  not  apply  to  infinite  t,  but  the  real  use  that 
can  be  made  of  a  mechanical  theory  is  restricted  to  finite  valúes  of  time. 
Besides,  it  can  be  proved  by  certain  analytical  methods  that  even  for 
í  =  00  a  double  real  root  behaves  like  a  single  one,  leading  to  vanishing 
disturbance  when  it  is  negative.  The  same  holds  true  for  complex  roots 
with  negative  real  parts.  The  necessary  and  sufficient  condition  for 
stahility  is  that  all  roots  of  (31)  are  either  negative  real  numbers  or  complex 
numbers  with  negative  real  parts. 

Routh's  theory  as  developed  here,  supplies  more  than  a  mere  stability 
criterion.  It  leads  to  a  full  description  of  the  motion  that  follows  a 
given  initial  disturbance.  If  one  wants  to  know  only  whether  a  state  of 
motion  is  stable  or  not,  the  procedure  can  be  simplified.  It  is  not 
necessary,  as  the  following  argument  will  show,  to  compute  the  roots  bj^ 
solving  Eq.  (31). 

Let  US  denote  by /(X)  the  polynomial  on  the  left-hand  side  of  (31'). 
It  is  known  that  /(X)  must  be  identically  equal  to  the  product  of  the 
so-called  "root  factors"  X  —  Xi,  X  —  X2,  etc.     If  all  roots  are  real,  we  have 

/(X)  =  (X  -  Xi)(X  -  X2)(X  -  X3)(X  -  X4)  (38) 

If  Xi,  X2  are  conjúgate  complex  numbers  X'  +  \"i,  this  becomes 

/(X)  -  [X2  -  2X'X  +  (X'2  +  X"-)](X  -  X3)(X  -  X4)  (39) 

In  a  stable  motion  the  Xi,  X2,  X3,  X4  in  (38)  or  the  X',  X3,  X4  in  (38')  are 

negative.     In  both  cases  (and  also  in  the 

case  of  two  pairs  of  complex  roots),  when 

the  numerical  valúes  are  introduced  /(X) 

appears    as   a   product   of   only   positive 

terms.     Thus  the  four  coefficients  a,  b,  c,  d 

of  the  polynomial  (31')  rnust  all  be  positive 

in  the  stable  case. 

Now,  assume  that  the  coefficients  a 
and  c  have  been  given  definite  positive 
valúes,  while  b  and  d  are  allowed  to  vary 
Avithin  the  first  quadrant  of  a  6-á-plane 
(Fig.  394).  There  will  be  certain  points  S 
in  the  plañe  that  correspond  to  stable 
motions  and  other  points  U  corresponding  ^'°-  394.— stability  limit. 

to  instability.  Between  the  two  categories  of  points  there  must  exist 
some  borderline.  As  d  is  supposed  to  be  positive,  no  root  can  be  zero. 
Therefore,  the  transition  from  stable  to  unstable  roots  can  occur  only 
when  the  real  part  of  a  complex  root  passes  from  a  negative  to  a  positive 
valué.  At  the  border  line  the  real  part  must  be  zero,  i.e.,  there  must 
exist  a  puré  imaginary  root.     For  an  imaginary  X  the  terms  cX  +  aX* 
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in  the  equation  are  imaginary  and  the  terms  X^  +  b\^  +  d  are  real. 
Consequently,  each  of  these  sums  must  vanish  separately  if  /(X)  should 

vanish : 

cX  +  aX3  =  0,         \'  -\- b\^  -\-  d  =  O         (X  ?¿  0)  (40) 

Computing  X'  =  —c/a  from  the  first  and  substituting  in  the  second,  we 
find  that 

^  -  -  +  f/  =  O  (41) 

a^        a 

as  the  condition  for  the  existence  of  an  imaginary  root.  This  represents, 
for  given  a  and  c,  a  straight  hne  in  the  h-d-pl&ne  as  shown  in  Fig.  394. 
On  one  side  of  this  line  Ue  the  points  for  stable  motions;  on  the  other 
side,  the  points  corresponding  to  imstable  motions.  The  two  sides  are 
also  characterized  by  the  fact  that  for  one  of  them  the  expression  (41) 
is  positive  and  for  the  other  negative.  To  decide  which  is  which,  let  us 
take  the  case  of  all  roots  equahng  —1.  Then,  according  to  (38),  the 
polynomial  is  (X  +  1)^  =  X*  +  4X3  +  GX^  +  4X  +  1.  In  this  case, 
a  =  c  =  4,  fe  =  6,  á  =  1,  the  left-hand  side  of  (41)  is  1  -  6  +  1  =  -4. 
Thus  all  stable  points  must  lie  on  the  side  where 

-„  -  -  +  d  <  O         or         d  <-(b  --)  (42) 

a^        a  a  \         a/ 

The  resiilt  can  be  summarized  in  the  following  statement:  The  state  of 
motion  given  by  (23)  is  stable  if,  and  only  if,  the  four  coefficients  a,  b,  c,  d, 
which  depend  on  the  forcé  derivatives  ai,  feí,  .  .  .  ,  ai,  bi,  are  positive  and 
ful  ful  the  inequality  (42). 

In  case  the  algébrale  equation  (31)  is  of  higher  than  fourth  order,  this 
analysis  becomes  more  complicated.  It  will  be  seen  in  Chap.  XX  that 
the  stability  of  an  airplane  in  level  flight  depends  on  problems  of  fourth 
order  only. 

Problem  4.  Prove,  starting  from  the  general  stability  theory,  that  the  uniform, 
straight  motion  of  a  body  that  is  s.ubjected  to  no  forcé  is  an  imstable  state  of  motion. 

F*roblem  5.  A  mass  point  under  the  infliience  of  gravity  is  in  unstable  position 
on  the  top  of  a  ciirved  surface  under  all  conditions  and  in  stable  position  at  the  bottom 
if  any  kind  of  friction  is  assumed.  These  statements  should  be  proved  on  the  basis  of 
the  general  stability  theory. 

Problem  6.  A  mass  point  P  which  is  movable  in  the  a;-7/-plane  and  of  which  the 
rquilibrium  position  coincides  with  the  origin  O  is  linkcd  to  three  fixed  points  A,  B,  C 
in  the  plañe  by  elastic  springs  PA,  Pfí,  PC.  Prove  that  this  efiuilibrium  is  stable  if 
Any  amount  of  damping  exists. 

4.  Application  to  the  Airplane.  The  first  to  apply  Routh's  theory  of 
dynamic  stability  to  airplane  motion  were  G.  H.  Bryan  and  W.  E. 
Williams  (1904).  They  studied  mainly  the  stability  of  gliding  flight. 
In  the  present  section  the  state  of  motion  whose  stability  is  discussed 
will  be  the  uniform  level  flight.     The  investigation  starts  from  the  general 
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equations  of  motion  (13)  and  foUows  closely  the  lines  of  the  stability 
theory  as  given  in  Sec.  3  of  this  chapter. 

The  variables  that  were  x  and  y  in  the  example  of  Sec.  3  are  now  the 
nine  quantities  Vi,  V^,  Vs,  wi,  co2,  ws,  Wi,  W^,  W3.  In  a  state  of  uniform 
level  flight  at  the  velocity  Vi  the  1-axis  may  form  the  constant  angle  \l/ 
Avith  the  velocity  direction  (Fig.  395).  It  is  then  immediately  seen 
that  the  nine  variables  in  this  state  of  motion  have  the  following  valúes: 


Vi  =  Vi  eos  V,         Vo  =  O, 
Wi  =  -W  sin  rp, 


Vz  =  Vi  sin  yp; 
W2  =  O,         Wz 


COi    =    ü)2    =    0)3    =    O 

=  Tf  eos  lA  (43) 


Equations  (43)  can  take  the  place  of  (23)  since  they  describe  a  possible 
motion,  i.e.,  a  particular  solution  of  the  equa- 
tions of  motion.  In  fact,  it  is  known  that  in 
the  uniform  level  flight  of  a  completely  sym- 
metric  plañe  the  air  reactions  can  be  reduced  to 
three  forces,  the  lift  L,  the  drag  D,  and  the 
propeller  thrust  T,  all  acting  in  the  symmetry 
plañe.  Therefore,  F2  (cross  forcé),  Mi  and  ilf  3 
(rolling  and  yawing  moments)  vanish.  The 
left-hand  sides  of  all  equations  (13)  vanish  if 
(43)  is  substituted  for  the  variables.  On  the 
right-hand  side  only  the  first,  third,  and  fifth 
equations  include  terms  that  are  not  identically 
zero.     These  equations  now  read: 

O  =  -  F  sin  lA  +  i^i,         O  =  W  eos  rP  -^  F3,         O  =  M2       (44) 

The  first  two  equations,  in  a  slightly  modified  form,  are  the  two  con- 
ditions  that  underlie  the  performance  computation  and  that  express  the 
fact  that  the  vector  sum  of  weight,  lift,  drag,  and  propeller  thrust  must  be 
zero  (Sec.  XIV.  1).  The  last  equation  is  the  condition  of  pitching  moment 
equilibrium,  discussed  in  Chap.  XVII. 

The  next  step  is  to  introduce  the  small  additions  to  the  valúes  (43) 
corresponding  to  what  was  called  x'  and  y'  in  (24).  The  following 
notation  is  self-explanatory  in  connection  with  (43) : 


Vi  =  Vi  eos  \p  +  Vi,         V2  =  V2, 

0^1    =    Wl,  W2    =    CO2, 

Wi  =  —Wsin\f/-{-  Wi,         W2  =  W2, 


F3  =  Vi  sin  yp  +  Vi] 
0)3  =  W3  (45) 

W3  =  W  eos  yp  -{-  W3 


The  new  variables  that  have  to  be  considered  as  small  quantities  are 
Vi,  V2,  Vz]  coi,  C02,  C03;  Wi,  W2,  W3.  If  the  expressions  (45)  are  substituted  in 
(13)  and  all  terms  of  higher  than  first  order  in  the  small  quantities 
neglected,  these  equations  take  the  form 
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w 

—  ivi  +  (^iVi  sin  yp)  =  —WBva.^-\-Fi-\-Wi 

W 

—  [i'2  +  (co3  eos  i/'  —  coi  sin  yl/)Vi]  =7^2  +  1^2  (46) 

W 

—  ipz  —  cooF;  eos  y¡/)  =  TF  eos  i/'  +  F3  +  tus 

JlCJi    —   JsiWS    =    -^"1,  J2W2   =    Mi,  Jz(^3   —   «/31WI    =    M3 

Wi=  —  Wü32  eos  \p,  wi  =  Tr(coi  eos  ^  +  W3  sin  ^),  IÜ3  =  —  PFco2  sin  1/' 

Here,  the  forcé  and  moment  components  Fi,  Fi,  Fz',  Mi,  ilf  2,  Mz  must 
be  replaeed  by  their  developments,  aeeording  to  Eqs.  (25)  and  (26)  in 
the  general  theory.  Eaeh  eomponent  depends,  in  general,  on  the  six 
velocities  Vi,  V2,  Vz,  coi,  002,  uz.  As  the  level  flight  valué  of  Ft  is  W  sin  i/' 
[first  equation  (44)],  we  can  write 

f  1  =  Tv  sin  ^  +  — f7-  Vi  +  — ^  t'2  +  ^T7-  ^3  +  ^ —  ooi  -T  ^ —  C02  +  7 —  aj3     (47) 
dVi  oV^  dVz  dcoi  OCÚ2  oüjz 

In  the  derivatives  the  level-flight  valúes  (43)  have  to  be  introdueed 
for  the  variables,  so  that  they  become  constants.  If  we  eall  these 
constants  Ai,  A  i,  .  .  .  ,  Ae,  Eq.  (47)  will  read 

—  W  sin  \¡/  -\-  Fi  =  AiVi  +  A2í^2  +  AzVz  +  A4001  +  A5W2  +  A^c^z  (47') 
and  analogous  expressions  hold  for  the  other  components.  The  deriva- 
tives may  be  ealled  B  and  C  for  F2  and  Fz,  respectively,  and  D,  E,  G  for 
the  three  moments  Mi,  M2,  Mz.     For  example, 

Mz  =  Givi  +  G2V2  +  Gzvz  +  G4W1  +  Cficoa  +  G,c^z  (47") 

since  the  level-flight  valué  of  ilf  3  is  zero.  Only  Fi  and  Fz  inelude  absoluta 
terms. 

However,  all  the  formulas  (47),  (47'),  etc.,  simplify  considerably  if 
the  symmetry  of  the  plañe  is  taken  into  account.  It  was  seen  in  See.  2 
of  this  chapter  that  the  lateral  forcé  components  F-2,  Mi,  Mz  vanish 
identieally  if  the  lateral  velocities  F2,  oji,  íoz  are  zero.  Therefore,  the 
nine  coefiicients  Bi,  Bz,  B^,  Di,  Dz,  Di,,  Gi,  Gz,  G5  must  be  omitted.  The 
second  theorem  in  Sec.  2  stated  that  the  longitudinal  components  Fi, 
Fz,  M2  remain  unchanged  when,  starting  from  any  state  of  motion,  the 
F2,  wi,  W3  are  simultaneously  reversed.  Now,  one  may  start  from  a 
motion  with  wi  =  0)3  =  O  and  reverse  F2  =  V2.  Then  the  coefficients  of 
V2  in  the  expressions  for  Fi,  Fz,  M2  must  vanish.  These  are  vi 2,  C2,  E2, 
and  in  exactly  the  same  Avay  it  can  be  seen  that  A  4,  d,  Ei  and  Ae,  Ce,  E& 
disappear,  also.  Thus  the  original  number  36  of  forcé  derivatives  reduces 
to  18,  because  of  the  symmetry.  In  A,  C,  E  only  the  odd  subseripts 
remain,  and  in  B,  D,  G  only  the  even  subseripts. 

More  important  than  the  reduction  in  the  number  of  eoefficients  is  it 
to  learn  that  now  the  first,  third,  and  fifth  equations  (46)  inelude  only 
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the  longitudinal  variables  Vi,  vs,  o¡-¿  while  in  the  second,  fourth,  and  sixth 
only  the  lateral  variables  v<¡.,  wi,  C03  appear.  Thus  the  problem  indicated 
by  the  nine  equations  (46)  splits  into  two  independent  problems.  The 
first  concerning  the  so-called  "longitudinal  stability"  is  stated  in  the 
f ollowing  five  equations : 

W 

—  {vi  +  oioVí  sin  ^)  =  AiVi  -\-  A3V3  +  A5CO2  +  wi 

W 

—  (v3  —  í^^Vi  eos  \p)  =  CiVi  +  CzVz  +  CbWo  +  wz  (48) 

g 

J2W2    =     EiVl    +    £^3^3    +    -E'bW2 

Wi  =  —  W(x>2  eos  1/',         Wz  =  —  PFcü2  sin  \j/ 

These  are  five  (linear  and  homogeneous)  differential  equations,  each 
of  first  order,  for  the  five  variables  Vi,  Vz,  C02,  Wi,  and  W3.  But  the  last 
two  equations  supply  the  relation  Wi  sin  }p  —  Wz  eos  lA  =  O,  which  gives, 
integrated,  Wi  sin  \l/  —  Wz  eos  \J/  =  const.  Therefore,  one  of  the  variables 
Wi,  Wz  can  be  eliminated,  and  the  remaining  integration  pi-oblem  is  thus 
seen  to  be  of  fourth  order. 

The  second  set  of  equations,  which  concerns  the  so-called  "lateral 
stability,"  consists  of  the  f ollowing: 

W 

—  [v2  +  (co3  eos  \¡/  —  0)1  sin  \(/)Vi\  =  B2V2  +  Bicoi  +  B^coz  +  W2 

g 

Jicji  —  ./31W3  =  D2V2  +  -D4W1  +  D&uz  (49) 

,/3CÍ>3    —    Jz\(J^l    =    G2V2    +  GiWi     +   Gfjí¡}z 

W2  —  W{o)i  eos  ^  +  ÜJ3  sin  1/') 

Here  it  is  immediately  seen  that  the  integration  problem  is  of  the 
order  4,  since  we  have  four  equations  each  of  first  order,  for  the  four 
unknowns  V2,  coi,  C03,  W2.  The  main  theorem,  due  to  Brj'^an  and  Wilhams, 
can  be  stated  as  follows:  In  the  case  of  a  completely  symmetric  airplane 
the  stability  problem  for  the  straight  level  Jiight  divides  into  two  independent 
problems,  one  concerning  the  longitudinal  and  one  concerning  the  lateral 
variables.     Each  of  them  is  an  integration  problem  of  fourth  order. 

It  can  easily  be  seen  that  the  same  is  true  if  another  state  of  steady 
straight  flight,  climbing  or  diving,  is  studied.  The  independence  of 
lateral  and  longitudinal  variables,  however,  does  not  subsist  in  the 
cases  of  curved  steady  flight,  e.g.,  a  horizontal  turn  or  spiral  motion.  It 
was  seen  in  Sec.  XVIII. 4  how  in  the  case  of  a  horizontal  turn,  even  in  the 
steady  flight  conditions,  both  types  of  variables  interfere.  Some  remarks 
about  the  helicoidal  motion  will  be  made  in  Sec.  XX. 5. 

The  two  sets  (48)  and  (49)  can  be  brought  into  a  dimensionless  form, 
according  to  the  method  used  in  Sec.  1  of  this  chapter.  Let  us  again  take 
Vi/g  as  the  time  unit,  setting 
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gt  t'i  _  V2  _  ^3 

^-y;;      "^"T/      '"'-r^'      "'^-y^' 

T7  T/  T^  V^O) 

V  i(ji\  V  lOJi  _    V  iü¡z 

(Ti    =    ;  (72    —    '  0"3    —    

g  g  Q 

Instead  of  the  quantities  i^i,  w^,  ws  the  angles  i/'i,  \¡/2,  ^z  formed  by  the 
three  coordínate  axes  with  the  vertical  may  be  introduced.  In  the 
undlsturbed  level  fllght  we  have  i/'i  =  90°  +  i/',  ^2  =  90°,  \l/z  =  \l/. 
Therefore  we  wrlte 

i/'i  =  90°  +  lA  +  €1,         1A2  =  90°  +  €2,         lAs  =  lA  +  es         (51) 

From  the  last  three  equations  (45)  then  follows,  since  ei,  €2,  es  are  small, 

^  =  eos  i/'i  +  sin  1/'  =  —  ei  eos  1/',         w  ^  ^^^  '^2  =  — €2, 

•^  =  eos  r/'3  —  eos  yp  =  —di  sin  ^  (51') 

Thus  the  last  three  equations  (46)  take  the  form 

él  =  C1J2,  —¿2  =  coi  eos  1^  +  C03  sin  i^,         €3  =  C02  (51") 

the  first  and  third  appearing  in  (48),  the  second  in  (49). 

The  set  (48)  of  differential  equations  for  the  longitudinal  disturbance 
can  now  be  written  as 

wi  +  (T2  sin  ^  =  aiUi  +  a^Us  +  a50'2  —  ei  eos  ^ 
Ú3  —  fo  eos  rp  =  CiMi  +  C3U3  +  C50-2  —  es  sin  \l/  (52) 

d-2  =  eiWi  +  e3íí3  +  650-2 

él    =    0'2,    és    =    (J2 

Here  the  dots  mean  differentiation  with  respect  to  r  (not  t).  The  factors 
fli,  03,  .  .  .  ,  es  are  múltiples  of  the  yii,  ^3,  .  .  .  ,  E^.  They  can  be 
expressed  in  terms  of  derivatives  of  forcé  and  moment  coefficients  that 
refer  to  the  level-flight  velocity  Vi  and  to  the  actual  air  density  p  =  p¿. 
Using  the  wing  área  *S  and  an  appropriately  chosen  reference  length  / 
(chord,  tail  distan  ce,  span,  etc.),  we  define  the  coefficients. 

K    =     ^^^  K    =     ^^"^  K    =  _^ÍJ_. 

"^^      pV¡S'        '^^      pV¡S'        "^^      pV¡S'  ^^3^ 


2Mi  ^  mj_  ^  2M3 


Besides,  we  have  to  use  the  lift  coefficient  of  level  flight  Cu  given  by 


W  =  Ca^VlS  (54) 
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In  the  transition  from  (48)  to  (52)  the  first  two  equations  had  to  be 
divided  by  W  and  the  third  by  Wjl  and  gl^Vf.  The  Ki,  K^,  .  .  .  ,  K^ 
depend  on  the  velocity  ratios  Vi/ Vi  .  .  .  Viooi/g  .  .  .  and  can  be  con- 
sidered  as  functions  of  the  dimensionless  variables  Ui,  u^  .  .  .  <xi,(X2  .  ■  ■  . 
Thus  the  coefficients  ai,  a^,  .  .  .  ,  e^  are 


1    dKi 

""'       Cu  dui 

1    dKi 

""'      Cu  dm 

1    dK^ 

""'       Cu  dui 

1   dKs 

""'       Cu  duz 

1    V! 

dK, 

1     Vf 

«5    = 


1    dKi 

Cu    d(T2 


1    dKs  ,     . 

C5  =  TT-  -^—  (55) 

o  U    O0'2 


e¡, 


1     F?  dKi 


CuJl  gl    dUi  CuJl  gl    dus  CuJl  gl    da-z 

It  will  be  seen  later  how  these  nine  derivatives,  which  determine  the 
longitudinal  stability  of  level  flight,  can  be  computed  from  the  airplane 
data. 

An  analogous  transformation  applies  to  the  set  (49).  We  omit  the 
terms  depending  on  Jsi,  that  is,  we  assume  that  the  1-  and  3-axes  are 
the  principal  axes  of  the  body  or  cióse  to  them.  Then,  upon  using  (51) 
and  (51'),  Eqs.  (49)  take  the  form 

Ú2  —  ai  sin  \f/  -\-  as  eos  \¡/  =  62W2  +  biai  +  b^as  —  «2 

ai  =  d2U2  +  diai  +  d(,as  (56) 

03  =  g2U2  +  6^40-1  +  geas 
—  ¿2  =  0-1  eos  1/'  +  0-3  sin  \f/ 
Here  dots  refer  to  differentiation  with  respect  to  t  and  the  coefficients 
bo,  bi,  .  .  .  ,  ge  correspond  to  those  given  in  (55).     They  may  be  written 
in  the  foUowing  way: 

1    dKo  ,1    dKi  ,  1    dK2 

02  =  y^ ^ —  O4  =  7^ ^ —  06  = 


Cu  dU2  Cu  dai  Cu  da 


'  "  Cují  gl  du2       ""'      Cujl  gl  dai       ""'     Cujl  gl  da^     ^^^^ 

1      VI  dK,  _      1      VfdK,  _      1      VfdKe 


^^       Cují  gl  dU2         "'       Cují  gl  dai  ^^       Cují  gl   da^ 

These  nine  coefficients  determine  the  lateral  stability  of  level  flight  and 
will  be  discussed  in  Sec.  XX.3. 

Problem  7.  Derive  the  equations  for  the  longitudinal  disturbance  of  the  steady 
level  flight  by  applying  the  theory  developed  in  Sec.  3  of  this  chapter  to  Eqs.  (14)  to 
(16),  Chap.  XVIII,  and  show  that  the  set  of  equations  obtained  in  this  way  is  equiva- 
lent  to  (52). 

*Problem  8.  Develop,  in  analogy  to  (52),  the  disturbance  equations  for  the  case 
of  a  bomb  falling  vertically  at  its  terminal  velocity  (weight  =  drag).  Assume  the 
bomb  to  be  a  body  of  revolution  with  its  axis  vertical  in  the  undisturbed  motion. 

*Problem  9.  What  modifications  have  to  take  place  in  Eqs.  (52)  and  (56)  if  a 
state  of  steady  climbing  or  gliding  at  a  small  angle  is  considered,  instead  of  the 
straight  level  flight? 


CHAPTER  XX 
DYNAMIC  STABILITY  OF  AN  AIRPLANE 

1.  Longitudinal  Stability  of  Level  Flight.  The  equations  that 
describe  the  motion  of  an  airplane  following  a  longitudinal  disturbance  in 
level  flight  have  been  given  in  Sec.  XIX.4,  first  in  their  original  form  (48) 
and  then  using  dimensionless  variables  in  (52).  In  both  cases  ^  was  the 
angle  between  the  1-axis  and  that  direction  in  the  airplane  body  which 
coincides  with  the  velocity  vector  in  the  state  of  level  flight  under  con- 
sideration.  An  axis  of  the  latter  direction  passing  through  the  c.g. 
may  be  called  the  longitudinal  axis  of  the  airplane.  (It  depends  slightly 
on  which  state  of  level  flight  is  studied,  whether  fuU  power,  normal 
load,  etc.)  Now,  in  the  equations  the  inertia  product  J31  does  not  appear. 
It  therefore  makes  no  difference  whether  or  not  the  1-axis  is  a  principal 
axis  of  the  system.  We  are  completely  free  to  assume  ^  =  O,  that  is,  to 
make  (he  \-axis  coincide  with  the  longitudinal  axis  of  the  airplane. 

With  ^  =  O  the  angles  \pi  and  xf/i  —  90°  are  the  angles  that,  after  the 
disturbance  occurred,  the  1-axis  makes  with  the  vertical  direction  and 
with  the  horizontal  plañe,  respectively.  The  latter  angle  was  called  (p 
in  all  discussions  of  Chap.  XVIII.  From  Eq.  (51),  Chap.  XIX,  it 
foUows  that  ci  =  ^1  —  90°  —  ^  =  ^1  —  90°  =  tp.  We  thus  can  replace 
ci  by  ^  in  (52) ;  and  since  the  last  but  one  equation  of  the  set  gives 

the  set  (52)  can  be  written,  in  the  case  ^  =  O  (the  dots  denoting  the 
differentiation  with  respect  to  r), 

-úi  =  fliMí  +  asWs  +  ab(p  —  <p 

Ü3  =  CiMi  4-  C3M3  +  C6<p  +  «p  (1) 

(f  =  e\Ui  +  CzUs  +  e^ip 

The  angle  between  the  instantaneous  velocity  vector  and  the  hori- 
zontal direction  of  the  undisturbed  flight  was  called  t?  in  Chap.  XVIII. 
It  is  seen  from  Fig.  396  that  M3  =  V3/V1  equals  the  angle  (p  —  ■&  between 
the  1-axis  and  the  instantaneous  velocity  vector,  i.e.,  the  angle  of  attack 
referring  to  the  longitudinal  axis.  If  ai  is  the  angle  of  incidence  (angle 
between  velocity  and  zero  lift  direction  of  the  plañe)  in  level  flight  and 
a  the  actual  incidence,  we  have 

a  —  ai  =  tp  —  d  =  Ui  (2) 
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as  in  Chap.  XVIII.     Thus  differentiation  with  respect  to  u^  is  the  same 
as  with  respect  to  a.     For  the  resultant  velocity  V  one  has 


{Vi  +  v,y  -^  vl'^  V^i  +  2Viv,, 


72 

'"2 


72  =  1  +  2 


Vi 


(3) 


Therefore,  the  derivative  of  any  function  with  respect  to  Mi  =  Vi/Vi  is 
the  derivative  with  respect  to  V^/V}  multipHed  by  2. 

The  following  assumptions  about  the  forces  and  moments  in  longi- 
tudinal motion  are  usually  made:  (1)  The  resultant  forcé  (components 
Fi  and  Fz)  does  not  depend  on  the  rotational  velocity  0-2  =  ^;  it  equals 


\3-c(xis 
\ 

FiG.  396. — Disturbance  of  level-flight  attitude. 


FiG.  397. — Forcé  resolution  in  directions  1  and  3. 

the  product  of  V^  and  a  function  of  a.  (2)  The  pitching  moment  M2 
consists  of  one  term  that  is  the  product  of  V^  and  a  function  of  a  and 
another  term  (damping)  that  is  proportional  to  <t2- 

The  forces  are  usually  given  by  their  components  parallel  and  normal 
to  the  velocity.  We  cali  L  and  D  lift  and  drag  and  denote  by  T  and  T' 
the  propeller  forcé  in  the  direction  of  flight  and  normal  to  it.  Then 
(Fig.  397)  the  components  in  the  1-  and  3-directions  are 


Fi  =  r  -  D  +  (L  +  r)M3  '^T  -  D  +  LlUz 
Fa  =   -L  -  r  +  {T  -  D)uz  r^  ~L  -  r 


(4) 


if  terms  of  higher  order  \n  Uz  —  f  —  ^  are  neglected.     In  (4)  the  level- 
flight  valúes  oí  T  —  D  and  of  T'  are  assumed  to  be  zero,  while  the  levei- 
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flight  valué  of  L  is  Lz  =  W.  If  Cl  and  Cd  are  the  usual  lift  and  (total) 
drag  coeíficients  and.  Ct,  Cr  analogous  coefficients  (referring  to  wing  área) 
of  the  two  components  of  the  propeller  forcé,  the  coefficients  Ki  and  K^ 
as  defined  in  Eq.  (53),  Chap.  XIX,  corresponding  to  the  first  of  the  fore- 
going  assumptions  are 

Kx  =  Yi  {Ct  -  Cu)  +  CuUz,  Z3  =    -  y-2  {Cl  +  Cr)  (5) 

The  derivatives  of  both  expressions  with  respect  to  <f>  are  zero.     The 
derivatives  with  respect  to  Wi  and  Uz  are,  for  level  flight  conditions, 


dKi        „.^          ^  .         ^                            dKi  _  djCr  —  Cd)        ^ 
—  =  2(C.  -0=0,  ^ ^ +  Cu 

^^'  =  -2(C.  +  Cr)  =^  -2C,  ^^'  -       ^^^'  +  ^"^ 


(6) 


dUi  '  dU3  da 

The  moment  AI2  may  be  written,  according  to  the  second  of  the  above 
assumptions,  as 


M.  =  I  SV^ilK,  =  ^  SV^ 


cCmÍo)  —  Iku    , 


(7) 


Here  Cm  is  the  pitching  moment  coefficient  as  used  in  Chap.  XVII,  and 
ku  a  damping  factor.     It  follows,  by  differentiation,  that 

dKí,        r,r    (     \^        n  ^-^5        ^  ^^^^  ^^5  ,       g         .Qx 

=    ¿(M{ai)   y    =    O, =    -.   — >  -r =     —Km-^  (») 

dui  I  duz        I    da  d(Ti  Vi 

Thus  the  following  valúes  for  the  coefficients  in   (1)   result  from  the 
definitions  in  Eq.  (55),  Chap.  XIX: 

r\                         1    I    ^{Ct  —  C d)  „ 

ai  =  O,  as  =  1  H Tí — ^ ;         as  =  O 

Clz  oa 

Cl  =    -2,  C3  = 77 — ^ ^;  C5  =  O  (9) 

Lli  oa 

„  _    1    y.^caCM  _        ^    Vi. 

Cizjl  gl  I     da  CliJI    i 

The  principal  coefficients  are  63  and  Cs,  the  first  proportional  to  the 
static  stability,  which  was  defined  in  Chap.  XVII  as  —dCu/da,  the 
second  proportional  to  the  damping  factor  /cm.  In  az  the  second  term,  in 
general,  will  be  small  as  compared  with  1,  and  so  will  be  the  term  Cr  in 
Cz  when  compared  with  d.  Thus  az  is  positive  and  Cz  negative,  at  least 
below  stalling.  The  last  coefficient  65  is  certainly  negative.  Upon 
omitting  the  terms  that  vanish  and  rcarranging,  Eqs.  (1)  become 

úi  —  azUz  -\-  (p  =  O 
2i¿i  +  lis  -  CzUz  -  <f>  =  O  (10) 

—  63^3  +  v?  —  e¡,(p  =  O 
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Here,  according  to  the  method  developed  in  Sec.  XIX.3,  we  introduce 
the  soliition  in  the  form 

ui  =  Ae^%        us  =  Be^',        ^  =  Ce^^  (11) 

Then  the  A,  B,  C  must  satisfy  the  equations 

\A  -  asB  -h  C  =  0 

2A  +  (X  -  C3)5  -  XC  =  O  (12) 

-esB  +  X(X  -  e,)C  =  O 

The  condition  of  compatibiHty  of  these  three  Hnear  homogeneous  equa- 
tions for  the  three  unknowns  A,  B,  C  can  be  found  by  ehminating  A 
from  the  first  two  and  then  comparing  the  ratio  B/C  with  that  given 
by  the  last  equation  or  simply  by  equaHng  the  determinant  to  zero.  In 
either  case  the  condition  reads 

X^  -  X3(c3  +  e,)  +  X2(c3e6  +  2a3  -  «a)  -  2a3e5X  -  2c3  -  O      (13) 

The  first  conditions  of  stabihty  are  that  the  coefficients  of  all  powers  of 
X  must  be  positive: 

a  =  — C3  —  65  >  O,         h  =  CsCr,  +  2a3  —  es  >  O, 

c  -  -20365  >  O,         d  =  -2e3  >  O  ^  ^ 

For  a  and  c  the  inequahties  are  satisfied,as  it  has  already  been  stated  that 
C3  <  O,  65  <  O,  as  >  0.  The  last  inequahty  asks  for  63  <  0;  and  if  this 
is  fulfiUed,  the  second  Avill  be  fulfilled  too.  As  —es  is  proportional  to 
what  was  called  "static  stabihty"  in  Chap.  XVII,  the  following  result 
is  reached:  A  necessary  condition  for  dynamic  longitudinal  stability  is 
that  the  airplane  is  statically  stable  with  respect  to  a  longitudinal  disturbance. 
The  further  stabihty  condition  as  developed  in  Eq.  (42),  Chap.  XIX, 
can  be  written  in  the  form 

a'^d  <  abe  -  c^  (15) 

If  the  valúes  for  a,  b,  c,  d  are  substituted  from  (14)  and  then  the  inequality 
solved  for  63,  one  finds  that 


—  es 


1  4-  -  (1  -  «3) 

Cs 


2      I         20365  .-.^v 

<  asel  -{ p —  (IG) 

03  +  65 


The  expression  to  the  right  and  the  term  in  the  bracket  are  positive, 
according  to  what  has  already  been  seen.  Thus  (16)  gives  an  upper 
limit  for  the  coefíicient  —63  which,  essentially,  measures  the  static  stability. 
In  connection  with  the  result  previously  reached  we  now  can  state:  An 
airplane  is  stable  in  level  fiight  with  résped  to  longitudinal  disturbances  if  it 
is  statically  stable  and  if  the  static  stability  does  not  surpass  a  limit  deter- 
mined  by  the  damping  factor  and  the  other  forcé  derivatives. 
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One  might  have  expected  that  the  complete  stability  discussion  as 
worked  oiit  in  this  chapter  would  lead  to  a  lower  limit  of  static  stability 
rather  than  to  an  upper  limit.  It  can  be  understood  why  this  is  not  the 
case.  In  fact,  a  too  strong  restoring  moment  can  produce  an  overcom- 
pensation  of  the  initial  disturbance  if  it  is  allowed  to  exert  its  influence 
unopposed.  The  presence  of  a  sufñcient  damping  moment  is  necessary 
to  restrain  the  tendenc}'  toward  overcompensation. 


6 
-es 

-Longitudinal  stability  limit. 


12 


For  a  numerical  discussion  of  the  stability  conditions  we  may  omit  two 
quantities  of  minor  importance :  the  derivatives  of  {Ct  —  Cd)  and  of  Cr 
with  respect  to  a.  If  the  data  are  available,  there  is  no  diíRculty  in 
using  the  complete  expressions  for  as  and  cs  in  (9).  Here  it  will  be  suffi- 
cient  to  take 

,  1    dC  L  1    7  1  /,»\ 

03  =  1,         C3  =  -  77-  T—  =  —  1 —  k  = (17) 

Cl   da  kai  ai 

Undcr  these  assumptions,  (16)  simplifies  considerably,  and  the  complete 
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stability  conditions  can  be  written  in  the  form 


O  <  -. 


2  2aie;, 

<  ei  —  ~ 

^         1  -  aie^ 


(18) 


Thus  the  whole  problem  is  reduced  to  a  relation  between  the  factor  ez 
representing  the  static  stability  and  the  factor  es  representing  the  damping, 
a  relation  that  depends  on  the  level-flight  incidence  ai  only. 

In  Fig.  398  the  curves  according  to  (18),  hmiting  the  región  of  stable 
valúes  Cz,  e-a,  are  shown  for  incidences  ai  =  0°  and  10°  in  a  coordinate 
system  with  the  abscissas  —  es  and  the  ordinates  —  es.  The  curves  differ 
very  Httle  from  each  other  within  the  usual  range  of  ai. 


Fig.  399. — Damping  effect  of  the  tail. 

The  static  stability  was  fully  discussed  in  Chap.  XVII.  We  may  take 
the  approximation  given  in  Eq.  (41),  omitting  also  the  less  important 
propeller  term,  so  as  to  have,  with  ai  replacing  ai, 


_   dC M   _    IS^  U   _   (  _   ^ ^'o     I     ^^ f\ 

da         cS  \       ai  da  / 


(19) 


Here,  *S'  is  the  tail  área,  /  the  tail  distance,  which  we  also  choose  for 
reference  length,  k'  the  lift  factor  for  the  tail,  Cmo  the  moment  coefíicient 
for  the  a.c.  of  the  wing,  and  dCf/da  a  positive  constant  referring  to  the 
fuselage  moment  (Sec.  XVII. 3).  This  substituted  in  the  formula  for  es 
in  (9)  gives,  with  di  =  kai, 


-ez  = 


1      Vf 


jlkai  gl 


■  Mo 


^    II  £  I  ^  j"o    I 

*S  I  \        ai  da )  J 


ácA] 


(20) 


In  order  to  obtain  a  rough  conservative  estímate  for  the  damping 
moment  e^,  one  may  assume  that  only  the  tail  surface  contributes  to  the 
damping  of  the  pitch.  It  is  seen  in  Fig.  399  how  a  positive  pitch  co2adds 
a  downward  component  lo}2  to  the  forward  speed  Vi  at  the  points  on  the 
tail  and  thus  increases  the  angle  of  incidence  by  IU2/V1.  With  the  lift 
factor  A;'  and  C02  =  dip/dt,  the  corresponding  increase  of  lift  will  be 


/í02 

Ti 


'-S'Vfk'g-'  ^^S'Vik'l"^ 


d<p 
di 
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This  forcé,  multiplied  by  the  distance  I,  gives  the  damping  moment  that 
was  assumed  in  (7)  in  the  form  (p/2)SV¡kMld(p/dt.  Therefore,  the  damp- 
ing coeíficient  kM  must  be  ■ 

kM  =  ^Y^k'  (21) 

and  the  factor  es,  according  to  the  last  formula  (9), 

It  is,  of  course,  a  rough  approximation  only  that  the  lift  factor  ¥ 
in  (22)  is  identified  with  the  factor  occurring  in  (19).     Both  quantities       | 
should  be  determined  by  independent  experiments.  ' 

Eliminating  the  terms  referring  to  the  tail  from  (20)  and  (22),  we 
obtain 


r     ^^      c     1     /      Cmo   ^   dC\ 

L       ^        ¿  ñ^ocí  \        ai  da  J 


•es  =    — 7  I   -65  -  7 

gi 


(23) 


This  is  a  linear  relation  between  es  and  e^  that  will  be  represented  by  a 
straight  line  ^j5  in  Fig.  398.  The  straight  line  is  determined  by  airplane 
data,  independently  of  the  tail-area  ratio  S' /S.  Any  point  between  A 
and  B  gives  a  pair  of  valúes  es,  e¡,  that  fulfills  the  stability  conditions. 
The  corresponding  valué  of  8' ¡8  is  proportional  to  the  abscissa  —  es. 

Let  US  take  for  an  example  a  big  transport  plañe  of  90,000  Ib.  gross 
weight,  fiying  at  10,000  ft.  altitude  (p  =  0.0018  slug/ft.^*)  with  a  for- 
ward  speed  V  =  300  ft./sec.  If  the  wing  loading  is  35  Ib./ft.^,  an  área 
,S  =  2571  ft.2  and  a  lift  coeíficient  Cl  =  0.432  are  required.  With  a  lift 
factor  /c  =  4.8  (corresponding  to  an  aspect  ratio  of  about  7)  the  level- 
flight  incidence  will  be  ai  =  0.090  =  5°  and  the  mean  wing  chord 
c  =  19.17  ft.  Assume  the  tail  distance  (which  is  also  chosen  as  reference 
length)  1  —  60  ft. ;  thus  V¡/gl  =  46.6.  In  general,  the  radius  of  gyration 
is  óf  the  same  order  of  magnitude  as  the  chord  or  as  one-third  the  tail 
distance.  In  our  case,  let  jl  be  0.08.  The  wing  proñle  of  modern 
type  may  have  a  Cjvf„-value  of  —0.045.  As  to  the  fuselage  influence, 
Eq.  (25),  Chap.  XVII,  with  the  assumptions  Af/S  =  i,  If/c  =  3.0, 
and  Cf  =  0.78,  supplies  the  derivative  dCf/da  equal  to  0.39.  Thus, 
Eq.  (23)  reads 

-es  =  46.6[-eB  -  9.24(0.5  +  0.39)]  =  46.6(-e5  -  8.22) 

In  Fig.  398  this  straight  hne  is  drawn.  It  intersects  the  es-axis  at  the 
abscissa  8.22  (point  A),  and  the  curve  corresponding  to  the  right-hand 
side  of  (18)  with  ai  =  0.09  at  B.  The  coordinates  of  B,  found  by  solving 
the  two  equations,  are    —  es  =  10.70  and    -es  =  115.6.     Only  in  this 
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comparatively  narrow  range,  between  8.22  and  10.70,  is  —es  allowed  to 
vary.     The  limits  for  the  admissible  tail  ratio  are  then  found  from  (22) : 

^  -  _  ÍS^ 

S  ~         k'    ^' 

With  k'  =  2.5  (see  Sec.  XVII.2)  this  gives  S/S'  between  6.8  and  8.8 
for  the  tail-area  ratio  consistent  with  longitudinal  stability. 

This  example  shows  how  the  practical  questions  arising  in  connection 
with  the  longitudinal  stability  of  the  steady  level  flight  can  be  solved 
without  much  computational  work.  If  sufficiently  detailed  data  are 
available,  the  more  precise  formula  (16)  instead  of  (18)  may  be  used, 
which  does  not  change  the  procedure  considerably.  The  only  difíiculty 
lies  in  the  fact  that  really  reliable  and  complete  valúes  for  all  the  coeffi- 
cients  involved  will  be  at  the  disposal  of  the  designer  only  in  very  rare 
cases. 

Problem  1.  Prove  that  an  airplane  of  11,250  Ib.  gross  weight,  geometrically 
similar  to  the  airplane  discussed  in  the  numerical  example  of  the  text,  would  behave 
in  exactly  the  same  way  with  respect  to  stability  if  its  wing  loading  were  17.5  Ib./ft.^ 
and  its  velocity  212  ft./sec.  Compute  the  ratio  of  the  linear  dimensions  of  the  two 
airplanes. 

Problem  2.  If  all  linear  dimensions  of  an  airplane  are  multiplied  by  a  factor  A 
while  the  air  density  changes  at  the  rate  <r,  how  must  weight,  wing  loading,  and  level- 
fhght  velocity  be  varied  if  the  stability  properties  should  remain  unchanged? 

Problem  3.  Compute  the  admissible  limits  of  the  tail-area  ratio  S'/S  for  the 
following  specifications:  gross  weight  TF  =  16501b.,  wing  loading  TF/zS  =  10.5  Ib. /ft. 2, 
aspect  ratio  6,  level-flight  velocity  at  15,000  ft.  altitude  Vi  =  160  ft./sec,  tail  distance 
I  =  3c,  radius  of  gyration  0.3/.  Assume  that  the  wing  has  a  moment  coefficient  with 
respect  to  the  a.c.  of  Cmo  =  —0.06  and  that  the  influence  of  the  airplane  body,  etc., 
doubles  the  static  instability  due  to  the  wing. 

*Problem  4.  Develop  the  stability  theory,  as  given  in  the  preceding  section,  for  a 
straight  flight  at  a  small  inclination  ú  to  the  horizon. 

*Problem  6.  What  has  to  be  changed  in  the  stability  argument,  if  it  is  assumed 
that  the  tail  surface  contributes  to  the  lift  in  the  state  of  steady  íhght  under 
considera  tion? 

2.  The  Small  Oscillations  Following  a  Disturbance.  From  Eq.  (1) 
or  (10)  set  up  in  the  foregoing  section  much  more  Information  can  be 
obtained  about  the  behavior  of  an  airplane  in  longitudinal  motion  than 
merely  the  stability  criterion.  Referring  to  the  general  form  of  the 
solution,  given  in  Sec.  XIX. 3,  for  the  equations  of  motion  in  the  case 
of  small  disturbances,  one  can  analyze  in  detail  the  kind  of  motion  that 
sets  in  after  a  disturbance  in  the  steady  level  flight  of  the  airplane  has 
occurred.  A  brief  account  of  such  a  discussion  follows,  under  the  sim- 
plifying  assumptions  that  allowed  the- expressions  for  a^  and  C3  to  reduce 
to  those  given  in  Eq.  (17). 

Equation  (13)  for  X  may  be  rewritten  in  the  form 

X^  +  aX^  +  6X2  +  cX  +  rf  =  O  (24) 
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where,  according  to  (14)  and  (17), 
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1  L  o  ^5 

es,         0  =  2 —  63, 

ai  oii 


c  =  -265,         rf  =  -2e3     (25) 


The  two  coefficients  e^  and  e^  are  connected  by  the  relation  (23),  which 
now  will  be  written  in  the  shorter  form 


(26) 


where  h  is  the  metacentric  distance  for  the  airplane  without  tail,  as  intro- 
duced  in  Eq.  (45),  Chap.  XVII.  For  a  stable  airplane,  ez  and  e^  more- 
over,  are  subject  to  the  inequahties  (18). 

In  the  numerical  example  discussed  at  the  end  of  Sec.  1  of  this  chapter 
we  had  V\/g  =  46.6  and  h/pji  —  8.22.  These  valúes  determine  the 
straight  line  (26)  in  the  es  vs.  es-diagram,  and  the  extreme  valúes  for 
63,  65,  which  fulfiU  the  stability  condition,  were  found  (see  Fig.  400)  as 


-65  =  8.22, 
-65  =  10.70, 


-63    -    O 
-63    =    116 


(point  A); 
(point  B) 


(27) 


For  the  discussion  of  the  motion  following  a  disturbance,  an  intermedíate 
point  C  may  be  chosen  corresponding  to  a  tail-area  ratio  S' /S  =  0.131. 
The  coordinates  of  C,  if  k'  is  assumed  as  2.5,  are,  according  to  (22)  and 
(26), 

-66  =  9.50,         -63  =  59.6  (point  C)     (28) 

With  these  valúes,  ai  =  0.09  and  Eq.  (13)  becomes,  since  az  =  \  and 
C3  =   —l/ai  —    —11.1, 


X^  +  20.6X3  +  167X2  +  19.0X  +  119  =  O 


(29) 


The  four  roots  of  this  algébrale  equation  determine,  as  was  shown  in 

Sec.    XIX. 4,   the   motion   of  the  airplane 
caused  by  any  initial  disturbance. 

In  order  to  discuss  in  a  more  general 
way  what  types  of  motion  are  possible,  one 
may  start  with  considering  the  two  extreme 
cases  represented  by  points  A  and  B  in  the 
graph  (Fig.  400).  Point  A  corresponds  to 
the  mínimum,  point  B  to  the  máximum 
admissible  tail  área.  Mathematically 
speaking,  as  was  seen  in  Sec.  XIX.4,  in 
case  A  one  root  must  be  zero  {i.e.,  a  dis- 
turbance may  stay  unchanged),  while  in  case  B  one  pair  of  imaginary 
roots  exists  {i.e.,  an  oscillation  with  constant  amplitude  may  occur). 
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In  A,  with  €3  —  O,  the  last  term  in  (13)  vanishes  and  the  polynomial 
has  the  factor  X.  It  is  then  easily  seen  to  have  the  factor  X  —  e^,  also. 
Equation  (13),  in  the  general  case,  with  as  =  1,  cs  =  —l/ai,  can  be 
written  as 

X(X  -  ^5)  (x2  +  A  +  2J  =  es{\'  +  2)  (30) 

where  the  right-hand  side  is  now  zero.  Then  one  root  is  X  =  O,  one  is 
X  =  65,  and,  since  ai  is  small,  another  root  will  be  of  the  order  —2ai 
and  the  last  one  of  the  order  —  l/aj,  The  exact  solutions  can  be  written 
as 

Xi  =  0,         X3  =  66,         Xo,  >^4  =  -  ¿^  (1  +  Vi  -  8af)        (31) 

and  the  numerical  valúes  in  our  example  are 

Xi  =  0,         X2  =  -0.183,         X3  =  -8.22,         X4  =  -10.9 

Under  the  conditions  of  point  B,  that  is,  máximum  tail,  one  pair  of 
roots  is  imaginary;  thus,  for  it,  the  second  and  fourth  terms  in  (24)  must 
vanish  for  themselves.  This  means  that  the  polynomial  must  be  divisible 
by  the  factor 

X^  +  ^  =  X^  -        2'^ 


a  1/ai  —  65 

The  other  factor  of  second  order  is  then  easily  found  since  the  product  of 
the  absolute  terms  is  —  2e3,  and  the  linear  term  must  give  —  2e5  when 
multiplied  by  the  absolute  term  in  the  first  factor.  This  leads  to  the 
following  transformation  of  (24)  with  as  =  1,  C3  =  —l/ar. 


1/ai 


'•V    L  \«i  /  ^6  \(Xl  I . 

=  Jil  (,,  +  .1  -  Jfí!£íL_)     (32) 
«¿65  \  1  -  oLie^f 

The  right-hand  side  is  indeed  zero,  if  the  condition  (18)  is  fulfilled  at  its 
limit.     The  roots  are  now 


^1,  X2  =   ±1  a/jtz 


—  2aie^ 


(33) 


«¿65 

X,,  X.  =  l-^'(i  ±  ¿J  ,.^°""    ,  -  1) 

2az       \  \e5(l  -  «¿65)  / 

and  in  the  numerical  example 

Xi,  X2  =  +  0.99¿;        X3,  X4  =  - 10.90  ±  10.88¿ 

Note  that  the  amount  of  the  first  two  roots  can  in  no  case  surpass  \/2 
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In  Fig.  401  the  foiir  roots  corresponding  to  point  A  are  marked 
Al,  Al,  A3,  and  Ai,  and  those  corresponding  to  B  are  Bx  to  ^4.  The 
diagram  represents  a  X-plane  with  the  real  part  of  each  X  plotted  toward 
the  right  and  the  imaginary  parts  iipward.  When  the  point  —63,  —65 
in  Fig.  400  moves  from  A  through  C  to  B,  the  points  in  Fig.  401  represent- 
ing  the  four  roots  must  change  from  their  positions  at  Ai,  .  .  .  ,  A^io 
Bi,  .  .  .  ,  Bi  along  certain  curves.     First,  the  points  of  each  of  the  pairs 
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Fiü.  401. — Roots  of  the  characteristic  equation. 

A\Ai  and  A3/I4  will  approach  each  other  along  the  real  axis.  Then,  when 
they  have  mct,  they  sepárate  again  and  move  upward  and  downward, 
along  symmetrical  curves,  to  join  the  points  Bi,  B-i  on  the  imaginary 
axis  and  Bz,  B4  in  the  upper  and  lower  half  plañe.  The  roots  Ci,  C2,  C3, 
d,  which  correspond  to  the  point  C  in  Fig.  400,  must  lie  somewhere  on 
these  curves.  It  has  alrcady  been  seen  that  the  ordinate  of  Bi  cannot  be 
greater  than  ■\/2  and  that  the  abscissa  of  A2  is  about  —2ai.  On  the 
other  hand,  the  coordinates  of  the  points  ^3,  Bi  and  the  abscissas  of 
A  3,  A  4  are  comparativcly  large.  It  may  therefore  be  concluded  that 
the  motion  which  sets  in  after  a  disturbance  in  level  flight  consists  of  two 
damped  oscillations  superimposed  on  the  uniform  forward  speed — one  very 
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slightly  damped  with  a  long  period  and  one  strongly  damped  with  a  short 
period. 

The  numerical  relation  between  the  real  parts  of  the  roots  X  and  the 
damping  and  that  between  the  imaginary  parts  and  the  frequency  of  the 
oscillations  can  easily  be  determined.  Each  root  X  =  X'  +  X"i  leads  to 
an  integral  with  the  factor  e^'^  and  the  factor  sin  (or  eos)  X'V.  A  full 
period  is  achieved  when  X"t  =  2ir.  According  to  the  relation  between  t 
and  t,  as  given  in  Eq.  (50),  Chap.  XIX,  the  length  of  a  period  in  seconds  is 

íi  =  —  Ti  =  —  -7-,  (34) 

g  g  y  ^    ^ 

This  gives  in  our  case   (Vi  =  300  ft./sec.)   aboiit  60  sec.   for  X"  ^  1 
(points  81,82)  and  about  6  sec.  for  X"  '^  10  (points  83,8 a). 

The  damping  intensity  is  usually  measured  by  the  time  needed  to 
reduce  the  amplitude  to  one-half  its  initial  valué.  This  means  e^'''  =  ^ 
or  X't  =  —  log  2.     Thus  the  half  time  t'  of  an  oscillation  is 

f.  -Vi   ,  -        Vi  log  2  _        Vi  0.693  .... 

í T      — r-;^-    — —TT-, —  (35) 

g  g    y  g    y  ^    ^ 

With  Vi  =  300  ft./sec.  this  gives  ¿'  about  0.7  sec.  for  X'  '^  -  10  and  70  sec. 

for  X'^ 0.1. 

The  actual  prohlem  of  finding  the  roots  of  Eq.  (29),  i.e.,  of  (24)  with 
the  given  valúes  of  e^,  e^  (point  C),  requires  only  simple  numerical 
computations,  once  approximate  valúes  for  one  pair  of  roots  have  been 
found.  Such  an  approximate  solution  is  immediately  supplied  by  the 
foregoing  statements  and  the  Information  offered  by  Fig.  401.  There 
must  exist  one  pair  of  roots  Ci,  C2  cióse  to  the  imaginary  axis  and  of  the 
order  of  magnitude  1.  For  a  X  of  amount  1  or  near  to  it,  the  terms  with 
the  highest  coefficients  in  (29)  will  prevalí.  Thus,  an  appropriate 
guess  will  be  to  assume  X^ '^  —  yir,  that  is,  X  =  ±0.84¿,  as  a  first 
approximation.  Then,  there  are  various  methods  to  improve  on  a  first 
assumption.  One  of  them  is  the  procedure  of  successive  approximations. 
One  writes  the  prevailing  terms  on  one  side, 

167X2  +  119  =  -X^  -  20.6X3  -  19.0X 
and  introduces  on  the  other  side  the  valué  of  the  first  cholee.     This  gives 

167X2  -f  119  =  -0.498  +  3.75* 
and  thus 

167X2  =  -119.50(1  +  0.0314t),         X  =  ±0.846*  -  0.013 
Repeating  the  same  procedure  once  more,  one  finds 

Xi,  X2  =  -0.0129  +  0.847*  (36) 
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Once  one  pair  of  roots  is  known,  the  other  can  be  easily  computed 

since  the  coefficient  20.6  in  Eq.   (29)  is  the  negative  sum  of  all  roots 

and  the  absolute  term  119  their  product.     Thus,  the  real  part  of  Xa,  X4  is 

—  i(20.6  —  0.026)  =  — 10.3,    and   the   square    of   the   absolute   valué 

IIQ 
g^  =  165.8.     Therefore, 

X3,  X4  =  - 10.3  ±  l.li  (36') 

The  exact  valúes  of  period  and  half  time  are  íi  =  69  sec.  and  ¿'  —  500 
sec.  for  the  first  and  ti  =  7.6  sec.  and  t'  =  0.63  sec.  for  the  second  type  of 
oscillation. 

To  find  the  actual  components  of  the  motion  in  the  first  and  the  second 
case  we  must  recur  to  Eqs.  (12),  which  determine  the  ratios  A:B:C,  once 
the  characteristic  X-roots  are  known.  From  the  first  two  equations  (12) 
we  draw,  with  as  =   1,  C3  =  —I /ai, 

A:B:C:=  - -:  (2  +  X^)  :(2  +  X^  + -) 
ai  \  ai/ 

Omitting  here  an  arbitrary  factor,  one  may  write 

A  =  I,         B=-ai(2  +  X2),         C  =  -ai{2  +  \^)  -\        (37) 

If  X  is  introduced  from  (36)  and  formulas  (37"),  Chap.  XIX,  are 
used,  the  final  result  for  the  first  type  of  oscillation  becomes 

^    =  g-o.oi3r  I  eos    o.847r,         Us  =  -0.115^-"""^  r^^\  (0.847t  -  0.017) 
[  smj  [  smj 

ip  =  -0.855e-o-oi»^  T"^    (0.847r  +  1.42)  (38) 

In  the  same  way,  with  the  valúes  of  (36')  the  second  type  of  motion  is 
given  by 

u,  =  e-io-3-  r!^l  7.7t,         -M3  =  14.9e-i«'^  T!^^!  (7.7r  +  1.87) 
(sm)  (smj 

^  =  8.86e-'«-»'  r^H  (7.7r  +  0.84)  (38') 

Formulas  (38)  and  (38')  represent  four  particular  solutions  of  the 
equations  of  motion.  Eacli  of  them  can  be  multiplied  by  a  factor 
{Ki,Ki,Kz,Kí^;  and  from  a  complete  set  of  initial  conditions,  i.e.,  valúes 
of  Wi,  W3,  <p  and  ^  at  ¿  =  O,  the  four  constants  can  be  determined.  As  the 
second  type  of  motion  (38')  dies  away  very  quickly,  the  really  observable 
motion  will  be  of  the  form  (38).  The  ratio  of  the  three  factors  of 
Mi,  W3,  <p  is  1:0.115:0.855,  and  their  absolute  valúes  as  well  as  the  phases 
are  determined  by  the  initial  conditions. 
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Problem  6.  Compute  the  characteristic  roots  and  the  corresponding  frequency 
and  half-time  valúes  for  the  example  of  the  text  if  the  tail-area  ratio  is  chosen  as  i. 

Problem  7.  Discuss  the  position  of  the  roots  in  the  X-plane  for  the  specifications 
given  in  Prob.  3.  Assume  an  intermedíate  valué  for  the  tail-area  ratio  S'/S,  and  find 
the  frequencies  and  damping  factors. 

Problem  8.  Compute,  for  the  example  of  the  text,  the  actual  motion  that 
foUows  a  sudden  change  in  the  attitude  of  the  airplane  of  1°.  That  is,  assume  the 
initial  conditions  Ui  =  «3  =  <p  =  O,  ip  =  1°. 

Problem  9.  Compute,  for  the  same  example,  the  motion  that  foUows  a  sudden 
upward  gust  of  10  ft./sec. 

3.  Lateral  Stability.  The  problem  of  stability  against  lateral  dis- 
turbances  can  be  dealt  with,  mathematicall.y,  in  exactly  the  same  way 
as  has  been  done  in  the  last  two  sections  for  a  disturbance  in  the  longi- 
tudinal plañe.  The  only  difference  is  that  now  a  great  number  of  poorly 
known  forcé  and  moment  coefficients  interfere,  which  niakes  it  difficult 
to  reach  simple  conclusions  of  general  significance. 

We  start  from  Eqs.  (56),  Chap.  XIX,  which  were  set  up  under  the 
assumption  that  the  1-  and  3-axes,  forming  the  angle  \f/  with  the  horizontal 
and  vertical  directions,  respectively,  are  the  principal  axes  of  the  body. 
The  last  of  the  foiir  equations,  ¿2  =  —<^i  eos  4^  —  a^  sin  ^j/,  can  be  inte- 
grated  and  gives 

É2  =  —  eos  ^/(Ti  dr  —  sin  yp¡(Tz  dr  (39) 

If  this  is  substituted  in  the  first  equation,  the  set  of  equations  for  the 
three  unknowns  W2,  o"!,  «"s  reads 

üi  =  62W2  +  (^4  +  sin  yp)ai  +  eos  yp^ai  dr  +  {b&  —  eos  i/')o-3  +  sin  ^Jo-3  dr 
ái  =  (¿2^2  +  c?40-i  +  deas  ~ —  (40) 

According  to  the  general  rules  developed  in  Sec.  XIX.3,  we  introduce 

M2  =  Ae^%         (Ti  =  Be^^         az  =  Ce^^  (41) 

and  note  that  Jo-i  dr  =  ci/X,  ¡az  dr  =  o-s/X.  (Actually,  it  would  be 
exactly  the  same  to  retain  €2  as  a  fourth  unknown  in  the  equations  and  to 
use  a  fourth  constant  D  setting  €2  =  De^''.)  If  (41)  is  introduced  in  (40) 
and  the  factor  e'^'  in  all  equations  canceled,  the  foUowing  three  linear 
algebraic  equations  for  A,  B,  C,  result : 

A(h2  -X)+B  Uh  +  sin  rp  +  ^^j  +  c(b,-  eos  rp  +  ^^j  =  O 

Ad,  +  5(í/4  -  X)  +  Cd,  =  (42) 

Ag2  +  Bg,  +  C(^6  -  X)  =  O 

Either  by  computing  the  determinant  or  by  successive  elimination 
of  the  unknowns  one  finds  the  condition  of  compatibility  of  these  three 
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equations  in  the  form  of  an  equation  of  fourth  order  for  X, 

X^  -  aX3  +  6X2  +  cX  +  c?  =  O  (43) 

•\vhere  the  a,  b,  c,  d  depend  on  the  forcé  and  moment  derivatives  62, 
hi,  .  .  .  ,  ge  and  the  angle  ^.  If  64  and  fee  are  assumed  to  be  zero  6see 
page  604),  one  has 

a  =  —  (62  +  c?4  +  ge), 

h  =  digs  —  degi  +  62(^4  +  ge)  +  ^2  eos  yj/  —  di  sin  \p 
c  =  —hi{dig&  —  degi)  —  sin  ^¡/(gz  +  ¿6^2  —  dig^) 

—  eos  i/'((/2  +  digo  —  d^gi)     (44) 
d  =  eos  yp{d'¿g6  —  ¿6^2)  +  sin  \¡/{dig2  —  d^gi) 

The  stability  eonditions  are  the  same  as  those  repeatedly  diseussed  in 
Secs.  XlX.SandXX.l, 

a>0,         b  >0,        00,        d>0;        £<b-~         (45) 

The  only  diífieulty  of  the  present  problem  as  compared  with  that  of 
longitudinal  stability  lies  in  the  eomplication  caused  by  the  great  number 
of  equally  important  forcé  and  moment  derivatives.  Only  two  out  of  the 
nine  can  fairly  be  neglected,  and  among  the  others  no  particular  group 
has  such  a  prevailing  influence,  as  was  the  case  with  63  and  65  in  the 
longitudinal-stability  problem.  Suííiciently  reliable  valúes  for  the  nine 
coefíicients  62,  bi,  .  .  .  ,  ge  could  be  derived  only  from  special  experiments 
carried  out  with  a  complete  model  of  the  airplane — and  even  this  pro- 
cedure  is  precarious  since  models  Avith  too  much  detall  are  likely  to  behave 
differently  from  real  airplanes.  The  only  basis  for  a  theoretieal  discus- 
sion  of  the  various  influences  is  to  sepárate  the  contributions  to  the  forcé 
and  moment  coefficients  and  their  derivatives  as  originating  in  the  wing, 
in  the  tail,  and  in  the  fuselage.  One  may  assume  that  the  mutual 
interference  of  these  parts  has  a  secondary  effect  only. 

For  the  sake  of  simplicity  it  will  also  be  assumed  that  the  angle 
between  the  1-axis  and  the  velocity  direction  is  exactly  or  nearly  zero. 
There  is  of  course  no  objeetion  against  setting  ^  =  O  if  in  the  seeond 
and  third  of  Eqs.  (40)  the  terms  due  to  the  inertia  product  J^i  are  not 
omitted.  But,  owing  to  the  fact  that  J31  is  eertainly  small  and  that 
precise  valúes  for  it  are  hardly  available,  one  may  use  Eqs.  (40)  as  they 
stand  and  introduce  here  sin  \{/  =  O,  eos  yp  =  1.  The  advantage  is  that 
one  then  can  identify  the  1-  and  3-directions  with  what  is  usually  called 
the  longitudinal  and  the  down  axes  (x-  and  z-axes).  Note  that  in  this 
case  the  dimcnsionless  quantity  Uo  is  nothing  else  than  the  angular 
deviation  between  the  longitudinal  axis  and  the  projeetion  of  the  velocity 
vector  on  the  x-y-p\ane.  This  angle,  with  the  opposite  sign,  was  called 
sideslip  )3  in  previous  arguments.     Thus  we  have  u-z  =  —  jS. 
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The  air  reactions  on  the  wing  have  been  computed  in  Sec.  XVIII. 5; 
i.e.,  certain  roughly  approximating  expressions  have  been  derived,  essen- 
tially  based  on  the  assumption  that  each  wing  element  can  be  considered 
as  a  sepárate  airfoil.  The  cross  forcé  F2  can  now  be  identified  with  the 
y-  (or  2-)  component  of  the  wing  drag  D.  Its  magnitude  is  consequently 
-0/3  =  —  Dw2anditscoeíficientX2  =  —  CdM2,  in  accordance  with  Eq.  (60), 
Chap.  XVIII.  On  the  other  hand,  one  may  assume  that  no  considerable 
forcé  in  cross  direction  is  produced  by  roll  and  yaw.  Thus  the  wing 
contributions  to  the  derivatives  of  K2  are 

fl  =  -C,        1^'  =  o,        ^  =  o  (46) 

dU2  do3i  60:3 

For  the  influence  of  sidesHp,  roll,  and  yaw  on  the  moments,  formulas 
(63),  (59),  and  (56),  Chap.  XVIII,  can  be  used  with  slight  modifications. 
As  the  X-  and  z-axes  now  coincide  with  the  1-  and  3-axes,  respectively,  the 
former  Cmx  and  Cm,  are  now  Ki  and  K&.  Besides,  /3  has  to  be  replaced 
by  —U2.  Upon  using  the  same  notations  Cl,  Cd,  C¿,  C¿,  y*,  y^,  b 
(dihedral),  the  six  derivatives  become 


dU2   ~       ^^      r  5co:   "       ^'  Vil'  aco3    ~  ^^  W 

dKe  _  p,  .y^  ^  -  r'  yl  dK^  _      ^^    yl 

du2  ~  ^^     r  aa,i  ~  ^^  Vil'  ^  ~  '^^^  T¿ 


(47) 


For  the  air  reactions  on  the  taü  simple  approximations  can  be  found 
in  a  similar  way  by  considering  a  single  vertical  tail  surface  (fin  plus 
rudder)  at  a  distance  I  from  the  c.g.  If  k"  is  the  lift  factor  for  this 
surface  (corresponding  to  A;  =  2x  for  an  isolated  airfoil  of  infinite  span), 
a  sideslip  /3  would  produce  a  cross  forcé  pS"Vfk"l3/2  in  the  positive 
?/-direction,  with  its  line  of  action  at  the  distance  I  from  the  c.g.,  thus 
supplying 

az2__  ^     dK^_   s::^ 

dU2     ~  "         S'  dU2~    ^      ^  ^^^■> 

A  yaw  of  magnitude  C03  is  equivalent  to  a  sideslip  —Iws/Vi  as  far  as  the 
tail  is  concerned,  as  seen  in  Fig.  402.     This  gives 

d0,s~  "     Vi  s'  aco3  ~       ^    Yl^  ^^^^ 

The  rolling  moment  caused  by  these  cross  forces  will  be  proportional  to 
the  distance  z*  of  the  centroid  of  the  tail  from  the  1-2-plane  (counteó 
positive  downward);  thus  (Fig.  403), 

dK,_z*S''  dK,_  z*S" 
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Finally,  a  roll  of  magnitude  wi  adds  to  the  velocity  Vi  a  cross  component 
—  2coi  for  the  tail  element  dS"  at  the  distance  z  (Fig.  403).  This  produces 
a  cross  forcé  and  a  yawing  moment  for  each  element,  which  sum  up  to  a 
forcé  and  a  moment  proportional  to  z*. 

(51) 


d(j)\ 


=  -k' 


11 
Vi 


S 


The  rolling  moment  due  to  these  forces  will  be  proportional  to  z^  for  each 
element  and  will  sum  up  to 


dK, 


S" 


dcoi  Vil   S 


(52) 


if  Z:^,  is  the  radius  of  gyration  for  the  tail  surface.     It  is  understood  that 
all  these  formulas  (48)  to  (52)  can  be  considered  as  giving  the  order  of 


Fia.  402. — Reaction  of  the  vertical  tail  to  yaw.      Fio.  403. 


-Reaction  of  the  vertical  tail  to 
roll. 


magnitude  of  the  respective  derivatives  only.     In  general,  a  more  or  less 
varying  factor  instead  of  k"  has  to  be  used. 

It  is  still  more  difficult  to  take  into  account  the  air  reactions,  due 
to  the  lateral  disturbance,  on  the  airplane  hody,  fuselage,  etc.,  and  on  the 
propeller.  The  propeller  influences  may  be  considered  as  negligible  (see 
Sec.  XVII. 3).  As  to  the  fuselage,  we  may  restrict  ourselves  to  two 
terms:  (1)  In  the  expression  (46),  which  refers  to  the  cross  forcé  caused 
by  sideslip,  the  wing-drag  coefficient  Cn  should  be  replaced  by  the 
coefíicient  Cto  of  total  drag  (Sec.  XIV.  1).  (2)  A  yawing  moment  on  the 
fuselage,  due  to  sideslip,  like  that  considered  in  the  discussion  of  static 
stability  in  Sec.  XVII.3,  may  be  introduced,  with 


dUi 


(53) 
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where  Af  is  the  fuselage  cross  section  and  c/  the  coefficient  defined  in 
Sec.  XVII.3. 

Combining  now  all  the  formulas  (46)  to  (53)  and  the  definitions  given 
in  (57)  of -Chap.  XIX,  the  nine  coefficients  in  the  set  (40)  are  found. 

The  further  discussion  of  these  formulas  must  be  based  on  a  numerical 
example. 

Problem  10.  What  influence  would  it  have  on  Eqs.  (40)  if  instead  of  the  level 
flight  a  steady  flight  in  an  inclined  straight  path  were  studied? 

Problem  11.  Give  the  complete  form  of  Eqs.  (40),  taking  into  account  that  the 
1-  and  3-axes  are  not  the  principal  axes  of  the  airplane  body. 

4.  Numerical  Discussion.  Let  us  take  up  the  same  airplane  and  the 
same  state  of  level  flight  whose  longitudinal  stability  was  analyzed  in 
Secs.  1  and  2  of  this  chapter.  The  main  characteristics  involved  in 
both  stability  investigations  are  the  ratio  Vf/gl  and  the  level-flight  valué 
Cli  (now  simply  written  Cl)  of  the  lift  coefficient.  As  reference  length  / 
we  choose,  as  in  the  preceding  sections,  the  tail  distance,  i.e.,  usually 
the  distance  between  the  c.g.  and  the  elevator  and  rudder  axles.  The 
valúes  of  these  parameters  in  our  example  are 

^4  =  46.6        Cl  =  0.432 

Of  the  other  parameters  already  used  in  the  preceding  sections  we 
shall  need  the  wing-drag  and  the  total-drag  coefficients,  Cd  =  0.03  and 
Cto  =  0.06,  and  the  derivatives  with  respect  to  a  of  both  lift  and  drag 
coefficients,  C[  =  k  -=  4.8,  and  C'j,  =  2kCL/TJR  ~  0.21.  As  to  the 
horizontal  tail,  it  would  supply  only  a  numerically  unimportant  addition 
to  the  damping  rolling  moment,  due  to  roll,  which  may  be  neglected. 

More  important  parameters  in  the  problem  of  lateral  stability  are  the 
dihedral  angle  5,  the  área  S"  of  the  vertical  tail,  and  the  two  radii  of 
gyration  for  roll  and  yaw,  jil  and  jd-     The  following  assumptions  cor- 
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respond,  at  least  in  the  order  of  magnitude,  to  normal  conditions 

^  =  0.1,        jl  =  0.07,        jl  =  0.11 

For  the  dihedral  angle  we  choose  first  8  =  0.07  (about  4°)  and  shall  later 
discuss  the  influence  of  varying  5.  Furthermore,  the  two  mean-span 
distances  y^  and  y*  and  the  mean  distances  for  the  vertical  tail  z^  and  2;*  are 
involved  in  the  present  argument.  As  correct  in  order  of  magnitude  one 
may  assume  y* /I  =  0.4,  yl/l^  =  0.25,  while  z*  and  z^  are  much  smaller. 
It  may  be  assumed  2*  =  O  {i.e.,  the  centroid  of  the  vertical  tail  on  the 
longitudinal  axis)  and  zl/l"^  =  0.01.  Then,  except  for  the  destabilizing 
contribution  to  g^,  due  to  the  airplane  body,  the  nine  coefíicients  as 
defined  in  (54)  can  be  computed.  The  contributions  from  the  tail 
and  from  the  wing  are  separately  indicated  in  the  formulas: 

,                 0.18  +  0.06  „.  .  „  ,  nono        n 
O  4S2 —  '^  —0.6,         64  =  O        66  =  0.009  ~  O 

,        46.6(0  -  0.134)  ^.„  ,  0.00  +  1.20  .„ 

^'  =     0.07  X  0.432    ^  -^^^'        ^^  ^  -        0.030        =  "^^^ 

O  -  0.216       „ 
^'=  -      0.030      '^  ' 
^  46.6(0.18  -   .  .  •   +  0.01)  ^  _  O  -  0.05 

^^  0.11  X  0.432  ^*  0.047     '^ 

0.18  +  0.015 
^^  0.047        ^ 

The  factor  g2  determines  the  static  directional  stability,  as  discussed 
in  Sec.  XVII. 5.  Using  the  moment  coefficient  Cm  introduced  in  Sec. 
XVI 1. 6,  one  can  write  g2  in  the  form 

1  yn  Bdc^ 

where  B  is  the  wing  span  and  dCu/dUi  is  written  for  —dCu/d^.  In  the 
foregoing  numerical  expression,  the  two  contributions  from  tail  and  wing 
would  yield  gi  '^  190,  while  subtracting  the  destabilizing  influence  of  the 
fuselage,  under  the  usual  assumptions,  would  render  gi  much  smaller. 
As  was  mentioned  in  Sec.  XVII.6,  a  valué  —dCM/d^  oí  about  0.04  gives  a 
satisfactory  degree  of  static  stability.  With  this  figure  and  B/l^^  1.8, 
Eq.  (55)  would  give  g2  '^  70.  In  the  following  computation  half  this  valué 
is  first  assumed  to  be  valid,  and  the  influence  of  changing  g-2.  is  discussed 
later. 

From  Eqs.  (44)  with  y¡/  =  O  and  the  valúes  for  62,  hi,  .  .  .  ,  g&  just 
derived  we  find,  slightly  abbreviating, 

N    a  =  45,         h  =  214,         c  =  1492,         d  =  595  (56) 
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and  the  algébrale  equation  for  X, 

X^  +  45X3  +  214X2  +  1492X  +  595  =  O  (57) 

It  is  seen  that  all  coefficients  are  positive,  as  requlred  for  stability. 
Moreover,  the  two  sides  of  the  last  ineqiíality  (45)  are 

-  =  33.16         6  -  4-  =  214  -  kI^  =  196 
a  c/a  33.16 

Thus,  all  stability  conditions  are  fulfilled. 

The  types  of  motion  that  can  set  in  after  a  lateral  disturbance  has 
occurred  depend  on  the  roots  of  (57).  It  is  easily  seen  that  two  real  roots 
exist,  one  very  small,  determined  by  the  last  two  terms 

Xi  ~  -  ■m2  =  -0.399 

and  a  large  one  determined  by  the  first  and  second  term 

X2  ~  —45 

In  order  to  improve  on  Xi,  we  write  (57)  in  the  form 

X  =  -  i^V  -  T4W(214X2  +  45X3  +  X^) 

and  introduce  on  the  right-hand  side  the  approximation  —0.4  for  X. 
This  jdelds  Xi  =  —0.421;  and  if  the  same  procedure  is  repeated  once 
more  (i.e.,  —0.421  substituted  on  the  right  side),  one  finds  —0.422.  Thus 
Xi  =  —0.422  can  be  considered  as  a  sufíiciently  exact  solution. 

The  second  root  can  be  improved  by  rearranging  (57)  in  the  form 

214       1492       595 
^~      ^^       ~\  X^~"X^ 

If,  here,  —45  is  substituted  to  the  right,  one  obtains  X  =  —  41 ;  and  if  the 
procedure  is  repeated,  X2  =  —40.6  can  be  secured  as  a  good  approxima- 
tion of  the  second  root. 

The  remaining  two  roots  are  found  by  using  the  facts  that  the  sum  of 
all  four  roots  must  be  —45  and  their  product  595.     This  gives 

X3  +  X4  =  -45  +  40.6  +  0.4  =  -4.0,         X3X4  =  q  422  x  40  6  =  ^^•'^ 

These  two  relations  allow  us  to  compute  X3  and  X4  in  the  well-known  way, 

X3,  X4  =  -2.0  ±  V4.00  -  347  =  -2.0  ±  5.54í 

Thus,  according  to  (34)  and  (35),  the  possible  motions  are  two  aperi- 
odically  damped  modes  with  the  half-time  valúes 

.,       Fi  0.693       ,_  ,__ 

t   =  —     rr-  =  15  sec.  and  0.16  sec. 
</      X 
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and  one  damped  oscillation  with  the  half-time  t'  =  3.2  sec.  and  the  period 

Vi2ir        irk  /I 
íi  =  —  TT/  =  10-6  sec. 
9   ^ 

In  Fig.  404  the  four  types  of  motion  are  indicated.  The  abscissas 
are  the  valúes  of  t,  and  the  ordinates  represent,  on  an  arbitrary  scale, 
any  of  the  variable  u-2,  <ti,  <ts-  The  actual  valúes  of  W2,  (^i,  cs,  as  they 
occur  foUowing  a  disturbance  of  the  steady  level  flight,  can  be  determined 


,u¿,a^/,ü/j 


^r 


f40.6T         j  e^cosS.Sr 
2.  e-^''^^^       4.  e^sin5.5T 

Fig.  404. — Modes  of  motion  for  the  iiumerical  example. 

in  the  same  way  as  was  seen  in  Sec.  2  of  this  chapter  in  the  case  of  longi- 
tudinal motion. 

Tn  discussing  the  influence  of  the  various  factors  on  the  lateral 
stability  one  may  first  vary  the  coefficient  gi,  which  determines  the  static 
stability.  If  the  eight  other  coefficients  62,  64,  ...  ,  etc.,  are  kept 
unchanged,  formulas  (44)  with  ^  =  O  yield 

a  =  45,         6  =  179  +  g-i,         c  =  92  +  40é^2,         á  =  840  -  Ig. 

The  a,  6,  c,  d  will  be  positive  if  g-i  is  smaller  than  ^^  =120  and  greater 
ihun  —  H  =  —2.3.     The  last  inequality  (45)  now  reads 

92  +  40,2  ^  ^7,,  ^  ^^  _  45(840  -  Tg^) 


45 


92  +  \^g. 
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It  can  easily  be  computed  that  this  is  fulfilled  only  if  g^  is  greater  than  2.9. 
Thus,  with 

2.9  <  sr2  <  120 

an  upper  and  lower  limit  for  the  static  stability  is  found,  similar  to  what 
was  seen  in  the  problem  of  longitudinal  stability.  The  only  difference  is 
that  the  lower  limit  is  not  zero  biit,  in  the  present  case,  a  positive  valué. 
That  even  slight  negative  valúes  are  admissible  in  other  cases  can  be  seen 
from  the  following  argument. 


Unsta  b  /e 


■200 


-150 


-50 


-100 
U  n  sfci  b  I  e 

FiG.  405. — Región  of  lateral  stability. 

Let  US  vary,  besides  gi,  the  dihedral  angle  5.  The  valué  of  5  influences 
di  and,  to  a  slight  extent,  g-í.  If  the  other  coefficients  remain  unchanged, 
formulas  (44)  give 

tt  =  45,         b  =  179  +  ^2,         c  =  92  +  40í?2;         d  =  -Ig^  -  ádo 

Thus  the  upper  bound  for  gi  will  be  —idi/l,  that  is,  decreasing  pro- 
portional  to  do  or  to  5.     The  lower  limit  is  determined  by  the  inequality 

92  +  40g2  ^  17Q    ,    ,     ,   45(7^2  -f-  4d,) 
45         <  179  +  g,  +      92  +  40^2 

The  limiting  curve  in  the  c?2-S'2-plane  is  seen  to  be  a  parábola  whose 
essential  part  is  nearly  a  straight  Une,  L  in  Fig.  405.  It  passes  through 
the  points  di  =  O,  gi  =  -2.2;  di  =  -90.5,  gi  =  0;  (¿2  =  -210,  g^  =  2.9, 
thus  nearly  coinciding  with  the  í¿2-axis.  The  región  of  stability,  hatched 
in  Fig.  405,  is  confined  between  this  parábola  and  the  straight  Une 
7gf2  -|-  4c?2  =  O  and  also  includes  points  with  negative  g^. 

The  roots  X  turn  out  to  be  only  slightly  sensitive  to  a  change  of  d^  and  g-y 
within  reasonable  limits.     In  our  first  argument  point  A   of  Fig.  405 
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with  the  coordinates  —210,  35  was  iised.  If  only  half  the  original 
dihedral  5  =  4°  is  applied,  ¿2  reduces  to  —105.  With  the  original 
gf2  =  35  (point  B),  the  roots  are 

Xi  =  -0.119,         Xa  =  -40.6,         X3,  X4  =  -2.15  ±  5.62¿ 

and  if  Qi  is  reduced  to  20  (point  C),  the  roots  become 

Xi  =  -0.337,         X2  =  -40.6,         X3,  X4  =  -2.05  ±  4.03z 

In  neither  case  is  the  behavior  of  the  airplane  much  altered. 

The  main  results  of  this  argument  can  be  roughly  summarized  as 
follows:  Airplanes  of  conventional  design,  with  a  small  amount  of  dihedral, 
are  dynamically  siable  against  lateral  disturhances,  independently  of  their 
heing  statically  stable.  Exceedingly  high  static  stability  (large  fins  and 
rudders)  destroys  the  dynamic  stability.  Slight  violations  of  the  dynamic 
stability  conditions  are  not  dangerous  since  they  lead  to  modes  of  motion 
that  can  easily  be  controUed  by  rudders  and  ailerons, 

Problem  12.  Compute  the  minimum  valué  of  dihedral  angle  required  for  lateral 
stability,  in  the  case  of  the  airplane  discussed  in  the  text,  with  ^2  =  35.  How  does 
the  minimum  required  dihedral  angle  change  if  the  static  stability  factor  g-z  varies? 

Problem  13.  Discuss  the  lateral  stability  and  the  modes  of  motion  foUowing  a 
disturbance,  for  the  example  of  the  text,  with  the  only  change  that  the  área  ratio 
S"/S  is  reduced  to  0.08. 

5.  Final  Remarks.  Autorotation.  Spinning.  The  stability  investi- 
gation  in  the  preceding  sections  covers  only  the  case  of  steady  level  flight. 
But  the  argument  can  easily  be  extended  to  any  other  state  of  steady 
motion  in  a  straight  path,  climbing,  diving,  or  gliding.  It  is  much  more 
diíficult  to  analyze  the  stability  conditions  of  the  more  general  types  of 
steady  motion  mentioned  in  Sec.  XIX. 2,  horizontal  turn  and  helicoidal 
motion  with  vertical  axis.  In  these  cases  the  problem  cannot  be  divided 
into  two  independent  problems,  each  concerning  only  one  group  of  the 
variables.  Here  the  stability  problem  is  of  the  type  discussed  in  Sec. 
XIX. 3,  but  of  the  eighth  order.  The  characteristic  X-equation  is  of 
the  eighth  degree,  and  its  eight  roots  must  be  examined.  In  addition  to 
all  the  parameters  involved  in  the  longitudinal  and  lateral  stability 
investigation  there  appear  the  parameters  that  determine  the  state  of 
motion  under  consideration,  radius  of  curvature,  angular  velocity,  and, 
in  the  second  case,  the  pitch.  Such  a  complete  analysis  has  so  far  not 
yet  been  worked  out,  and  it  seems  reasonable  to  postpone  it  until  more 
reliable  and  more  detailed  data  on  forcé  and  moment  derivatives  are 
available. 

From  a  practical  point  of  view  it  may  be  expected  that  the  conven- 
tional airplane  in  steady  flight  with  the  usual  large  radii  of  curvature  will 
behave  approximately  in  the  same  manner  as  it  does  in  the  case  of  straight 
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flight.  Thus  fulfillment  of  the  stability  conditions  for  straight  flight 
may  be  considered  sufficient  for  all  practical  purposes.  This  refers  to 
horizontal  turns  as  well  as  to  climbing  or  gliding  in  flat  spirals. 

There  is,  however,  another  restriction  included  in  the  theory  as 
developed  in  Secs.  1  to  4  of  this  chapter.  In  all  formulas  for  forcé  and 
moment  derivatives  we  assumed  that  all  airfoil  elements,  in  steady  flight 
as  well  as  during  the  motion  that  follows  a  disturbance,  work  under 
angles  of  incidence  helow  stalling,  where  lift  and  drag  coefñcients  follow 
the  linear  and  the  parabolic  laws,  respectively.  With  a  view  to  practical 
airplane  conditions  it  is  necessary  to  study  certain  cases  of  motion  under 
higher  incidence,  also.  The  most  important  phenomenon  of  this  kind 
is  a  downward  flight  in  a  flat  or  steep  spiral  at  angles  of  incidence  going 
as  high  as  70°.  This  type  of  motion  is  generally  known  as  the  spinning 
of  an  airplane.     It  is  not  intended  to  give  here  an  exhaustivo  theory  of 


y 


FiG.  406. — Change  of  incidence  in  roll. 

the  spinning  phenonioiKJii.     Only  a  few  of  its  characteristics  will  be 
briefly  discussed. 

Let  US  first  consider  an  airplane  moving  in  straight  level  flight  at 
the  wing  incidence  am.  For  the  sake  of  simplicity  it  will  be  assumed  that 
the  airplane  is  exposed  to  one  certain  type  of  disturbance  only,  viz.,  to  an 
additional  roll  coi.  This  condition  can  easily  be  realized  in  a  wind-tunnel 
experiment.  The  airplane  model  has  to  be  constrained  to  rotate  about 
a  fixed  axis  parallel  to  the  1-direction  and  passing  through  the  c.g.  In 
this  case,  with  a  constant  wind  speed  V,  we  have  a  problem  of  one  degree 
of  freedom  and  one  single  equation  of  motion 


r     do¡  1  T,  r 


(58) 


The  rolling  moment  Mi  is  zero  for  wi  =  O  because  of  symmetry,  and  the 
type  of  motion  following  an  initial  valué  of  coi  depends  on  how  Mi  is 
connected  with  co  i-values  different  from  zero. 

In  order  to  obtain  Information  about  the  function  Mi(wi)  consider 
a  wing  of  any  plan-form  (Fig.  406),  twisted  in  such  a  way  that  the  effec- 
tive  angle  of  incidence  in  the  undisturbed  state  of  motion  equals  «« 
throughout  the  span.     (Tf  a^  is  large,  the  twist  will  be  negligible.)     Now, 
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if  a  roll  of  amount  a?i  occurs,  the  resultant  velocity  vector  at  the  distance 
y  from  the  axis  will  consist  of  the  forward  speed  V  and  a  component  yojí 
normal  to  it.     Setting 

'Y  ^  ^'         W"  ^  ^*  ^  ^ 

the  angle  of  incidence  for  the  wing  element  under  consideration  will  be 
a-m  +  are  tan  y\  and  the  resulting  velocity  equal  to  Vr  =  V  \/l  +  tj^. 
Using  the  "strip  hypothesis"  introduced  in  Sec.  XVIII. 5,  we  may 
assume  that  a  forcé  of  magnitude 

dF  =  Cr~_  72  dS  (60) 

is  acting  on  the  wing  element  of  área  dS  =  cdy.  The  direction  of  this 
forcé  will  be  approximately  perpendicular  to  the  axis,  thus  supplying  a 
rolling  moment  equal  io  —y  dF. 

The  coefficient  Cr  in  (60)  depends  on  the  angle  of  incidence.  In 
Fig.  407  a  typical  curve  giving  Cr  =  \/C\  +  C\  vs.  a  is  shown  for 
a-values  up  to  70°  (see  Fig.  187).  One  may  combine  two  symmetric 
elements  d&  and  introduce  the  difference 

ACr  =  Cr{ctm,  +  arc  tan  77)  —  Cr{ciyn  —  are  tan  r\)  (61) 

Then  the  rolling  moment,  according  to  the  strip  hypothesis,  will  be 


iWi  =  -  I  T-   I  ACV(7?)(1  +  v')cy  dy 


II    í 

c?   J 


=  -|^   /      {I  +  v')  ^Criv)cv  dv     (62) 


If  all  angles  of  incidence  involved  fall  in  the  range  below  stalling, 
the  difference  ACr  is  throughout  positive,  and  therefore  the  rolling 
moment,  due  to  a  positive  roll,  is  negative;  the  roll  is  automatically 
damped  and  dies  away,  practically  within  a  finite  time.  It  is  different 
when  the  stalling  limit  is  exceeded. 

In  Fig.  407  a  definite  valué  a^  =  24°  is  indicated.  The  dotted  Une 
is  the  image,  reflectcd  with  respect  to  the  line  «^  =  24°,  of  the  Cr  vs. 
a-curve.  Thus  the  ordinatc  difference  between  the  two  curves  gives 
the  valúes  of  AC,  for  all  77.  It  is  seen  that  in  the  present  example  ACr 
is  negative  for  small  77  and  becomes  positive  later.  Thus,  if  the  roll  rate 
r¡i  =  CO1B/2V  is  small,  the  rolling  moment,  according  to  (62),  will  have  a 
positive  valué;  it  will  tend  to  increase  an  initial  roll.  As  the  usual  stabil- 
ity  definition  refers  to  small  disturbances  only,  the  state  of  flight  under 
the  incidence  a^  =  24°  must  be  called  unstable.     If  the  same  reasoning 
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is  applied  to  «^  =  34°  where  the  Cr  vs.  a-curve  is  again  rising,  one  finds 
that  this  angle  of  incidence  leads  to  a  stable  flight. 

It  is,  however,  more  important  in  the  present  problem  to  study  the 
moment  Mi  as  function  of  coi  or  t?i  for  larger  vakíes  of  roll.  If  the  plan- 
form  of  the  wing  is  given  by  c(y)  and  the  angle  am  chosen,  the  Eq.  (62) 
allows  US  to  find,  by  graphical  or  numerical  integration,  the  rolhng 
moment  Mi  for  each  roll  rate  771.  Typical  results  are  shown  in  Fig.  408. 
Curve  1  corresponds  to  a  small  valué  of  a^  (below  stalling  conditions) ;  it 
shows  only  negative  valúes  of  Mi  and  represents  the  case  of  complete 
stability.  For  a^  =  24°,  curve  2,  the  moment  is  first  positive,  then 
negative.  The  curve  intersects  the  771-axis  at  a  point  A.  Whatever 
small  initial  roll  occurs,  the  angular  velocity  will  increase  up  to  the  valué 
that  corresponds  to  the  point  A.     This  phenomenon  or  the  rji-range 


Fig.  407. 


*-a 


-Computation  of  rolling 
moment. 


Fig.  408.- 


-RoUing  moment  vs.  roll 
rate. 


within  which  it  occurs  is  known  as  the  autorotation  of  an  airplane.  When 
the  coi  corresponding  to  A  is  reached,  the  roll  speed  avíU  stay  unchanged. 

For  still  higher  valúes  of  -qi  (curve  3),  there  is  first  a  región  of  negative 
Mi  up  to  the  point  B,  followed  by  the  interval  BC  with  positive  valúes 
of  the  moment.  This  case  is  known  as  latent  autorotation.  A  sufíiciently 
small  initial  roll  will  die  away;  but  if  a  certain  narrow  limit  (represented 
by  the  abscissa  of  B)  is  exceeded,  the  initial  angular  speed  will  automati- 
cally  increase  up  to  a  higher  valué  corresponding  to  the  point  C  and  will 
stay  there  unchanged. 

Autorotation  is  probably  the  beginning  of  each  spinning  motion. 
When  an  airplane  is  flying  under  too  high  an  incidence  a  gust  or  some 
deviation  from  full  symmetry  (for  example,  an  unbalanced  propeller 
moment)  may  produce  an  initial  roll  that  then  increases  automatically 
up  to  a  considerable  valué.  A  bank  angle  corresponding  to  a  right  turn 
is  connected  with  a  positive  roll.  The  bank  brings  about  a  horizontal 
component  of  the  air  reaction,  directed  starboard.     This  forcé  component 
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causes  the  airplane  to  rotate  about  a  vertical  axis  with  the  rotation 

— > 
vector  üj  pointing  downward.  At  the  same  time  the  nose  of  the  air- 
plane must  go  down  since  the  1-component  of  w ,  that  is,  the  roll,  is 
positive.  Yawing  and  pitching  moments  seem  to  be  of  minor  importance. 
Experience  shows  that  in  this  way  airplanes  of  conventional  design 
very  soon  reach  a  state  of  flight  in  which  all  equilibrium  conditions  are 
fulfiUed.  The  center  of  gravity  of  the  airplane  (and  every  other  point) 
moves  downward  in  a  helical  path  with  vertical  axis,  at  a  constant 
velocity  and  constant  inclination  to  the  vertical  (Sec.  XIX. 2).  Valúes  of 
uB/2V  (where  V  is  the  c.g.  speed)  from  0.3  up  to  1.2  have  been  observed 
with  an  inclination  of  the  c.g.  path  ranging  from  about  30  to  60°. 

In  the  beginning  of  flying  practice,  until  about  1914,  the  spinning 
flight  used  to  end  fatally  since  the  pilot  was  unable  to  change  his  steady 
state  of  flight  into  conditions  suitable  for  landing.  It  was  then  learned 
that,  with  the  high  angle  of  incidence,  the  airplane  is  in  the  regime  of 
reversed  commands  (Sec.  XIV. 3)  so  that  maneuvers  contrary  to  the 
natural  reaction  of  the  pilot  are  necessary.  In  order  to  change  from  the 
steep  to  a  flatter  descent  the  elevator  stick  must  be  pushed  forward 
as  though  steeper  diving  were  intended.  If  at  the  same  time  the  lateral 
controls  are  operated  in  the  sense  opposite  to  the  rotation,  the  transition 
to  a  normal  flight  with  an  incidence  in  the  domain  of  direct  commands 
can  be  performed  in  most  cases.  There  exists,  however,  a  dangerous 
type  of  flat  spin  with  exceedingly  high  valué  of  the  rotation  rate  coB/2V 
that  often  cannot  be  checked  by  such  maneuvers.  It  seems  that  the 
pitching  moment  due  to  centrifugal  forces  which  cannot  be  overeóme 
by  the  elevator  moment  is  partly  responsible  for  it.  Besides,  the  lateral 
controls  may  refuse  to  act  in  the  required  sense,  the  ailerons  because 
their  rolling  moment  is  accompanied  by  an  adverse  j^awing  moment,  and 
the  rudder — which  should  be  the  most  effective  control  for  checking  the 
spin — because  it  is  shielded  by  the  elevator  from  the  action  of  the  air. 
The  most  effective  protection  against  catastrophic  spin  is  a  well-consid- 
ered  tail  design  that  keeps  the  control  surfaces  in  action  in  all  conditions 
that  may  occur  in  actual  flight.  The  danger  of  spin  is  greater  for  smaller 
airplanes  than  for  larger  ones.  This  indicates  that  the  size  factor  V^/gl, 
which  is  involved  in  all  stability  questions,  plays  an  important  role  in  the 
spinning  problem,  also. 

These  remarks  can  give  only  a  remote  idea  of  the  diflftculties  that  are 
encountered  in  the  dynamics  of  the  airplane  when  other  than  the  simplest 
types  of  motion  are  considered.  It  must  be  left  to  the  reader  to  complete 
his  Information  by  studying  the  currcntly  published  research  papers 
and  by  his  own  efforts  in  elaborating  the  arguments  presented  in  the  text. 
In  this  last  chapter,  as  well  as  in  all  the  preceding,  only  the  basic  facts 
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could  be  mentioned  and  only  the  fundamentáis  of  the  theoretical  approach 
have  been  discussed.  For  some  topics,  like  the  wing  theory,  the  use  of 
more  advanced  mathematical  methods,  for  others  a  broader  foundation 
gained  through  observation  and  experiment  will  provide  a  deeper  com- 
prehension  of  all  the  diversified  phenomena  involved  in  the  flight  of  an 
airplane  than  this  textbook  could  offer. 
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For  a  brief  introduction  to  the  more  elementary  topics  the  reader  may  consult 
Clark  B.  Millikan,  "Aerodynamics  of  the  Airplane,"  New  York,  1941.  A  compre- 
hensive  text,  dealing  with  all  problenis  of  flight  theory  is  "Aerodynamic  Theory,  A 
General  Review  of  Progress,"  William  Frederick  Durand,  editor  in  chief,  6  vols., 
Berlín,  1934-1936  (in  English);  reprinted  1943  by  the  Durand  Reprinting  Committee, 
California  Institute  of  Technology,  Pasadena,  Calif.i 

Most  of  the  Information  concorning  o])sorvation  data  will  be  found  in  the  foUowing 
publications: 

Advisory  Committee  for  Aeronautics  (since  1920,  Aeronautical  Research  Conunittee), 
Reports  and  Memoranda  {R.  &  M.)  1,  (1909) — (Great  Britain). 

National  Advisory  Committee  for  Aeronautics  {NACA)  Tech.  Repts.  {Repts.)  1,  1915; 
Tech.  Notes  1,  (1920)— (United  States). 

"Ergebnisse  der  Aerodynamischen  Versuchsanstalt  zu  Gottingen,"  herausgegeben 
von  L.  Prandtl,  München-Berlin,  1923 (GermanjO- 

The  most  important  periodicals,  covering  both  the  experimental  and  the  theoretical 
field  are: 

Jour.  Roy.  Aeronautical  Soc,  1  (1897) . 

Zeüschrift  für  Flugtechnik  und  Motorluftschiffahrt  1,  (1910) 24  (1933)  and  Luft- 

fahrtforschung,  1  (1928) . 

Jour.  Aeronautical  Sci.,  1  (1934) . 

Chapter  I 

The  principies  of  hydrostatics  and  aerostatics  were  established  in  the  seventeenth 
century  by  Galilei,  Torricelli,  and  Pascal.  The  latter  was  the  first  to  recommend  the 
use  of  pressure  meaSurements  for  the  determination  of  altitude.  The  equation  of 
state  for  a  perfect  gas,  usually  connected  with  the  ñames  of  Boyle,  Mariotte,  Gay- 
Lussac,  and  Charles,  has  been  known  since  about  1800. 

The  need  for  a  "standard  atmosphere"  made  itself  felt  in  all  countries  from  the 
beginning  of  aviation  practice.  The  standard  valúes  now  generally  adopted  in  this 
country  are  given  in  NACA  Rept.  147  (1922);  for  tables  see  also  Repts.  218  (1925)  and 
246  (1926).  The  International  standard,  which  is  only  slightly  diifercnt,  is  defined 
in  British  Air  Pub.  1173  (September,  1925),  H.  M.  Stationery  OíTu-o,  London,  Regu- 
lation  Governing  the  Graduation  of  AJtimeters  Consequent  upon  the  Adoption  of  an 
International  Standard  Atmosphere. 

Information  about  the  physics  of  the  atmosphere  can  be  found  in  most  tcxtbooks 
on  meteorology. 

Chapter  II 

The  first  substantial  result  in  the  tluiory  of  fluid  inotioii  was  Bernoulli's  equation, 
given  by  Daniel  BernoulH  (1700-1782)  in  his  "Hydrauli(;o-statica"  of  1738.  Later, 
Leonhard  Euler  (1707-1783),  combining  Newton's  second  law  with  the  assumption  of 

1  Hereafter  referred  to  as  W.  F.  Durand,  "  Aen)dyiuim¡(!  Theory." 
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a  mere  normal  stress  at  all  points,  developed  the  complete  system  of  partial  differential 
equations  that  control  the  motion  of  a  "perfect"  fluid.  Our  equation  (16)  or  (19) 
is  only  a  very  special  consequence  of  Euler's  equations,  valid  for  two-dimensional 
steady  flow.  New  forms  were  given  to  Euler's  theory  by  J.  L.  Lagrange  (1736-1813), 
by  H.  V.  Helmholtz  (1821-1894),  and  by  Lord  Kelvin  (William  Thomson)  (1824- 
1907).  The  interpretations  given  in  Secs.  4  and  5  are  based  on  the  results  of  Helm- 
holtz, who  introduced  the  notion  of  vorticity,  and  of  Kelvin,  who  mainly  used  the 
notion  of  circulation.  The  papers,  still  worth  reading,  are:  Helmholtz,  Über  Intégrale 
der  hydrodynamischen  Gleichungen,  die  den  Wirbelbewegungen  entsprechen,  Crelle's 
Jour.,  55  (1858);  Kelvin,  On  Vortex  Motion,  Trans.  Roy.  Soc.  Edinborough,  25  (1869). 
The  first  is  reprinted  in  Ostwald's  "Klassiker  der  exakten  Wissenschaften  79," 
Leipzig,  1896;  the  second  in  Kelvin's  "  Mathematical  and  Physical  Papers,"  Cam- 
bridge, 1882. 

A  complete  survey  of  the  classical  theory  of  perfect  fluids  can  be  found  in  H. 
Lamb,  "Hydrodynamics,"  5th  ed.,  Cambridge,  1924;  a  shorter  introduction  in 
L.  M.  Milne-Thomson,  "Theoretical  Hydrodynamics,"  London,  1938.  For  those 
parts  of  the  theory  which  are  more  closely  connected  with  aviation  problema,  see 
also  the  mimeographed  lectures  quoted  in  the  preface,  p.  vü. 

Chapter  III 

The  earliest  investigation  of  the  reaction  of  moving  fluid  upon  rigid  bodies  is  due 
to  Daniel  Bernoulli  (1738).  The  moment  of  momentum  equation  in  form  (14)  was 
given  by  Euler  (1754).  A  complete  and  correct  discussion  of  the  problems  connected 
with  the  momentum  and  energy  equations  can  hardly  be  found  in  the  existing  litera- 
ture.  Our  text  attempts  only  a  brief  introduction.  For  a  discussion  of  the  incom- 
pressible  case,  see  also  R.  v.  Mises,  "Theorie  der  Wasserráder,"  Leipzig,  1908. 

Chapter  IV 

The  concept  of  fluid  friction  being  proportional  to  the  relative  "gliding"  of  neigh- 
boring  layers  is  due  to  Newton.  L.  Xavier  developed  (1827)  a  molecular  theory  that 
led  to  a  definite  system  of  partial  differential  equations,  and  G.  G.  Stokes  showed 
later  (1845)  that  the  same  equations  can  be  derived  on  the  basis  of  the  general  concept 
of  the  stress  tensor  in  a  continually  distributed  mass.  The  main  facts  of  hydraulics, 
known  since  about  the  beginning  of  the  nineteenth  century,  were  in  strong  contra- 
diction  with  the  theory  of  viscous  fluids.  I.  Boussinesq  (1877)  was  the  first  to  explain 
the  discrepancies  by  ascribing  them  to  turbulence,  and  Osborne  Reynolds  (1883) 
gave  the  full  experimental  evidence  by  discovering  the  critical  hmit  that  separates 
laminar  and  turbulent  flow.  Reynolds  also  initiated  the  dimensional  analysis  as 
outlined  in  See.  2.  The  hydraulic  hypothesis,  generally  used  for  a  long  time,  was 
explicitly  formulated  by  R.  v.  Mises  (1908). 

The  discovery  of  the  discontinuous  type  of  perfect  fluid  motion  is  one  of  the  great 
achievements  of  H.  v.  Helmholtz  (1868).  The  theory  has  been  extended  by  T.  Levi- 
Civita  (1907)  to  include  the  formation  of  a  wake  behind  rounded  obstacles.  Special 
questions  of  great  importance  have  been  studied  by  C.  Schmieden  [Ingenieur  Arch. 
3  (1932)  and  6  (1934)],  by  St.  Bergman  [Z.  angew.  Mathem.  Mechanik,  12  (1932)],  and 
by  I.  Leroy  [Commeniarii  Helvetici,  8  (1935-1936)]  and  others.  The  theory  of  the 
vortex  Street  was  given  by  Th.  v.  Kármán  in  Physik.  Z.,  13  (1912). 

L.  Prandtl  found  (1904)  an  approximate  solution  of  the  Navier-Stokes  equations 
that  represents  a  laminar  boundary  layer.  Manj^  examples  have  been  studied  later 
in  connection  with  the  problem  of  separation.  A  bibliography  is  given  in  the  reprint 
of  Prandtl's  original  paper;"    Vier  Abhandlungen  zur  Hydrodynamik,"  Gottingen, 


616  THEORY  OF  FLIGHT 

1927.  Later  R.  v.  Mises  [Z.  angew.  Mathem.  Mechanik,  8  (1928)]  gave  the  theory  a 
new  form,  which  was  used  by  Th.  v.  Kármán  and  C.  B.  Millikan  [NACA  Tech.  Rept.  504 
(1934)]  to  solve  a  problem  connected  with  the  flow  past  an  airplane  wing.  The  idea 
of  a  turbulent  boundary  layer  was  developed  by  Th.  v.  Kármán  in  Z.  angew.  Mathem. 
Mechanik,  1,  233  (1921). 

More  information  about  the  subject  of  this  chapter  may  be  foiind  in  the  books: 
Prandtl-Tietjens,  "Fundamentáis  of  Hydro-  and  Aeromechanics,"  New  York,  1934; 
"Modern  Developments  in  Fluid  Dynamics"  (composed  by  the  Fluid  Motion  Panel 
of  the  Aeronautical  Research  Committee  and  others  and  edited  by  S.  Goldstein) 
2  vols.,  Oxford,  1938. 

Chapter  V 

The  fact  that  fluid  resistance  of  bluff  bodies  is  approximately  proportional  to  the 
square  of  the  velocity  has  been  known  since  the  late  eighteenth  century.  The  first 
theoretical  account  of  this  fact  was  supplied  by  Helmholtz's  investigation  on  dis- 
continuous  flow  (see  Chap.  IV).  The  subsequent  experimental  research  was  mainly 
promoted  by  the  use  of  Reynolds's  dimensional  analysis,  F.  W.  Lanchester's  notion 
of  streamhning,  and  Prandtl's  boundary-layer  theory.  Actual  sources  for  informa- 
tion on  experimental  results  are  the  book  by  G.  Eiffel,  "La  Resistance  de  l'air/'  2d  ed., 
Paris,  1911;  and  the  current  reports  of  the  Aerodynamische  Versuchsanstalt  Gottin- 
gen,  the  NACA,  and  the  (British)  Aeronautical  Research  Committee.  A  collection 
of  data  can  also  be  found  in  W.  S.  Diehl,  "Engineering  Aerodynamics,"  New  York, 
1936,  and  much  useful  information,  particularly  concerning  Sec.  6,  in  the  "Handbook 
of  Aeronautics"  (published  under  the  authority  of  the  Royal  Aeronautical  Society), 
Vol.  I,  London,  1938.  For  Kármán's  theory  leading  to  the  logarithmic  form  of  the 
skin-friction  relation  see  his  paper,  Nachr.  Ges.  Wiss.  Gótíingen,  1930,  pp.  50-76. 

Chapter  VI 

For  a  more  recent  system  of  profiles,  similar  to  that  of  the  four-  and  five-digit 
sets,  see  H.  B.  Helmbold  and  F.  Keune,  Luftfahrtforschung,  20,  81-96  (1943).  The 
three  types  of  theoretically  deñned  profiles  (Joukowski,  Kármán-Trefftz,  Mises) 
are  discussed  in  most  treatises  on  aerodynamics,  e.g.,  in  Vol,  III  of  W.  F.  Durand, 
"Aerodynamic  Theory." 

Chapter  VII 

The  systematic  study  of  airfoil  characteristics  has  been  considerad  as  one  of  the 
main  tasks  of  all  aerodynamic  research  institutions  during  the  last  35  years.  The 
results  can  be  found  in  the  current  publications  of  the  institutions;  in  addition  to 
those  already  cited  (Chap.  V),  see  also  "Allegato  ai  rendiconti  tecnici  del  ministero 
dell'  aeronáutica,"  Roma. 

Chapter  VIII 

The  two-dimensional  wing  theory  started  with  a  paper  by  W.  M.  Kutta  (only 
partly  published  in  Illustrierte  aeronauíische  MiUeüungen,  1902,  p.  133)  in  which  the 
author,  at  the  instigation  of  S.  Finsterwalder,  studied  the  lift  forcé  produced  on  an 
airfoil  by  the  irrotational  flow  of  a  perfect  fluid.  Indcpendently,  N.  Joukowski 
(1847-1921)  in  a  Russian  paper  of  1906  arrived  at  the  same  formula  L'  =  prV,  but 
he  also  showed  how  the  circulation  T  is  uniquely  determined  for  a  profile  with  one 
sharp  end.  In  his  paper  of  1910  [Z.  Flugtech.  u.  Motorliiftschiffahrt,  1,  280  (1910)] 
he  gave  the  first  correct  lift  formula,  valid  for  the  so-called  "Joukowski  profile." 
The  general  theory,  supplying  lift  and  moment  of  lift  for  arbitrary  profiles  and  leading 
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to  the  statements  concerning  the  aerodynamic  center,  was  developed  by  R.  v.  Mises 
[Z.  Flugtech.  u.  Motorluftschiffahrt,  8,  157  (1917);  11,  68,  87  (1920)].  The  theory  is 
presented  in  most  textbooks,  e.g.,  H.  Glauert,  "The  Elements  of  Aerofoil  and  Airscrew 
Theory,"  Cambridge,  1926;  Harry  Schmidt,  "  Aerodynamik  des  Fluges,"  Berlin- 
Leipzig,  1929;  W.  F.  Durand,  "Aerodynamic  Theory,"  Vol.  II  (Th.  v.  Kármán). 
Among  numerous  papers  that  supply  various  contributions  to  the  theory  may  be 
quoted:  W.  Müller,  Z.  angew.  Mathem.  Mechanik,  3  (1923),  4  (1924T,  5  (1925); 
W.  Birnbaum,  ibid.,  3  (1923);  F.  Hóhndor  ,  ibid.  6  (1926);  Th.  Theodorsen,  NACA 
Repts.  383  (1931)  and  411  (1932). 

The  thin-wing  theory  was  developed  by  M.  Munk  [NACA  Tech.  Rept.  142  (1922)]. 
It  was  shown  later  by  R.  v.  Mises  [Jour.  Aeronautical  Sci.,  7,  290  (1940)]  how  this 
method  can  also  be  used  as  the  first  step  in  a  sequence  of  successive  approximations 
that  leads  to  the  complete  solution  of  the  two-dimensional  airfoil  problem. 

Chapter  IX 

The  theory  of  wings  with  finite  span  was  inaugurated  by  F.  W.  Lanchester,  who 
in  !i  series  of  research  papers,  beginning  in  the  year  1894,  clearly  recognized  the  impor- 
tance  of  the  trailing  vórtices  behind  a  supporting  surface.  He  summed  up  his  main 
results  in  two  books,  "Aerodynamics"  and  "  Aerodonetics,"  London,  1907  and  1908, 
and  supplemented  them  in  a  paper  The  Airofoil  in  the  Light  of  Theory  and  Experi- 
ments,  Proc.  Inst.  Automobile  Eng.,  9,  169  (1915).  Meanwhüe,  since  1910,  L.  Prandtl 
studied  the  same  problem  and  arrived  at  similar  conclusions.  He  gave  a  complete 
presentation  of  his  farther  reaching  theory  in  two  papers  "  Tragflügeltheorie"  in  Nachr. 
Oes.  Wiss.  Góttingen,  1918  and  1919  (reprinted  in  "Vier  Abhandlungen  zur  Hydro- 
dynamik  und  Aerodynamik,"  Góttingen,  1927).  By  incorporating  the  results  of  the 
two-dimensional  wing  theory  (see  Sec.  4  of  this  chapter)  Prandtl  succeeded  in  supply- 
ing  a  definite  formula  for  computing  hft  and  drag  of  wings  and  systems  of  wings 
(biplanes)  of  arbitrary  shape.  In  numerous  papers  by  Prandtl's  coUaborators  and 
others  the  theory  has  been  improved  and  supplemented  in  various  directions.  In 
particular,  E.  Trefftz  by  introducing  the  Fourier  analysis,  as  used  in  Sec.  7  of  this 
chapter,  showed  a  convenient  way  for  arriving  at  numerical  results  [Z.  angew.  Mathem. 
Mechanik,  1,  206  (1921)].  A  brief  presentation  of  Prandtl's  theory  can  be  found  in 
the  books  of  Glauert  and  Harry  Schmidt  already  cited  (Chap.  VIII);  some  attempts 
at  generalization  are  indicated  in  the  articleof  J.  M.  Burgers  in  Vol.  II  of  W.  F.  Durand, 
"Aerodynamic  Theory."  Here  also  a  long  list  of  papers  dealing  with  the  subject 
can  be  found. 

Chapter  X 

For  the  theory  of  stalUng  consult  the  paper  by  Th.  v.  Kármán  and  C.  B.  Millikan, 
Jour.  Applied  Mech.,  57,  A-21  (1935).  Experimental  studies  on  staUing  conditions 
and  máximum  lift  can  be  found  in  many  NACA  reports,  in  most  cases  in  connection 
with  a  discussion  of  high-lift  devices;  see  e.g.,  Nos.  664,  668,  677,  and  679.  The 
boundary-layer  control  by  suction,  originally  suggested  by  L.  Prandtl,  has  been  care- 
fuUy  investigated,  for  example,  by  A.  Gerber  in  Mitt.  Inst.  Aerodynamik  Tech.  Hoch- 
schule  Zürich,  No.  6  (Zürich,  1938).  For  experiments  on  pressure  distribution  over 
airfoils  with  flaps,  see  NACA  Tech.  Repts.  574,  614,  620,  and  633. 

The  chordwise  pressure  distribution  for  Joukowski  proíiles,  typical  for  all  kinds 
of  profile,  was  first  computed  by  O.  Blumenthal,  Z.  Flugtech.  u.  Motorluftschiffahrt, 
4,  125  (1913).  The  computation  of  the  spanwise  distribution  is  an  essential  part  of 
Prandtl's  wing  theory,  and  various  procedures  are  suggested  in  treatises  and  papers 
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dealing  with  this  theory;  see,  e.g.,  I.  Lotz,  Z.  Flugíech.  u.  Motorluftschiffahri,  22,  189 
(1931). 

The  influence  of  the  compressibility  of  the  air  on  airfoil  characteristics  is  now  being 
studied  thoroughly  in  all  countries.  A  review  of  the  main  problems  and  a  mathe- 
matical  approach,  not  too  compUcated  for  the  mature  reader,  based  on  the  funda- 
mental ideas  of  the  Russian  mathematician  A.  Chaplygin  (1904),  were  given  by  Th.  v. 
Kármán,  Jour.  Aeronautical  Sci.,  8,  337  (1940).  The  Mach  number  is  named  for 
Ernst  Mach  (1838-1916),  famous  philosopher  of  science,  who  made  the  first  funda- 
mental observations  on  fast-moving  projectUes. 

Chapters  XI  and  XII 

The  study  of  the  action  of  screw  propellers  dates  back  to  the  work  of  W.  J.  M. 
Rankine  (1820-1872)  and  W.  Froude,  who  both  had  in  mind  marine  propulsión.  The 
geometry  of  an  airplane  screw  is  somewhat  different  from  that  of  a  ship  screw;  thus, 
here,  the  blade-element  theory,  inaugurated  by  Froude  [Trans.  Inst.  Naval  Archüects, 
30,  390  (1889)],  wins  higher  importance.  This  concept,  based  on  the  analogy  between 
a  propeller  element  and  an  airfoil,  was  first  applied  to  the  computation  of  airplane 
propellers  by  S.  Drzewiecky  (1900).  In  his  book,  "Des  hélices  aériennes,  théorie 
genérale  des  propulseurs,"  París,  1909,  the  blade-element  theory  is  developed  in  its 
original  form  (Sec.  XII.  1),  which  leaves  the  question  undecided  which  aspect  ratio 
of    the    airfoil    characteristics    should    be    used    in    the    computation. 

The  momentum  theory  was  initiated  by  Rankine  [Trans.  Inst.  Naval  Archüects, 
6,  13  (1865)]  and  later  developed  by  many  writers.  In  the  earUer  papers  no  circum- 
ferential  velocity  in  the  slip  stream  was  taken  into  account.  A.  Betz  [Z.  Flugtech.  u. 
Motorliiftschiffahrt,  11,  105  (1920)]  considered  this  rotation,  and  H.  Glauert  gave  a 
complete  set  of  equations  for  the  general  momentum  theory  (see  W.  F.  Durand, 
"  Aerodynamic  Theory,"  Vol.  IV,  p.  191).  The  first  who  tried  to  combine  the  notions 
of  the  momentum  theory  with  those  of  the  blade-element  theory  was  H.  Reissner 
[Z.  Flugtech.  u.  Motorluftschiffahrt,  1,  257,  309  (1910)].  Later  Th.  Bienen  and  Th.v. 
Kármán  developed  the  modified  momentum  theory  and  its  combination  with  blade- 
element  conceptions  along  the  fines  shown  in  Secs.  XII. 5  and  5  [Z.  Ver.  deutsch.  Ing., 
68, 1237  (1924)].  They  also  gave  an  interpretation  of  their  results  from  the  standpoint 
of  the  Lanchester-Prandtl  wing  theory.  Much  work  has  been  spent  on  attempts  to 
utilize  the  wing  theory  for  the  purpose  of  propeller  computation;  see  particularly 
L.  Goldstein,  On  the  Vortcx  Theory  of  Screw  Propellers,  Proc.  Roy.  Soc,  A  123,  440 
(1929).  But  it  seems  that,  except  for  the  question  of  blade  interference,  not  much 
more  can  be  reached  than  a  plausible  interpretation  of  the  results  otherwise  obtained. 
A  bibliography  and  a  review  of  these  attempts  can  be  found  in  Glauert's  article  in 
Vol.  IV  of  W.  F.  Durand,  "Aerodynamic  Theory."  For  a  comprehensive  study  of 
propeller  problems  and  a  more  complete  bibliography,  see  also  F.  Weinig,  "Aero- 
dynamik  der  Luftschraube,"  Berlin,  1940. 

Chapter  XIII 

More  detailed  Information  about  the  principies  underlying  the  operation  of  aircraft 
engines  can  be  found  in  any  of  the  nunierous  books  on  this  subject,  e.g.,  A.  W.  Judge, 
"Aircraft  Engines,"  Vol.  I,  New  York,  1941;  or  "Handbook  of  Aeronautics"  (see 
Chap.  V),  3d  ed.,  Vol.  II,  London,  1938.  For  the  early  development  see  L.  S.  Marks, 
"The  Airplane  Engine,"  New  York,  1922. 

The  foundation  of  the  dynamics  of  reciprocating  engines  was  laid  by  J.  v.  Radinger 
in  his  book  "Über  Dampfmaschinen  mit  hoher  Kolbengeschwindigkeit,"  3d  ed., 
Vienna,   1892.     A  modern  text,   including  the  theory  of  crankshaft  vibrations,  is 
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given  by  D.  L.  Thornton,  "Mechanics  Applied  to  Vibrations  and  Balancing,"  New 
York,  1941.  The  tuned  pendulum  was  introduced  by  E.  S.  Taylor,  Jour.  S.A.E. 
38,  81  (1936).  For  the  theory  see  also  the  articles  of  J.  P.  Den  Hartog  in  "Contri- 
butions  to  the  Mechanics  of  SoUds,  Dedicated  to  Stephen  Timoshenko,"  New  York, 
1938,  and  of  V.  Moore  in  Jour.  Aeronautical  Sci.,  9,  229  (1942). 

Chapters  XIV  and  XV 

The  main  problems  of  performance  computation  are  solved  by  a  discussion  of  the 
simplest  equilibrium  conditions  for  a  solid  body.  Thus  there  was  no  need  here  to 
develop  some  new  theory.  However,  a  considerable  time  was  needed  before  the 
ideas  about  the  conditions  of  airplane  operation  were  clarified.  The  earüest  writers, 
up  to  about  1908,  erroneously  searched  for  the  amount  of  work  needed  to  keep  a  body 
of  weight  W  suspended  in  the  air.  In  one  of  the  first  competent  texts,  written  by  two 
distinguished  mathematicians,  E.  Borel  and  P.  Painlevé  ("L'Aviation,"  Paris,  1910), 
no  clear  statement  of  the  performance  problem  can  be  found.  The  correct  solution, 
based  on  the  discussion  of  the  two  power  curves  (Sec.  XIV. 2),  developed  in  the  years 
1910  to  1915.  Among  the  earlier  books  that  give  a  correct  discussion  may  be  quoted: 
Capitaine  Duchéne,  "L'Aéroplane  étudié  et  calcidé  par  les  mathématiques  élémen- 
taires,"  3d  ed.,  Paris,  1913  (first  published  1911);  R.  v.  Mises,  "Fluglehre,"  5th  ed. 
by  K.  Hohenemser,  Berlin,  1936  (first  published  1915);  L.  Bairstow,  "Applied  Aero- 
dynamics,"  2d  ed.,  New  York,  1939  (first  edition  1920). 

As  long  as  wing  characteristics  and/or  propeller-engine  characteristics  are  given 
as  graphs,  only  a  graphical  performance  computation  is  possible.  There  is,  however, 
general  agreement  today  that  the  polar  diagram  of  a  wing  can  be  represented,  below 
staUing,  as  a  parábola.  On  this  basis  and  with  the  assumption  of  a  constant  power- 
available  valué  W.  B.  Oswald  [NACA  Tech.  Rept.  408  (1932)]  developed  the  procedure 
referred  to  in  Secs.  XV. 2  to  5.  It  is  obvious  that  various  different  forms  of  diagrams 
(e.g.,  logarithmic  scales)  can  be  used  without  aíTecting  the  essence  of  the  method. 
Real  progress  in  the  performance  computation  would  require  the  adoption  of  simple 
and  suíñciently  exact  expressions  for  the  propeller-engine  characteristics  and  the 
power-altitude  factor.     A  tentative  approach  is  presented  in  Secs.  XV.6  and  7. 

Chapter  XVI 

The  first  to  study  systematically  the  problem  of  range  and  endurance  was  Louis 
Bréguet,  one  of  the  French  pioneer  aircraft  designers.  His  formulas,  already  widely 
adopted  at  that  time,  are  published  in  L'Aérophíle,  29,  271  (1921).  A  more  elabórate 
discussion,  similar  to  that  given  in  Sec.  XVI. 1,  can  be  found  in  the  paperby  A.  B.  Scoles 
and  W.  A.  Schoech,  Jour.  Aeronautical  Sci.,  5,  436  (1938).  This  paper  deals  also 
with  take-off  computation.  For  more  empirical  data  about  the  take-off  (and  similar 
questions)  see  W.  S.  Diehl,  "Engineering  Aerodynamics,"  pp.  435-446,  New  York, 
1936.  An  interesting  study  on  the  landing  of  airplanes  is  given  by  H.  Glauert  in 
R.  &  M.  666  (1920). 

Seaplane  problems  are  verj^  involved,  and  most  of  them  are  not  yet  sufRciently 
studied.  A  valuable  review  and  a  bibliography  up  to  1936  are  given  by  E.  G.  Barrillon 
in  Vol.  VI  of  W.  F.  Durand,  "Aerodynamic  Theory,"  pp.  134—222.  For  an  attempt 
at  a  hydrodynamic  theory  of  watering,  see  Herbert  Wagner,  Z.  angew.  Mathem. 
Mechanik,  12,  193  (1932),  and  Proc.  Fourth  Intern.  Congress  Applied  Mech.,  Cambridge, 
1934,  p.  126. 

Chapter  XVII 

The  practical  problem  of  maintaining  the  equilibrium  of  pitching  moments  and 
the  longitudinal  stability  of  an  airplane  has  been  solved  by  Alphonse  Pénaud,  who 
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introduced  the  horizontal  tail  surface  as  a  constituent  part  of  a  model  airplane;  see 
L'Aéronaute,  París,  January,  1872.  The  elementary  computations  connected  with 
this  problem  are  now  given  in  almost  all  textbooks.  For  the  theorem  on  decalage 
as  derivad  in  Sec.  4  of  this  chapter  from  the  combination  of  two  aerodynamic  centers, 
see  the  author's  paper,  Jour.  Aeronauíical  Sci.,  7,  303  (1940).  The  influence  of  the 
fuselage  upon  the  static  stability  was  recently  stressed  by  H.  P.  Liepmann,  Jour. 
Aeronauíical  Sci.,  9,  181  (1942).  A  brief  representation  of  the  longitudinal-control 
and  static-stabiUty  theory  was  recently  published  by  Hans  Reissner,  Trans.  A.S.M.E., 
65,  625  (1943). 

Chapter  XVIII 

The  first  to  study  the  pathway  at  large  of  an  airplane  model  was  F.  W.  Lanchester; 
see  his  book  "  Aerodonetics,"  London,  1908  (2d  ed.  1910).  Under  more  general 
conditions  the  airplane  motion  was  studied,  for  example,  by  W.  Mueller,  Z.  angew. 
Mathem.  Mechanik,  19,  193  (1939),  Ingenieur  Arch.,  9,  258  (1938),  10,  63  (1939), 
11,  99  (1940).  The  results  of  these  computations  are  in  general  agreement  with  those 
of  the  simpler  approach  as  developed  in  Secs.  3  and  4  of  this  chapter.  The  more 
elementary  relations  of  airplane  dynamics  as  discussed  in  Sec.  1  of  this  chapter  and 
later  are  presented  in  many  texts  on  the  theory  of  füght. 

Chapters  XIX  and  XX 

The  general  equations  for  the  motion  of  an  airplane  (Secs.  XIX.  1  and  2)  wero 
discussed,  including  the  gyroscopic  effect  of  the  propeller  rotation,  by  the  author  in 
"  Encyclopaedie  der  mathematischen  Wissenschaften,"  Vol.  IV,  2,  pp.  343-352  (1911). 
The  general  theory  of  stability  has  been  developed  by  E.  J.  Routh,  "  Essay  on  Stability 
of  a  Given  State  of  Motion,"  London,  1877.  The  application  to  airplane  stability 
was  first  made  by  G.  H.  Bryan  and  W.  E.  Williams,  Proc.  Roy.  Soc.  London,  73,  1904, 
p.  100,  and  G.  H.  Bryan,  "Stability  in  Aviation,"  London,  1911.  A  simplified  dis- 
cussion  of  longitudinal  stabihty  is  due  to  Th.  v.  Kármán  and  E.  Trefftz,  Jahr.  Wiss. 
Ges.  Luftfahrt,  3,  116-138  (1914-1915).  Both  the  longitudinal  and  the  lateral  stability 
were  studied  theoretically  and  experimentally  by  J.  C.  Hunsaker,  Dynamical  Stability 
of  Airplanes,  Smithsonian  Mise.  Collections,  62,  No.  5  (Washington,  1916).  For  a 
recent  attempt  to  adapt  the  longitudinal-stability  theory  to  practical  requirements 
see  M.  Munk,  Aero  Digest,  42,  Nos.  5  and  6  (1934),  43,  Nos.  1  and  2  (1944).  The 
stability  of  the  steady  motion  in  a  horizontal  turn  and  related  questions  of  lateral 
stability  have  been  studied  by  H.  Reissner,  Z.  Flugtech.  u.  Motorluftschiffahrt  1,  101 
(1910).  No  definite  results  have  as  yet  been  reached  in  the  problem  of  lateral  stabil- 
ity. An  exhaustivo  numerical  discussion  is  given  in  the  contribution  of  B.  M.  Jones 
in  Vol.  V,  W.  F.  Durand,  "Aerodynamic  Theory,"  pp.  121-221;  here  also  more  indi- 
cations  about  spin  and  autorotation  can  be  found. 
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Actuator  disk,  327/. 
Advance  ratio  (def.),  286 
Aerodynamic  center,  124, 
existence  in  finite  wing, 
of  wing  and  tail  system. 


(def.)  144,  187 
499 
519#. 


two-dimensional 
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general      existence, 
theory,  185/. 
Aileron,  531/. 

Aileron  operation  in  a  turn, 
Air,  constituents  of,  18 

to  gasoline,  ratio  of,  357 
Air  reactions  determined  by  instantane- 

ous  velocities,  566/.,  573/. 
Air  resistance,  95/. 
{See  also  Drag) 
Airfoü  (def.),  113 

thin  {see  Thin  airfoil) 
Airfoil  geometry,  115-121 
Airfoils,  empirical  data  on,  139-169 
Airplane    components,    major,    drag    of, 

107-111 
Airship,  offsets  of,  103 
Airship  body,  drag  of,  103 
Altitude,  critical  in  supercharging  (def.), 
368 
true,  13/. 
Altitude  flight,  409-418,  431/.,  438/. 

and  change  of  weight,  418 
Altitude  performance,  short-cut  method, 
412/ 
of    supercharged    engine,    413/.,    433, 
435/.,  439 
Angle  of  attack,  114,  (def.)  140 
Angle  of  incidence  (def.),  140 

effective  (def.),  234 
Área,  equivalent  frontal  (def.),  95 
parasite  (def.),  96 

of  airplane,  385,  421,  444 
of  propeller,  426,  450 
total,  451 
Aspect  ratio  (def.),  113,  134 
in  elliptic  wing  theory,  243/. 


Aspect   ratio,  influence   on    wing    char- 

acteristics  (empirical)^  148-156 
Atmosphere  at  rest,  1-21 

isothermal,  5 

polytropic,  6/. 

standard,  8-13 
table,  10 
Attitudes  in  gliding,  479 
Autorotation,  611 

latent,  611 
Axes,  of  airplane,  527,  586 

principal,  (def.)  566,  586,  599 


B 


Bank  angle  (def.),  538 
Barometric  formula,  5/. 
Bénard,  H.,  89 
Bernoulli's  equation,  26-30,  32/ 

applied  in  propeller  theory,  330/. 

and  energy  equation,  69/. 
Best  performance  curve   (prop.   charts)» 

315/. 
Bicirculation  vector,  49/ 

(See  also  Motion,  bicirculating) 
Biot-Savart  formula,  216/. 
Biplane  decalage,  138 
Biplane  geometry,  137/. 
Biplane  interference  factor,  247/. 
Biplane  theory,  244-249 
Bluff  bodics,  drag  of,  96-98 
Body  forces,  3 

Boundary  conditions,  similar,  81 
Boundary  layer,  90-94 

control,  265/ 

and  stalling,  260/ 

thickness  of,  91 

turbulent,  92/. 
Brake,  271 

Brake  moment  (def.),  361 
Brake  moment  constant,  altitude  flight 
with,  382 

assumption  of,  396 
Brake  power  (def.),  359 
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Brake  power-altitude  factor,  3fi4/..  412 

{See  also  Power-altitude  factor) 
Bréguet,  L.,  134,  462 

formula  for  endurance,  463 
formula  for  range,  463 
Bryan,  G.  H.,  580 
Buoyancy,  moment  of,  173 
Buoyancy  term  in  momentum  equation, 
172 


Camber  (def.),  116 

influence  of,  163/.,  166,  207 
Ceiling  altitude,  (def.)  383,  432/.,  453 
vs.  fundamental  performance  param- 
eter,  433 
Center,   aerodynamic    {see  Aerodynamic 

center) 
Chord  (def.),  115/. 
Chordwise  distribution  of  pressure  and 

lift,  272 
( 'irculating  motion  (def.),  39/. 

(See  also  Motion,  circulating) 
Circulation  (def.),  40 

in  the  field  of  a  vortex  Une   (three- 

dimensional),  219 
and  lift  forcé,  two-dimensional,  176/. 
in  two-dimensional  irrotational  field  of 

flow,  44/. 
and  vorticity,  221/. 
(;iimb,  flat,  balance  of  forcea  in,  384 
Climb  curves,  416/.,  440 
Climbing  rate,  máximum,  402,  438,  454 
Combustión  energy,  356 
Compressibility,  influence  on  airfoil  char- 

acteristics,  280/. 
Compression  ratio  (def.),  358 
Continuity  condition,  24 

for  compressible  fluid,  277,  283 
Contour  map  (prop.  charts),  314/. 
C'rank  angle,  372 

Cross  forcé  due  to  sidcslip,  536/.,  560 
Cup  anemometcr,  98/. 
Cylinder,  circular,  flow  around,  boundary 
layer  theory,  92/. 
two-dimensional  theory,  177/.,  198 

D 

D'Alembert's  paradox,  225 
and  finite  wing  theory,  227 


Damping  intensity  of  oscillation,  597 
Damping  moment,  552 

estímate  of,  591/. 
Dead  water,  in  perfect  fluid  theory,  86 

underpressure  in,  88,  97,  101 
Density  (def.),  1 
Density  altitude  (def.),  11/. 
Diesel  engine  in  airplanes,  356 
Dihedral  angle  (def.),  132 

influence  on  stability,  560/.,  607 
Discontinuity   surface,    equivalent   with 

vortex  sheet,  223 
Discontinuous  flow,  86/.,  200 
Disks,  pair  of,  drag  of,  97/. 
Diving,  481-483 
Diving  hodograph,  481 
Down-wash  velocity,  (def.)  233,  237/ 

constant,  240/. 

at  the  taü,  503 
Drag,  induced,  142,  (def.)  238 
in  biplane  theory,  246/. 

parasite,  95-111 

of  rectangular  píate  (surface  drag),  106 

smallest  for  given  lift,  253 
Drag  coefficient,  parasite  (def.),  95 

surface,  106 

of  wing,  empirical,  141/. 
Drag  interference,  109 
Dunne  airplane,  526 


E 


Efficiency  of  engine,  mechanical   (def.), 
359 

thermal  (def.),  359 

volumetric,  (def.)  358,  366 
Eiffel,  G.,  96,  97,  100,  142 
Elevator,  502/. 
Elevator  operation,  effect  of,  551-655 

in  a  turn,  562 
EUipsoid,  drag  of,  100 
Endurance,  461-468 

máximum,  464/. 
Energy,  total,  of  a  fluid,  67/.,  72 
Energy  equation,  67-73 
Engine,  356/. 

at  altitude,  363-370 

at  sea  level,  356-363 
Engine  vibrations,  371-380 
Equation,     characteristic,     approximate 
solution,  597/. 
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Equation,  complex  roots  of,  578 

real  roots  of,  577 

situation  of  roots,  596 
Equation  of  state,  3 

Equations   of  motion,   complete  system 
of,  568 

dimensionless,  569 

general,  564-570 
Euler's  rule  of  differeutation,  for  uon- 
steady  flow,  64 

for  relative  steady  flow,  66 

for  steady  flow,  25/. 


Flying  boats,  drag  of,  109 

"Flying  Fortress,"  133 

Focus  of  a  profile,  144/. 

Forcé  coefiicient  (dof.),  78^^. 

Forcé  derivatives  in  stability  theory,  584/. 

Four-digit  series,  NACA,  118/. 

Fowler  flap,  270 

Friction,  of  engine  pistón,  359,  382 

in  take-off,  472 
Friction  factor  in  pipe  flow,  82 
Fuel  consumption,  (def.)  362,  461,  467 
Fuselage,  drag  of,  108/. 


G 


Fineness  ratio,  streamlined  bodies,  102^ 
First  axis,  (def.)  124,  139 

(íSee  also  Zero  lift  direction) 
Five-digit  series,  NACA,  119/. 
Flap,  split,  268 

trailing-end,  268# 
Flap  and  slot  in  combination,  270 
Flight,  at  altitude,  409-418,  431/.,  438/. 
along  a  given  path,  longitudinal,  545- 

551 
nonuniform,  elementary  results,  533- 

539 
at  sea  leve!,  398-409 
Flight  conditions,  normal,  498 
Floats,  drag  of ,  111 
Flow,  discontinuous,  86J^.,  200 
inverse,  (def.)  23,  66 
laminar,  81/. 
quasi-steady,  65/. 
spanwise,  229 
turbulent,  83/. 
two-dimensional  (def.),  24 

around  airfoil,  44,  171/,  189,  199/ 
around  circular  cylinder,  178 
experimental  realization  of,  158 
irrotational,  38 

as  superposition  of  uniform  flow  and 
flow    induced    by    vortex    sheet, 
195/ 
Fluid,  compressible,  in  two-dimensional 
steady  irrotational  flow,  277/ 
perfect  (def.),  2,  26 

interference  with  rigid  bodies,  72 
real,  77 
viscous,  74/. 
Flux  (def.),  24 


r-distribution  (def.)  233 

elliptic,  239/ 

represented    by    trigononietric    series, 
250/ 
Gasoline,  356 
Glaisher's  factor,  20 
Glauert,  H.,  252,  281,  355 
Gliding,  attitudes  in,  479 

flat,  427 

at  smallest  angle,  404,  479 

steep,  475-481 
Gliding  angle  (def.),  143/. 
Gliding  hodograph,  476/. 
Goldstein,  S.,  350 


H 


Handley-Page  slot,  266/. 
Head,  total  (def.),  31 

change  of,  and  power  transfer,  72 
Helmholtz,  H.  v.,  38 
Helmholtz  flow,  86/,  200 
Hemisphere,  drag  of,  98 
Hexane,  356 

High-lift  devices,  264-271 
Hinge  moment,  506 
Horseshoe  vortex,  235/,  238 
Humidity,  atmospheric,  20/. 
Hydraulic  hypothesis,  84/. 
Hydroplane,  488 


Ideal  airplane,  437-442 
altitude  performance,  439 
máximum  climbing  rato,  438,  440 
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Ideal  airplane,  service  ceiling,  439 
Incidence  {see  Angle  of  incidence) 
Indicator  diagram,  357/. 
Induced  drag  (def.),  238 

{See  also  Drag,  induced) 
Induced  velocity  (def.),  190 

(See  also  Velocity,  induced) 
Inflow  factor,  propeller,  346 
Isothermal  level,  standard  atmosphere,  9 


Joukowski,  N.,  122,  157,  201,  350 
Joukowski  profile,  122^. 
Joukowski's  airfoil  theory,  177^. 


Kármán,  Th.  v.,  89,  106,  126,  337 

Kármán  vortex  street,  191 

Kutta,  W.  M.,  201 

Kutta-Joukowski  theorem,  176,  183,  202. 

237 
Kutta's  oondition,  201 


Lachmann,  G.,  266 
Lanchester,  W.  F.,  226,  539 
Lanchester-Prandtl,  wing  theory  of,  224- 

239 
Landing,  483-488 

flight  path  preceding,  484/. 
Landing  gear,  drag  of,  110 
Landing  impact,  485^. 

for  seaplane,  494^. 
Landing  run,  485 
Level  flight,  balance  of  f orces  in,  384 

with  givcn  power,  428-436 

liigh  specd  of,  399Í".,  429 

low  spí^cd  of,  400/. 
"Liherator,"  133 
Lift,  of  airfoil  of  infinite  span,  174-181 

apparent  incrcase  of,  508^.,  546 

total  (def.),  497 
liift  coefficiíínt,  empirical,  139JJ. 

for  extended  angular  rango,  258 

of  theoretical  profiles,  124,  180 

in  three-dimen.sional  theory,  241,  243, 
255/. 

in  two-dimeii.sional  tlu^ory,  180 


Lift  distribution,  233 

chordwise,  271^. 

elliptic,  239-244 

general,  250-257 

rectangular  wing,  254/.,  274 
Lift  factor,  in  compressible  flow,  281/. 

in  thin  airfoil  theory,  207/. 
Lifting  Une   (three-dimensional  theory), 

232/. 
Lilienthal,  O.,  157 
Load  factor  (def.),  536 
Loadings,  range  of,  444 

M 

Mach  number  (def.),  278 
Maneuverability,  vertical,  534 
Mapping,  conformal,  121,  180 
Mass,  apparent,  574 
Mean  camber  line  (def.),  116 
Mean  rotation,  212/. 
Metacenter  (def.),  517 
Metacentric  distance,  525/.,  594 
Metacentric  parábola,  186/.,  519 

and  stability,  188/. 
Millikan,  C.  B.,  504 
Mises,  R.  V.,  128,  158,  185 
Moment,  pitching  (see  Pitching  moment) 

rcsultant,  on  immersed  body,  61/. 
Moment  of  deviation,  566,  569 
Moment  of  gyration,  566,  569 
Moment  of  momentum,  flux  of,  60 
theorem,  58/. 

applied  in  airfoil  theory,  173/.,  181/. 

applied  in  propeller  theory,  329 
Moment  coefficient,  80,  114,  124/.,  185 

empirical,  144/ 
Moment  derivativos  in  stability  theory, 

585 
Moment  equilibrium  in  terms  of  aero- 

dynamic  center,  499/. 
Moments,  lateral,  527-532 
Momentum,  flux  of,  52/. 
Momentum  theorem,  55/. 

applied  in  airfoil  theory,  170/. 
applied  in  propeller  theory,  331 
Motion,  bicirculating,  45-51 

applied  in  airfoil  theory,  182 
circulating,  (def.)  39/. 

applied  in  airfoil  theory,  176 

induced  by  vortex,  190 

with  solid  rotating  core,  189 
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Motion,  helical  (propeller),  290/. 
helicoidal,  of  airplane,  571 
steady  (see  Steady  motion) 
Motion  of  airplane,  asymmetric,  555-563 
tail  reactions  in,  601 
in  the  symmetrj'  plañe,  540^. 
along  a  vertical  eircle,  547^. 
Munk,  M.,  206 
Munk's  span  factor,  166,  248/.,  420,  422 


N 


Nacelles,  drag  of,  109 
Navier-Stokes  equations,  76 
Nose-heavy  condition,  498,  501 


O 


Octane  rating,  360 
Order  of  firing,  373 
Oscillations  foUowing  disturbance,   593- 

599 
Oswald,  W.  B.,  421,  444 


Parachute,  drag  of,  9 
Parasite  área  {see  Área,  parasite) 
Parasite  drag  (see  Drag,  parasite) 
Parasite  loading  (def.),  421 

total  (def.),  450/. 
Peak-eíiiciency  propeller,  449 
Pénaud,  A.,  524 
Pendulum,  tuned,  374^^. 
Perfect  fluid  (def.),  2 
Perfect  gas,   equilibrium  under  gravity, 

4-8 
Performance,  of  airplane,  381^^. 
fundamental  parameter  of,  (def.)  428, 
451 

for  various  types  of  airplanes,  444 
Performance   analysis,    dimensionless, 

394-398 
Performance   computation,    influence   of 

small  variations  of  data,  447/. 
numerical  example,  442-447 
Phugoid  motion,  theory  of,  539-545 
Pistón  displacement,  357 
Pitch  (airplane  motion)  (def.),  528 
Pitch  of  propeller  (def.),  292 


Pitching  moment,  of  airplane,  497 

of  wing,  two-dimensional  theory,  183^. 
Pitching-moment     contribution , 
from  fuselage,  513/. 
from  propeller,  507-512 
from  tail,  501-506 
Pitching-moment  derivative,  523^. 
Pitching-moment  equilibrium,  497-501 
Pitot  tube,  33 

correction  for  adiabatic  flow,  34 
Píate,  rectangular,  drag  of,  97 
Píate  flow,  boundary  layer  theory,  91 
Poiseuille's  laws,  82 
Polar  diagram  (def.),  142/. 

in  airplane  performance,  395,  419/. 
elüptic  wing  theory,  241 
of  propeller,  308/.,  398,  423/. 
Power,  per  cylinder,  359 
Power-altitude  factor,   (def.)   364/.,  412, 

431,  438,  451 
Power  available  (def.),  382 

for  constant-speed  propeller,  392/. 
varying  with  speed,  450-460 
for  varying  brake  moment,  407 
for  varying  propeller  diameter,  408 
for  varying  throttle  setting,  402/. 
Power  available-altitude  factor,  431 
Power-available  curve,  analytical,  425 

point  by  point,  389#. 
Power  curves  analytic,  419-426 
construction  of,  383,  385-394 
Power-drop  factor,  361 
Power  indicated,  358 
Power  indicated-altitude  factor,  364 
Power  loading  (def.),  428 
Power  required  (def.),  382 
at  altitude,  411 
indicated  (def.),  410 
for  varying  weight,  405,  462 
for  varying  wing  área,  406 
Power-required  curve,  analytical,  422 

point  by  point,  386/. 
Prandtl,  L.,  90,  231,  350 
Prandtl's  hypothesis,  234/.,  245 
Pressure  (def.),  1/. 

brake  mean  effective  (def.),  359 
dynamic,  (def.),  31-34 

table,  32 
indicated  mean  effective  (def.)  358 
reduced  (humidity  correction),  21 
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Pressure  altitude,  11 

center  of  (def.),  146 
Pressure  distribution,  chordwise,  271^. 

spanwise,  273/. 
Pressure  head  (def.),  28 

in  isothermal  and  polytropic  flow,  29 
Pressure  slot,  266 
Pi-ofile,  Antoinette  (1907),  157 

Clark  Y  (1922),  160 

parasite  drag,  142 

Farman  (1906),  156 

Gottingen  360  (1915),  159 

influence  of  the  shape  of,  161-167 
on  .stalling,  261^. 

Joukowski,  122^.,  163 

Kármán-TreíTtz,  126/. 

Mises,  theoretical,  128^. 
1915,  159 

NACA  2409,  161 

NACA  23009,  162 

principal,  113 

thickness  function  (NACA),  117/. 

Wright  (1903),  155 
Profile  variation  along  wing,  135/. 
Profiltís,  historical  development  of,  157^. 

theoretioally  developed,  121-131 
Propeller,  285-355 

adjustable-pitch,  310 

at  advance  ratio  zero,  353^^. 

attempts  of  three-dimensional  theory, 
350^^. 

best  performance,  449 

blade-element  efíiciency,  324/. 

blade-element  theory,  317-326 

choice  of,  448^50 

constant-speed,  392/.,  408,  455 

controllable-pitch,  (def.)  294,  310,  459 

figure  of  merit,  354 

high-speed,  299 

with  infinite  number  of  blades,  328 

interference  with  fuselage,  300 

múltiple  interference,  351^. 

representative  blade  element  method, 
302 

variable     pitch     {see     Constant-speed 
propeller) 
Propeller  advance  ratio  (def.),  286 
Propeller  blade  setting  (def.),  286 

nominal  (def.),  293 
Propeller  characteristics,  296-301 
Propeller  charts,  311^. 


Propeller  efficiency,  (def.)  289,  298 
Propeller  geometry,  290-296 
Propeller  grading  curves,  347^. 
Propeller  induced  efficiency  (def.),  335 
Propeller  kinematics,  285/. 
Propeller  loading,  parasite  (def.),  425/. 
Propeller  moment,  compensation  of,  528/. 
Propeller  momentuní  theory,  basic  rela- 
tions,  326-334 

conclusions,  334-339 

modified,  339-345 
Propeller  pitch  (def.),  292 

distribution,  292/. 

effective  (def.),  298 

nominal  (def.),  293 
Propeller  plan-form,  294 
Propeller  polar  diagram,  308/.,  398,  423/. 
Propeller  power,  coefficient    (def.),   287, 
298 

from  energy  equation,  70^. 
Propeller  power  loading,  in  airplane  per- 
formance, (def.)  425,  451^. 
Propeller  power-loading  factor  (def.),  335 
Propeller  power-speed  coefficient   (def.), 

312 
Propeller  sets,  310/. 
Propeller  thrust  coefficient  (def.),  287 
Propeller  thrust-loading  factor  (def.),  335 
Propeller  torque  (def.),  288 
Propeller  slip,  298 
Propeller  solidity,  303,  306,  (def.)  346 


Q 


Quarter  chord  point  (def.),  145/. 
Quasi-steady  ñow,  (def.)  65/.,  70/. 


R 


Radius  of  gyration,  569,  592,  604 
Ram  cffect,  367/. 
Ramus  step,  489 
Range,  461-468 

máximum,  464/. 
Rankine,  W.  J.  M.,  337 
Rate  of  climb  curves,  411,  413,  417,  440, 
446 

graphical  integration,  415 
Rayleigh,  Lord,  75 

Reciprocal  integration,  method  of,  493 
Reduction  of  a  climb,  14/ 
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Región  of  transition  of  drag  coefficient,  99 
Reverse  of  commands,  401/.,  612 
Reynolds  number,  (def.)  l^ff. 

and  boundary  layer,  92 

critica!,  for  pipe  flow,  82 

and  drag  of  round  bodies,  99^. 

and  drag  of  streamlined  bodies,  105 

effective,  169 

influence  of,  on  airfoil  characteristics, 
167/,  262/. 

and  surface  drag,  106/. 
Roll  (def.),  528 

change  of  incidence  in,  609 
Rolling  moment,  due  to  dihedral,  561 

due  to  roll,  559 

due  to  yaw,  558 

vs.  roll  rate,  611 
Rotation,  35/.,  (def.)  37,  212 

conservation  of,  38 

stead}^,  about  a  vertical  axis,  555/. 
Rotation  vector  (def.),  213 
Roughness,  relative,  107 
Round  bodies,  drag  of,  99/. 
Routh,  E.  J.,  574 
Routh's  stability  theory,  574-580 

applied  to  the  airplane,  580-585 
Rudder,  531 

operation  in  a  turn,  563 


S 


Schmeidler,  W.,  268 

Seaplane  problems,  488-496 

Second  axis  (def.),  129 

Separation,  86/. 

Separation   point   in    boundary-layer 

theory,  93/.,  260,  264 
Service  ceiling  (def.),  416 
Sharp  trailing  edge,  in  three-dimensional 
theory,  225/ 

in  two-dimensional  theory,  177/ 
Side  forcé  due  to  sideslip,  536/.,  560 
Sideslip  (def.),  530 

and  dihedral,  560/. 
Similitude,  law  of,  77-81 
Sink,  46 

Sinking  rate,  minimum,  404,  427 
Skin  friction,  105/ 
Soaring,  480 
Sound  velocity,  282/. 

local,  30,  277/ 


Sound  velocity,  in  standard  atmosphere, 

10 
Source,  46 

Span  loading,  (def.)  422,  451 
Spanwise  flow,  229 

Spanwise  lift  distribution,  (def.)  233,  273 
Speed  ratio  vs.  altitude,  430/.,  453 
Sphere,  drag  of,  100 
Spinning,  609/ 
Spoiler,  271 

Stability,     dynamic     (Routh's    theory), 
574-580 
condition  of,  579 
independence    of    longitudinal    and 

lateral  variables,  583 
lateral,  599-603 

forcé  derivativos  in  terms  of  air- 
plane data,  603 
numerical  discussion,  603-608 
longitudinal,     forcé    derivativos    in 
terms  of  airplane  data,  588 
of  level  flight,  586-593 
limit  of,  590 
static,  514/ 

and  sign  of  ilf  o,  518/. 
simplified  discussion,  522-527 
static  directional,  529/  602 
Stabilizer,  502/ 

Stagnation  pressure  tables,  32,  34 
Stagnation  point  (def.),  31 
Stalling,  258-264,  609/. 
Stalling  point  (def.),  141 
Steady  motion  (def.),  22 

of  airplane  (general  case),  570-574 
Steady    rotation    of    airplane,    moments 

required  in,  556/. 
Stratosphere,  19 
Stream  filament  (def.),  24 
Stream  tube  (def.),  24 
Streamline  (def.),  23/. 
Streamlined  bodies,  drag  of,  102/ 
Streamlined  strut,  offsets  of,  103 
Stresses,  viscous,  76 
Strip  hypothesis,  558,  610 
Stokes  formula,  217/. 
Suction  slit,  265 
Supercharger,  366/ 

power  consumption  of,  368 
Superposition,  principie  of,  50,  177/.,  275 
Surface  drag  {see  Skin  friction) 
Sweepback,  135 
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Symmetry  of  airplane,  influence  of,  on 
air  reactions,  572^.,  583 


Tail,  damping  effect  of,  591 

influence  of  the  wing  on,  503 
Tail  angle  of  a  pro  file,  127 
Tail  área,  admissible  máximum,  594 
Tail  decalage,  503 

theorem,  521 
Tail  distance  (def.),  505 
Tail-heavy  condition,  498,  501 
Tail  lift  for  varj'ing  elevator  setting,  504 
Tail  surfaces,  drag  of,  109 
Tailless  airplane,  526 
Take-off,  469^75 

on  water,  489^. 

against  wind,  472/. 
Take-off  run,  length  and  duration  of,  474 
Taper  ratio  (def.),  134/. 
"Taube,"  134 
Taylor,  E.  S.,  374 
Temperatura  inversión,  6,  20 
Temperature  gradient,  atmospheric,  6 
Thickness,  influence  of,  on  proñle  char- 

acteristics,  162,  166 
Thin  airfoil,  theory  of,  198-210 
Torque  moment  (def.),  361 

oscillations,  '¿12ff. 
Transformation,  conformal,  180 
Trefftz,  E.,  126 
Troposphere,  18/. 

Turbosupercharger,  exhaust-driven,  367 
Turbulence,  82^^. 

degree    of,    depending    on    Reynolds 
number,  168/. 
Turbulence  factor,  169 
Turn,  flat,  537 

in  horizontal  plano,  536^. 

true-banked  (def.),  538/.,  555/. 

vertical,  534^. 


Vector,  complex  notation,  124 
Velocity,   effectivc,  in  propellcr  theory, 
341# 
indicated  (def.),  410 
induced  (def.),  190 
by  finite  segment,  211 


Velocity,  induced,  by  horseshoe  vortex, 
235/.,  238/. 
by  straight  vortex  sheet,  191^. 

at  máximum  climbing  rate,  402 

terminal  (def.),  478 
Velocity  head  (def.),  28 
Velocity  pro  file  of  boundary  layer,  91/. 
"Vengeance,"  133 
Vibrations,  torsional,  377^. 
Viscosity,  74/. 

of  air,  tables,  10,  75/. 
Viscosity  coefficient  (def.),  74 
Vortex  density  (def.),  191/. 
Vortex  filament  (def.),  190 
Vortex  Une,  curved,  216/. 

polj'gonal,  215/. 

segment,  211,  213#. 
Vortex  lines,  distribution  on  wing,  228^^. 
Vortex  motion,  189 
Vortex  sheet,  88,  89,  188-198,  219-224 

approximation    by    finite    number    of 
vórtices,  196/. 

buüt  up  of  vortex  lines,  220 

equivalent    to    discontinuity    surface, 
223 

free,  227 

tangential  to  resultant  stream,  222/. 

velocity  discontinuity  at,  220/. 
Vortex  Street,  89 
Vorticity  (def.),  190 

continuous  distribution  of,  191 


W 


Wagner,  H.,  494 

Washout,  136 

Wasp  R-1340  (Pratt  &  Whitney),  369/. 

Weight,  specific  (def.),  1 

Weight  increase,  apparent,  535/. 

Wieselsberger,  K.,  97 

Williams,  W.  E.,  580 

Wind-tunnels,     comparison     of     results, 

168/. 
Wing,  elliptic,  242/ 

of  finite  span,  flow  past,  225-231 

of  infinite  span,  170-210 

pitching  moment  of  (def.),  114 

rectangular,  254/. 

tapered,  255/. 

of  variable  shape,  267 
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Wing  attitude  in  various  states  of  flight, 

401 
Wing  characteristics,  112/.,  139-148 
Wing  drag  (def.),  114 
Wing  geometry,  132 
Wing  interruptions,  137 
Winglift  (def.),  114 
Wing    plan-form,  112,  134/. 
Wing  span  (def.),  112 
Wing  and  tail  system,  stability,  SIQJ'. 
Wing  tip  stall,  137 
Wing  twist,  113,  136/.,  255/.,  275 
Wire,  streamlined,  drag  of,  104 


Yaw  (def.),  528 

Yawing  moment,  due  to  dihedral,  561 

due  to  roU,  559 

due  to  sideslip,  530 

due  to  yaw,  558 

on  fuselage,  due  to  sideslip,  602 


Z 


Zero  lift  angle  (two-dimensional  theory' 
181,  206 


Wright,  O.,  and  W.  Wright,  157,  528,  531       Zero  lift  direction,  (def.)  139 
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